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Preface 1

Preface

The constitutive properties of material derive from its internal structure. Its in-

ternal structure refers to its crystal structure, at the atomic length scale, and to

the micro-structure at the so called meso-scale. The meso-scale may range from

10−9m to 10−2m length scale for composite materials and micro electro-mechanical

systems to 100m − 101m for civil engineering structures. At the microstructural

level the behaviour is described with sufficiently good approximation by contin-

uum and structural theories of mechanics (or thermo-mechanics) depending on

the prevalent or combined continuum or discrete character of the micro-structure.

Clearly the macroscopic behaviour depends on the constitutive behaviour of the

single phases and on their distribution at the micro-structural level. The capa-

bility to create and design new type of micro-structures may lead to innovative

macroscopic behaviours which can not be obtained by standard materials. When

we speak about unusual properties we can think to those strange materials that

when they are compressed they contract in the perpendicular direction. Quanti-

tatively, this property is measured by a negative Poisson’s ratio. Scientists have

been aware of materials with negative Poisson’s ratio for over a century, but only

recently they have directed their attention to their study, motivated both by the

curiosity about this unusual property and by their possible practical applications.

The first article published about a synthetic auxetic material appeared in the

journal Science in 1987, with the title ‘Foam structures with a negative Poisson’s

ratio’, see [1]. After this original article, which was a forerunner, these materials

were called anti-rubber by J. Glieck of the New York Times, auxetic materials by

K. Evans and co-workers in Exeter and F. Scarpa and co-workers in Bristol, they
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were even called dilational materials by the mathematician G. Milton of the Uni-

versity of Utah. In the rest of the work when we refer to materials with negative

Poisson’s ratio we will call them ‘auxetic materials’. There are many analytical

and numerical models developed by researchers with the aim to describe auxetic

existing materials or useful to propose new ones. The models we are going to

propose make possible to obtain extreme values of Poisson’s ratio, that is arbi-

trary close to -1 for isotropic materials. The organization of the thesis follows

approximately what has been the development of the research. The thesis is di-

vided in three chapters focused on different aspects of the mechanical and thermal

behavior of auxetic lattices. The introduction of each chapter is dedicated to the

presentation of the problem, that will be rigorously studied in the central body,

and to a brief overview about existing models and possible engineering applica-

tions. In the first chapter we present three two-dimensional auxetic lattices, an

hexagonal and a triangular ones with isotropic mechanical behavior, and a square

one with cubic behavior. Their mechanical elastic moduli are given in analytical

form and to conclude the chapter we report the experimental evidence that the

Poisson’s ratio of the square lattice subjected to an uniaxial tension approaches

−1. Aware that a two-dimensional representation, although accurate, is a simplifi-

cation of reality, we have extended our study to three-dimensional lattices in view

of possible engineering applications. In the second chapter it is introduced a cubic

micro-structure, that is based on the same principles of the plane square version.

The three-dimensional lattice keeps the cubic behavior of the square plane lattice,

the anisotropic elastic character of the material is reflected on the effective elastic

moduli which depend on the direction. The results are given in numerical way,

since an analytical approach was particularly complicated because of the difficul-

ties introduced by the three-dimensionality of the problem. In the second part of

the chapter the structure of the lattice is conveniently modified to guarantee an

isotropic behaviour, maintaining a negative Poisson’s ratio. In addition to have the

unusual property of being auxetic, the proposed lattices, both the plane ones and

the three-dimensional ones, have another unusual feature, they have a ‘tailorable’

coefficient of thermal expansion. Based on the geometrical configuration and on

the characteristics of the constituent materials, the effective coefficient of ther-

mal expansion of the lattices may be positive, null, or negative. This fact makes

them particularly interesting from a practical point of view since the behavior of

a structure, due to thermal changes, is a sensible problem in several engineering

fields. In the third chapter a complete analytical analysis of the thermal response
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of the lattices is given and an experiment on the hexagonal plane lattice, carried

out at the laboratory for Physical Modeling of Structures and Photoelasticity of

the ‘University of Trento’, proves the peculiarity to achieve negative coefficient of

thermal expansion.



Chapter 1

Lattices with Negative Poisson’s

ratio

1.1 Introduction

Poisson’s Ratio, usually represented by the lower case Greek ν, is defined as the

ratio of transverse contraction strain to longitudinal extension strain with respect

to the direction of stretching force applied.

n>0

d
x

d
y

n<0

d
x

d
y

Conventional Auxetic

Figure 1.1: Scheme of Poisson’s ratio mechanism. (a) Conventional material.
(b) Auxetic material.

The definition of Poisson’s ratio contains a minus sign, since tensile deformation

is considered positive and compressive deformation is considered negative, so that

4
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normal materials have a positive Poisson’s ratio. Although normal materials con-

tract when they are stretched there are particular materials that expand laterally

when stretched longitudinally showing a negative Poisson’s ratio, they are usu-

ally named ‘auxetic materials’. The term ‘auxetic’ comes from the Greek word

‘αυξϵσιζ’ (auxesis: increase, grow) and was first used by K. Evans et al. [2] (see

also [3]), when they first fabricated the micro-phorous polyethylene with negative

Poisson’s ratio, to indicate materials that expand in the direction perpendicular

to the applied tensile stress, and contract for perpendicular compressive stress.

For isotropic materials may be shown that −1 ≤ ν ≤ 1
2
in three dimension and

−1 ≤ ν ≤ 1 in two dimension, instead the values of ν for anisotropic materi-

als could be beyond the limits of isotropic materials. The Poisson’s ratio ν has

also important consequences for other aspects of the behavior of materials, it is

an indication of the mechanical property of a medium to deform mainly devia-

torically or isotropically, as described by the ratio K/µ of the bulk to the shear

modulus, ranging from a so-called ‘rubbery’ behaviour at the upper limit of ν to

a ‘dilatational’ behaviour at the lower limit of ν [4]. Usually the most materials

resist a change in volume as determined by the bulk modulus K more than they

resist a change in shape, as determined by the shear modulus µ, the values of K

are typically larger than the values of µ. By changing the micro-structure of a

material in such a way that the Poisson’s ratio ν is lower, the values of K and µ

can be altered if the Young’s modulus E is kept constant. Naturally, decreasing

the value of ν to zero or below would result a high shear modulus µ relative to

the bulk modulus K that can be obtained. The relations, for isotropic material,

between E, µ,K, and ν are as follows:

K =
E

2(1− ν)
in 2D, and K =

E

3(1− 2ν)
in 3D (1.1a)

µ =
E

2(1 + ν)
in 2D and 3D . (1.1b)

Combining previous eqns. (1.1), the following is obtained:

3K

2µ
=

1 + ν

1− 2ν
in 2D, and

K

µ
=

1 + ν

1− ν
in 3D. (1.2)

A graphical depiction of this relationship is shown in Fig. 1.2:
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K
m

n

Figure 1.2: Relation between K, µ and ν.

To have the Poisson’s ratio ν < 0 in 3D, the value of the bulk modulus must be

less than the shear modulus. Rubber, most liquids and granular solids are almost

incompressible (K/µ ≫ 1, ν → 1/2), while examples of extremely compressible

materials (K/µ ≪ 1, ν < 0) are re-entrant foams [1, 5] and several molecu-

lar structures [6, 7, 8]. Materials with negative Poisson’s ratio are important in

practical applications for civil and aeronautical engineering, defence equipments,

smart sensors, filter cleaning and biomechanics; in recent years the number of

patent applications and publications has increased exponentially. Auxetic sys-

tems perform better than classical materials in a number of applications, due to

their superior properties. They have been shown to provide better indentation

resistance [9, 10, 11]; the material flows in the vicinity of an impact as a result of

lateral contraction accompanying the longitudinal compression due to the impact

loading. Hence the auxetic material densifies in both longitudinal and transverse

directions, leading to increase indentation resistance, as schematically shown in

Fig. 1.3. This behavior has also been correlated to the atomic packing [12], which

has been found to be proportional to the Poisson’s ratio, and to the densification

mechanism under high contact pressure [13]. In an isotropic material, indenta-

tion resistance is roughly proportional to the ratio E/(1 − ν2), E is the Young’s

modulus and ν the Poisson’s ratio, meaning that the resistance can be strongly

increased, even with respect to an incompressible material, when the Poisson’s

ratio is below −1/2. Resistance to damage is also associated with the capacity of

negative Poisson’s ratio materials to distribute internal energy over a larger region
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n>0 n<0

Conventional material Auxetic material

Figure 1.3: Indentation resistance.

as opposed to common materials which, in presence of stress concentrators as point

forces or geometrical singularities, accumulate internal energy in a neighborhood

of the concentrator leading to possible damage of the material and consequent

failure. Compared with conventional materials, auxetic materials have increased

fracture toughness, showing high crack resistance, because they expand and close

up the crack when being pulled apart. If we consider the critical tensile stress

for fracture of a solid of surface tension T with a plane circular crack of radius r,

it is proportional to πET/(2r(1 − ν2)). So when ν approaches −1 the material

becomes very tough. In this sense, auxetic materials can be applied to improve

protective materials or energy absorbing materials [14]. Furthermore, they can

be also applied as a efficient membrane filter with variable permeability [15, 16],

fasteners [17, 18], shape memory materials [19] and acoustic dampeners [20, 21].

They have the ability to form dome-shaped structures when bent [1, 22] under-

going double (synclastic) curvature, as opposed to the saddle shape (anticlastic

curvature) that non-auxetic materials adopt when subject to out-of-plane bending

moments, as shown in Fig. 1.4. Another useful example to illustrate the benefits

Dome-shaped structure Saddle shape structure

Figure 1.4: Synclastic curvature and anticlastic curvature in structure sub-
jected to bending.

of the control of the Poisson’s ratio, and in particular to have values close to −1,

is shown schematically in Fig. 1.5. It depicts a fixed axisymmetric plate subject
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to a concentrated load and to a distributed load. The deflection d of the plates

depends on the Poisson’s ratio, indeed:

d =
3(1− ν2)

4π

Pr2

Eh3
for concentrated load,

d =
3(1− ν2)

16

qr4

Eh3
for distributed load, (1.3)

and in particular when ν tends to -1 it tends to zero.

r

t

P

P

d

t

r

t

q

q

d

t

Concentrated load Distributed load

Figure 1.5: Deflection of a fixed axisymmetric plate subjected to a concen-
trated load or a distributed load

Furthermore, auxetic materials have better acoustic and vibration properties over

their conventional counterparts [23, 24, 25, 26]. We can summarize in Table 1.1

some applications with the respective fields.

Area Applications

Medical
Bandage, wound pressure pad, dental floss, artificial blood vessel,

drug delivery, surgical sutures

Industry
Shock absorber, sound absorber, packaging materials, fishnet,

stress decay, reinforcement fibers, seat cushions, filter fastener

Sensors and
Piezoelectric devices, sensor

actuators

Aerospace Curved body part, aircraft nose-cones, wing panels

Protection
Crash helmet, bullet proof vest,protective clothes, car bumpers,

shin pad, knee pad

Table 1.1: Engineering applications of auxetic materials.
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There are several natural materials that have been discovered to possess negative

Poisson’s ratio: iron pyrites [27], arsenic and bismuth [28], cadmium [29], sev-

eral cubic and face-centered cubic rare gas solids along a specific crystallographic

direction [7] and also biomaterials such as cow teat skin [30] and load-bearing

cancellous bones [31].

Conceptually auxetic structures have been known since 1944 [27], but the first arti-

ficial experimental samples concerning a re-entrant structures, firstly proposed by

Almgren [32] and Kolpakov [33], were presented in 1987 by Lakes [1]. Since then,

different geometrical structures and models were proposed and analyzed trying to

reproduce some observed features in auxetic materials, ranging from the macro-

scopic to microscopic and to the molecular levels. Extended reviews can be found

in [34, 35, 36], here we give particular attention to the most interesting models

in term of mechanics. Their classification is based on mechanical considerations,

almost all of them are based on a simple mechanism that is treated as a unit cell

leading to a global stiffening effect. Among the most important classes of such

auxetic structures there are:

• 2 and 3 D re-entrant structures

• chiral structures

• rotating rigid/semi-rigid units

• angle-ply laminates

• hard molecules

• microporous polymers and liquid crystalline polymers

One of the earliest models used to describe these special materials, is based on

re-entrant structures. In fact the macroscopic auxetic cellular structures in the

form of two-dimensional re-entrant honeycombs were firstly suggested by Gibson

et al.(1982). The adjective re-entrant here means an angle in a polygon greater

than 180o and thus pointing inwards, as shown in Fig. 1.6(a). A traditional

two-dimensional re-entrant model used to describe the behaviour of foams with

conventional and auxetic honeycombs is shown in Fig. 1.6, and the Poisson’s ratio

is given by:

ν =
sin(θ)(h

l
+ sin(θ))

cos2(θ)
(1.4)
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L

q

h

(a) (b) (c)

Figure 1.6: Scheme of re-entrant structure by Gibson and Ashby [37]. (a)
Hexagonal re-entrant unit cell. (b) Hexagonal re-entrant lattice. (c) Expanded

hexagonal re-entrant lattice.

Over the years, many more sophisticated models have been proposed [37, 38, 39,

40, 41, 42, 43, 44, 45, 46]). Fig. 1.7 shows two idealised networks of cells: an

‘intact’ version, Fig. 1.7(b), and a ‘cut’ version, Fig. 1.7(c), with some ribs

removed or broken.

a a

z z

X
1

X
1

X
2

X
2

q2

q1

f

(a) (b) (c)

Figure 1.7: Scheme of re-entrant structure by Smith et al. [47]. (a) Conven-
tional and re-entrant unit cells. (b) Intact lattice. (c) Cut lattice.

In the intact version the cells deform by hinging at the base of the ribs, and the ribs

do not flex or stretch; furthermore the cell with four intact ribs is much stiffer than

the other one. Thus the intact unit cell deforms solely through a change in the ζ,

whereas in the unit cell of the cut version the joints with angle θi, with i = 1, 2

are spring hinges with spring constants kθi which are such that kζ >> kθi. Thus

we may assume that when the network is loaded in the OXi direction it deforms

solely through changes in the θi angles and the unit cell remains rectangular. The

value of Poisson’s ratio, for the two cases, is given by:

ν = tan2(
ζ

2
) for intact version,

ν = − tan(ϕ) tan(ζ − ϕ) for cut version. (1.5)
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Another model based on a chiral structure was proposed by Prall and Lakes [48],

the researchers in this area use the adjective ‘chiral’ to mean a physical property

to spin. In this kind of structures, the basic unit is formed by connecting straight

ligaments to central nodes which may be circles or rectangles or other geometrical

forms. The whole chiral structures are then formed by joining together the chiral

units. The auxetic effects are achieved through wrapping or unwrapping of the

ligaments around the nodes in response to an applied force. According to the

theoretical and experimental investigations performed by Prall and Lakes, the

Poisson’s ratio ν of a chiral structure for in-plane deformations, with flexible ribs

and rigid node, can be tailored to be around −1. The model is summarized in

Fig. 1.8,

R

r

b

q

L

Figure 1.8: Chiral structure proposed by Prall and Lakes in [48]

and its Poisson’s ratio can be calculated as:

ν =
4(t/L)2

(t/L)4 cos2 β + 1− cos2 β + 3(t/L)2
− 1 (1.6)

More recently, Ruzzene and Spadoni have considered the behavior of such chiral

structures by introducing the flexibility of the nodes. Its static and dynamic

behaviour has been studied in the context of the generalized micro-polar theory of

elasticity [49, 50, 51]. Other models, see for example [52, 53, 54], derive the auxetic

behavior by the rotation of rigid or semi-rigid shapes (triangle, squares, rectangles

and tetrahedron) when loaded, in Fig. 1.9(a) the case of equilateral triangle; this

kind of structures has been developed to produce the auxetic behaviour in micro-

and nano-structures; three-dimensional models in the linear [55, 56] and non linear

[57] regimes were also proposed. For a model made with isosceles triangles, shown

in Fig. 1.9(b), Poisson’s ratio is:

ν =
b cos(α + θ

2
) + a cos( θ

2
)

tan(2α + θ
2
)b sin(α + θ

2
) + a sin( θ

2
)

(1.7)
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Compression

a a
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b

q

(a) (b)

Figure 1.9: Rotating triangular models by Grima et al. [52, 53]. (a) Aux-
etic lattice made with equilateral triangles. (b) Unit cell made with isosceles

triangles.

A different approach is followed in [58, 59, 60], Bathurst and Rothenburg formulate

the incremental response of an assembly of elastic spheres from an isotropic dis-

tribution of contacts around a particle, while Wojciechowski suggested that solids

consisting of non-convex hexagonal molecules may be auxetic. They modelled a

linear elastic contact problem between two spheres, considering the two forces:

fn = kndn e ft = ktdt, where f is the force between two contacting spheres due

to relative displacement d of their centres, and n and t indicate normal and tan-

gential components respectively. The parameters kn and kt are then the normal

and tangential linear elastic constants and the interaction ratio λ, is defined by

λ = kt/kn. The Poisson’s ratio of such assembly is:

ν =
1− λ

3 + λ
in 2D, and ν =

1− λ

4 + λ
in 3D. (1.8)

When λ increases above unity the Poisson’s ratio becomes negative. Koenders

in [61], evaluated the Poisson’s ratio in case of non isotropic distribution of the

spheres, and he obtained:

ν =
(1− λ) sin2 2ψ

4 cos4 ψ + λ sin2 2ψ
, (1.9)

where ψ is the internal angle between the spheres. In Fig. 1.10, from the Gaspar’s

work [62], it is shown a unit cell that is designed to act as a circular disc with the

desired interaction ratio of λ > 1. The five black arms are the five mechanically

active components; everything else is designed to be comparatively rigid.

