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Abstract

This thesis deals with two different subjects: balanced metrics on complex vector bundles
and the diastatic exponential of a symmetric space . Correspondingly we have two main
results. In the first one we prove that if a holomorphic vector bundle E over a compact
Kéhler manifold (M, w) admits a w-balanced metric then this metric is unique. In the
second one, after defining the diastatic exponential of a real analytic Kahler manifold, we
prove that for every point p of an Hermitian symmetric space of noncompact type there
exists a globally defined diastatic exponential centered in p which is a diffeomorphism

and it is uniquely determined by its restriction to polydisks.
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Introduction

This thesis deals with the following two different subjects,

1. balanced metrics on complex vector bundles,

2. the diastastic exponential of a symmetric space.

The study of these two issues has led to the writing of two articles [32] and [31], on

which this thesis is based.

1. Balanced metrics on complex vector bundles.
Let E — M be a very ample holomorphic vector bundle of rank r over a compact
Kéhler manifold (M,w) of complex dimension n and let A be an Hermitian metric of

E. We can define a natural scalar product (-, -)p, ., over H°(M, E) by
1 w™
S hw = T h KRV 1
e =7 [ ) (1)

where w* =w A --- Aw and V, :fM“;L—T.

Consider the flat metric hg on the tautological bundle 7 — G(r, N) and its dual
metric hg, = h{ on the quotient bundle Q@ = 7%, where G(r, N) denotes the Grass-
mannian of r-dimensional complex vector subspaces of CV. Fix a holomorphic basis

s={s1,...,sn} of H*(M, E) and consider the Kodaira map
is: M — G(r,N).
Consider the pull-back Hermitian metric

hs = Zthr (2)
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on £ =i;Q and the pull-back Kéhler form
Ws = T5WGr-

on M, where wg, is the canonical homogeneous Kéhler form on G(r, N).
A basis s = {s1,...,sy} of H'(M, E) is called balanced if there exists a positive

constant C' such that
<3j;3k>h§,w§:05jk; j,k:L...,N. (3)

An Hermitian metric h over E is balanced if h = h, for a balanced basis s.
Let w € c¢;(E) be a Kahler form of M. We say that a basis s = {s1,...,sny} of

H°(M, E) is w-balanced if

r .
<3j73k>h§,w: Najk’ j,k:L...,N. (4)

An Hermitian metric h over E is w-balanced if h = hg for a w-balanced basis s.

The concept of balanced and w-balanced metrics on complex vector bundles was
introduced by X. Wang [38] (see also [39]) following S. Donaldson’s ideas [15]. It can
be also defined in the non-compact case and the study of balanced metrics is a very
fruitful area of research both from mathematical and physical point of view (see, e.g.,
[7], [8], [11], [20], [17], [27] and |28]).

In [38] X. Wang proved that, under the assumption that the Kéahler form w is
integral, E is Gieseker stable if and only if £ ® L* admits a unique w-balanced metric
(for every k sufficiently large), where L — M is a polarization of (M,w), i.e. L is a
holomorphic line bundle over M such that ¢;(L) = [w]qr.

On the other hand, in Lemma 2.7 of [37], R. Seyyedali shows that if a simple bundle
E (i.e. Aut(FE) = C*idg, where Aut(E) denotes the group of invertible holomorphic
bundle maps from F in itself) admits a balanced metric then the metric is unique. In
Theorem 8, which is one of the main result of the thesis, we prove the unicity of bal-
anced metrics for any vector bundle. As an application of Theorem 8 and L. Biliotti

and A. Ghigi results [4] we obtain the existence and uniqueness of w-balanced metrics
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over the direct sum of homogeneous vector bundles over rational homogeneous varieties
(Theorem 11). We also apply our result to show the rigidity of w-balanced Ké&hler
maps into Grassmannians (Section 2.3) and to the study of 2wpg-balanced map from
CP! to G(2,4) (Section 2.4). The proof of Theorem 8 is based on X. Wang’s work on
balanced metrics and on moment map techniques developed by C. Arezzo and A. Loi

in [1], where it is proved the uniqueness of balanced metrics for holomorphic line bundles.

2. The diastastic exponential of a symmetric space.
Let (M, g) be a real analytic Kihler manifold. We say that a smooth map Exp,, : W —
M from a neighbourhood W of the origin of T,,M into M is a diastatic exponential at
p if it satisfies

(d Epr)o = idr,nr,

D, (Expp (v)) =gp (v,v), Yo e W,

where D), is Calabi’s diastasis function at p (the usual exponential exp,, obviously sat-
isfied these equations when D), is replaced by the square of the geodesics distance from
p). In this thesis we prove (Theorem 13) that for every point p of an Hermitian sym-
metric space of noncompact type M there exists a globally defined diastatic exponential
centered in p which is a diffeomorphism and it is uniquely determined by its restriction
to polydisks. An analogous result holds true in an open dense neighbourhood of every
point of M*, the compact dual of M (Theorem 14). We also provide (Theorem 16)
a geometric interpretation of the symplectic duality map (recently introduced in [13])
in terms of diastatic exponentials. As a byproduct of our analysis we show (Theorem
17) that the symplectic duality map pulls back the reproducing kernel of M* to the

reproducing kernel of M.

The thesis is divided into three chapters and one appendix. The organization is
as follows. In the first two sections (Section 1.1 and Section 1.2) of Chapter 1 we

give the definition of balanced and w-balanced metrics on a complex vector bundle
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and we describe their link with the Bergman kernel. In Section 1.3 (resp. Section
1.4) we describe the known results in the rank one case (resp. general case) on the
existence and uniqueness of balanced and w-balanced metrics. In particular in the
rank one case we also describe the balanced metrics on holomorphic line bundles over
homogeneous Kéhler manifolds. In Section 2.1 and 2.2 of Chapter 2 we prove Theorem 8
and Theorem 11 respectively. In Section 3.3 and 3.4 we prove the rigidity of w-balanced
maps into Grassmannians and classify the 2wgrg-balanced map from CP! to G(2,4).
For the reader convenience at the end of the thesis we include an appendix where
we summarize the basic material on moment maps needed in the proof of Theorem
8. Chapter 3 is entirely dedicated to the diastatic exponential. It is divided in three
sections. In Section 3.1, we define the diastatic exponential in a neighborhood of a
point of a real analytic Kahler manifold, we state our main results and we provide an
explicit description of the diastatic exponential for the complex hyperbolic space and
fpr polydisks. In Section 3.2. we recall the basic tools needed in the proof of our results,
namely hermitian positive Jordan triple systems, spectral decomposition and their link
with the hermitian symmetric spaces of noncompact type. Finally Section 3.3 contains

the proof Theorem 13, Theorem 14, Theorem 16 and Theorem 17.



Chapter 1

Balanced and w-balanced metrics

1.1 Main definitions

Let E — M be a holomorphic vector bundle of rank r over a compact complex manifold
M. Denote by H°(M, E) the space of global holomorphic sections of E. Assume that
the bundle E is globally generated, i.e. the evaluation map s € H°(M,E) — s(x)
is surjective, for every z € M. Then the dual map E} — HY(M,E)* is injective
and determines an element of G(r, H'(M, E)*), the Grassmannian of r-dimensional

complex vector subspaces of HY(M, E)*. So we can associate to every z € M an

element ig(z) € G(r, H'(M, E)*). The map
ip:M— G(r,H'(M,E)*),  z~ip(z) (1.1)

is called the Kodaira map. When this map is an embedding we call the vector bundle
E very ample. A well-known theorem of Kodaira (see e.g. [22]) asserts that if E — M
is any holomorphic vector bundle on a compact complex manifold M and L — M is
a positive line bundle then, for k sufficiently large, the Kodaira map igg) = iggrer
is an embedding. We recall that a positive line bundle L — M is a holomorphic line
bundle whose first Chern class ¢;(L) can be represented by a Kéhler form w of M, i.e.
c1(L) = [w]. One also says that L is a polarization of the complex manifold M.

In order to write the Kodaira map more explicitly we fix a basis s = {s1,...,Sn}
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of HY(M,E), N = dim H°(M, E). Therefore we can identify G(r, H'(M, E)*) with
G(r,N), the Grassmannian of r-dimensional complex vector subspaces of CV, and the

Kodaira map gives rise to a holomorphic map
is: M — G(r,N) (1.2)

satisfying i3(Q) = F, where Q, called the quotient bundle, is the dual of the universal

bundle 7 — G(r,N), i.e. Q = T*. The map is will be called the Kodaira map associated

to the basis s. The expression of is in a local frame (01,...,0,): U — E is given by:
511(1') e Slr(l‘)
is(x) = : : , zeU, (1.3)
Sni(z) ... Sne(x)
where s; = > | Sja0a, j = 1,...,N. The square bracket denotes the equivalence

classin G(r, N) = M*(r,N,C)/GL(r,C), where M*(r, N,C) is the set of » x N complex

matrices of rank r.