The auxetic behavior can be achieved at a macroscopic or micro-structural level, or

even at the meso-scopic and molecular levels, models were developed to simulate
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Figure 1.10: Granular structure by Gaspar [62]

polymeric structure or anisotropic fibrous composites. The first auxetic micro-

porous polymeric material was investigated by Evans and Caddock (1989), see [63].

It was an expanded form of PTFE (Polytetrafluoroethylene), which has a highly

anisotropic behaviour with ν = −12 in particular directions. The auxetic effect

is due to its complex micro-structure which consists of nodules interconnected

by fibrils. If a tensile load is applied, the fibrils cause lateral nodule translation

through their rotations, leading to a negative Poisson’s ratio. The characteristics

of this type of structure can be interpreted by a simple two-dimensional model, as

shown in Fig. 1.11:

Node
Node

Fibrils

Tension

Compression

Figure 1.11: Scheme of polymeric structure undergoing tensile loading, by Liu
and Hu [64]

Several cases of negative Poisson’s ratios have been discovered in the analysis of

anisotropic fibrous composites. In some laminates composed of fibrous layers it is

theoretically possible to achieve a negative Poisson’s ratio as small as −0.21 in the

direction perpendicular to the layers by control of the stacking sequence. In other

laminates, one can achieve a negative Poisson’s ratio in some directions in the plane

of the laminate, again by control of the stacking sequence. In these composites

there is a high degree of anisotropy and the negative Poisson’s ratio only occurs

in some directions; in some cases only over a narrow range of orientation angle

between the applied load and the fibers. In [65] a negative Poisson’s ratio effect
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is possible in composite where the inclusions have a star-like shaped cross section

with sides containing re-entrant corners, as in Fig. 1.12.

Figure 1.12: Periodic fiber-reinforced composite with star-shaped encapsu-
lated inclusions proposed by Theocaris et al. [65].

Lakes [66] has presented innovative hierarchical laminate structures which give rise

to intentional negative Poisson’s ratios combined with mechanical isotropy in two

dimensions or in three dimensions. By appropriate choice of constituent properties

one can achieve Poisson’s ratios approaching the lower limit of −1. A different

approach, than those seen, uses topology optimization [67, 68, 69] and periodic

tessellation [70] to obtain auxetic micro-structures. There are less examples of

auxetic materials with continuous micro-structure: the design of a family of two-

dimensional, two-phase composite with Poisson’s ratios arbitrarily close to -1 is

given in [4]. Successively, in the seminal paper [71], it is shown that every com-

bination of positive-definite effective constitutive tensor can be obtained from a

two-phase composite and particular attention is given to multi-rank laminates. In

that paper the important concept of n−mode materials, indicating the number of

easy modes of deformation, is also introduced; such a concept has strict analogies

with the number of degrees of freedom in a mechanism of partially constrained

structure, which is common in structural mechanics. After this brief review of

the most common models proposed in literature, in this chapter we introduce a

novel lattice family with three different realizations that leads to a Poisson’s ratio

arbitrarily close to the thermodynamic limit corresponding to ν = −1. The effect

is achieved by the superposition of clockwise and anti-clockwise internal rotations

leading to a macroscopic non-chiral effect. In Section 1.2 we detail the kinematic

of the mechanical system for three types of periodic lattices and in Section 1.3 we

determine analytically the macroscopic constitutive properties of these structures.
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The dependence of the effective properties on the constitutive and geometrical

parameters of the micro-structure is presented in Section 1.4 and a comparative

analysis with hexagonal, triangular and square honeycombs is also performed.

Lastly in Section 1.5 we present experimental evidence of the negative Poisson’s

ratio ν = −0.9931± 0.0025 achievable.
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1.2 Model of periodic lattice with auxetic macro-

scopic behavior

The micro-structured media fall within the class of uni-mode materials as shown

in [71], [72] (Chap. 30) and [73, 74]. In our plane linear elastic systems a single

eigenvalue of the effective elasticity matrix is very small (approaching zero) and the

other two are very large. As common to all isotropic and cubic materials having

Poisson’s ratio approaching −1 the only easy mode of deformation is the dilatation

(plane dilatation in a two-dimensional system). Here, we focus on three affine

materials, two isotropic and one cubic, presented in Section 1.1. The kinematic

analysis of a single radially foldable structure is used to determine the Poisson’s

ratio of the perfect lattice and its class. Here we use the term perfect to indicate

that the lattice is composed of rigid elements.

1.2.1 Kinematic of radially foldable structure

We consider the angulated element ABC, shown in grey in Fig. 1.13. This element

represents two arms of a single cross-shaped structure that will be assembled with

a second one to create the unit cell. The rigid element ABC is supposed to roto-

translate with a single degree of freedom where A moves along the Ox1-axis and

C moves along the axis inclined by the angle α with respect to the Ox1-axis. In

analysing the trajectory of the central point B, we also follow the more general

formulation given in [75, 76]. In Fig. 1.13, p is the length of the two arms, ψ

the internal angle between them and α is the angle between the two straight lines

along which the points A and C are constrained to move. B is the ‘coupler’ point

of the linkage. The equation for the one-parameter trajectory followed by the

point B is obtained by fixing the values of the geometric variables p, ψ, α; then,

the position of B is determined by the angle γ.

The coordinates of points A, B and C are (see Fig. 1.13)

A ≡ (x1 − p cos γ, x2 − p sin γ), B ≡ (x1, x2),

C ≡ (x1 + p cos(π − ψ + γ), x2 + p sin(π − ψ + γ)). (1.10)
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Then, the ‘coupler’ point B is constrained to move within the rotated ellipse

C1x
2
1 + C2x

2
2 + C12x1x2 + C = 0, (1.11)

where

C1 = p2 tan2 α,

C2 = p2
(
2 + tan2 α− 2 cosψ + 2 tanα sinψ

)
,

C12 = −2p2
(
tan2 α sinψ − tanα cosψ + tanα

)
,

C = −p4(tanα cosψ + sinψ)2. (1.12)

Note that, for a single linkage, angles α and ψ are independent.

a

y

y

Figure 1.13: Pair of linkages movable with a single degree of freedom γ. The

two rigid linkages ABC and EBD are shown in red and blue, respectively. They
are constrained at the ‘coupler’ point B to have the same displacement. Points

A and D and E and C can only move along straight lines.

When we couple the movement of the linkage ABC with the linkage EBD, we

obtain a relation between angles α and ψ. The two linkages share the same coupler

curve (1.11) at their common point B at which they are connected by means of a

hinge. This implies the condition

α = π − ψ. (1.13)
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Consequently, in the trajectory equation (1.11)

C1 = p2 tan2 ψ, C2 = p2
(1− cosψ)2

cos2 ψ
,

C12 = −2p2
(
1− 1

cosψ

)
tanψ, C = 0, (1.14)

yielding

x2 =
sinψ

1− cosψ
x1. (1.15)

The common coupler curve for the two linkages is aligned with the radial line OB

and to avoid crossover with other pairs in a polar arrangement of the fully radially

foldable linkage the angle γ has to satisfy the bounds

α− η ≤ γ ≤ π − η, (1.16)

where η = BÂC = BD̂E = (π − ψ)/2.

We consider three geometries: hexagonal (α = π/3) Fig. 1.14(a), square (α = π/2)

Fig. 1.14(b) and triangular (α = π/6) Fig. 1.14(c). The two-arms linkages are

assembled in order to create radially foldable structures. Different configurations

are shown in Figs.1.14(d)-(f), for the hexagonal, square and triangular structures,

respectively; the ’coupler’ point for each pair of linkages moves radially and the

corresponding Poisson’s ratios are equal to −1. The relative position of the point

B with respect to the centre O of the structure, shown in the right column of

Figs.1.14(d)-(f) as a function of the angle parameter γ, shows that the maximum

volumetric expansion increases when we move from the triangular to the square

and, then, to the hexagonal case.

1.2.2 Construction of periodic lattice

The two-arms linkages presented in Section (1.2) are assembled in order to create

the kinematically compatible periodic structures shown in Fig. 1.15. The micro-

structures are composed of cross-shaped elements with arms of the same length.

The number of arms in each cross-shaped element are 3, 4 and 6 for the hexagonal,

square and triangular geometries, respectively. A couple of cross-shaped elements

is built where the two crosses are disposed in two different planes; in Fig. 1.13

they are indicated in blue and red. Each couple is mutually constrained to have
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Figure 1.14: Radially foldable structures. The Poisson’s ratio is equal to −1.
(a) α = π/3, hexagonal structure composed of six couples of rigid two-arms
linkages. (b) α = π/2, square structure. (c) α = 2π/3, triangular structure. (d-
f) Configurations of the single degree of freedom unit cells at different values of
the geometrical parameter γ for the hexagonal, square and triangular structures,
respectively. The radial distance OB (p = 1) as a function of γ is also given.
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the same displacement at the central point where a hinge is introduced. Different

couples are then constrained by internal hinges at the external end of each arm.

In the next section we will also introduce some springs to provide stability of the

constitutive behaviour.

(a)

(b)

(c)

Figure 1.15: Periodic micro-structures. (a) Hexagonal, (b) square and (c)
triangular geometries. Three different configurations, for different values of γ,
are shown for each geometry. The unit cells are also indicated. The yellow
dashed regions are the unit cells of the Bravais lattice where t1 and t2 are the

primitive vectors.
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The periodic structures have a Bravais periodic lattice [77] consisting of points

R = n1t1 + n2t2 (1.17)

where n1,2 are integers and t1,2 the primitive vectors spanning the lattice. The

three different geometries described in Fig. 1.15 correspond to the fundamental

centered rectangular (rhombic), square and hexagonal Bravais lattices, respec-

tively. We note that a micro-structure similar to the square lattice was proposed

by O. Sigmund in [68]. In [68] the micro-stuctured media was obtained following an

optimization procedure. Following the systematic analysis for finite deformation

as in [73, 74] we show here that the lattice is a uni-mode material. Let

T =
[
t1 t2

]
(1.18)

be the ‘lattice matrix’. During the deformation the primitive vectors undergo an

affine transformation and the matrix T describes a motion starting at t = t0, with

γ(t0) = γ0. At time t the deformation gradient is described by

F(t, t0) = [T(t)][T(t0)]
−1 (1.19)

and the associated Cauchy-Green tensor is a path

C(t, t0) = [F(t, t0)]
T [F(t, t0)] = [T(t0)]

−T [T(t)]T [T(t)][T(t0)]
−1 (1.20)

beginning at C(t0, t0) = I. Note that any other possible Bravais lattice is associ-

ated with the same path (1.20).

In particular we have the following cases.

• Hexagonal lattice (rhombic Bravais lattice as in Fig. 1.15(a)):

T(t) = p sin γ

(
0 −

√
3

6 3

)
, T(t0) = p sin γ0

(
0 −

√
3

6 3

)
, (1.21)

and

C(t, t0) =

(
sin γ

sin γ0

)2

I. (1.22)
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• Square lattice (square Bravais lattice as in Fig. 1.15(b)):

T(t) = 2 p sin γ I, T(t0) = 2 p sin γ0 I. (1.23)

and

C(t, t0) =

(
sin γ

sin γ0

)2

I. (1.24)

• Triangular lattice (hexagonal Bravais lattice as in Fig. 1.15(c)):

T(t) = 2 p sin γ

(
0 −

√
3/2

1 −1/2

)
, T(t0) = 2 p sin γ0

(
0 −

√
3/2

1 −1/2

)
.(1.25)

and

C(t, t0) =

(
sin γ

sin γ0

)2

I. (1.26)

Then, we conclude that the three materials are unimode, since the possible paths

C(t, t0), for any Bravais lattice, lie on the same one-dimensional curve.
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1.3 Effective Properties of the Periodic Auxetic

Lattice

In this section we derive the effective constitutive parameters of the lattices. A

perfect lattice would clearly have zero in-plane bulk modulus and unbounded shear

moduli. In order to estimate the macroscopic behaviour for a real lattice, we

consider the elastic behaviour of the elements of the lattice and we compute the

effective constitutive behaviour as a function of the constitutive behaviour of the

single constituents and of the micro-structure. To ensure stability we introduce

extensional or rotational elastic springs that can also mimic the effect of friction in

a loading branch or model elastic hinges (see Fig. 1.16 for the hexagonal lattice).

k
L

k
R

k
R

(a) (b)

Figure 1.16: Hexagonal lattice reinforced with elastic springs. (a) Longitu-
dinal springs of stiffness kL. (b) Rotational spring of stiffness kR. The dashed

area represent a typical unit cell of the periodic elastic system.

For simplicity we restrict the attention to macroscopic linear elasticity. The lin-

earised behaviour depends nonlinearly on the reference configuration determined

by γ0, that will be indicated as γ in the following for ease of notation. The hexag-

onal and triangular lattices have three-fold symmetries and basic considerations

on the symmetry group of the material lead to the conclusion that the constitutive

behaviour is isotropic (in the plane of deformation). Similar considerations, based

on the tetragonal symmetry of the square lattice, lead to the conclusion that the

square lattice is cubic. Therefore, it will be necessary to compute two effective

elastic constants for the isotropic structures and three for the cubic one. Stability

constrains the in-plane Poisson’s ratio to range between −1 and +1. Effective
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properties are denoted as K∗ (bulk modulus), E∗ (Young’s modulus), µ∗ (shear

modulus) and ν∗ (Poisson’s ratio) and macroscopic stress and strain as σ and ε,

respectively.

1.3.1 Analysis of the hexagonal lattice

The analytical derivation of the macroscopic properties for the periodic hexagonal

lattice is given. The structure is composed of slender crosses and classical struc-

tural theories can be conveniently applied to analyse the response of the elastic

system. In particular, each arm of a single cross-shaped element is modelled as

an Euler beam undergoing flexural and extensional deformations. Each beam has

Young’s modulus E, cross-sectional area A and second moment of inertia J . Ad-

ditional springs have longitudinal stiffness equal to kL or rotational stiffness equal

to kR (see Fig. 1.16). We also introduce the non-dimensional stiffness ratio pa-

rameters α1 = kLp/(EA), α2 = kLp
3/(EJ), α3 = kR/(pEA) and α4 = kRp/(EJ).

The lattice structure is invariant to 60o, we remark that structural invariance to

60o rotations (hexagonal symmetry) gives rise to a mechanical condition of trans-

verse isotropy, that is, isotropy in plane. To feature the structural behaviour of

the lattices we need to determine two elastic moduli. The compliance matrix S is

shown in 1.27:

S =


s11 s12 0

s12 s11 0

0 0 s11 − s12

 =


1
E∗

−ν∗

E∗ 0
−ν∗

E∗
1
E∗ 0

0 0 1+ν∗

E∗

 (1.27)

Since the elastic behavior is isotropic, we have E∗
1 = E∗

2 = E∗, ν∗12 = ν∗21 = ν∗.

Macroscopic stresses are computed averaging the resultant forces on the boundary

of the unit cell. Periodic boundary conditions have been applied on the boundary

of the unit cell so that displacements are periodic and forces are anti-periodic.

Additional constraints are introduced to prevent rigid body motions. To solve the

structure we apply the Principle of Virtual Work (PVW) (see, for example [78],

Chap. 15, §326). In the following, we apply the PVW in two steps: in the first we

find the internal actions (bending moments M , shear forces V , axial forces N and

spring forces SL and moments MR) of the structure searching for the kinematic

admissible configuration in the set of statically admissible ones (Flexibility Method)

and in the second step we compute the macroscopic displacements. This procedure
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has the advantage of maintaining a sufficiently simple analytical treatment. We

point out that all the results have been also verified numerically implementing a

finite element code in Comsol Multiphysics R⃝.

(a) (b)

2

(c) (d)

Figure 1.17: Application of the Principle of Virtual Work. Hexagonal lattice
reinforced with longitudinal springs. (a) Simplified structure analysed for the
computation of the effective properties. The applied forces FN and FT1 and
FT2 , with FT = (FT1 + FT2)/2 correspond to macroscopic stresses components
as in (1.34). (b) Disconnected statically determined structure introduced for
the determination of the internal actions (M,N, SL). (c) Statically determined
structure adopted for the computation of the horizontal displacement u1 of the
point B. (d) Statically determined structure adopted for the computation of

the horizontal displacement u2 of the point B.

We consider the elastic structure as in Fig. 1.17(a), subjected to known nor-

mal and tangential external forces, corresponding to a macroscopic stress having

components σ11 and σ22 different from zero. We define an equivalent statically

determined (or isostatic) system disconnecting two springs and introducing the

dual static parameter as unknown X, equal for the two springs, as shown in Fig.