Let E — M be a very ample holomorphic vector bundle of rank r over a Kéahler
manifold (M,w) of complex dimension n and let A be an Hermitian metric of E. We

can define a natural scalar product (-, )y, over HO(M, E) by

1 w"
e = — | B, ) 1.4
(e =7 [ BC05 (14)
where w” =w A --- Aw and Vw:fM%'
Consider the flat metric kg on the tautological bundle 7 — G(r, N), i.e. ho(v,w) =

w*v, and its dual metric hg, = h{ on the quotient bundle Q. Consider also the Pliicker

embedding P : G(r, N) — cP()1 and wgr = P*wpg the Kahler form on G(r, N) pull-
N

back of the Fubini-Study form wpg = £9dlog(|zo> 4 -+ + |Z(N)_l|2) over CP(7)~L,

Hence, we can endow E =i3Q with the pull-back Hermitian metric
hs = ighar (1.5)
and the manifold M with the pull-back Kéahler form

s
Ws = 1 WGr-



Definition 1. A basis s = {s1,...,sx} of H'(M, E) is called balanced if there exists

a positive constant C such that
<Sjask>h§,w§206jk7 ]7k: 17“’7N' (16>
An Hermitian metric h over E is balanced if h = h, for a balanced basis s.

Definition 2. Let w € ¢1(E) be a Kéhler form of M. We say that a basis s =
{s1,...,8N5} of HY(M, E) is w-balanced if

r .
(84, 5k:>h£,w = Néjk, j,k=1,...,N. (1.7)

An Hermitian metric h over E is w-balanced if h = hg for a w-balanced basis s.

Remark 3. The choice of the constant % in Definition 2 is related to the Geiseker

stability of the bundle E (see Section 1.4 below for details).

1.2 The Bergman kernel

Let E be a globally generated holomorphic vector bundle of rank r over a compact
Kéhler manifold (M,w). Fix an Hermitian metric h on E and let t = {¢1,...,tn} be
an orthonormal basis of HY(M, E) with respect to the scalar product (-, )5, given by
(1.4).
The Bergman kernel Bergy, ,, : M — I'(GL(E)) is defined by
N
Bergy,, () = ) h(-,t;(x))t;(x).

Jj=1

Notice that the Bergman kernel does not depend on the orthonormal basis chosen.

Let ¢ = (01,...,0.) be a local frame for F, T = (T}jo) € Mnx,(C) be the matrix
which represents the basis ¢ in the local frames o (ie. t; = > Tja0a), and HY =
(Hgﬁ) = (h(0a,08)) be the matrix associated to the Hermitian metric h. We write
KM = (KZEJ) € M,(C) to indicate the matrix which represents the Bergman kernel
Berg, ,, in this local frame, namely the matrix satisfying

T
h
Bergy, ,(2)(0a()) = Z K 5o, a=1,...,m
B=1
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In order to write the relation between K™% and H" set

Bergy, ,(0a) = (Bergy, () (0a(-)).

Thus, foralla=1,...,r

N r
Bergy, ,,(0a) h UszgaUa ZTJBO'B
1

]:

= Z Z o5 TisTjs08

=z

namely

oc,B _ZZ‘H@(STJ(S 5,0&21,...,7”,

7j=16=1

which in matrix notation can be written as
Khe = HhT*T. (1.8)

Proposition 4. If the Bergman kernel Bergy, ,, equals C'ldg, where C is a positive

constant and Idg is the identity bundle morphism, then

C:

e

Proof. Observe that

Cr = trBergy, ,, = Z Z ﬂTﬂgTja
=1 qa,B=1

N r r N
:Zh ZTjaUa,ZTjBUB Z (tj,t),
j=1 \a=1 B=1 j=1

SO

N
1 w™
Cr:v(m/MtrBergth! /z:: t],t = N.

O]

In the following proposition we describe the link between the Bergman kernel and

the balanced condition.



Proposition 5. Let t be an orthonormal basis for (H*(M, E),{(-,-)). Then we have
Bergy, , = %Id}; (resp.Bergy, ., = %IdE ) if and only if h = %hz if and only if h is

w-balanced (resp. h is balanced).

Proof. In a local frame ¢ one has
hi(v, w) = ifhe,(v,w) = w*(T*T) v,

Hence the matrix which represents the Hermitian product h; is given by H ht — (A*T*TA)~!,
for a certain A € GL(E). By equation (1.8) we see that Bergy, ,, (Bergy, ,,, ) equals % Idg
if and only if h = N1, The conclusion then follows by the fact that s = /&t is a

r L

w-balanced (resp. balanced) basis if and only if h = ¥y = h,. O

1.3 Known results in the rank one case

In this section we assume that £ = L is a very ample holomorphic line bundle on M.
In this case (cfr. Definition 1 and Definition 2) an Hermitian metric h on L is balanced
(respectively w-balanced) if and only if h = hg where s = {s1,...,sny} is a basis of
H°(M, L) satisfying

(-, '>h§7w§ =Coji, Jk=1,...,N,

for a positive constant C' (respectively (-,-)n, w = %’“, j,k=1,...,N.)

The following theorem due to Bourguignon-Li—Yau [6] shows that there is not any
obstruction for the existence of w-balanced metrics and, moreover, w-balanced metrics
are unique (we refer the reader to [2| for the application of this theorem to the estimate

of the first eigenvalue of the Laplacian associated to w).

Theorem 1. Let L — M be a polarization of a compact complex manifold M and w a

Kihler form of M. Then the line bundle L admits a unique w-balanced metric h.

The existence and uniqueness of balanced metrics is a more difficult matter. The

Aut(M,L)

main results are due to S. Donaldson [15] (when ===~ is discrete) and to C. Arezzo

Aut(M,L)

and A. Loi [1] (for the uniqueness in the general case). Here =—~=* denotes the group
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of biholomorphisms of M which lift to holomorphic bundle maps L. — L modulo the
trivial automorphism group C*. The following theorem summarizes what is known on

the existence and uniqueness of balanced metrics in the rank one case.

Theorem 2. Let L — M be a polarization of a complex manifold M. Let w be a Kdhler
form in c1(L) with constant scalar curvature. Then for m sufficiently large there exists a
balanced metric h on L™ such that [Ric(h)] = [mw]. Moreover, if h is another balanced

metric on L™ satisfying [Ric(h)] = [mw] then there exists F € Aut(M,L) such that

F*h = h.

Recall that, given an Hermitian metric on L, Ric(h) represents the (1, 1)-form which

in a local trivialization o : U — L \ {0} is given by
Ric(h) = —%85 log h(o(z), o(2)). (1.9)

Remark 6. The relevance of the previous theorem is that a Riemannian geometry
condition as the constant scalar curvature implies a balanced condition which, by H.
Luo’s theorem [34], implies that the polarization L is stable in the sense of Hilbert—
Mumford. It also worth mentioning that S. Zhang [46] shows that the existence of a
balanced basis for H°(M, L) is equivalent to the Chow poly-stablility of the polarization
L.

In the rank one case the balanced condition can be expressed in terms of a smooth
function on M (see Proposition 7 below). This will allow us to describe explicit examples
of balanced and w-balanced metrics in the homogeneous case (see Theorem 3).

Given a polarization L — M of a compact Kéhler manifold (M,w), w € ¢;(L), one
can define the smooth function ¢, : M — R

N
ew(x) =Y h(tj(z),t;(x)), © €M, (1.10)
j=1

where {to,...,tx} is an orthonormal basis for (H°(L), (-, ")s,) and Ric(h) = w. It is

easy to verify, as the notation suggests, that the function ¢,, depends only on the Kéhler

10



form w and not on the Hermitian metric h with Ric(h) = w or on the orthonormal basis

chosen.

Proposition 7. Let w € ¢i(L) be a Kihler form. Then there exists a balanced Hermi-

tian metric h on L, such that Ric(h) = w, if and only if €, is constant.

Proof. Let h be an Hermitian metric such that Ric(h) = w. Pick an orthonormal basis

t of (H(M,L),{-,-); ) and let i; : M — CPN~! be the map given by (1.2). Let

h,w

o:U — L\ {0} be a local trivialization. Then the following equation holds:

i Lt
iZng: 588logz A
=17
i - 1 - (1.11)
=-00 | log | = +1lo 2| h(o,o
2 g<h(a,a)> & Z o (0,0)

J=1

=w+ %Oélog €w-

Therefore, if h is a balanced Hermitian metric on L, such that Ric(h) = w then h = Ch
for a positive constant C. Therefore ¢ is balanced, h = h; and w = wy, and thus by
the previous equation €, is constant. Assume now that €, is constant. Observe that
Ric(hy) = ijwrs, thus by (1.11) Ric(hy) = w, so hy = Ch for a positive constant C' and

(tjs i) hpw, = Cdjiy 1,5 = 1,..., N, i.e. hy is a balanced metric. O

The homogeneous case

Let (M, w) be a compact simply-connected homogeneous Kahler manifold. Recall that a
Kahler manifold is homogeneous if G = Aut(M)NIsom(M) acts transitively on (M, w).
Assume w € ¢1(L) for a polarization L — M. We want to show (see Teorem 3 below)
that there exists a homogeneous balanced metric h on L such that Ric(h) = w.

We first prove that any holomorphic line bundle L over (M, w) is homogeneous.

Proposition 8. Let L — M be a polarization of the compact complex simply-connected

manifold M and let w € c¢1(L) be a Kdihler form. Then, for every F' € G there exists an

11



invertible holomorphic bundle map F: L — L such that the following diagram commutes

L L (1.12)
|,
M M

N

Proof. Consider the diagram

Ak

M—M
where 7 : F*L — M is the pull-back bundle. Since

a(F (L) = Fre(l) = Frlw] = [Frw] = [w] = a(L),

it follows by the fact that the first Chern class of a holomorphic line bundle L — M over
a simply-connected complex manifold M is uniquely determined up the isomorphism
class of L (see, e.g. p. 105 in [44] ) that there exists an invertible holomorphic bundle
map ¥ : L — F*L such that

L—Y>F*L

|

M —— M.
Then F = W o F* is the desired bundle map. ]

Theorem 3. (cfr. [1]) Let L — M be a polarization of the compact complex manifold
M and let w € c1(L) be a Kdhler form. Assume that (M,w) is homogeneous. Then

there exists a homogeneous balanced Hermitian metric h on L such that Ric(h) = w.

Proof. By Proposition 7 we need to show that the function ¢, : M — R defined by
(1.10) is constant. Let h be an Hermitian metric of L, with Ric(h) = w. Fix an
orthonormal basis s = {s1,...,sy} for H(M, L) with respect to (-, ). Given F € G

let F be its lift as in Proposition 8. Let o : U — be a local trivialization for L. Then
Ric (ﬁh) - %aé log ((ﬁ*h)(a, a))
_ gaa log (h(Fo, Fo)) (1.13)
=F'w=uw.

12



The basis {ﬁ_l (s1(F(x))),-.. Pl (sn (F(ac)))} of H°(M, L) is orthonormal with

respect to (-, ) pu -

= [ B (P () 7 e (P
M o ' (1.14)
_ / h(s; (F(x)) s (F(2))
M
—1 *wn
= [ s o) T = s
M
Therefore
N ~ o~ ~
(@) = 3 B (F N5 (F (@), P~ (5 (F(2)))
j;l (1.15)
= D" h(sj(F(x)), 55(F (@) = e (F(x))
j=1

Since G acts transitively on M ¢, is forced to be constant.
Finally, given F' € G and a lift Fof F , by formula (1.13) we see that there exists a
constant C' > 0 such that F*h = Ch. Therefore \%CF\ is a lift of F' preserving h and so

h is homogeneous. O

Example 9. Consider the line bundle O(k) — CP! where O(k) = O(1)®* and O(1) is
the hyperplane bundle over CP'. We endow CP'! with the Fubini-Study Kihler form

wrs = 2091log(|z0|* + |21]%) € c1(O(1)). A wpg-balanced basis for H'(CP, O(k)) is

k k k\ i ok
Sk:{Sg),...,sé)}:{zlf,...,\/Gzézf 7.8

Indeed, in affine coordinates {z; # 0} we have

Vol(CP! :/ wpsz/idzdz
CPI= o c2(11 |2

27 0 1
= / / ———drdf =27
o Jo (1+7)?

given by

integrating by part we get

/°° rJ 1 g — 1
o a+nfFa+n? B+

13



SO

*) (k) __ 1
<3j ) 5] >hsk,wFs_Vol((CPl)/ hFS(Sjvsl)wFS
VOO
_ // Jd=dz
(1+ \z! 2(1+|2]?)
i+l
2 r 2 li=0o 1
_ / / v ~drdo
1+7") (1+7r)
k+1

as wished. Note that s;, is also a balanced basis. Indeed w,, = i§ wrs = 10010g(|20|* +

|21)>)F = kwpg and this implies <s§k), SZ(k))hﬁk ws, = <s§ ) Sl(k)>h§k wpg = ]f—j_ll

1.4 Known results in the general case

In this section we describe the known results about existence and unicity of w-balanced
metrics on complex vector bundle of rank r > 1 (see Theorems 4, 5 and 7 below).
In order to express these results we need to recall basic algebraic geometric tools also
needed in the proof of our main results in the next chapter (we refer the reader to [24]).

Let L be a polarization over a complex manifold M of complex dimension n with
a very ample line bundle L. Let E be an irreducible holomorphic vector bundle on M
of rank 7. Fix an Hermitian metric h on L and the Kéahler form w = Ric(h) (see (1.9))

over M.

Definition 10. The vector bundle £ — M is Gieseker stable (resp. semi-stable) if for
any torsion free proper sub-sheaf 7 C F, there exists kg € N such that for any k& > ko,

we have

X(E(k)) X(F(F))
rank(FE) > (resp. >)rank(}')

where E(k) = E® L*, F(k) = F ® L* and x(M, F) = > p_,(=1)* dim H*(M, F) is

the Euler characteristic number.
Definition 11. The Gieseker point of F
T
Tp: /\ H'(M,E) — H°(M,det E)
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is the map which sends s; A---As, € A" HY(M, E) to the holomorphic section of det E

defined by

Te(si A Asp) x> si(z) A Asp(z).

The group GL(HY(M, E)) acts on H°(M, E), therefore acts also on \" H°(M, E)

and on Hom(A\" H°(M, E), H°(M, det E)). The actions are given by
VesiAN-As)=Vsi A AVs,

and
(V-T)(s1 A+ Asp)=T(V-(s1 A=+ Asp)).

where T € Hom (A" H°(M, E), H°(M,det E)) and V € GL (H°(M, E)).

Definition 12. Let G be a reductive group acting linearly on a vector space V. Then

an element v of V is called
e unstable if the closure of the G orbit Guv contains 0,
o semi—stable if 0 ¢ Gu,
e stable if Gv is closed in V' and the stabilizer of v inside G is finite.

Gieseker in [19] proved that E — M is a Gieseker stable (resp. semistable) vector
bundle on a polarization (M, L) if and only if there exists a constant kg such that for
k > ko the Gieseker point Ty is stable (resp. semistable) with respect to the action

of SL (H" (M, E(k))) on Hom (A" H® (M, E(k)), H® (M, det E(k))).

Theorem 4. (X. Wang, [39]) The Gieseker point Tk is stable if and only if there exists

a w-balanced basis s of H'(M, E).
As a consequence of this theorem and of Definition 2 we have the following:

Theorem 5. (X. Wang, [39]) E is Gieseker stable if and only if there exists ko € N

such that for k > ko the bundle E(k) admits a w-balanced metric.
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We also recall the following result dealing with the uniqueness of w-balanced metrics
in the case E is simple, i.e. Aut(E) = C*idg, where Aut(E) denotes the group of

invertible holomorphic bundle maps from F in itself.

Theorem 6. (R. Seyyedali, Lemma 2.7 in [37]) Let E — M be a simple complex vector
bundle over a compact Kihler manifold (M,w). If E admits a w-balanced metric then

1t 15 unique.

Finally, in the case of homogeneous vector bundles we have the following important
result which should be compared with the analogous result in the rank one case (see

Theorem 3 above) and which will be important for our applications in the next chapter.

Theorem 7. (L. Biliotti-A. Ghigi, [4]) Let (M,w) be a rational homogeneous variety
and E — M, be an irreducible homogeneous vector bundles over M. Then E admits a

unique w-balanced metric.

Remark 13. The importance of Theorem 7 relies on the fact that in the homogeneous
case in order to find a w-balanced basis we do not need to twist the bundle F with a
power of a polarization L as in Theorem 5. We refer the reader to |2] for the applications
of this theorem to the estimate of the first eigenvalue of the Laplacian associated to w

(cfr. Theorem 1 above).