1.17(b). Then, the general field of tension Ξ (Ξ =M,V,N, SL,MR) in equilibrium

with the external loads is:

Ξ = Ξ0 +XΞ1 (1.28)
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where Ξ0 is the solution of the static scheme in equilibrium with the external loads

and X = 0; while the field Ξ1 is the solution of the static scheme in equilibrium

with zero external loads (autosolution of the problem) and X = 1. The kinematic

constraints, suppressed in the isostatic structure, are restored imposing the kine-

matic compatibility equation. The equation describes the virtual work done by the

statically admissible actions Ξ due to the kinematically admissible displacements

and deformations associated to Ξ1 that determines the values of the unknown X

and uniquely defines the elastic solution of the problem, i.e.,

X = −
∑

beam

∫ p

0

(
M0

M1

EJ
+N0

N1

EA

)
dξ +

∑
spring S

L
0

SL
1

kL/2∑
beam

∫ p

0

(
M1

M1

EJ
+N1

N1

EA

)
dξ +

∑
spring S

L
1

SL
1

kL/2

=

=

(
FN −

√
3(1 + α1)

3 + 3α1 cos2 γ + α2 sin
2 γ
FT

)
cot γ, (1.29)

where FT = (FT1 + FT2)/2. We note that for sufficiently slender beam structures,

the contribution due to the shear deformation is negligible compared to that due

to flexural and axial deformations and, therefore, it has been neglected. We re-

construct the distribution of internal actions by a linear combination of partial

diagrams of N and M and of the spring forces SL, as functions of external forces

FN and FT = (FT1 + FT2)/2: 
N = N0 +XN1,

M =M0 +XM1,

SL = SL
0 +XSL

1 .

(1.30)

Applying the PVW for the second time, we calculate the displacement of point B

at the centre of the spring as shown in Fig. 1.17(c). To this purpose we consider

the real structure as kinematically admissible, and an isostatic structure subjected

to horizontal and vertical forces of magnitude equal 1/4 as statically admissible, so

that the virtual external works coincide exactly with the horizontal and vertical

displacements of the point B, u1 and u2, respectively. In particular the PVW

equations have the form

ui =
∑
beam

∫ p

0

(
M∗

i

M

EJ
+N∗

i

N

EA

)
dξ +

∑
spring

SL∗
i

SL

kL/2
, (i = 1, 2), (1.31)

where (M∗
i , N

∗
i , S

L∗
i ) (i = 1, 2) are the internal actions of the statically admissible
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structure subjected to forces applied in direction xi (i = 1, 2). The corresponding

displacements are

u1 = A1 FN +B1 FT ,

u2 = A2 FN +B2 FT , (1.32)

where

A1 =

√
3(α1 + cos2 γ)

2 sin2 γ kL
,

B1 =
9 cos2 γ(cos2 γ sin2 γ−1)α2

1−9 cos2 γ(cos2 γ+1)α1

6 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

+
6 cos2 γ sin4 γ α1α2 +sin6 γ α2

2+3 sin4 γ α2−9 cos4 γ

6 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

,

A2 = 3
3
√
3 cos2 γ α2

1 + sin2 γ α1α2 + 3(1 + cos4 γ)α1

2 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

+ 3
cos2 γ sin2 γ α2 + 3 cos2 γ

2 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

,

B2 = −
√
3
9 cos2 γ(cos2 γ sin2 γ+1)α2

1+6 sin2 γ(cos2 γ sin2 γ+1)α1α2

6 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

− 9(2− cos2 γ sin2 γ)α1 + sin6 γ α2
2+3(1− cos4 γ)α2+9 cos2 γ

6 sin2 γ(3 + 3α1 cos2 γ + α2 sin
2 γ)kL

. (1.33)

Details of the computations are reported in Appendix A. Eqns. (1.32) are explicit

linear relations between the forces FN and FT associated with macroscopic stresses

σ11 =

√
3FN + FT

3p sin γ
, σ22 =

√
3FN − 3FT

3p sin γ
(1.34)

and displacement of the point B associated with macroscopic strains

ε11 =
2u1√
3p sin γ

= 2
A1FN +B1FT√

3p sin γ
, ε22 =

2u2
3p sin γ

= 2
A2FN +B2FT

3p sin γ
. (1.35)

Solving eqns. (1.35) in terms of FN and FT and substituting the result into

eqn. (1.34) leads to the macroscopic constitutive relation between the macro-

scopic stress σ and macroscopic strain ε. Clearly, appropriate choices of the forces

FN and FT can be considered in order to set to zero some components of the stress.
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1.3.1.1 Hexagonal lattice with longitudinal springs

The Poisson’s ratio ν∗ of the hexagonal lattice is:

ν∗HL
=
σ22ε11 − σ11ε22
σ11ε11 − σ22ε22

=
c1α

2
1 + c2α

2
2 + c3α1α2 + c4α1 + c5α2 + c6

c7α2
1 + c2α2

2 + c8α1α2 + c9α1 + c10α2 − c6
(1.36)

where

c1 = 9 cos2 γ(cos4 γ − cos2 γ + 2), c2 = − sin6 γ,

c3 = 3 sin2 γ(2 cos4 γ − 2 cos2 γ + 1), c4 = 9(2 cos4 γ + cos2 γ + 1)

c5 = −3(2 cos4 γ − 3 cos2 γ + 1), c6 = 18 cos2 γ,

c7 = 9 cos2 γ(cos4 γ − cos2 γ − 2), c8 = 3 sin2 γ(2 cos4 γ − 2 cos2 γ − 3),

c9 = −9(2 cos4 γ − cos2 γ + 3), c10 = −3 sin2 γ(2 cos2 γ + 1). (1.37)

The effective in-plane bulk modulus is

K∗
HL

=
1

2

σ11 + σ22

ε11 + ε22
=

√
3 sin2 γ kL

6(cos2 γ + α1)
. (1.38)

Consequently, the Young’s modulus of the hexagonal lattice with extensional

springs is

E∗
HL

=
σ2
11 − σ2

22

σ11ε11 − σ22ε22
= 2K∗

HL
(1− ν∗HL

)

=
4
√
3kL sin

2 γ(3 + 3 cos2 γ α1 + sin2 γ α2)

−c7α2
1 − c2α2

2 − c8α1α2 − c9α1 + c10α2 + c6
,

(1.39)

where the constants c2, c6−10 are given in eqn. (1.37) and the shear modulus is

given by

µ∗
HL

=
1

2

σ11 − σ22

ε11 − ε22
=

1− ν∗HL

1 + ν∗HL

K∗
HL

=
(3 + 3 cos2 γ α1 + sin2 γ α2)

√
3 kL

9 cos4 γ α2
1 + sin4 γ α2

2 + 3(1 + 2 sin2 γ cos2 γ)α1α2 + 9α1 + 3α2

.

(1.40)

1.3.1.2 Hexagonal lattice with rotational springs

In presence of rotational rather than longitudinal springs, the structure is statically

determined and the effective constitutive parameters are the following



Chapter 1. Lattices with Negative Poisson’s ratio 29

ν∗HR
=

3(1− 2 cos2 γ)α3 − (1− 2 cos2 γ)α4 + 18 cos2 γ

3(−3 + 2 cos2 γ)α3 − (1 + 2 cos2 γ)α4 − 18 cos2 γ
,

K∗
HR

=

√
3 (kR/p

2)

2(3 sin2 γ α3 + cos2 γ α4 + 9 cos2 γ)
,

E∗
HR

=
8
√
3 (kR/p

2)

3(3− 2 cos2 γ)α3 + (1 + 2 cos2 γ)α4 + 18 cos2 γ
,

µ∗
HR

=
2
√
3 (kR/p

2)

α4 + 3α3

, (1.41)

where we remember that α3 = kR/(EAp) and α4 = (kR p)/(EJ).

1.3.2 Analysis of the triangular lattice

The isotropic triangular lattice structures with longitudinal and rotational springs

are given in Figs. 1.18(a)-(b). In this case the compliance matrix S is equal to

that shown in 1.27. We consider the elastic structure as in Fig. 1.19(a), subject

to normal and tangential external forces supposed to be known and corresponding

to a macroscopic stress σ̄11 and σ̄22. We define an equivalent statically determined

system disconnecting two springs and introducing the dual static parameter as

unknown X, equal for the two springs, as shown in Fig. 1.19(b).

k
L

k
R

(a) (b)

Figure 1.18: Triangular lattice reinforced with elastic springs. (a) Longitu-
dinal springs of stiffness kL. (b) Rotational spring of stiffness kR. The dashed

area represent a typical unit cell of the periodic elastic system.

The deformed configurations of the isostatic equivalent structure violate the in-

ternal constraint in the two springs suppressed in the structure made isostatic.
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Such kinematic constraints must be restored imposing the kinematic compatibil-

ity equation that determines the values of the unknown X and uniquely defines

the elastic solution of the problem, as follows:

X = −
∑

beam

∫ p

0

(
M0

M1

EJ
+N0

N1

EA

)
dξ +

∑
spring S

L
0

SL
1

kL/2∑
beam

∫ p

0

(
M1

M1

EJ
+N1

N1

EA

)
dξ +

∑
spring S

L
1

SL
1

kL/2

=

=
FN [(3 cos

2 γ − 1)α1 + sin2 γα2 + 2] + FV (1 + α1)

sin2 γα2 + 3 cos2 γα1 + 3
cot γ, (1.42)

where FT = (FT1 + FT2)/2.

F
V

F
N

F
NF

N

F
N

FT
1

FT
2

FT
2

FT
1

F
N

F
NFT

2

FT
1

F
N

F
N

FT
1

FT
2

XX

F
V

(a) (b)

3

A

(c) (d)

Figure 1.19: Application of the Principle of Virtual Work. Lattice reinforced
with longitudinal springs. (a) Simplified structure analyzed for the computation
of the effective properties. The applied forces FN , FV , FT1 and FT2 correspond
to macroscopic stresses components σ̄11 and σ̄22. (b) Disconnected statically
determined structure introduced for the determination of the internal actions
(M ,N ,SL). (c-d) Statically determined structure adopted for the computation

of the displacement of the points A and B

We reconstruct the distribution of internal actions by a linear combination of

partial diagrams of N and M and of the spring forces SL, as functions of external

forces FN , FT = (FT1 + FT2)/2 and FV . Applying a second time the PVW we
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compute the displacement of the point A and B (center of the spring) as shown

in Figs.1.19(c)-(d). To do this we consider as kinematically admissible structure

the real structure and as statically admissible structure, an isostatic structure

subjected to horizontal and vertical forces of magnitude equal 1/4, respectively, so

that the virtual external works coincide exactly with the horizontal and vertical

displacement of the point B (u1 and u2 in Fig. 1.19(c)), and we calculate the

displacement of the point A (u3 in Fig. 1.19(d)) considering a vertical force of

unitary magnitude, so that the virtual external works coincide exactly with the

vertical displacement of the point A. In particular the PVW equations have the

form:

ui =
∑
beam

∫ p

0

(
M∗

i

M

EJ
+N∗

i

N

EA

)
dξ +

∑
spring

SL∗
i

SL

kL/2
, (i = 1, 2 and 3),

(1.43)

whereM∗
i , N

∗
i and SL∗

i (with i=1, 2 and 3) are the internal actions of the statically

admissible structures subjected to forces applied in the point B in horizontal and

vertical direction, and the internal actions of the statically admissible structure

subjected to a vertical forces applied in the point A in vertical direction. The

corresponding displacement are:

u1 = A1 FN +B1 FT + C1 FV ,

u2 = A2 FN +B2 FT + C2 FV ,

u3 = A2 FN +B2 FT + C3 FV ,

where A1−3, B1−3, C1−3 are coefficients arising from the integrations. Details of

the computations are reported in Appendix A. Eqns. (1.44) are explicit linear

relations between the forces FN , FT and FV associated to macroscopic stresses

σ11 =

√
3FN − FT

p sin γ
, σ22 =

4FV + 2
√
3FT + 2FN

2
√
3p sin γ

(1.44)

and displacement of the point B associated with macroscopic strains

ε11 =
2u1√
3p sin γ

= 2
A1FN +B1FT + C1FV√

3p sin γ
,

ε22 =
u3

p sin γ
= 2

A3FN +B3FT + C3FV

p sin γ
.

(1.45)
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Solving eqns. (1.45) in term of FN , FT and FV and substituting the result into

eqns. (1.44) leads to the macroscopic constitutive relation between the macro-

scopic stress and macroscopic strains. Clearly, appropriate choices of the forces

FN , FT and FV can be considered in order to set to zero some components of the

stress. The effective properties are given below.

1.3.2.1 Triangular lattice with longitudinal springs

• Poisson’s ratio

ν∗TL
=

d1α
3
1 − 3α2

1α2 + d2α1α
2
2 + d3α

2
1 + d4α

2
2 + d5α1α2 + d6α1 + d7α2

−d1α3
1 + d8α2

1α2 + 3d2α1α2
2 + d9α2

1 + 3d4α2
2 + d10α1α2 − d6α1 − d7α2

(1.46)

where

d1 = −9 cos4 γ, d2 = sin4 γ,

d3 = 9(cos6 γ−4 cos4 γ + 2 cos2 γ−1), d4 = sin4 γ cos2 γ,

d5 = 3(6 cos4 γ−7 cos2 γ−2 cos6 γ + 1), d6 = −9 cos2 γ, (1.47)

d7 = −3 cos2 γ, d8 = 3(4 sin2γ cos2γ+ 1),

d9 = 9(3 cos6γ−4 cos4γ + 2 cos2γ + 1) d10 = 3(10 cos4γ−6 cos6γ−5 cos2γ + 3).

• Bulk modulus

K∗
TL

=

√
3 sin2 γ kL

2 (cos2 γ + α1)
. (1.48)

• Young’s modulus

E∗
TL

=
2
√
3
[
9 cos4 γ α2

1 + sin4 γ α2
2 + 3(2 cos2 γ sin2 γ + 1)α1α2 + 9α1 + 3α2

]
sin2 γ kL

−d1α3
1 + d8α2

1α2 + 3d2α1α2
2 + d9α2

1 + 3d4α2
2 + d10α1α2 − d6α1 − d7α2

, (1.49)

where d1, d2, d4, d6−10 are given in 1.47.

• Shear modulus

µ∗
TL

=

√
3
[
9 cos4 γα2

1 + sin4 γα2
2 + 3(2 cos2 γ sin2 γ + 1)α1α2 + 9α1 + 3α2

]
kL

12 cos2 γ α2
1α2+4 sin2 γ α1α2

2+9 sin2 2γ α2
1+6(2−sin2 2γ)α1α2+sin2 2γ α2

2

. (1.50)

1.3.2.2 Triangular lattice with rotational springs

When rotational springs are considered, the triangular lattice structure is statically

determined and the effective constants are as follows.
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• Poisson’s ratio

ν∗TR
=
e1α

2
3 + e2α

2
4 + e3α3α4 + e4α3 + e5α4

e6α2
3 + e7α2

4 + e8α3α4 − e4α3 − e5α4

, (1.51)

where

e1 = 9 (2 cos4 γ − 3 cos2 γ + 1), e2 = (2 cos4 γ − cos2 γ),

e3 = 3(4 cos2 γ sin2 γ − 1), e4 = 27 cos2 γ,

e5 = 9 cos2 γ, e6 = 9 (2 cos4 γ − cos2 γ − 1),

e7 = 2 cos4 γ − 3 cos2 γ, e8 = 12 cos2 γ sin2 γ − 9. (1.52)

• Bulk modulus

K∗
TR

=
3
√
3 (kR/p

2)

2(3 sin2 γ α3 + cos2 γ α4 + 9 cos2 γ)
. (1.53)

• Young’s modulus

E∗
TR

= − 6
√
3 (3α3 + α4) (kR/p

2)

e6α2
3 + e7α2

4 + e8α3α4 − e4α3 − e5α4

, (1.54)

where the coefficients e4−8 are given in eq.(1.52).

• Shear modulus

µ∗
TR

=
3
√
3 (3α3 + α4) (kR/p

2)

9 sin2 2γ α2
3 + sin2 2γ α2

4 + 6(2− sin2 2γ)α3α4

. (1.55)

1.3.3 Analysis of the square lattice

The square lattice has cubic symmetry and it is necessary to compute three inde-

pendent elastic constants to determine the effective behaviour of the structure. In

this case the compliance matrix S is:

S =


s11 s12 0

s12 s11 0

0 0 s13

 =


1
E∗

−ν∗

E∗ 0
−ν∗

E∗
1
E∗ 0

0 0 1
2µ∗

 (1.56)

The lattice with longitudinal and rotational springs is given in Fig. 1.20, the

simplified structure used to compute the in-plane Poisson’s ratio ν∗SL
, bulk modulus
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k
L

k
R

(a) (b)

Figure 1.20: Square lattice reinforced with elastic springs. (a) Longitudinal
springs of stiffness kL. (b) Rotational spring of stiffness kR. The dashed area

represent a typical unit cell of the periodic elastic system.