1.5 Concluding remarks

All results described in this chapter regarding the existence and uniqueness of balanced
and w-balanced metrics deal with vector bundles which are either irreducible or simple.
This is obvious in Theorem 2 and Theorem 3 since every line bundle is irreducible and
simple, in Theorem 5, since Geiseker stability implies irreducibility and in Theorem 7
(resp. Theorem 6) where the irreducibility (risp. the simpleness) is indeed an assump-
tion. Moreover, in the case of rank r > 1, we only deal with w-balanced basis and not

balanced. So two problems naturally arise:

16



e study the existence and uniqueness of w-balanced metrics for arbitrary vector

bundles (not necessarily simple or irreducible);

e study the existence and uniqueness of balanced metrics. In particular try to find
the right “stability conditions”, analogous to the Geiseker stability, which ensures

the existence of balanced metrics (cfr. Remark 6 for the rank one case).

In the next chapter we treat the first problem. The balanced case is left for future

research.
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Chapter 2

Uniqueness of w-balanced metrics

2.1 Statement and proof of the main result

In this section we prove the following theorem which represents one of the main results

of this thesis.

Theorem 8. Let E be a very ample holomorphic vector bundle over a compact Kihler

manifold (M,w). If E admits a w-balanced metric then this metric is unique.

Notice that if F is a very ample holomorphic vector bundle over a compact Kéhler
manifold (M, w) and if s is any basis of H(M, E), F € Aut(E) and U € U(N), then it
is immediate to verify that iyps = Uips = Uis, where UFs = (UF'sy,...,UFsy), and
hs = hurs, where is and hg are given by (1.3) and (1.5) above.

Then the proof of Theorem 8 will be a consequence of the following:

Theorem 9. If s and 3 are two balanced bases of H°(M, E) then there exist a unitary

matric U € U(N) and F € Aut(E) such that § = UF's.

In order to prove Theorem 9 (and hence Theorem 8) we need some preliminaries on

w-balanced basis and moment map.

Let E be a very ample holomorphic vector bundle over a compact Kéhler manifold

(M,w). Let Jy be the complex structure of E, denote by E. the smooth complex vector
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bundle underlying E and write E = (E., Jy). Let N be the complex dimension of
HO(M,E) and let H be the (infinite dimensional) manifold consisting of pairs (s, .J)
where s = (s1,...,$n) is an N-uple of complex linearly independent smooth sections
of E., J is a complex structure of F. and each section s; is holomorphic with respect

to the complex structure J, i.e.
dsjoly=Jodsj, j=1,...,N,

where I denotes the (fixed) complex structure of M.

Given an Hermitian metric h on E we denote by Up(E.) the subgroup of GL(E,)
consisting of smooth invertible bundle maps E. — E. preserving the Hermitian metric h
and by SU(N) C U(N) the group of N x N unitary matrixes with positive determinant.

These groups act in a natural way on H as follows:
V- (s,J) = (Vs,¥-J), ¥ e Up(E)

U-(s,]) = (Us, J), U € SUN),

were Us = (Usy,...,Usy), ¥-J =VJU ! and Us = (Usy,...,Usy).
Since these actions commute they induce a well-defined action of the group G, =
Un(E:.)xSU(N) on H. The Lie algebra of G, is GL(E.)®su(N) and its complexification

GF = GL(E.) x SL(N) naturally acts on H by extending the action of Gy,

Theorem 10 (Wang [38|). The manifold H admits a Kdhler form Q invariant for the

action of G, whose moment map pp : H — GL(E.) & su(N) is given by:

al Z;Vﬂ ’5j|i21
Mh(SaJ)Z(;h(',Sj)Sj, (85, 8k)h = =79k ); (2.1)
where |s;|? = (sj,si)n = %[M h(-,-)%r. Consequently, a basis s = (s,Jo) of

H°(M, E) is balanced if and only if pn, (s, Jo) = (Idg,0), where hy is the metric of

E given by (1.5).

A key ingredient in the proof of Theorem 9 (and hence of Theorem 8) is the following:
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Lemma 14. Let s = (s, Jo) be a balanced basis of HO(M,E) and let (3,.J) € H such
that: pp, (8, J) = (Idg,0) and (3,J) lies in the same g;?s—orbit of (s,Jo). Then (3,J)
lies in the same Gy, -orbit of (s, Jo), namely there exists (V,U) € Gy, such that (¥,U) -
(3,J) = (U3, - J) = (s, Jo).

Proof. Since a = (Idg,0) € GL(E.) @ su(N) is (obviously) invariant by the coadjoint

action of Gy, it is a standard fact in moment map’s theory (cfr. Thm A.3) that
-1 C _ -1
piy,, (@) N (G, - @) = Gn, -, Vo € py, ().

Then the result follows by the assumptions and by Theorem 10. (]
We are now in the position to prove Theorem 9.
Proof of Theorem 9. Let h, and h; be the metric induced by s and s and let

® € GL(E,) be such that ®*hs = hz. We claim that

N
D hy(-, ®5;) @5, =1dg (2.2)
j=1
and
~ ~ r .
(P55, ®5p)p, = N(Sjk’ j,k=1,...,N. (2.3)
Indeed
N N
g =Y hs(-,5)5 = > _(®7hs)(,5)3;
j=1 j=1
and if ¢ = (01,...,0,) : U = E is a local frame then, for all « = 1,...,r, one gets:

N
0o =B(@ (00) =@ [ Y hs(D " (0a),57)5;

N N
=0 (D hu(0a, ®5;)5; | = hs(oa, B3;)®5;,
j=1 j=1

where we have used the fact that Z;\le hs(-,55)8; = 1dg, and (2.2) follows.
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Moreover,

o 1 oW
<(I)Sj, (I)Sk:>h£ = W /M hé(q)Sj,q)Sk)H
1 . oW
- i L @G5
1 oWt r
= V(]W)/M hg(s],sk)—l = N(S]k

and also (2.3) is proved.
It follows by (2.1), (2.2) and (2.3) that (s, Jy) and (P35, ® - Jy) are in the same level

set of the moment map pp,, namely

g (85 Jo) = pin, (B3, @ - Jo) = (Idg, 0).

Moreover, since s and § are bases of the same vector space H’(M, E) there exist a non

zero constant A and V' € SL(NV) such that A\V3 = s. Therefore
(5, J0) = (A@™1, V) - (®5,® - J)

and hence (s, Jy) and (93, PJy) are elements of H in the same g}gs—orbit. By Lemma

14 there exists (¥,U) € Gy, such that
(s,Jo) = (U,U) - (93, D - Jp) = (UVD3, (VD) - Jy).

Consequently, F' = ¥® : E. — E, preserves the complex structure Jp, i.e. F' € Aut(FE)

and s = UFs. O

2.2 Homogeneous vector bundles

The aim of this section is to prove the following theorem on the existence and uniqueness

of w-balanced metrics on homogeneous Kahler manifolds.

Theorem 11. Let (M,w) be a rational homogeneous variety and E; — M,j =1,...,m,
be irreducible homogeneous vector bundles over M with rank E; = r; and dim H°(M, E;) =
N;j >0, j=1,...,m. then the homogeneous vector bundle E = @7, E; — M admits

a unique homogeneous w-balanced metric if and only if JTV—J] = X,—’Z forall j,k=1,...,m.
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We need the following result interesting on its own sake.

Lemma 15. Let E — M be a holomorphic vector bundle on a compact complex manifold
M. Suppose that E is a direct sum of two holomorphic vector bundles v, oy — M with
rank E; = r; and dim H(M,E;) = N; > 0, j = 1,2. If %1 #* %2 then the Gieseker

point of E is unstable.

Proof. Consider the basis s = {s1,...,5n,4N,} of H(M, E) such that {s1,...,sn5,}
is a basis of H*(M, By @ {0}) and {sn,41,---,5N,+N, } is a basis of HO(M, {0} @ Es).

Suppose that %1 > M2 Consider the 1-parameter subgroup of SL(Nj + Na)

T2

t g(t) = diag(t N2, N2 N ),
| ——

N1 times

where the action on the elements of the basis s is

s, i< Ny
g(t)s; =
tNig j otherwise

Observe that the section x +— s, () A -+ A sj. () (with j1 < jo < -+ < j,) with
r = ri + ry is different from zero only when j,, < Nj < j,,+1. So the action of g(¢) on

the Gieseker point is given by:

g(t)TE(Sjl VANEREIA Sj'r) =

tTQNl_TlNQTE(Sjl VANRRIVAN Sj,.) if §p, < N1 < Jry41
0 otherwise
Since M1 > M2 e have
T1 T2

%g% g(t) T = 0.

O]

Proof of Theorem 11 By Lemma 15 and Wang’s Theorem 4 we have to prove only
the sufficient condition. Since rank E'= 377" | r; and dim(H(M, E)) = >y Ny, it is
enough to prove the theorem for m = 2. In Theorem 7 it is proved that each Ej;, as in

the statement, is a very ample bundle and admits a unique homogeneous w-balanced
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metric induced by a basis s/ = {s{, cees sgvj}, 7 =1,2. Then, the assumption ]Tv—ll = ]7;,—12,

readily implies that the basis

5= ((s%, 0),..., (SJIVI,O), (0, s%), ..., (0, 5?\,2)) (2.4)

is a homogeneous w-balanced basis for Fy © E3. Then h, = i;hGr is the desired homo-

geneous balanced metric on E; @ Es which is unique by Theorem 8. U

2.3 Rigidity of w-balanced Kéahler maps into Grassmanni-

ans

Let (M, w) be a compact Kéhler manifold and let @ a Kéhler form on M. A holomorphic
map f: M — G(r,N) is said to be @-balanced if there exist a very ample holomorphic
vector bundle E — M and a @-balanced basis s of H*(M, E) such that f = i, (thus
necessarily f*Q = E, r = rank E and N = dim H°(M, E)). A &-balanced map f :
(M,w) — G(r,N) is called a Kdhler map if f*wg, = w, where wg, is the standard

Kéahler form on G(r, N), i.e. Ric(hgy) = war-

Example 16. Let M = CP! and w) = \wrg, where wrg is the Fubini-Study Kéhler

form and ) is a positive real number. Then, it is not hard to see that the holomorphic

map ~ _
20 0
0 20
f:CP' = G(2,4) : [20,21] — (2.5)
Al 0
0 Z1

is a wy-balanced map for all A\. Moreover, f is Kdhler with respect to 2wpg i.e. ff*wg, =
2wrs. (It follows by definition that if s is a w-balanced basis of H(M, E) then s is still

Aw-balanced for A > 0).

Note that in the previous example f*Q = O(1)®O(1), where O(1) is the hyperplane

bundle on CP' and f*wg, = 2wrs. On the other hand, there exist holomorphic maps
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f =iz : CP' — G(2,4) (where 3 is a basis of O(1) @ O(1)) satisfying these two
conditions but for which it cannot exist a unitary transformation U of G(2,4) such that

f=Uf (cfr. [10]). An example is given by:

20° 20713 (V3 —1)

7 —z0215 (V3 -1 2012 + L2112V3
f:(CP1 — G(2,4), [20,21] — 0 12( ) |20 2| 1]
—z0215 (V3+1) Lz

212 Zoz1g (1—V3)

This phenomenon is due to the fact that the rigidity of Kéhler maps into G(r, N)
with 7 > 2 does not in general holds true (see, e.g., [9], [10], [21], [40], [41]), in contrast
with the case r = 1 where one has the celebrated Calabi’s rigidity theorem for Kéhler

maps into projective spaces.

On the other hand the following theorem, which is the main result of this section,

shows the rigidity of @w-balanced Kéhler embedding.

Theorem 12. Let E — M be a very ample complex vector bundle over a compact Kihler
manifold (M,w). Assume that E admits a @-balanced metric h such that Ric(h) =
w, where © is a Kdhler form on M. Then there exists a unique (up to a unitary

transformations of G(r, N)) w-balanced Kdhler embedding f : M — G(r,N) such that

ffQ=E.

Proof. Let s be a @-balanced basis of HO(M, E) and let f = is : M — G(r,N) be
the associated Kodaira’s map. By Theorem 9 f is the unique (up to a unitary trans-
formations of G(r, N)) @-balanced embedding such that f*@Q = E. So it remains to
show that f*wg, = w. Fix a local frame (o01,...,0,) : U — E. In this local frame
f:U — G(r,N) is given by (1.3). Then, the local expression of w = Ric(h) and f*weg,

are given respectively by —%65 log det(S*S)~! and %85 log det(S*S). O
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2.4 Kahler maps of (CP!, 2wrg) in G(2,4)

In this section we prove that the only 2wpg-balanced Kahler maps (see Section 2.3),
among the Kéhler maps f : (CP!,2wpg) — G(2,4) are those unitarily equvalent to the

map F : (CP!,2wpg) — G(2,4) given by

_Z 0_
0 =z

F([z,w]) = (2.6)
w 0
_O w_

Q.-S. Chi and Y. Zheng [10] proved that every Kéhler map f : (CP',2wsg) —

(G(2,4) is unitarily equivalent to one element of the following family of K&hler maps

22 2w (cos (t) — sin (¢))

fo:CP' 5 G@2,0), [mwles | (cos (#) =sin(8)) |2+ |uwl"sin (2¢)
—zw (cos (t) + sin (1)) — |w|? cos (2t)

w? —Zw (cos (t) —sin (1)) |

Therefore we are reduced to investigate which Kéhler maps among the family f; are
2wrg-balanced. The calculation are done with the help of software of symbolic calculus.
First of all we study the family f; when ¢t # 7, %TW' The expression of f; in local

coordinates of CP! and G(2,4) can be written

o Cos(t)—zl—sin(t) 0
_ 2sin(t)cos(t) z_
[5,1] o | 2eos®)L eostOsm@ | (2.7)
1 0
0 1

Therefore E; = f7* = O(1) ® O(1) and the basis s) of H(CP', E;) satisfying
Jt =iy is given by

z _ 2sin (¢) cos (t) z

- {(mmrmn ) (e wmms) 600
= s, s

(2.8)
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%I if and

With a direct calculus we see that the matrix 7—[§(t) = (s, ,s,(f >hs<t),2wps =

only if t =0, 5,7 ,37“. Substituting these values of ¢ in (2.7) we deduce immediately

that fy, fg, fr, f3z are unitary equivalent to the embedding
2

z 0

0 =z
[z,1] =

1 0

01

To conclude we have to prove that f% and f:%r are not 2wpg-balanced.

We consider first the case t = 7. In local coordinates fg is written as

0 22
1 0
[2,1] =
0 —V2z
0 1
We see that Bz = f%T* = 0(2) @ O(0) and that the basis s(7) = {31 yee % } =
{(0,22),(1,0), (0, —v/22),(0,1)} of H°(E,CP?") is such that i3 = fz. The map is not

7'r

2wpg-balanced, indeed the matrix H? - (sé-%), S}(ﬁ)g(%) is given by

1/3 0 0 0

We study now the last case t = =F. The local expression of f37r is given by

\/52 —2z2

1 0
[2,1] —

0 0

0 1

We see that the immersion is not full, so f sr can not be induced by a basis of H*(M, E)
and therefore f%ﬂ is not 2wpg-balanced.
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Final remark Theorem 12 can be restated as follows: Let E — M be a very ample
complex vector bundle over a compact Kihler manifold (M,w). Suppose that H°(M, E)
admits two @-balanced basis s; = {s1,...,51y} and sy = {s2,...,52,} where @ is a
Kahler form. Then

is, = Ulg,
for a unitary transformation U € U(N).

On the other hand by Definition 2, the w-balanced condition on s; and s, is equiv-
alent to HE® = H2% = Id, where HEY = <Slj75lk>h§l & for I =1,2. Therefore, it is
natural to ask if, under the (necessary) condition that H51 and H#2 are similar matrices,
there exists U € U(N) such that

is, = Ulg, .
The answer is no. For example if ty = t1 +m (with ¢1,12 # T, %’T) and s() and s(2) are

the basis given in (2.8), then s 2wrs = Hﬁ(t2)’2wFS, but hyiey) # o) -
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Chapter 3

The diastatic exponential of a

symmetric space

3.1 Statements of the main results

Let M be a n-dimensional complex manifold endowed with a real analytic K&hler metric
g. For a fixed point p € M let D, : U — R be the Calabi diastasis function, defined
in the following way. Recall that a K&hler potential is an analytic function ® defined
in a neighborhood of a point p such that w = %85@, where w is the Kéhler form
associated to g. By duplicating the variables z and Zz a potential ® can be complex
analytically continued to a function @ defined in a neighborhood U of the diagonal
containing (p,p) € M x M (here M denotes the manifold conjugated to M). The

diastasis function is the Kéahler potential D, around p defined by

If dp : exp, (V) C M — R denotes the geodesic distance from p then one has:

Dy (q) = dy (0)* + O (dy (0)")

and D, = df, if and only if g is the flat metric. We refer the reader to the seminal paper

of E. Calabi 9] for more details and further results on the diastasis function (see also
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[30], [29] and [12]).