K∗
SL

and Young’s modulus E∗
SL

is shown in Fig. 1.21(a). Statically the structure is

twice overdetermined and it is therefore necessary to introduce two disconnections

and two dual static variables to find the internal actions within the elastic system.

The simplified structure introduced to compute the in-plane shear modulus µ∗
SL

is

given in Fig. 1.21(b). In this case the springs are not activated and they can be

neglected, so that the structure can be considered as statically determined. The

same structural models of Fig. 1.21 have been considered with rotational springs

instead of longitudinal for the second case. The effective properties are reported

in the following.

1.3.3.1 Square lattice with longitudinal springs

• Poisson’s ratio

ν∗SL
=

−3 (α1 + 1)2 cos2 γ

3 cos2 γ α2
1+2 sin2 γ α1α2+6(1−sin2 γ cos2 γ)α1+2 sin2 γ cos2 γ α2+3 cos2 γ

. (1.57)

• Bulk modulus

K∗
SL

=
kL sin2 γ

2 (α1 + cos2 γ)
. (1.58)

• Young’s modulus

E∗
SL

=
2 kL sin2 γ(3 cos2 γ α1+sin2 γ α2+3)

3 cos2 γ α2
1+2 sin2 γ α1α2+6(1−sin2 γ cos2 γ)α1+2 sin2 γ cos2 γ α2+3 cos2 γ

. (1.59)
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F
V

F
H

F
V

F
H

(a) (b)

Figure 1.21: Simplified structure used for the computation of the effective
in-plane Poisson’s ratio ν∗SL

, bulk modulus K∗
SL

and Young’s modulus E∗
SL

.
The forces FH,V are associated with macroscopic stress components σ11,22 =
FH,V /(2p sin γ). (c) Simplified structure used for the computation of the in-
plane shear modulus µ∗

SL
. The force FV is associated with the macroscopic
stress σ12 = FV /(2p sin γ).

• Shear modulus

µ∗
SL

=
3kL

2(3 cos2 γ α1 + sin2 γ α2)
. (1.60)

1.3.3.2 Square lattice with rotational springs

The structure is statically undetermined with degree 1. The effective constitutive

parameters are as follows.

• Poisson’s ratio

ν∗SR
= − 3 cos2 γ

3 sin2 γ α3 + cos2 γ α4 + 3 cos2 γ
. (1.61)

• Bulk modulus

K∗
SR

= − 3 (kR/p
2)

2(3 sin2 γ α3 + cos2 γ α4 + 6 cos2 γ)
. (1.62)

• Young’s modulus

E∗
SR

=
3 (kR/p

2)

3 sin2 γ α3 + cos2 γ α4 + 3 cos2 γ
. (1.63)

• Shear modulus

µ∗
SR

=
3(kR/p

2)

2(3 cos2 γ α3 + sin2 γ α4)
. (1.64)
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1.4 Analysis of effective properties

Here, the effective properties of the micro-stuctured media are analysed in detail.

We consider at first the case of vanishing stiffness of the springs kL, kR → 0. For

every lattice

ν∗ ≃ −1 + ν∗1 kL,R +O
(
k2L,R

)
, K∗ ≃ 0 +K∗

1 kL,R +O
(
k2L,R

)
,

E∗ ≃ 0 + E∗
1 kL,R +O

(
k2L,R

)
, µ∗ ≃ µ∗

0 + µ∗
1 kL,R +O

(
k2L,R

)
. (1.65)

where ν∗1 , K
∗
1 , E

∗
1 , µ

∗
0,1 > 0 and their explicit expressions are given in Table 1.2.

Lattice Longitudinal springs Rotational springs

H
ex
ag
on

al

ν∗1 = p
3
(η1 + η2) ν∗1 = η1+η2

9 p cos2 γ

K∗
1 =

√
3
6

tan2 γ K∗
1 =

√
3

18 p2 cos2 γ

E∗
1 = 2

√
3

3
tan2 γ E∗

1 = 2
√
3

9 p2 cos2 γ

µ∗
0 =

√
3

p (η1+η2)
µ∗
0 =

√
3

p (η1+η2)

T
ri
an

gu
la
r

ν∗1 = 4p
3

η1 η2
η1+η2

tan2 γ ν∗1 = 4
9

η1 η2
p cos2 γ (η1+η2)

K∗
1 =

√
3
2

tan2 γ K∗
1 =

√
3

6 p2 cos2 γ

E∗
1 = 2

√
3 tan2 γ E∗

1 = 2
√
3

3 p2 cos2 γ

µ∗
0 =

3
√
3

4 p
η1+η2
η1 η2

µ∗
0 =

3
√
3

4 p
η1+η2
η1 η2

S
q
u
ar
e

ν∗1 = 2
3
p η1 tan2 γ ν∗1 = 1

3
η1

p cos2 γ

K∗
1 = 1

2
tan2 γ K∗

1 = 1
4 p2 cos2γ

E∗
1 = 2 tan2 γ E∗

1 = 1
p2 cos2γ

µ∗
0 =

3
2 p η2

µ∗
0 =

3
2 p η2

Table 1.2: Explicit expression of the coefficients in the asymptotic for-
mulae in eqns. (1.65). In the table η1 = 3 sin2 γ/(EA) + p2 cos2 γ/(EJ),

η2=3 cos2 γ/(EA)+p2 sin2 γ/(EJ).

It is shown in eqns. (1.65) that also for deformable structures the Poisson’s ratio

remains −1 when the spring stiffnesses are zero, while the effect of the springs is to

increase the value of ν∗. In such a limit, the bulk and the Young’s moduli vanish

while the shear modulus remains finite. This is clearly associated with the defor-

mation mechanism of the lattice, which involve deformation of the cross-shaped

elements when a macroscopic shear stress or shear deformation is applied, while

macroscopic volumetric deformations can be sustained by rigid internal rotations
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of the elements of the micro-structure. The limiting behaviour described in eqns.

(1.65) can also be understood in terms of relative stiffness between the spring el-

ements and the elements of the lattice as described by the coefficients α1,··· ,4. In

this respect, when α1,··· ,4 → 0, the same outcomes of eqns. (1.65) are obtained.

The dependence of the Poisson’s ratio on the stiffnesses kL and (kR/p
2) is shown

in Fig. 1.22(a) and Fig. 1.22(b), respectively, for the three micro-structures. Re-

sults confirm that the Poisson’s ratio approaches −1 when the spring constants

are zero. They also show that ν∗SL,R
< ν∗TL,R

< ν∗HL,R
.

Square
Triangular
Hexagonal

Square
Triangular
Hexagonal

(a) (b)

Figure 1.22: Effective Poisson’s ratio ν∗ as a function of the spring stiffness
kL [N/mm] and kR [Nmm]. (a) ν∗HL

, ν∗TL
, ν∗SL

are given as a function of kL.

(b) ν∗HR
, ν∗TR

, ν∗SR
are given as a function of kR/p

2. Results correspond to the
following parameters: Young’s modulus E = 3000 MPa (thermoplastic polymer
ABS), A = 50 mm2, J = 417 mm4 corresponding to the geometry given in Fig.

1.26.

It is worthwhile to note the maximum theoretical values that can be reached by

the Poisson’s ratios at the limit kL, kR/p
2 → ∞; the limiting expressions are

ν∗HL
≃ 1− (s/p)2

sin2 γ
+O

(
(s/p)4

)
,

ν∗HR
≃ 1−2 cos2 γ

1+2 cos2 γ

[
1− (s/p)2

1+2 cos2 γ

]
+O

(
(s/p)4

)
,

ν∗TL
≃ 1

3
− 1+sin2γ cos2γ

sin2 γ
(s/p)2+O

(
(s/p)4

)
,
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ν∗TR
≃ 1−2 cos2 γ

3−2 cos2 γ

[
1− (s/p)2

3−2 cos2 γ

]
+O

(
(s/p)4

)
,

ν∗SL
≃ 0− cot2 γ

8
(s/p)2 +O

(
(s/p)4

)
,

ν∗SR
→ 0, (1.66)

where in eqns. (1.66) and in the following we consider, for simplicity, rectangular

cross-sections of the arms of the cross-shaped elements, so that A = t s and J =

t s3/12, where s and t are the in-plane and out-of-plane thicknesses, respectively.

Therefore s/p ≪ 1. We note that the Poisson’s ratio remains always negative for

the square lattice approaching zero in the limit. Interestingly, the hexagonal lattice

with longitudinal springs has a completely different behaviour approaching the

upper limit for the Poisson’s ratio corresponding to an incompressible material. For

the structures with rotational springs the limit depends on the actual configuration

described by the angle γ and ranges between −0.2 and 1 for the hexagonal lattice

and between 0.2 and 1 for the triangular one. For general values of kR and kL,

we note that the shear modulus µ∗ is independent of the rotational stiffness kR.

Also, for the square lattice, the shear modulus does not depend on the longitudinal

stiffness kL; in fact, µ∗
SL

= µ∗
SR
. The polar diagrams of the Poisson’s ratio and

Square
Triangular
Hexagonal

Square
Triangular
Hexagonal

(a) (b)

Figure 1.23: Polar diagrams of the (a) Poisson’s ratio and (b) Young’s mod-
ulus as a function of the angle β. Results are given for the three micro-
geometries with longitudinal springs corresponding to different values of the

non-dimensional stiffness ratio α1 = (s/p)2α2/12.

Young’s modulus are given in Fig. 1.23. In a reference system rotated of an angle β
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with respect to the system of reference Ox1x2 the Poisson’s ratio and the Young’s

modulus are given by

ν∗(β) = −
bibjS

∗
ijklnknl

ninjSijklnknl

, E∗(β) = (ninjSijklnknl)
−1, (i, j, k, l = 1, 2), (1.67)

where n = (cos β, sin β)T , b = (− sin β, cos β)T and S∗ is the fully-symmetric

compliance tensor having components

S∗
1111 = S∗

2222 =
1

E∗ , S∗
1122 = S∗

2211 = − ν∗

E∗ ,

S∗
1212 = S∗

2121 = S∗
1221 = S∗

2112 =
1

4µ∗ , (1.68)

and µ∗ = E∗/(2(1+ ν∗)) in the isotropic cases. In addition to the verified isotropy

of the hexagonal and triangular lattices, the polar plots in Fig. 1.23 show the

increase (decrease) of the Poisson’s ratio (Young’s modulus) in oblique direction

with a maximum (minimum) for β = π/4, where

ν∗SL
(π/4) = −3 cos2 γ + 3(1− cos2 γ sin2 γ)α1 − sin4 γ α2

3 cos2 γ + 3(1 + cos2 γ sin2 γ)α1 + sin4 γ α2

,

E∗
SL
(π/4) =

6 sin2 γ kL
3 cos2 γ + 3(1 + cos2 γ sin2 γ)α1 + sin4 γ α2

.

(1.69)

We note that the square lattice recovers isotropy when kL → 0, in particular

ν∗SL
(π/4)

ν∗SL
(0)

≃ 1 +O(kL),
E∗

SL
(π/4)

E∗
SL
(0)

≃ 1 +O(kL). (1.70)

We focus now the attention on the effect of the axial and bending stiffness of the

elements of the micro-structure on the effective properties; the stiffness ratios are

estimated as

α1 ≃
kL
E

p

s
, α2 ≃

kL
E

(p
s

)3
and α3 ≃

kR/p
2

E

p

s
, α4 ≃

kR/p
2

E

(p
s

)3
. (1.71)

The ratio p/s ≫ 1 is proportional to the slenderness of the arms of the cross-

shaped elements of the micro-structures. It is also inversely proportional to the

density of the effective medium, as also noted in [49]. On physical grounds, it is

reasonable to consider α1 < 10 (α3/p
2 < 10) and, therefore α1 ≪ α

1/3
2 (α2 ≪ α

1/3
4 ).

It follows that, for sufficiently low values of kL and kR, only K
∗
HL

, K∗
TL

and K∗
SL

are governed by the axial stiffness of the arms of the cross-shaped elements of
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Square
Triangular
Hexagonal

Square
Triangular
Hexagonal

(a) (b)

Figure 1.24: Effective bulk modulus K∗ [MPa] as a function of the ‘slender-
ness’ p/s. (a) K∗

HL
, K∗

TL
and K∗

SL
. (b) K∗

HR
, K∗

TR
and K∗

SR
where dashed

lines correspond to formulae in eqns. (1.41), (1.53) and (1.62) while continuous
grey lines correspond to the same formulae with α3 = 0. Results are given for:

Young’s modulus E = 3000 MPa, t = 5 mm, kL = kR/p
2 = 1 N/mm.

the micro-structure, while the other effective constitutive parameters are governed

by the flexural behaviour of the elements of the micro-structures associated with

the parameters α2 and α4. In Fig. 1.24 the effective bulk modulus K∗ is shown

as a function of the geometrical parameter p/s; lattices with longitudinal and

rotational springs are shown in parts (a) and (b), respectively. The triangular

lattice is the stiffest and its bulk modulus is exactly three times the bulk modulus

for the hexagonal micro-structure, in fact it is easy to check that for the same γ

and the same geometrical parameters of the elements, the effective stored-energy

density of the triangular lattice is exactly three times the effective stored-energy

density of the hexagonal one when dilatational deformations are applied. The

nearly linear dependence of K∗
HL

, K∗
TL

and K∗
SL

on the ‘slenderness’ p/s highlights

the dependence of the bulk moduli on the axial stiffness of the element of the

micro-structure while for K∗
HR

, K∗
TR

and K∗
SR
, it is the bending stiffness of the

elements of micro-structure that governs the effective behaviour. This is evident

from the comparison between the dashed black lines, corresponding to formulae in

eqns. (1.41), (1.53) and (1.62), and the grey continuous lines where the effect of the

axial stiffness of the element has been neglected (α3 = 0). We conclude our analysis

with a comparison of the proposed models with classical cellular solids. Square,

triangular and hexagonal lattices are common topologies encountered in physical

models and engineering applications and their static behaviour is discussed in

[37, 49, 79, 80], among others. For the purpose of comparison we consider the
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Figure 1.25: Comparison between auxetic and honeycomb solids. Effective
Young’s modulus E∗ [MPa] is given as a function of the relative density ρ∗.
The results correspond to the parameters: Young’s modulus E = 3000 MPa
(thermoplastic polymer ABS), longitudinal springs stiffness kL = Es/(2p cos γ)
and γ = 4π/9. The Hashin-Shtrikman upper bound E∗ = E ρ∗H/(3 − 2ρ∗H) for

isotropic media is also shown.

behaviour in terms of effective Young’s Modulus E∗ and we introduce the relative

density parameter ρ∗, defined as the ratio between the volume occupied by the thin

elements of the micro-structure and the volumes of the unit cell. In particular, for

the proposed hexagonal, square and triangular auxetic lattices, we have

ρ∗H =

√
3

3 sin2 γ

s

p
, ρ∗S =

1

sin2 γ

s

p
, ρ∗T =

√
3

sin2 γ

s

p
, (1.72)

respectively, where, for the purpose of comparison, the physical parameters are

reported for unit out-of-plane thickness. The dominant deformation mechanism

Topology Density Young’s Modulus Shear Modulus Poisson’s ratio

Triangular ρ∗ = 2
√
3 s
l

2
√
3E s
3 l

√
3E s
4 l

1
3

Square ρ∗ = 2 s
l

E s
l

E s3

2 l3
ν s
l

Hexagonal ρ∗ = 2 s√
3 l

4E s3√
3 l3

E s3√
3 l3

1

Table 1.3: Mechanical properties of honeycomb lattices, where E and ν are
the Young’s modulus and the Poisson’s ratio of the constituent material, l is

the length of the cell side, and s is in-plane thickness of the cell-walls.
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in classical honeycomb structures may be of extensional or bending nature. The

effective behaviour of honeycombs, with triangular and square micro-structures,

are dominated by the axial deformations of its internal components [79], while the

corresponding hexagonal lattice is dominated by cell-wall bending [37]. The same

bending-dominated behaviour has been observed experimentally for the chiral lat-

tice proposed in [48]. The mechanical properties for such topologies in terms of

geometric parameters are listed in Table 1.3, where in this case l is the length of

the cell side. In Fig. 1.25 we compare the effective Young’s modulus E∗ of the pro-

posed auxetic lattices with those of the honeycombs micro-structures. The curves

are shown for p/s ≥ 5, in the range of validity of the beam theory, which has been

used for the computation of the effective behaviour. For the purpose of compari-

son, we also consider the stiffness of the spring equal to the longitudinal stiffness

of a single arm of the cross-shaped elements. We note that the auxetic lattices can

reach values of E∗ comparable with the corresponding honeycomb structures and

that the square topology gives the stiffest behaviour, when the results are given

in terms of relative density ρ∗.
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1.5 The lattice with Poisson’s ratio close to −1

We conclude this chapter showing an experimental evidence of the square micro-

structured medium with Poisson’s ratio approaching −1. The elements of the

structure have been produced with a 3D printer (Dimension SST 1200es) in ther-

moplastic polymer ABS with two different colors, blue and white. In Fig. 1.26

some snapshots of the experiment are shown, the elastic structure is subjected to

a uniaxial tension in horizontal direction. The images are taken at a distance of

approximately 1.2m to the sample, which has been considered sufficient to min-

imize image distortions. The displacements of the junction points at the central

(a) (b) (c)

Figure 1.26: Deformation of the auxetic lattice subjected to an horizontal
tensile traction. (a), (b) and (c) show three configurations of the structured

media at increasing magnitude of deformation.

hinge of each couple of cross-shaped elements of different colors are equal to the

macroscopic displacements of the perfectly periodic structure. The displacements

of these junction points in the 4×4 central unit cells are tracked, to this purpose

an algorithm for Image Processing in Matlab R⃝ (Release 2011b), has been imple-

mented. During the experiment several pictures were taken with a high-definition

camera, the image of our sample in the un-deformed state was compared with the

images in the deformed state, resulting from the application of the load, to deter-

mine displacements and deformations of the junction points. Before to proceed

with the comparisons the images were conveniently processed in order to obtain

automatically the position of the points. The images have been adjusted to in-

crease the contrast, after that they were converted to gray-scale by eliminating

the hue and saturation information while retaining the luminance, and the back-

ground was removed. The Fig. 1.27 shows the images for three different steps

of the experiment. To make easier the identification of the white circles, which

centers represent the points of the lattice that move macroscopically, the gray-

scale images were converted to binary images (Black-White), see Fig. 1.28. The
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(a) (b) (c)

Figure 1.27: Images of the experiment in gray-scale. (a), (b) and (c) represent
three different steps of the experiment.

(a) (b) (c)

Figure 1.28: Binary images of the experiment. (a), (b) and (c) represent three
different steps of the experiment.

output binary images have values of 1 (white) for all pixels in the input images

with luminance greater than a set threshold and 0 (black) for all other pixels. The

images were cut in order to operate only in the 4×4 central unit cells. The exterior

boundary of the objects (each connected component) in the images, displayed in

white in Fig. 1.28, were traced and a set of properties were measured.

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

(a) (b) (c)

Figure 1.29: 16 joint points of the lattice of which were calculated the dis-
placements. (a), (b) and (c) represent three different steps of the experiment.
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Areas and perimeters were used because their ratio allow to identify the circles,

which represent the hinges, discarding the other items, whereas centroids (center

for circle) identify the geometric centers of two-dimensional regions, in our case

the junction points that move macroscopically, see Fig. 1.29. In Fig. 1.30(a) the

progressive position of these junction points is highlighted with white dots. The

corresponding deformations are plotted in Fig. 1.30(b); the resulting Poisson’s

ratio is ν = −0.9931± 0.0025.

(a) (b)

Figure 1.30: Displacement and Poisson’s ratio of the micro-structure. (a)
The white dots indicate the progressive position of the central points in the 4×4
central unit cells of the structured media. (b) Deformations ε11 and ε22 as a
result of the applied uniaxial stress σ11. The grey lines correspond to the points
highlighted in part (a). The thick black line indicates the average deformation.

The Poisson’s ratio is equal to −0.9931± 0.0025.

The Poisson’s ratio ν(ti, pj) is evaluated at any point pj as a function of time ti,

where j varies between 1 and the number of points N and i between 1 and the

number of instants of time NT , the values of the Poisson’s ratio ν(ti, pj) are given

in Appendix B, Table B.1 and Table B.2. The sample mean of ν(ti, pj), at any

time ti, is:

ν̄(ti) =
N∑
j=1

ν(ti, pj)

N
. (1.73)

The sample standard deviation of ν(ti, pj) is:

σν(ti) =

√∑N
j=1(ν(ti, pj)− ν̄(ti))2

N − 1
(1.74)
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The standard error of the mean is:

δν(ti) =
σν(ti)√
N

. (1.75)

The Poisson’s ratio ν(ti), at any time, is ν(ti) = ν̄(ti)±δν(ti). To evaluate a single

value of the Poisson’s ratio ν, the weighted mean of ν̄ have been calculated:

ν̄ =

∑NT

i=1 ωiν̄m(ti)∑NT

i=1 ωi

= −0.9931, (1.76)

where the weights are:

ωi =
1

δ2ν(ti)
. (1.77)

The error that is assigned to ν is obtained by applying the formula of error prop-

agation calculated using the relation:

δν =
1√∑NT

i=1 ωi

= 0.0025. (1.78)

The values of the sample mean ν̄(ti) obtained from eqn. (1.73), the sample

standard deviation σν(ti) obtained from eqn. (1.74), the standard error of the

mean δν(ti) obtained from eqn. (1.75), and the weights ωi obtained from eqn.

(1.77), are given in Appendix B, Table B.3. Finally, the Poisson’s ratio ν, is

ν = ν̄ ± δν =−0.9931 ± 0.0025. Reducing the number of points the values of ν

range from ν = −0.9956± 0.0028 to ν = −0.9929± 0.0026.



Chapter 2

3D Cubic and isotropic lattices

with Negative Poisson’s ratio

2.1 Introduction

In the previous Chapter we described three plane micro-structure which can ex-

hibit under particular condition auxetic behaviour tending to the limit −1. Now

we want to extend the study to a three-dimensional model that can reproduce the

same particular feature. Different models are known to have auxetic behaviour,

among these we mention re-entrant structures and rotating structures. One of

the earliest auxetic models was proposed by Almgren [32], it is a re-entrant three-

dimensional structure of rods, hinges, and springs with macroscopic Poisson’s ratio

ν = −1 in some directions. Other models based on re-entrant cells were proposed

by Evans et al. [38], by Gibson and Ashby [37], and by Choi and Lakes [39, 40]

that transformed the cell of conventional foam from the convex polyhedral shape

to a concave or ‘re-entrant’ shape. A different mechanism made of rotating rigid

units can exhibit auxetic behaviour as proposed by Grima and Attard [81], it is

composed from rigid cuboids connected at their edges, which deform through rel-

ative rotation with respect to each other. They derive analytically the Poisson’s

ratio and the Young’s modulus and it is shown that for loading on-axis, the system

exhibits negative values for all the six on-axis Poisson’s ratios. The use of three-

dimensional models to predict or to explain auxetic behaviour is used by Alderson

and Evans [82, 83, 84] which apply a three-dimensional rotating and/or dilating

tetrahedral model to real crystalline auxetic materials such as α-cristobalite and

47



Chapter 2. 3D Cubic lattice with Negative Poisson’s ratio 48

α-quartz structures of both silica and germania. Auxetic responses have been

demonstrated possible in many crystals [7], and some artificial three-dimensional

auxetic materials have been proposed especially with the coming of the 3D-printer.

A new material, named ‘Bucklicrystals’, achieves a three-dimensional auxetic be-

havior through the elastic buckling [57]. In [56] it is described a dilatational three-

dimensional cubic auxetic material with an ultimate Poisson’s ratio of ν = −1,

based on a two-dimensional conceptual model recently published [73], the model

is studied numerically with a F.E.M. program and a sample is fabricated with a

3D-printer. The development of the modern 3D-printers has allowed the creation

of meta-materials starting from theoretical models with unit cells in the micro-

meter range, in [85] for the first time the authors fabricated and characterized

a truly three-dimensional crystalline mechanical meta-materials with unit cells in

the micro-meter range and with adjustable Poisson’s ratios, including negative val-

ues. They modified appropriately the DLW technology (Direct laser writing), that

allows to create three-dimensional nano- and micro-structures height only some

tens of micro-meters, to get larger structures, and they apply this new approach,

called dip-in 3D-DLW, to a model previously introduced in [37]. To obtain an aux-

etic behaviour we choose to extend to three dimension the square lattice, studied

previously. The system, we will introduce, has an elementary cell with the shape

of a cube, making an analogy with crystallography, it could be seen as a cubic

(or isometric) crystal system. We will propose two different versions of the cubic

lattice, one can be imagined as a Primitive cubic (abbreviated cP and alternatively

called simple cubic) and the other one as a Body-centered cubic (abbreviated cB

or bcc). As we will see later these two different systems are generally anisotropic,

or more precisely cubic according to symmetry consideration, but one of them

can be modified in its structural properties so that the macroscopic behaviour

becomes isotropic. The anisotropic elastic character of the material is obviously

reflected on the effective Young’s modulus E∗ and on the effective Poisson’s ra-

tio ν∗, which are therefore a function of the direction in the solid. Henceforth

the Young’s modulus will be expressed as E∗ = E∗(n) and the Poisson’s ratio as

ν∗ = ν∗(n,m) to emphasize the directional dependence, where n and m are two

orthogonal directional vectors. The Young’s modulus function will be identified by

the direction n along it is applied a simple tension, whereas Poisson’s ratio needs

also to know the direction m along it is measured the contraction. Let n, m and

t be mutually orthogonal unit vectors and let x′i (i = 1 . . . 3) be a new coordinate

system in which the x′1, x
′
2, x

′
3 axes are along the vectors n, m and t, respectively.
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To identify the direction of the vectors, we will refer to the angles ϕ, β and θ.

The two angles ϕ, β identify the direction of the vector n in spherical coordinates,

whereas the angle θ identifies the direction of the vector m. For brevity directions

are also described using crystallographic notation, e.g. n=110 is the unit vector

(1/
√
2, 1/

√
2, 0), characterized by ϕ = π/4, β = π/2. In Fig. 2.1 are shown some

directions which will be useful in the rest of the work. The point [100] is along

x1

x2

x3

[1 1 1]

[1 1 0][1 0 0]

f=45°��

b���54°.735~~

Figure 2.1: Crystallographic notation for the directions of the vectors n, m,
t.

the coordinate axe x1 (ϕ = 0 and β = π/2), the point [110] is along the line that

bisects the coordinate plane x1 − x2 (ϕ = π/4 and β = π/2), and the point [111]

is along the line that trisects the octant of the coordinate system (ϕ = π/4 and

β = arccos(1/
√
3)).

The type of elastic anisotropy of the material is reflected in the symmetries of

the fourth-order elasticity stiffness tensor C or its inverse, the compliance tensor

S = C−1, here always supposed to be positive definite. In a fixed rectangular

coordinate system xi (i = 1 . . . 3), the stress-strain relation can be written as

εij = Sijklσkl, Sijkl = Sjikl = Sklij = Sijlk, (2.1)

where εij and σij are the strain and stress and Sijkl is the elastic compliance. The

Sijkl is positive definite and possesses the full symmetry shown in eqn. (2.1). In

view of more tractable computation, a change of notation is now performed. We
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evaluate the three-dimensional Hooke’s law, for a full anisotropic solid, by the

following Voigt’s notation:

σ11

σ22

σ33

σ23

σ31

σ12


=



s1111 s1122 s1133 2s1123 2s1131 2s1112

s1122 s2222 s2233 2s2223 2s2231 2s2212

s1133 s2233 s3333 2s3323 2s3331 2s3312

2s1123 2s2223 2s3323 4s2323 4s2331 4s2312

2s1131 2s2231 2s3331 4s2331 4s3131 4s3112

2s1112 2s2212 2s3312 4s2312 4s3112 4s1212


·



ε11

ε22

ε33

ε23

ε31

ε12


(2.2)

Although this notation provides a vector and matrix representation of the tensors

which is physically meaningful, it shows nonetheless a loss of tensorial character.

In view of defining the material symmetries that will be considered in this paper,

a special reference system is introduced. For the symmetry under investigation,

the matrix representation of the elasticity tensor, written in the principal reference

system, defined as a system of coordinates in which the elasticity tensor shows the

fewest number of independent non-zero components, can be simplified as

σ11

σ22

σ33

σ23

σ31

σ12


=



s1111 s1122 s1133 0 0 0

s1122 s2222 s2233 0 0 0

s1133 s2233 s3333 0 0 0

0 0 0 4s2323 0 0

0 0 0 0 4s3131 0

0 0 0 0 0 4s1212


·



ε11

ε22

ε33

ε23

ε31

ε12


(2.3)

In Section 2.2 we describe a three-dimensional lattice with negative Poisson’s ratio

characterized by cubic symmetry, so that S1111 = S2222 = S3333, S1122 = S1133 =

S2233 and S2323 = S3131 = S1212, and we will analyze the directional dependance of

the Poisson’s ratio and of the Young’s modulus directing our attention to the global

minimum. Then in Section 2.3 the configuration of the lattice will be modified to

produce isotropic symmetry under appropriate conditions.
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2.2 Poisson’s ratio and Young’s modulus for three-

dimensional cubic lattice

We tessellate the space building a cubic cells, as in Fig. 2.2. If we do a similarity

with crystallographic systems the elementary cell of the structure can be seen as

a primitive cubic system (cP) with one lattice point on each corner of the cube, it

is composed of slender crosses with length of the arms p and springs with stiffness

equal to kL, so classical structural theories can be conveniently applied to analyse

the response of the elastic system. In Fig. 2.2 the crosses are depicted in red and

blue while the springs in green, each couple of red and blue crosses is mutually

constrained to have the same displacement at the central point where a hinge

is introduced. Different couples are then constrained by internal hinges at the

external end of each arm.

x
1

x
2

x
3

A B

x
1

x
2

x
3

(a) (b)

Figure 2.2: (a) Three-dimensional cell of the cubic lattice. (b) Three-
dimensional cell of the cubic lattice, cutted by a parallel plane to x1 − x3.

In particular, each arm of a single cross-shaped element is modelled as an Euler

beam undergoing flexural and extensional deformations. Each beam has Young’s

modulus E, cross-sectional area A and second moment of inertia J . We also intro-

duce the non-dimensional stiffness ratio parameters α1 = kLp/(EA). The structure

has been studied numerically with the finite element code, Comsol MultiphysicsR⃝,

referring to an elementary cell to which was applied the appropriate periodic

boundary conditions to approximate the infinite system conditions of periodic-

ity. The calculations are performed, unless otherwise specified, considering the

Young’s modulus of the iron E = 200000[MPa], the length of the arms p = 1000

[mm] and a circular cross section with radius r = 25 [mm].
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The micro-structured medium falls within the class of uni-mode materials with

dilatation as the only easy mode of deformation. The periodic structure has a

Bravais periodic lattice [77] consisting of points

R = n1t1 + n2t2 + n3t3 (2.4)

where n1,2,3 are integers and t1,2,3 the primitive vectors spanning the lattice. Fol-

lowing the systematic analysis for finite deformation as in Chapter 1 for the square

lattice we conclude that the lattice is a unimode material. Let

T =
[
t1 t2 t3

]
(2.5)

be the ‘lattice matrix’. The Cauchy-Green tensor is a path:

C(t, t0) = [T(t0)]
−T [T(t)]T [T(t)][T(t0)]

−1 =

(
sin γ

sin γ0

)2

I. (2.6)

As for the planar square lattice the possible paths C(t, t0), for any Bravais lattice,

lie on the same one-dimensional curve materials. The lattice structure presents

cubic behaviour, so that we need to determine three elastic moduli, the cubic case

represents the symmetry with the lesser number of independent elastic constants,

excluding the isotropic case. As explained in the Introduction, here and in the

following it is preferable to express the components of the elastic compliance tensor

S in the Voigt’s contracted notation which allows to construct, in the principal

material Cartesian reference frame, the compliance matrix in the form:

S∗ =



s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 4s44 0 0

0 0 0 0 4s44 0

0 0 0 0 0 4s44


(2.7)

where the reduced elastic coefficients are defined as s11 = S1111 = S2222 = S3333,

s12 = S1122 = S1133 = S2233, s44 = S2323 = S3131 = S1212. The conditions for the

strain energy density to be positive definite are, as shown in [86]:

s11s12 > 0, s11 + 2s12 > 0, s44 > 0 (2.8)
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The elastic compliance S ′
1111 and S ′

1122, if a Cartesian orthogonal reference frame

Ox1x2x3 is considered, are:

S ′
1111 = ninjnknlSijkl = s11(n

4
1+n

4
2+n

4
3)+(2s11+4s44)(n

2
1n

2
2+n

2
1n

2
3+n

2
2n

2
3), (2.9)

S ′
1122 = ninjnknlSijkl = s11(n

2
1t

2
1 + n2

2t
2
2 + n2

3t
2
3) + s12(t

2
1n

2
2 + t22n

2
1 + t21n

2
3 + t23n

2
1+

+ t22n
2
3 + t23n

2
2) + 4s44(n1n2t1t2 + n1n3t1t3 + n2n3t2t3); (2.10)

where indices i, j, k and l range from 1 to 3, and the usual rule of sum over a

repeated subscript is assumed. The expression E∗ = E∗(n) can be written, using

eqn. (2.9), in index form as:

1

E∗(n)
= S ′

1111 = s11(n
4
1 + n4

2 + n4
3) + (2s11 + 4s44)(n

2
1n

2
2 + n2

1n
2
3 + n2

2n
2
3); (2.11)

which, making use of the identity:

n4
1 + n4

2 + n4
3 = 1− 2(n2

1n
2
2 + n2

1n
2
3 + n2

2n
2
3), (2.12)

can be rewritten as:

1

E∗(n)
= s11 − (2s11 − 2s12 + 4s44)(n

2
1n

2
2 + n2

1n
2
3 + n2

2n
2
3). (2.13)

We rewrite S ′
1122 in eqn. (2.10) making use of the following identities:

1− (n2
1t

2
1 + n2

2t
2
2 + n2

3t
2
3) = (t21n

2
2 + t22n

2
1 + t21n

2
3 + t23n

2
1 + t22n

2
3 + t23n

2
2),

(n2
1t

2
1 + n2

2t
2
2 + n2

3t
2
3) = (n1n2t1t2 + n1n3t1t3 + n2n3t2t3), (2.14)

so that we have

S ′
1122 = s12 + (s11 − s12 − 2s44)(n

2
1m

2
1 + n2

2m
2
2 + n2

3m
2
3); (2.15)

therefore, the Poisson’s ratio ν∗(n,m) is

ν∗(n,m) = −S
′
1122

S ′
1111

= −s12 + (s11 − s12 − 2s44)(n
2
1m

2
1 + n2

2m
2
2 + n2

3m
2
3)

s11 − 2(s11 − s12 − 2s44)(n2
1n

2
2 + n2

2n
2
3 + n2

3n
2
1)
. (2.16)
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2.2.1 Young’s modulus for three-dimensional cubic lattice

The Young’s modulus for the cubic case depends on all three elastic constants s11,

s12 and s44, see eqn. (2.13). In Fig. 2.3 it is illustrated the Young’s modulus

E∗ = E∗(n) of the cubic lattice for α1 = 0.000515, it is possible to see the cubic

mechanical behaviour and the strong variation with respect to the direction n.