In [29] it is proven that there exists an open neighbourhood S of the zero section of
the tangent bundle T'M of M and a smooth embedding v : S — T'M such that pov = p,
where p : TM — M is the natural projection, satisfying the following conditions: if one

writes
v(p,v) = (p,vp(v)), (pv) €S

then the diffeomorphism
vp: TyMNS —T,Mnv(S)

satisfies

(dl/p)o = idTpM

Dy, (exp,, (vp (v)) = gp (v,0), Yo € T,M NS,

where exp, : V. C T,M — M denotes the exponential map at p (V' is a suitable
neighbourhood of the origin of 7),M where the restriction of exp,, is a diffeomorphism).

Thus, the smooth map

Exp, :=exp,ovp : T, M NS — M

satisfies
(dExp,), = idz,m (3.1)
D, (Exp, (v)) = gp (v,v), Yv € W. (3.2)
In analogy with the exponential at p (which satisfies d, (expp (v)) = /gp (v,v),

Vv € V) any smooth map Exp, : W — M from a neighbourhood W of the origin of
T, M into M satisfying (3.1) and (3.2) will be called a diastatic exponential at p.
It is worth pointing out (see [5] for a proof) that exp,, is holomorphic if and only

if the metric g is flat and it is not hard to see that the same assertion holds true for a
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diastatic exponential Exp,,.

In this thesis we study the diastatic exponentials for the Hermitian symmetric spaces
of noncompact type (HSSNT) and for their compact duals. The following examples deal

with the rank one case and it will be our prototypes for the general case.

Example 17. Let CH" = {z € C"||2|? = |z1|> + -+ + |za]? < 1} be the complex
hyperbolic space endowed with the hyperbolic metric, namely the metric g™ whose
associated Kihler form is given by w™P = —%85 log (1 — |z|2) Thus the diastasis
function Dgyp : CH™ — R and the exponential map expgyp : T,CH™ =~ C* — CH"

around the origin 0 € C" are given respectively by
h 2
D*® (z) = —log (1 — |2]%)

and

exp® (v) = tanh ([v]) 2 expg”® (0) = 0.

o]’

It is then immediate to verify that the map Expglyp : Ty0CH™ — CH™ given by:

Expgyp (v) = m%, Expgyp (0)=0, v=(vy,...vp)

satisfies (d Expgyp>0 = idp,cyn and
DyYP (Expgyp (v)) = g% (v,v) = [v]?, Vv e THCH™ = C".

Hence Expglyp is a diastatic exponential at 0. Notice that EXp}O1le is characterized by
the fact that it is direction preserving. More precisely, if F : ToCH" — CH" is a
diastatic exponential satisfying F' (v) = A (v) v, for some smooth nonnegative function

A:C" - R, then F = Expgyp.

Example 18. Let P = ((CHl)Z be a polydisk. If z;, k =1,..., ¢, denotes the complex
coordinate in each factor of P and v = (v1,...,v) € ToP = C’. Then the diastasis

Dg) : P — R, the exponential map expéD : ToP — P and a diastatic exponential
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Expg : ToP — P at the origin are given respectively by:
4
Dy (2) == log (1 - |z,
k=1

U1 Ve
expp (v) = (tanh(h}l) W, ..., tanh (Jvg) ’W’> , expglyp (0) =0,

Expl (v) = <\/1—e——v12‘vl’ 1 —e—lvd?’vﬂ) . Expg (0)=0.  (33)
U1 Ve

Let now M be an HSSNT which we identify with a bounded symmetric domain of
C™ centered at the origin 0 € C" equipped with the hyperbolic metric ¢g"™P, namely the

Kéhler metric whose associated Kéhler form (in the irreducible case) is given by
WP = L 95 log K.
29

Here Kjs (2, %) (holomorphic in the first variable and antiholomorphic in the second
one) denotes the reproducing kernel of M and ¢ its genus. By using the rotational
symmetries of M one can show that the diastasis function at the origin Dgyp M —>R

is globally defined and reads as
phvp 1 =
o (2)= glOg K (2,2),

(see [30] for a proof and further results on Calabi’s function for HSSNT). Notice also
that, by Hadamard theorem, the exponential map expgyp : ToM — M is a global dif-

feomorphism.

The following theorem which is the first result of this chapter, contains a description

of the diastatic exponential for HSSNT.

Theorem 13. Let (M, ghyp) be an HSSNT. Then there exists a globally defined diastatic
exponential Expglyp :ToM — M which is a diffeomorphism and is uniquely determined
by the fact that ExpgyplTOP = Expl for every polydisk P C M, 0 € P, where Expl is
given by (3.3). In particular Expgyp‘TON = Expév for every complex and totally geodesic

submanifold N C M through 0.
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Consider now the Hermitian symmetric spaces of compact type (HSSCT). Let us

consider first the compact duals of Examples 17 and 18.

Example 19. Let CP™ be the complex projective space endowed with the Fubini-Study

metric g%, namely the metric whose associated Kihler form is given by
1 -
Wt = 58310g (|Z0|2 + 4 |Zn|2)

for a choice of homogeneous coordinates Zj, ..., Z,. Let pg = [1,0,...,0] and consider

the affine chart Uy = {Zy # 0}. Thus we have the following inclusions
CH"cC'=U,ccCP", (3.4)
where we are identifying Uy with C” via the affine coordinates

Z1 Zn
Uy — C": [Zo,.... 7 e T A
0~ [ 05 ’ ]\7]’_> (21 Zov y % Z())

Under this identification we make no distinction between the point py and the origin
0 € C™. The Calabi’s diastasis function Dg S . Uy — R around py = 0 and the

exponential map exp ThoCP"™ — Uy are respectively given by
Dg® (2) = log (1+|2)

and

v
expf® (o) = (van (Il) )+ expo (0) =
Observe that Dg S blows up at the points belonging to CP™ \ Up which is the cut locus
of po with respect to the Fubini-Study metric. We denote this set by Cuty (CP™).

It is not hard to verify that the map
Exp{™® : T,CP™ — CP™\ Cutg (CP")
given by
ExpjS (v) = Vel —1 ﬁ Exp{* (0) =0,
is a diastatic exponential at 0, namely it satisfies (d Expg S )0 = idp,cp» and

DS (Expgs (v)) = gt (v,v) = |v|?, Vv e ToCP".
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Example 20. Let P* = (CPl)K be a (dual) polydisk. If zg, for £ = 1,...,¢, denotes
the affine coordinate in each factor of P* and v = (v1,...,v,) € ToM* = C’ then it
is immediate to see that the diastasis D(I; " . P* - R, the exponential map expéj T
ToP* — P* and a diastatic exponential ExpOP* : TyP* — P* at the origin are given

respectively by:

¢
D (2) =) log (1+|z]*)
k=1

* v v
expl” (v) = <tan(|v1|)1,...,tan(|w|)‘f>, expq (0) = 0,

|01 |oe]

Expl” (v) = <\/e|v127_1”1 el _1|ZE\> Bl (0) =0, (3.5)

]

Given an arbitrary HSSNT M of genus g let us denote by M™* its compact dual
equipped with the Fubini-Study metric g™, namely the pull-back of the Fubini-Study
metric of CPY via the Borel-Weil embedding M* — CPY (see [13] for details). Let
0 € M* be a fixed point and denote by Cutg (M*) the cut locus of 0 with respect to the

S

Fubini-Study metric. In the irreducible case the Kihler form w’™® associated to gt is

given (in the affine chart M* \ Cutg (M*)) by
wis = i8510gKM*,
29

where

K- (2,2) = 1/Kyp (2, %) . (3.6)

We call Ky« the reproducing kernel of M*. Notice that K« is the weighted Bergman
kernel for the (finite dimensional) complex Hilbert space consisting of holomorphic func-
tions f on M* \ Cutg (M) C M* such that fM*\CutO(M) |f12 (wF®)" < oo (see [30] and
also [16] for a nice characterization of symmetric spaces in terms of Kjp+). Notice
that when M = CH" then g = n+ 1, Ky (2,2) = (1— |z|2)_(n+1), Ky (2,2) =

(1+ \z|2)nJrl and the Borel-Weil embedding is the identity of CP".