E∗ = E∗(n) can be effectively represented by means of a three-dimensional plot,

that is, with a surface generated by the vector n where the distance from the origin

is proportional to the value of the Young’s modulus in the direction pointed by

the vector itself.
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Figure 2.3: Three-dimensional representation of the Young’s module E∗ in
the cubic lattice.

In Fig. 2.4 is also shown a polar plot of the Young’s modulus E∗ = E∗(n) for

α1 = 0.000515 when the unit vector n is directed in turn along the coordinate

plane x1 − x2 (β = π/2).

To emphasize the anisotropic behaviour the eqn. (2.13) can be rewritten as

1

E∗(n)
= s11 − β1(n

2
1n

2
2 + n2

1n
2
3 + n2

2n
2
3), (2.17)

introducing the anisotropic coefficient β1 that depends on material properties only.

It should be noticed that β1 is related to the dimensionless Zener anisotropy factor

βcub

βcub =
2(s11 − s12)

4s44
, (2.18)
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Figure 2.4: Polar diagrams of the Young’s modulus E∗ as a function of the
angle ϕ. Results are given for: the angle β = π/2 and the non-dimensional

stiffness ratio α1 = 0.000515.

used in the literature about cubic materials, by the following relationship

β1 = 4s44(βcub − 1). (2.19)

b
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Figure 2.5: Zener anisotropic factor βcub and anisotropic coefficient β1 for the
lattice as a function of the non-dimensional stiffness ratio α1. (a) βcub as a

function of α1. (b) β1 as a function of α1.

In case of isotropic behaviour the Zener anisotropic factor and the anisotropic

coefficient are equal to β1 = 0 and βcub = 1 respectively, and they are linked to
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the relative shear stiffness of the material, as described in [87]. We can say that

when β1 < 0 the material has low relative shear stiffness whereas when β1 > 0 the

material has high relative shear stiffness. In Fig. 2.5 are depicted the two factors

βcub and β1 for the cubic lattice as a function of α1. In our case β1 is negative and

as confirmed in Fig. 2.6 the shear stiffness of the lattice is low.
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Figure 2.6: Shear modulus µ∗ of the lattice as a function of the non-
dimensional stiffness ratio α1. (a) Shear modulus of the cubic lattice. (b)

Shear modulus in case of isotropic behaviour, µ∗ = E∗/(2(1 + ν∗)).

Returning to the evaluation of the extrema of the the Young’s modulus, we find

the directions n which correspond to critical points. First we consider the situation

0.50.40.30.20.1

Figure 2.7: Maximum Young’s modulus E∗ in [100] as a function of the non-
dimensional stiffness ratio α1.

when n matches each coordinate axis. In this case there are six stationary points,
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each according to ni = ±1 (i=1 . . . 3), and the value of Young’s modulus is:

E∗(n) =
1

s11
. (2.20)

The E∗(n) valued in a coordinate axis, n directed as [100], is shown in Fig. 2.7 as

a function of the non-dimensional stiffness ratio α1. The second case is when the

unit vector n is directed in turn along the bisectors of each coordinate plane. The

12 stationary points are those for which ni = ±1/
√
2, nj = ±1/

√
2 and nk = 0

(i, j, k = 1 . . . 3, i ̸= j ̸= k), and the Young’s modulus is given by:

E∗(n) =
4

4s11 − β1
=

4

2s11 + 2s12 + 4s44
; (2.21)

In Fig. 2.8 are shown the values of E∗(n) in the diagonal direction [110] as a

function of the non-dimensional stiffness ratio α1.

0.50.1 0.50.40.30.2 0.030.02 0.050.040.01

(a) (b)

Figure 2.8: Young’s modulus E∗ in [110] as a function of the non-dimensional
stiffness ratio α1. (a) Young’s modulus between α1 = 0 and α1 = 0.5. (b)

Young’s modulus between α1 = 0 and α1 = 0.05.

The last case is when the unit vector n trisects each octant of the coordinate

system. This case produces eight stationary points: ni = ±1/
√
3, nj = ±1/

√
3

and nk = ±1/
√
3 (i, j, k = 1 . . . 3, i ̸= j ̸= k), and the elastic modulus is:

E∗(n) =
3

3s11 − β1
=

3

s11 + 2s12 + 4s44
. (2.22)
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In Fig. 2.9 are visualized the values of E∗(n) in the direction [111] as a function

of the non-dimensional stiffness ratio α1.

0.50.40.30.20.1 0.030.02 0.050.040.01

(a) (b)

Figure 2.9: Minimum Young’s modulus E∗ in [111] as a function of the non-
dimensional stiffness ratio α1. (a) Young’s modulus between α1 = 0 and α1 =

0.5. (b) Young’s modulus between α1 = 0 and α1 = 0.05.

From the previous plots, we can conclude that E∗
max = 1/s11 and E

∗
min = 3/(s11 +

2s12+4s44), confirming the claims made in [87] for a lattice with low shear stiffness

β1 < 0, in case of β1 > 0 we would have had E∗
min = 1/s11 in direction [100], eqn.

(2.20), and E∗
max = 3/(s11 + 2s12 + 4s44) in direction [111], eqn. (2.22)

2.2.2 Poisson’s ratio for three-dimensional cubic lattice

We know that Poisson’s ratio is strictly bounded between −1 and 1/2 in isotropic

solids in order to stable constitutive law, but such simple bounds do not exist for

anisotropic solids, even for those ‘closest’ to isotropy such as the cubic material.

Ting and Chen (2005) demonstrated that arbitrarily large positive and negative

values of Poisson’s ratio could occur in solids with cubic material symmetry. The

key requirement is that the Young’s modulus in the 111-direction is very large

(relative to other directions), and as a consequence the Poisson’s ratio for stretch

close to but not coincident with the 111-direction can be large, positive or negative.

Ting and Chen replace conventional belief (e.g. Baughman et al. 1998) that the

extreme values of n are associated with stretch along the face diagonal (110-

direction). It is more complicated to find the locations of the extremes of ν∗(n,m)

for cubic materials for all possible choices of the vectors n and m with n ·m = 0,
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indeed it is necessary to consider general n and m. The specification of n and

m requires three parameters such as ϕ, β and θ. We can take the derivatives of

ν∗(n,m) with respect to the three parameters and set the results to zero. Instead,

once n is supposed to be given, m depends on just one parameter and so the m

that gives the extremes of ν∗(n,m) is:

m =
cos θ√
1− n2

3


n2

n1

0

+
sin θ√
1− n2

3


−n1n3

−n2n3

1− n2
3

 , n2
3 ̸= 1, (2.23)

where θ is arbitrary. Inserting 2.23 into 2.16 and setting the derivative of ν∗(n,m)

with θ to zero gives:

tan 2θ =
n1n2n3(n

2
2 − n2

1)

n2
1n

2
2(1 + n2

3)− n2
3(1− n2

3)
2
. (2.24)

θ is a solution of 2.24, so is θ + π/2.

0.50.40.30.20.1

a
1

Figure 2.10: Poisson’s ratio ν∗0 as a function of the non-dimensional stiffness
ratio α1.

Thus, for each n, there are two m that provide the extrema. Now let’s focus on

two particular directions n = 111 and n = 001, these are the only two directions

for which ν∗(n,m) is independent of m. In case of n = 001 is ν∗0 = ν∗(001,−) =

−s12/s11 whereas for n = 111 is
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ν∗111 = ν∗(111,−) = −s11 + 2s12 − 2s44
s11 + 2s12 + 4s44

. (2.25)

When s44 → 0, we obtain ν∗111 ≃ −1. Fig. 2.10 shows the Poisson’s ratio ν∗0 of our

lattice, when the direction of the simple tension is along a symmetry principal axes

(100), (010) or (001) and the lateral contraction is measured in an orthogonal one,

as a function of the non-dimensional stiffness ratio α1. As we can see, reducing

the value of α1 the Poisson’s ratio tends to −1. If we change the direction of the

vector n we can visualize through the polar plot in Fig. 2.11, for α1 = 0.000515,

the Poisson’s ratio as the position of the vector m changes. We have considered

three different positions of the vector n on the symmetry plane characterized by

β = π/2. Among the infinite values of the Poisson’s ratio the minimum and the

maximum are given when the angle θ, that determines m, assumes the values in

eqn. (2.23).

Figure 2.11: Polar diagrams of the Poisson’s ratio as a function of the angle θ
which determines the position of m. Results are given for three different values
of the angle ϕ, for the angle β = π/2 and for the non-dimensional stiffness ratio

α1 = 0.000515.

We can see that for β = π/2 and ϕ = π/18, π/9 and π/6 ν∗ varies between a

local maximum at θ = 0, π and a local minimum at θ = ±π/2. We want now

to consider the global extremes of ν∗(n,m) over all directions n and m. For an

anisotropic elastic material general conditions can be derived for the Poisson’s ratio

to be stationary. These conditions may be obtained by considering the derivative

of ν∗(n,m) with respect to rotation of the pair (n,m) and setting the results
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to zero. Following symmetry considerations the analysis can be reduced to the

irreducible spherical sector delimited by directions n = 100, 110, 111 which cor-

responds to 1/48th of the unit sphere surface as shown in Fig. 2.12 where A, B

and C correspond to n = 100, 110 and 111. It could be shown that there are

no stationary values of ν∗(n,m) inside the spherical sector of Fig. 2.12 but only

on its boundaries, see [88]. Hence, the only possible stationary values are on the

edges. We follow the local maximum and minimum Poisson’s ratio when n moves

along the path A−B−C−A visualized in green in Fig. 2.12 and the direction of

m making ν∗ stationary is obtained from eqn. (2.23).
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Figure 2.12: The irreducible spherical sector defined by the vertices corre-

sponding to, n = 100, 110 and 111. Note that the edge C−D is equivalent to
the edge C−A.

We have visualized in Fig. 2.13 all possible local minima and maxima along the

path A−B−C−A among which it is possible to find the global minimum and

maximum.

In Fig. 2.13 we also note the high degree of anisotropy of the lattice and the fact

that Poisson’s ratio increases quite rapidly moving from the direction n = 100.

Also we show that in the direction n = 1p0, with 0 ≤ p ≤ 1, along A−B

the behaviour is always auxetic along specific transversal directions, while in the

proximity of n = 111 (point C) the behaviour is not auxetic. After to have found

the global extreme values of the Poisson’s ratio for a fixed value of the stiffness

parameter α1, we want now to search the global minimum and maximum as a

function of α1. To do this we follow the method proposed in [88], reaching the
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a =0.0005
1

a =0.0207
1

a =0.0413
1

Figure 2.13: Maximum and minimum Poisson’s ratio ν∗ for different position
of n along the path A − B − C − A shown in Fig. 2.12. Results are given for

three different values of the non-dimensional stiffness ratio α1.

same results shown earlier for a single value of α1. Along the edges of the sphere

sector the potential candidates for global extremes of the Poisson’s ratio are not

infinite, but they are a limited number. The direction n can be parametrized

along each edge with a single variable. Along the edge A − B characterized by

n = 1p0, 0 ≤ p ≤ 1 and m = p1̄0 or 001, except the specific cases ν∗ = 0

or ν∗ = 1, the stationary values of ν∗ occur only at the end points p = 0 and

1. By convention, negative integers are written with a bar, as in 1̄ for −1. Thus,

ν∗0 =ν
∗(100), ν∗11̄0=ν

∗(110, 11̄0) and ν∗001=ν
∗(110, 001) are potential candidates for

global extrema of ν∗. Along the two edges B −C and C −D, which is equivalent

to the path C − A, characterized by n = 11p, 0 ≤ p ≤ ∞ and m = 11̄0 and

m = pp2̄. The four global candidates come from the roots of:

ν∗ 2 − ν∗ν∗111 −
1

48
E∗

111χ, and (ν∗ − 1)2 − (ν∗ − 1)(ν∗111 − 1)− 1

48
E∗

111χ, (2.26)

where

E∗
111 = E∗(111) =

3

s11 + 2s12 + 4s44
, and χ = 2s11 − 2s12 − 4s44. (2.27)
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In total we have seven possible global extremes. The first three extremes are

the only ones associated with the principal directions of the cube (axes and face

diagonals). Moreover five of them depend on the material properties. These are

ν∗(100), ν∗(110, 11̄0), ν∗(110, 001) and the following two distinct roots of eqns.

(2.26) respectively,

ν∗1 = ν∗(11p1, 11̄0) =
1

2
ν∗111 −

1

2

√
ν∗ 2111 +

1

6
(ν∗111 + 1)(

µ1

µ2

− 1), (2.28a)

p1 =

√
ν∗1 + 1/2

ν∗1 − 1/4
, (2.28b)

and

ν∗2 = ν∗(11p2, p2p22̄) =
1

2
(ν∗111 + 1)− 1

2

√
(ν∗111 − 1)2 +

1

6
(ν∗111 + 1)(

µ1

µ2

− 1),

(2.29a)

p2 =

√
ν∗2 − 3/2

ν∗2 − 3/4
,

(2.29b)

where

µ1 =
1

4s44
, and µ2 =

1

2s11 − 2s12
. (2.30)

We have identified all seven global extreme, if now we consider the entirety of

possible cubic materials with positive definite strain energy, we find that:

− 1 < ν∗11̄0 < 1, and − 1

2
(1− ν∗11̄0) < ν∗001 < ν∗11̄0. (2.31)

These two relations define the interior of a triangle in the ν∗001, ν
∗
11̄0 plane.

ν∗min n m condition 1 condition 2

0 < ν∗001 110 001 ν∗001 > 0 ν∗11̄0 > ν∗001

−1/2 < ν∗11̄0 110 11̄0 ν∗11̄0 > −1/2 ν∗11̄0 < ν∗001

−1 < ν∗0 110 11̄0 ν∗001 < 0 ν∗11̄0 > ν∗001

−∞ < ν∗1 110 11̄0 ν∗11̄0 < −1/2 ν∗11̄0 < ν∗001

Table 2.1: Global minimum of Poisson’s ratio for cubic material
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The interior of the triangle in the ν∗001, ν
∗
11̄0 plane represents the entirety of possible

cubic materials with positive definite strain energy. Tables 2.1 and 2.2 list the

values of the global minimum ν∗min and the global maximum ν∗max, respectively, for

all possible combinations of elastic parameters. Each row of the Tables 2.1 and 2.2

ν∗min n m condition 1 condition 2

ν∗1 < −1/2 11p1 11̄0 ν∗11̄0 < −1/2 ν∗11̄0 > ν∗001

ν∗0 < 0 100 arbitrary ν∗001 < 0 ν∗11̄0 < ν∗001

ν∗11̄0 < 1 110 11̄0 ν∗11̄0 > −1/2 ν∗11̄0 > ν∗001

ν∗001 < 3/2 110 001 0 < ν∗001 < 3/2 ν∗11̄0 < ν∗001

−∞ < ν∗1 11p2 p2p22̄ ν∗001 > 3/2

Table 2.2: Global maximum of Poisson’s ratio for cubic material

identifies a sector in the triangles shown in Fig. 2.14 and defined by eqn. (2.31).

These sectors define the global extremes for every point within the triangles, so to

identify them we need to know the two quantities ν∗001 and ν∗11̄0 from which it is

possible to go back to the values sought. In Fig. 2.14 are shown with blue dots the

values of ν∗001 and ν∗11̄0, for our lattice, each dot represent a different value of α1.

The minimum global Poisson’s ratio, for different α1, is always given by ν∗110 = ν∗0
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Figure 2.14: Global maximum and minimum Poisson’s ratio ν∗ for a cubic
material as a function of ν∗001 and ν∗

11̄0
. The blue dots represent the values of

the cubic lattice for different values of the non-dimensional stiffness ratio α1.
(a) Global minimum Poisson’s ratio. (b) Global maximum Poisson’s ratio.

Finally we are able to show in Fig. 2.15 the global minimum and maximum of the

Poisson’s ratio of our cubic lattice as a function of the dimensionless parameter

α1. As we can see the behaviour of the lattice is always auxetic, at least along
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some directions. Indeed decreasing the stiffness ratio α1 to 0 the global minimum

of ν∗ tends to −1.

0.50.40.30.20.1 0. 5020. 500 0.010 0. 501 0.020

(a) (b)

Figure 2.15: Global maximum and minimum Poisson’s ratio ν∗ as a function
of the dimensionless stiffness ratio α1. a) α1 from 0 to 0.5. b) α1 from 0 to

0.025.
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2.3 Poisson’s ratio and Young’s modulus for three-

dimensional isotropic lattice

In the previous section we have presented an anisotropic lattice, where the Pois-

son’s ratio is negative only with respect to some directions n and m as shown

in Fig. 2.13. This directional dependence is a limitation in the performances of

the structure in term of auxetic behaviour. Here we modify the previous micro-

structure and we show a type of three-dimensional lattice that can exhibit isotropic

negative Poisson’s ratio. We have introduced in the lattice described above, and

shown in Fig. 2.2, diagonal beams depicted in magenta in Fig. 2.16 adding one

lattice point in the center of the unit cell in addition to the eight corner points.

Each diagonal beam is mutually constrained to have the same displacement at the

central point where a hinge is introduced while they are constrained by internal

hinges at the external end. Doing the same similarity with the crystal system used

previously, it can be seen as a body-centered cubic system (cI). We call ω the ratio

between the cross sectional area of the diagonal beams and the cross sectional area

of the arms of the cross-shaped elements on the vertical and horizontal faces of the

unit cell of the lattice. We choose to tune such coefficient to obtain an isotropic

behavior. The values of the constitutive parameters will be function of the two
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x
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Figure 2.16: (a)Three-dimensional unit cell of the isotropic lattice. (b)Three-
dimensional unit cell of the isotropic lattice, cutted by a plane parallel to x1−x3.

non-dimensional parameters α1 and ω. In Fig. 2.17 we show the Young’s modulus

E∗(n) and the Poisson’s ratio ν∗(n,m) in [100] as a function of the parameters ω,
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for α1 = 0.005. As for the three-dimensional lattice described previously in Sec-

tion 1.2, for small values of α1 the mechanical behaviour of the lattice is auxetic

at least in the considered directions.
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Figure 2.17: (a) Poisson’s ratio ν∗ as a function of non-dimensional stiff-
ness ratio ω, for α1 = 0.005. (b) Young’s modulus E∗ as a function of non-

dimensional stiffness ratio ω for α1 = 0.005. Values are given for n = 100.

In Fig. 2.18 the Young’s modulus, as a function of ω, is shown for three repre-

sentative points [100], [110] and [111]. Result are given for α1 = 0.005. It can be

seen that changing the value of the cross-sectional ratio ω the maximum value of

E∗(n) change position from 100 to 111. The intersection point corresponds to the

value of ω for which the behaviour of the lattice becomes isotropic.
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Figure 2.18: Young’s modulus E∗ as a function of ω, for α1 = 0.005, evaluated
for directions n = 100, 110 and 111.
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To highlight the influence of the ratio ω on the behaviour of the lattice, in Fig. 2.19

it is depicted the Young’s modulus E∗(n) for each direction n and α = 0.005. The

behaviour of the lattice is generally cubic as ω changes, but it became isotropic

when the plot assumes spherical shape at ω ∼ 1.13695, see Fig. 2.19(c). This

value is also the transition point to ‘shear dominant’ structures.
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Figure 2.19: Directional dependence of the homogenized Young’s modulus
E∗ for six different cross-shaped ratio ω and for α1 = 0.005. (a) ω = 0.25. (b)

ω = 0.5. (c) ω = 1.13695. (d) ω = 2. (e) ω = 5. (f) ω = 10.

The directional dependence of the Young’s modulus in the x1 − x2 plane is illus-

trated in the polar plot in Fig. 2.20 as a function of the direction of n for the

six different values of ω = 0.25, 0.5, 1.13695, 2, 5, 10, when ω is close to 1.3695 the

behaviour is isotropic. To identify the value of ω for which the behaviour of the

lattice becomes isotropic we compared the shear modulus µ∗ (red line) as a func-

tion of ω in 100, and the shear modulus µ∗
iso = E∗/(2(1+ ν∗)) (blue line) that the

lattice would have in case of isotropic behavior, a representation is shown in Fig.

2.21. The intersection point identifies the value of ω = 1.13695 for which the lat-

tice has the desired isotropic behavior. If we consider now a three-dimensional plot

of the Poisson’s ratio for ω = 1.13695 and α1 = 0.005, it will assume a spherical
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shape, see Fig. 2.22, the behaviour for this particular value of α1 is auxetic and the

value of ν∗ = −0.35. We have described the behaviour of E∗(n) and ν∗(n,m) for

w=10

w=5

w=2

w=1.13695

w=0.5

w=0.25

0 200 400 600 800 1000 1200

Figure 2.20: Polar graph of the Young’s modulus E∗ for six different values
of non-dimensional stiffness ratio ω and for α1 = 0.005.

a fixed value of the stiffness ratio α1 and we have found how is possible to achieve

an isotropic behaviour changing the ratio of cross-sectional area of the crossbeams

to cross-sectional area of the diagonal beams through the parameter ω.
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Figure 2.21: In red shear modulus µ∗ as a function of non-dimensional stiffness
ratio ω, in blue shear modulus in case of isotropic behaviour, for α1 = 0.005.
The intersection point represents the value of the shear modulus for which the
lattice assumes isotropic behavior. a) For ω from 0 to 10. a) For ω from 0 to 3.
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It is now interesting to illustrate the behaviour of the lattice when it is guaranteed

isotropy.
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Figure 2.22: Three-dimensional representation of the Poisson’s ratio ν∗, in
case of isotropic behaviour, for ω = 1.13695 and α1 = 0.005.

We have determined for each stiffness ratio α1 the value of ω that ensures isotropic

behaviour.
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Figure 2.23: Non-dimensional cross-sectional ratio ω as a function of non-
dimensional stiffness ratio α1, in case of isotropic behaviour.

These values of ω are shown in Fig. 2.23. As a further confirmation of the isotropic

behaviour we also represent in Fig. 2.24 the Zener anisotropic factor βcub as a

function of α1, obtained considering the values of ω in Fig. 2.23. It is evident that
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βcub = 1, confirming the isotropic behaviour. We conclude the section describing

the value of the isotropic Poisson’s ratio as α1 changes, the auxetic behaviour is

reached for α1 < 0.06.
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Figure 2.24: Zener anisotropic factor βcub for the isotropic lattice as a function
of the non-dimensional stiffness ratio α1.

The minimum isotropic Poisson’s ratio is ν∗ = −0.57, whereas the maximum one

is ν∗ = 0.15, as shown in Fig. 2.25.
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Figure 2.25: Poisson’s ratio ν∗ as a function of α1, in case of isotropic be-
haviour.

In Fig. 2.26 we show the Young’s modulus E∗, the bulk modulus K∗ and the
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Figure 2.26: Young’s modulus E∗, Bulk modulus K∗ and shear modulus µ∗

as a function of α1, in case of isotropic behaviour. (a) Young’s modulus. (b)
Shear modulus. (c) Bulk modulus

Shear modulus µ∗ as a function of α1, in blue line are depicted the HashinShtrik-

man upper-bounds of low-density isotropic materials with one single elastic phase,

supplied in Table 2.3. The bounds are normalized by the Young’s modulus of

Young’s modulus E∗/E Shear modulus µ∗/E Bulk modulus K∗/E

ρ
6
(1 + 349K+8µ

6K+8µ)
) ρ

15
(1 + 18K2+8µ2+21Kµ

3K(3K+4µ)
) ρ

9
(1 + 9K

3K+4µ)
)

Table 2.3: HashinShtrikman upper-bounds of low-density isotropic materi-
als with elastic Young’s modulus E, shear modulus µ and bulk modulus K.
The bounds for the effective Young’s modulus E∗, shear modulus µ∗ and bulk

modulus K∗, are normalized by E.

the constituent material E, they depends on the bulk modulus K, on the shear
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Figure 2.27: Density ρ of the isotropic lattice as a function of α1.
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modulus µ of the constituent materials, and on the relative density ρ, defined

as the volume of beams per unit volume of the lattice, [89]. The dependence

of the HashinShtrikman upper-bounds on the ratio α1 is obtained from the rela-

tion between α1 and ρ reported in Fig. 2.27. The values of the elastic moduli

are those typical of the iron: E = 200000N/mm2, K = 170000N/mm2 and

µ = 80000N/mm2.



Chapter 3

Lattices with Negative Coefficient

of Thermal Expansion

3.1 Introduction

The coefficient of thermal expansion is the measure of the deformation of the mate-

rial due to a unitary change of temperature. Materials normally expand on heating

and contract when cooled (positive thermal expansion coefficients), however not

all systems behave in this way, in fact there are systems (materials or structures)

which have the counterintuitive property of contracting upon heating (negative

thermal expansion). It should also be noted that for anisotropic systems the co-

efficient of thermal expansion is not anymore a scalar quantity, but it is a second

order tensor and it is possible that a system exhibits negative thermal expansion

in some directions. In homogeneous crystalline materials thermal expansion is at-

tributed to slight nonlinearity (an-harmonicity) of the interatomic potential, it has

been therefore considered to be a property intrinsic to each material. The ability

to generate materials with negative coefficient of thermal expansion, or adaptable

to a desired value, can be achieved either by creating a homogeneous material

with that particular property or by a special micro-structures. The first solu-

tion is rarely possible, is limited to a single coefficient of thermal expansion value

and leads to expensive materials, the second one uses lattice structures made of

common materials to achieve properties un-achievable by their solid counterparts.

Only very few known solids possess a negative coefficient of thermal expansion,

74
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cubic zirconium tungstate (α− ZrW2O8) is perhaps one of the most studied ma-

terials to have this unusual phenomenon, indeed it contracts continuously and

isotropically over a wide range of T [90, 91]. Besides ZrW2O8 also ZrP2O7 and

Sc2(WO4)3 families have aroused considerable interest over the past few years for

the magnitude and temperature range over which they display negative thermal

expansion [92]. Other examples include glasses in the titania-silica family [93] at

room temperature T and silicon and germanium [94] at very low T (< 100oK).

Materials with directional negative expansion coefficients at room temperature

include Kevlarr, carbon fibers, plastically deformed (anisotropic) Invar (FeNi al-

loys) [95], and certain molecular networks. Some new materials are emerging which

can accomplish negative expansion, e.g., many liquid crystal organic fibers as well

as carbon and aramid fibers can show negative values in a particular direction.

(a) (b) (c) (d)

Figure 3.1: Lattice with negative thermal expansion, made by two dissimilar
materials of different thermal expansion coefficients which bends in response to

a temperature change, by Lakes et al. [96, 97].

There have been a small number of attempts to rationally design specific struc-

tures with negative thermal expansion, the unifying principle is that the negative

thermal expansion mechanism is driven by a heterogeneity in the coefficient of

thermal expansion of the constituent parts.

(a) (b)

Figure 3.2: Micro-structures that combine materials with different thermal
expansion to achieve an overall effective negative expansion, by Jefferson et al.

[98].
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Of particular interest are the materials and structures that not only exhibit nega-

tive thermal expansion behavior, but also allow to adjust the coefficient of thermal

expansion.

L
1

L
2

L
3

Figure 3.3: Periodic triangular lattice with one side made from a different
material than the other two ones, able to produce adjustable thermal expansion

in two dimensions, by Grima et al. [99].

Properly designed structures can produce thermal expansion coefficients lying well

outside the range shown by homogeneous materials, both in a single direction and

in a plane, indeed much lower negative values may be achieved compared with

those of the constituent materials as well as larger positive values. Accordingly

it is possible to generate structures with very low or negative thermal expansion

from conventional materials.

Figure 3.4: Elements made with different materials that produce tunable
thermal expansion in two-dimension and in three dimensions, by Miller et al.

[100].

We remember the lattices proposed by Lakes et al. [96, 97], shown in Fig. 3.1,

where the single rib elements contain two dissimilar materials with different ther-

mal expansion coefficients which bends in response to a temperature change, lead-

ing to a particular effective thermal expansion. In [98] is shown a micro-structure

that combines materials with different coefficient of thermal expansion to achieve
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an overall effective isotropic expansion, substantially different from that of the

constituent materials, see Fig. 3.2. Models, that involve periodic networks which

consist of triangular elements with one side made from a different material from

the other two ones, are known to produce tunable thermal expansion in two di-

mensions [99, 100], see Figs.3.3 and 3.4, and in three dimensions [100, 101], see

Fig. 3.4. In [102] is analyzed a periodic triangular lattice, see Fig. 3.5, that

simultaneously combine negative Poisson’s ratios and negative thermal expansion.

2 L
0

2 L

(a) (b)

Figure 3.5: Periodic triangular lattice that simultaneously combine negative
Poisson’s ratios and negative thermal expansion, by Grima et al. [102].

Using materials with different thermal expansion and exploiting thermal stress

produced by Poisson’s contraction for an increase in temperature, it is possible to

compensate thermal expansion in some direction by careful choose of the material

properties. This is what happens to multilayered composites [103], see Fig. 3.6(a),

to composites with needle-like inclusions [104], see Fig. 3.6(b), and to lattice

structures with concentric tubes [105], where due to the Poisson’s effect we have

tunable coefficient of thermal expansion, see Fig. 3.6(c).

t

L

2r

(a) (b) (c)

Figure 3.6: a) Multilayered composites with adjustable thermal expansion,
by Grima et al. [103]. b) Composites with needle-like inclusions with negative
thermal expansion, by Grima et al. [104]. c) Lattice structures with concentric
tubes where due to the Poisson’s effect we have tunable coefficient of thermal

expansion , by Lehman and Lakes [106].
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The capability to design micro-structured media with desired thermal expansion

has great practical importance and it has been studied for many years since to

neglect temperature effects may lead to disastrous consequences. Materials ex-

hibiting the capacity to be precisely tailored to a specific positive, negative or

even zero coefficient of thermal expansion are very useful in various practical ap-

plications. In many engineering circumstances uncontrolled thermal expansion is

usually a nuisance because it precludes extreme precision, therefore a zero ex-

pansion material can be employed in the manufacture of precision instruments.

Materials with low or zero coefficients of thermal expansion are desirable for ap-

plications that involve large temperature variations to reduce thermal stresses and

to have structures that are dimensionally stable as temperature varies, in the field

of structural engineering we can mention bridges, aircraft, space structures, piping

systems, industrial machineries and energy plants. Lattice structures are widely

used for example in satellites, for support of appendages such as antennae and

telescopes, indeed such equipments are thermal sensitive so it is required to have

dimensional stability over a large temperature changes in addition to ensuring

adequate strength [107], see Fig. 3.7.

L

h

L

h

Figure 3.7: Frame structures with zero thermal expansion, by Palumbo et al.
[107].

Materials produced to have low expansion are used to mitigate the effects of ther-

mal shock, Pyrex c⃝ glass, a low expansion ceramic, is the best known examples of

this application. Negative thermal expansion materials can be extremely useful in

the manufacture of composites exhibiting some pre-determined thermal expansion

coefficients, since the presence of a component with negative thermal expansion

lowers the overall thermal expansion of a composite. A fastener made of a nega-

tive thermal expansion material, upon heating, can be inserted easily into a hole.

Upon cooling it will expand, fitting tightly into the hole. By contrast, materials

with extremely large expansion can be employed as ‘thermal’ actuators. Lastly
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materials with a coefficient of thermal expansion matched to that of another ma-

terial are also of importance in electronic and biomedical applications, for instance

dental fillings need to have their expansion coefficients matched to those of teeth

[108].

In this chapter we describes three planar periodic lattices, similar to the ones in

Chapter 1 and a three-dimensional periodic lattices, such as the one in Chap-

ter 2, with desired thermal expansion coefficient (positive, negative or near zero).

They are made of two materials with intrinsically positive thermal expansion co-

efficients. The particular geometry of the micro-structures makes possible to have

dissimilar expansions of the elements within the lattice, leading to the effective co-

efficient of thermal expansion different from that of the constituent elements. We

tested experimentally the effective coefficient of thermal expansion of the hexag-

onal micro-structured medium. A theoretical expression of the above mentioned

macroscopic property has been provided in full analytical form as a function of

the coefficients of thermal expansion of the constituent elements and of the ge-

ometrical configuration of the lattices. The studied micro-structures expand by

the same extent in any direction upon heating showing an isotropic expansion.

It is important to emphasize that although there are several models with either

negative Poisson’s ratio or negative thermal expansion, it is not possible to say the

same for systems which exhibit both of these anomalous properties simultaneously.