Observe that, as in the previous examples, D/’ S is globally defined in M*\ Cutg (M*)
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(see [43] for a proof) and it blows up at the points in Cutg (M™*). Moreover
FS 1 = * *
Dy” (2) = —log Kpr+ (2,2), ze€ M™\ Cuty (M)
g

Furthermore (see e.g. [45]) M* \ Cuto (M*) is globally biholomorphic to ToM and

if 0 denotes the origin of M one has the following inclusions (analogous of (3.4))
M Cc TyM = ToM* = M*\ Cutg (M™) C M*. (3.7)

We are now in the position to state our second result which is the dual counterpart

of Theorem 13.

Theorem 14. Let (M*,gFS) be an HSSCT. Then there exists a globally defined di-
astatic exponential Expgs s ToM* — M* \ Cutg (M*) which is uniquely determined by
the fact that for every (dual) polydisk P* = ((CPI)S C M* its restriction to ToP* equals
the map EXpOP* given by (3.5). In particular Expgs‘TON* = Expév* for every complex

and totally geodesic submanifold N* C M* through 0.

The key ingredient for the proof of Theorem 13 and Theorem 14 is the theory
of Hermitian positive Jordan triple systems (HPJTS). In [13] this theory has been the
main tool to study the link between the symplectic geometry of an Hermitian symmetric
space (M , whyp) and its dual (M * wh'S ) where wP (resp. wt's ) is the Kéhler form
associated to g™P (resp. ¢f). The main result proved there, is the following theorem

(an alternative proof of this theorem can be found in [14]).

Theorem 15. Let M be an HSSNT and B (z,w) its associated Bergman operator (see

next section). Then the map
Wy M — M\ Cuto (M*), 2w B(z,2)7 1z, (3.8)
called the symplectic duality map, is a real analytic diffeomorphism satisfying
U wy = whP

and

Uh WS = w,
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where wq is the flat Kdhler form on ToM. Moreover, for every complex and totally

geodesic submanifold N C M one has Yy = Vy.

Here wq denotes the Kéhler form on M obtained by the restriction of the flat Kéahler
form on ToM = C™.
The following theorem which represents our third result provides a geometric inter-

pretation of the symplectic duality map in terms of diastatic exponentials.

Theorem 16. Let M be a HSSNT and M* be its compact dual. Then the symplectic

duality map can be written as
FS hyp -1 * *
U, = Expl o(Expoy) . M — M*\ Cuto (M),

where Expglyp : ToM — M and BExpd® : ToM* — M* \ Cutg (M*) are the diastatic

exponentials at 0 of M and M™ respectively.

Our fourth (and last) result is the following theorem which shows that the “algebraic
manipulation” (3.6) which allows us to pass from Kjs to K« can be realized via the

symplectic duality map.

Theorem 17. Let K be the reproducing kernel for an HSSNT and let K3, be its dual.
Then

Ky oWy = K,y
where Wyr : M — M* \ Cutg (M*) is the symplectic duality map.
This chapter contains other two sections. In the first one we recal some standard

facts about HSSNT and HPJTS. In the second one we prove our main results: Theorem

13, Theorem 14, Theorem 16 and Theorem 17.

3.2 Basic tools for the proofs of the main results

Hermitian positive Jordan triple systems

We refer the reader to [36] (see also [33]) for more details of the material on Hermitian
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positive Jordan triple systems.
An Hermitian Jordan triple system is a pair (M, {,, }), where M is a complex vector
space and {,, } is a map

{H,}  MXMxM—-M
(u,v,w) — {u,v,w}

which is C-bilinear and symmetric in u and w, C-antilinear in v and such that the

following Jordan identity holds:

{z,y,{v, v, w}} —{u, v, {z,y,wt} = {{z,y,u}, v, w} = {u, {v, 2, ¥}, w}.
For z,y, z € M considered the following operator
T (x,y)z = {2,y,2}
Q(z,2)y = {z,y,2}
Q (z,2) = 2Q (z)

B (z,y) =idpm =T (2,y) + Q (z) Q (y) -

The operators B (x,y) and T (x,y) are C-linear, the operator @ (z) is C-antilinear.
B (x,y) is called the Bergman operator. For z € V, the odd powers 2P+ of 2 in the

Jordan triple system V are defined by
L, — L(2p+1) _ Q(2) ,(2p—1)
An Hermitian Jordan triple system is called positive if the Hermitian form
(u|v)=trT (u,v)

is positive definite. An element ¢ € M is called tripotent if {c, ¢, ¢} = 2¢. Two tripotents

c1 and c¢g are called (strongly) orthogonal if T (c1,c2) = 0.

HSSNT associated to HPJTS
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M. Koecher ([25], [26]) discovered that to every HPJTS (M, {,,}) one can associate an
Hermitian symmetric space of noncompact type, i.e. a bounded symmetric domain M
centered at the origin 0 € M. The domain M is defined as the connected component
containing the origin of the set of all u € M such that B (u,u) is positive definite
with respect to the Hermitian form (u,v) — tr7T (u,v). We will always consider such
a domain in its (unique up to linear isomorphism) circled realization. The reproducing

kernel Kj; of M is given by
Ky (2,2) = det B(z,2) (3.9)
and so when M is irreducible
WP = —i(?é log det B.
29

The HPJTS (M, {,,}) can be recovered by its associated HSSNT M by defining

M = TyM (the tangent space to the origin of M) and
1
{u,v,w} = ~5 (Ro (u,v) w + JoRp (u, Jov) w) , (3.10)

where Ry (resp. Jp) is the curvature tensor of the Bergman metric (resp. the complex
structure) of M evaluated at the origin. The reader is referred to Proposition II1.2.7
in [3] for the proof of (3.10). For more informations on the correspondence between

HPJTS and HSSNT we refer also to p. 85 in Satake’s book [42].

Totally geodesic submanifolds of HSSNT

In the proof of our theorems we need the following result.

Proposition 21. Let M be a HSSNT and let M be its associated HPJTS. Then
there exists a one to one correspondence between (complete) complex totally geodesic

submanifolds through the origin and sub-HPJTS of M. This correspondence sends

T CMtoT CM, where T denotes the HPJTS associated to T.

Spectral decomposition and functional calculus
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Let M be a HPJTS. Each element z € M has a unique spectral decomposition
z=Ac1 4+ Ascs (0< A << Ay),

where (c1,...,¢s) is a sequence of pairwise orthogonal tripotents and the \; are real

numbers called eigenvalues of z. For every z € M let max{z} denote the largest

eigenvalue of z, then max{-} is a norm on M called the spectral norm. The HSSNT M

associated to M is the open unit ball in M centered at the origin (with respect to the
spectral norm M), i.e.

s
M ={z=> X¢; | max{z} =max{)\;} <1}. (3.11)
=1 !
Using the spectral decomposition, it is possible to associate to an odd function

f:R—=Camap F: M — M as follows. Let z € M and let
z=Mc1 4 F A, 0< A <o < A
be the spectral decomposition of z. Define the map F' by
F(Z) :f()\l)cl++f()\s)cs (312)
If f is continuous, then F' is continuous. If
N
k=0
is a polynomial, then F' is the map defined by
N
F(z)= Zakz(%H) (zeM).
k=0
If f is analytic, then F is real-analytic. If f is given near 0 by
[e.e]
F) =) at™*,
k=0

then F' has the Taylor expansion near 0 € V:
oo
F(z)= Zakz(2k+1).
k=0
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Example 22. Let P = (CHl)é C (CZ, {, }) be the polydisk embedded in its associated
HPJTS (CE, {,, }) Define ¢; = (O, ...,0,e"%.0,..., O) , 1 < j </ The ¢; are mutually
strongly orthogonal tripotents. Given z = (plewl, e ,pgew‘v’) € ((CHI)Z, z # 0, then
up to a permutation of the coordinates, we can assume 0 < p; < ps < --- < py. Let 11,

1 <y </, the first index such that p;; # 0 then we can write
z=piy (Giy 4+ + Cig—1) + pin (Cig +++ + Cig—1) + -+ piy (Giy + -+ + Ciyyy—1)

with 0 < p;, < pip, < -+ < pi, = pg and igy1 = £+ 1. The ¢;’s, defined by ¢; = ¢i; +
-+ +Cij,y -1, are still mutually strongly orthogonal tripotents and 2z = Ajcy + -+ Ascs
with Aj = p;;, is the spectral decomposition of z. So the diastatic exponential given in

(3.3) can be written as

s
EXp(I)D (Z) _ (./1_6zl|2’z1|7“.’,/1_eze|2zé) :Z (1 _e_>‘32') Cj
21 .

|2

N

j=1
and Exp? (0) = 0.

We are now in the position to prove our main results. In all the following proofs we
can assume, without loss of generality, that M is irreducible. Indeed, in the reducible
case the Bergman operator is the product of the Bergman operator of each factor and

therefore the same holds true for the diastatic exponential and for the symplectic duality

map.

3.3 Proofs of the main results

Proof of Theorem 13 Consider the odd smooth function f : R — R defined by
2\3 t
)= (1-e") g 10 =0
and the map F : ToM — M C TyM associated to f by (3.12), namely
s 1
F2)=Y (1 - e_>‘§> 2 ¢, (3.13)
j=1

where z = A\jc; + -+ 4+ Ascs is the spectral decomposition of z € Ty M. Note that, by

(3.11), F (ToM) C M and (3.13) is indeed the spectral decomposition of F(z). We will
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show that Expgyp := F' is a diastatic exponential at the origin for M satisfying the

conditions of Theorem 13. First,

(1) 0= iy 257 (1) = S =

7=1

=

where v = p1dy + - - - + pusds is the spectral decomposition of v € TyM. Hence Exp%)1le
is a diastatic exponential if one shows that D(})lyp (Exphyp (z )) = g(})‘yp (z,2). In order to

prove this equality observe that (see [36] for a proof)

B(z,2z)cj = (1—A]2)2cj, ji=1,...,s, (3.14)

S

det B (z,2) = H (1- )\?)gv

j=1
1
ggyp( z) = EtrT 2,2) Z)\z
Thus (3.9) yields,
D(})lyp (2) = log det B (z,z) = —log H (1- )\2) (3.15)

and so

Dhyp (Exphyp ) —log H [1 — (1 —e” 3)] Z M= g(})lyp z),

namely the desired equality. Moreover, the map G : M C ToM — Ty M induced by the

odd smooth function

~~

g(t) = (—log(1—12))> 1, ¢ (0) =0,

namely
S

G(z) =Y (~log(1— )\2)) ¢,

j=1
is the inverse of Expé1yp and so Expglyp : ToM — M is a diffeomorphism.
In order to prove the second part of the theorem let P C M be a polydisk through
the origin. Thus equality Expl[;ypwO p= ExpéD follows by Proposition 21, Example 22

and formula (3.13). Moreover Expgyp is determined by its restriction to polydisks since
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it is well-known that Vz € TogM there exists a polydisk P C M such that 0 € P and

z € ToP (see, e.g. [23]| and also [18]).

Proof of Theorem 14 Let z = Ajc; + -+ + As¢cs be a spectral decomposition of

z € M*\ Cutg (M*) 2 TyM. In analogy with the non compact case one has

B(z,—2)c; = (1+ /\?)2 ¢j

det B (z,—z2) = H (1+ )\?)g.
j=1

gé’?S (z,2) = )\32.
Thus, by (3.6), Calabi’s diastasis function at the origin for g is given by:

1 1 1
DI (2) = 5 log Ky« (2,2) = glog[KM (z,—2)] = ;log[detB (z,—2)]

1 (3.16)

S
= —log H (1 + /\]2)
9 i
J
Define Expl™® : TyM* = TyM — M* \ Cuto (M*) = TyM as the map associated to the
0

1
real function f*(t) = (et2 - 1) ’ ﬁ by (3.12), namely

Expd? (z) = Zs: (e’\g - 1)5 cj. (3.17)
j=1

Thus, following the same line of the proof of Theorem 13, one can show that Expg S is

the diastatic exponential at 0 uniquely determined by its restriction to polydisks.

Proof of Theorem 16 By (3.8) and (3.14)

()= —N ¢ (3.18)

(1)’

By the very definition of the diastatic exponential Explgyp for the hyperbolic metric its

N

s (Z) =B (Z, 2)_

-1
inverse (Expgyp) : M — TyM reads as:

(Expgyp>_l (2) = Z (— log (1 — )\3)) 2 ¢,



Then, by (3.17) and (3.18),
-1
Expd o (Expgyp) (2) =¥y (2)
and this concludes the proof of Theorem 16.

Proof of Theorem 17 Since Dgyp = élog Ky and DS = élogKM*, equation
Ky« o Uy = Ky is equivalent to Dg SoW, = D(})lyp which is a straightforward

consequence of (3.15), (3.16) and (3.18).
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Appendix A

Moment map

In this appendix we describe the main properties of the moment map needed in this
thesis. For a more detailed treatment of the subject we refer the reader to [35].

Let G be a compact Lie group which acts on a symplectic manifold (M,w) by
symplectomorphism, i.e.

g:M—M

is a symplectomorphism for every g € G and
gh(z) = g(h(z)) forallghe G,z e M

e(x) =2 forallze M

where e is the identity element of G. Let g be the Lie algebra of G and X'(M) the
Lie algebra of vector field on M, there is a natural Lie algebra homomorphism g —

X (M,w) : £ — X¢ defined by

Xe(w) = & (explt€) (@))—o-

In particular it satisfies

XAdqu =g X (A.1)
and

Xiem = [Xe, Xy (A.2)
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for £,n € g and g € G. The first equality is a consequence of the following property

of the exponential map
exp(Adyn) = gexp(n)g ™,

indeed

Xad ¢(@) = ;i'to (exp(tAdy—1&)(x)) = ;l“tog exp(tn)g " = 9" (Xe(g, ' (2)))

Now we prove that (A.1) implies (A.2).

X, X,] = Lx, Xe = & g7 (Xe(or ' (2))

dt |t=0
d
= $|t:0XAdgt_1£($) = X%”:[)Adgtg = Xad,¢
= X

Since G acts symplectly, it follow that X is a symplectic vector field, i.e. the 1-form

ix W 18 closed. This follows from the Cartan’s formula for the Lie derivative

Lx.w= Z'ngw + d(ixgw).

£

For any smooth function H : M — R is defined the vector field Xy by the following
identity

iXHw = dH,

so we can define the Poisson bracket {-,-} : (F,H) + w(Xp, Xg) which induce a Lie
algebra structure on C*°(M).

If for each £ € g the vector field X¢ is Hamiltonian, that is the 1-form ix, w is exact,
then we can define a map & — He € C°°(M) such that dH¢ = ix,w. Observe that the

function H is determines up to a constant. If H¢ can be choosen such that the map

is a Lie algebra homomorphism, then the action is called Hamiltonian.

Assume from now on that the action of G is Hamiltonian.
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Definition A.1. The map

w:M — g*

1s called moment map for the action of G if the formula

defines a Lie algebra homomorphism g — C*°(M) : £ — He. As a consequence of the
definition we get

d{p(x), &) = ix.w

Lemma A.2. The G action “commutes” with the moment map in the following sense

g - x) = Adg(p(@)) g€ (G) (A.3)

Proof. Let g; = exp(tn) be a curve such that gy = 1g and g; = g, then we have:

w(gf Xe(gt - ), 95 X (gt - )2 = w(Xad & Xad,_1n)
= {(u(x), Ady-1 &), (u(x), Adg-1m)}
= (u(x), [Adg &, Ady nl)

= (u(@), Adg[&;nl)

and
< (g 2),€) — (A2 1 (n(2)). ) =
= W(Xegr- ), Xg(ot - ))gve — (), Ad -1 (6)
= w(g/ Xe(ge - ), 9; Xn(g1 - 2))2 — (u(x), Ad -1 [€, 7))
— (u(a). Ad, 1 [€.7]) — (u(z). Ad, 1€y = 0.
The conclusion follows by observing that (g - ©) = Ad;o_l(u(x)) = p(x). O

Theorem A.3. Suppose that the complezification GC also acts on M. If a is an element

of g% fized by the coadjoint action, then for every x € p~'(a) we have

pHa)N (Gt -2) =G - 2.
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Proof. By Lemma A.2 we deduce that x~!(a) is G invariant and the inclusion pz~!(a) N
(G€-2) D G -z is an immediate consequence. Chosen y € u~!(a) N (GC - z) we have
y=g-x geag”
=p-k-x p € exp (ig) and k € exp (g)
to conclude we have to prove that y = k- z. Let y(t) = exp(ti€)k - x be a curve such

that y(1) =y and y(0) = k- z, and f(t) = (u(y(t)),&)-

. d .
y(t) = - (exp(si€) - y(t))|,op = Xie(y(t)) = JXe(y(?))
so by definition of moment together with the previous equation, we get

Ft) = w(Xe(y(1), 5(t) = w(=Tg(t), 4(t)) = |y[*.

Since the action of G is w-preserving f(t) = |§|? must be constant. Thus observing that

w(y(0)) = u(y(1)) = a, we conclude that f(t) = |§|> = 0 and therefore y = k - 2. O
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