Indeed it is known that negative thermal expansion and negative Poisson’s ratio

are not mutually exclusive properties, as shown in [96, 102, 109, 110, 111]. The

novel systems are constructible at any length-scale including the micro-scale from

conventional components with different mechanical and thermal properties, which

may be combined to ensure the required macroscopic behaviour. In Section 3.2

we determine analytically the macroscopic coefficient of thermal expansion of the

lattices and we present the results applied to conventional materials. In Section

3.3 we show experimental evidence that the hexagonal lattice can have negative

thermal expansion.
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3.2 Model of periodic lattices with tunable coef-

ficient of thermal expansion

In this section we derive the effective coefficient of thermal expansion of the three

types of lattices presented in Chapter 1. The micro-structures are composed of

cross-shaped elements, depicted in red and blue in Fig. 3.8, with coefficient of

thermal expansion λc, and of extensional elastic springs or trusses with coefficient

of thermal expansion λt, depicted in green.
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Figure 3.8: Elementary cells of the lattices. The coefficients of thermal expan-
sion of the crosses and of the longitudinal elements are λc and λt respectively.
a) Hexagonal lattice. b) Square lattice. c) Triangular lattice. The arms of the
crosses, with coefficient of thermal expansion λc, are shown in red and blue,
whereas the spring or truss, with coefficient of thermal expansion λt, are shown

in green.

The linearised behaviour of each lattice depends nonlinearly on the reference con-

figuration determined by the angle γ formed by the arms of the crosses and the

springs. The lattices have thermal isotropic behaviour in plane; to quantify the

linearized thermal expansion we could indifferently use the volume (λV ), area (λA)

or linear (λL) thermal expansion coefficient, since they are related by known re-

lations λL = 1/2 = λA = 1/3 = λV , clearly for the in plane structures we will

focus only on (λL) and (λA). In Fig. 3.9 we show the three typologies of lattice in

two different configurations, where λc ≪ λt. In the right column the lattices are

subjected to an increase of temperature ∆T which causes a contraction of the lat-

tices, as shown by the dashed rectangles which indicate the macroscopic thermal

deformation.
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Figure 3.9: Two different configurations of the lattice as a result a increase of
temperature ∆T , λc ≪ λt .

The analytical expression of the effective coefficient of thermal expansion is deter-

mined as follows. We draw from the lattices the triangle shown in Fig. 3.10. The

point 3 represents the intersection of the crosses visualized in blue and red in Fig.

3.8 and Fig. 3.9, whereas the element joining the points 1 and 2 is longitudinal

spring visualized in green. The vertical displacement of the point 3 identifies the

effective thermal deformation; its displacement for a change of temperature ∆T

is due to the thermal deformation of the cross-shaped and longitudinal elements.

Therefore, it can be computed as the sum of two contributions, the displacement

when λc ̸= 0 and λt = 0 plus the displacement when λc = 0 and λt ̸= 0, as shown
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in Fig. 3.10:

L1 − L0 =
pλc∆T

sin γ
− pλt cos

2 γ∆T

sin γ
. (3.1)

Therefore the linear coefficient of thermal expansion is

λL =
L1 − L0

L0∆T
=

λc
sin2 γ

− cos2 γλt
sin2 γ

(3.2)

a=psin(g)

b=2pcos(g)

L0

L1

+
a

p Tl Dc

b

sin(g) p Tl Dc

=

a

p cos Tl (g)Dt

p cos Tl (g)Dt

2

b

sin(g)

(a) (b) (c)

Figure 3.10: Computation of the linear coefficient of thermal expansion. The
height variation L1 − L0 of the triangle 123 due to a temperature change ∆T
(a) is the sum of the displacement of the point 3 when λc ̸= 0 and λt = 0 (b)

and the displacement of the point 3 when λc = 0 and λt ̸= 0 (c)5.

The thermal expansion of the triangle in Fig. 3.10 can also be derived, as in [100]

(a+ δa)2 = (p+ δp)2 − (
b+ δb

2
)2, (3.3)

where

δp = pλc∆T, δb = 2p cos γλt∆T and a = p sin γ,

which leads to

2p sin γδa+ δa2 = 2p2λc∆T + p2λ2c∆T
2 − 2p2 cos2 γλt∆T − p2λ2t∆T

2. (3.4)

Considering small elongation λc∆T , λt∆T ≪ 1, we can simplify the above relation

and we get to linear order

δa =
pλc∆T − p cos2 γλt∆T

sin γ
. (3.5)



Chapter 3. Lattices with Negative Coefficient of Thermal Expansion 83

The area coefficient of thermal expansion λA is obtained from the deformation

of the initial area of the elementary cell A0, shown in dashed line in Fig. 3.8.

Indicating with A1 the area of the cell after the thermal deformation due to a

change of temperature ∆T , the real deformation of the lattices is

λA∆T =
A1 − A0

A0

=
2∆T

sin2 γ
(λc − λt cos

2 γ) +
∆T 2

sin4 γ
(λ2c − 2λcλt cos

2 γ + λ2t cos
4 γ)

(3.6)

To leading order in the small parameters λc∆T , λt∆T eqn. (3.6) gives the expected

λA = 2λL =
2λc
sin2 γ

− 2 cos2 γλt
sin2 γ

(3.7)

We introduce now the ratio η of the coefficient of thermal expansion of the cross-

shaped elements λc to the coefficient of thermal expansion of the longitudinal

elements λt, namely η = λc/λt.
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Figure 3.11: Effective coefficient of thermal expansion of the lattices as a
function of the angle γ and of the ratio η = λt/λc.

The plot in Fig. 3.11 describes the effective linear coefficient of thermal expansion

λL of eqn. (3.2), non-dimensionalized with respect to λc, as a function of the

parameter η and of the angle γ that determines the reference configuration of the

lattices. We note the possibility to have a negative coefficient in a wide interval

of ratios η and configurations γ, in particular the coefficient of thermal expansion

equal to zero λL = 0 when λt = λc/ cos
2 γ.
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Figure 3.12: Ratio between coefficient of thermal expansion η as a function of
γ, for which the effective coefficient of thermal expansion of the lattices is zero.

In Fig. 3.12 we show the ratio η = λt/λc as a function of the angle γ that

identifies the geometrical configuration of the lattices when the effective coefficient

of thermal expansion of the lattices is zero such a line is the threshold between

positive and negative domains of λL.

Material λL at 20oC (10−6K−1) λV at 20oC (10−6K−1)

Aluminium 23.1 69

Carbon steel 10.8 32.4

Concrete 12 36

Copper 17 51

Diamond 1 3

Glass 8.5 25.5

Gold 14 42

Invar 1.2 3.6

Iron 11.8 33.3

Lead 29 87

Nickel 13 39

Platinum 9 27

PVC 52 156

Quartz 0.33 1

Silicon 2.56 9

Sitall 0± 0.15 0± 0.45

Silver 18 54

Stainless steel 10.1 ∼ 17.3 51.9

Steel 11.0 ∼ 13.0 33.0 ∼ 39.0

Titanium 8.6 1114

YbGaGe 0 0

Zerodur ≈ 0.02

Table 3.1: Coefficients of thermal expansion of common materials
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If we consider that geometrically the minimum attainable values of γ are π/6, π/4

and π/3, for hexagonal, square and triangular lattice respectively, the minimum

values of η are 1.33̄, 2 and 4. Such ratio indicate that the two materials composing

the micro-structure can have coefficients of thermal expansion which differ of less

than one order of magnitude, in order to assure λL < 0, values perfectly attainable

by common materials. In particular hexagonal auxetic lattice allows the use of

materials with the smaller ratio η. Increasing the angle γ, to obtain an effective

negative coefficient of thermal expansion, we need to use two materials where the

difference between the coefficients of thermal expansion λc and λt is significant,

greater than 10 for γ > 0.4π.
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Figure 3.13: Effective coefficients of thermal expansion for lattices, made of
different couples of materials, as a function of the angle γ.

For completeness we introduce now in eqn. (3.7) some values of the coefficient of

thermal expansion typical of common materials, listed in Table 3.2. In Fig. 3.13

the effective linear coefficient of thermal expansion is given as a function of the

angle γ for different couples of materials characterized by different value of λc and
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λt. In the blue part of the graph (λL > 10−5) the lattices have λc > λt, in the

red one λc is lower than λt. When γ increases, the effective coefficient of thermal

expansion tends to λc, this is evident in particular beyond γ = 5π/12. On the

contrary for angles γ sufficiently close to γ = π/6 the effective coefficient of thermal

expansion strongly differs from the coefficients of the constituent materials.

As a conclusion we consider the three-dimensional lattice described in Chapter 2,

and shown in Fig. 3.14, the blue and red crossbeams have a coefficient of thermal

expansion λc and the green trusses have a coefficient of thermal expansion λt.

x
1

x
2

x
3

l
t

l
c

A B

Figure 3.14: Three-dimensional lattice with tunable coefficient of thermal
expansion, the blue and red crossbeams have a coefficient of thermal expansion

λc and the green trusses have a coefficient of thermal expansion λt.

The macroscopic thermal volume deformation of the lattice λV is

λV∆T =
V1 − V0
V0

=
3∆T

sin2 γ
(λc − λt cos

2 γ) +
3∆T 2

sin4 γ
(λ2c − 2λcλt cos

2 γ+

+ λ2t cos
4 γ) +

∆T 3

sin6 γ
(λ3c − 3λ2cλt cos

2 γ + 3λcλ
2
t cos

4 γ − λ3t cos
6 γ),

(3.8)

which to leading order in the small parameters λc∆T , λt∆T gives

λV = 3λL =
3

sin2 γ
(λc − λt cos

2 γ), (3.9)

which corresponds perfectly to the plane structure previously presented.
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3.3 The lattice with negative thermal expansion

Here we show experimental evidence that the micro-structured media with tunable

coefficient of thermal expansion can have negative thermal expansion. The actual

two-dimensional micro-structured lattice was realized with Y shaped elements in

two plane layers, the upper one in blue colour and the lower one in red, and with

shape memory alloys longitudinal springs (SMA). The Y shaped elements were ob-

tained, using an Engraving Machine (EGX-600 by Roland), from sheets of PMMA,

a polymeric material (PERSPEXr blue 727 and red 431 distributed from Bayer

AG), they are thick 4mm, with Young’s modulus E=3350MPa, Poisson’s ratio

ν = 0.35 and CTE= 56−66 ·10−6K−1 at 20oC. The SMA (NiTiCu) flat springs

from Kellogg’s research Lab (diameter 0.5mm, length 50mm, amplitude 20mm,

pitch 20mm at body transition temperature) were employed to amplify the effect

of the thermal expansion and they were connected to the hexagonal periodic net-

work via specially designed elements. The Y shaped elements are joined together

x

x

1

2

Low CTE ( )l
c

High CTE ( )l
t

Figure 3.15: Geometrical properties of the lattice, the blue and red crossbeams
have a coefficient of thermal expansion λc and the memory alloy longitudinal

springs have a coefficient of thermal expansion λt.

by hinges made up with two roller bearings (from MISUMI Europa GmbH) to

reduce the rotational friction, one hinge couples the red and the blue Y shaped

elements in their centre whereas other hinges are placed at the end of each arm to

join the different couples and the SMA springs. In Fig. 3.15 it is possible to see

in detail the geometrical properties of the lattice. The temperature of the lattice

was varied by keeping it in a temperature controlled environment consisting of a

metal tray with a transparent plastic cover, where the lattice was free to expand
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and contract. The source of heat was an hot plate controlled by a rugged and

reconfigurable control and monitoring system (NI CompactRIO) interfaced with a

system-design platform commonly used for data acquisition and instrument con-

trol (Labview2013-National Instruments). The temperature was simultaneously

measured by a resistance temperature detector (PT100). The temperature of the

environment was then increased gradually and linearly, see Fig. 3.16. The exper-
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Figure 3.16: Temperature of the experimental environment during the exper-
iment.

imental set-up, as shown in Fig. 3.16, was mounted on an optical table (made by

Technical Manufacturing Corporation) and equipped with four Gimbal P istonTM

air isolators to prevent spurious vibrations. The table was also monitored for

vibrations using Integrated electronic piezoelectric (IEPE) accelerometers (PCB

Piezotronics Inc., model 333B50). During the test, photos were taken with a

Low CTE ( )l!

High CTE ( )l"

Hot plate

Pt100 2D micro-structured lattice

Figure 3.17: Experimental set-up.



Chapter 3. Lattices with Negative Coefficient of Thermal Expansion 89

Sony digital camera (model NEX 5N equipped with 3.5-5.6/18-55 lens, optical

steady shot from Sony Corporation) and movies were recorded with a Sony cam-

corder (model HDR-XR550VE). The experiment, which confirms that the lattice

can show negative thermal expansion, was performed at the ‘Instabilities Lab’,

(http://www.ing.unitn.it/dims/ssmg/) of the University of Trento in collabora-

tion with Dr.Diego Misseroni. The micro-structured lattice subjected to a pos-

itive change of temperature shrinks, as it can be observed in Fig. 3.18, where

the yellow dashed square, whose vertices coincide with points of the lattice which

move macroscopically, identifies the initial configuration whereas the white dashed

square identifies the same points in the final configuration. We are now able to

T =55.74 °Cfin

T =19.97 °Cin

Figure 3.18: Lattice subjected to a positive change of temperature, yellow
dashed square identifies the initial configuration whereas the white dashed

square identifies the same points in the final configuration.

evaluate the coefficient of linear thermal expansion of the lattice, obtained with our

experiment. Observing the Fig. 3.19(a), the initial distance L0, for T = 19.97oC

between two points that move macroscopically, is L0 = 7.41cm. Increasing the

temperature up to the final value of T = 55.74oC the distance between the two

points decreases, and its final value becomes L1 = 6.91cm, see Fig. 3.19(b). The

resulting coefficient of linear thermal expansion results negative and its value is

λL = (L1 − L0)/(L0∆T ) = −0.001887 1/oC.
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Figure 3.19: Evaluation of the expansion of the lattice. a) Initial configuration
at T = 19.97oC (in yellow). b) Final configuration at T = 55.74oC in (blue).
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Conclusion

In this work a new family of auxetic lattices with negative Poisson’s ratio has been

proposed, in addition to the auxetic behaviour the lattices can be designed to pro-

vide a negative coefficient of thermal expansion. In literature there are not several

models that provide simultaneously these two counterintuitive properties. The

mechanical and thermal effective properties of the lattices depend on the proper-

ties of the single constituents and on the topology of the micro-structures. These

unusual properties are achievable for each topology provided that the constituent

materials are different. Two-dimensional hexagonal, square and triangular micro-

structures have been studied with Poisson’s ratio arbitrarily close to −1. The

triangular and hexagonal lattices show isotropic mechanical behaviour, whereas

the square plane lattice shows cubic behaviour, see Chapter 1. The basic idea of

the two-dimensional media has been extended to a three-dimensional cubic lattice

focusing in particular on the extreme values of the Poisson’s ratio, see Chapter 2,

its mechanical behaviour results cubic with global negative Poisson’s ratio arbi-

trarily close to −1. The lattice has been properly modified to ensure an isotropic

behaviour. In the plane case a complete analytical analysis of the static behaviour

has been performed and the effective mechanical and thermal properties have

been given in closed form, see Chapters 1 and 3, whereas the three-dimensional

micro-structured lattice has been studied numerically in regard to the mechani-

cal properties, because of the considerable complications involved, see Chapter 2,

and analytically in regard to the coefficient of thermal expansion, see Chapter 3.

Two experiments were realized to provide evidences which confirmed the theoret-

ical models, at the end of Chapter 1 the square lattice subjected to an axial load

confirm a Poisson’s ratio very close to -1, and at the end of Chapter 3 the hexag-

onal lattice subjected to a thermal load confirm a negative coefficient of thermal

expansion.
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Comparisons with classical honeycomb lattices show that the mechanical param-

eters and the geometry of our models can be set in order to have effective prop-

erties of the same order of magnitude without significant penalization in terms of

strength and stiffness, in particular when these two features are required, as in the

structural field, triangular and square lattices result to be more suitable than the

hexagonal one since they deforms mainly by axial deformation of cell walls rather

than by bending deformation. We remember that the properties studied here are

scale-independent so the lattices can be seen both as micro-structured media and

as frame structures, for this reason they can be used in several engineering fields:

bio-medic, structural, aeronautics, civil. Especially in the last three fields there

are quite direct applications since the design of the internal hinges is a problem

that has already been solved technologically, and different joint structures are al-

ready produced, moreover with the advent of 3D printing technology the capability

to create the proposed micro-structures at different scales open new and exciting

prospects in terms of possible technological applications. An interesting aspect

concerns the thermal behaviour, it is possible to reach strongly negative, null, or

positive coefficient of thermal expansion using conventional constituent materials

with positive thermal expansion, the macroscopic thermal expansion is not any-

more an intrinsic property of the material but it is correlated to the micro-structure

and to the ratio between the thermal coefficients of the constituent materials. This

allow for example to realize structure insensitive to temperature changes or with

a specific coefficient of thermal expansion depending on the application, without

no need to use special materials generally very expensive.



Appendix A

Application of the Principle of

Virtual Work.

A.1 Hexagonal lattice with longitudinal springs

Here the computation of the Principle of the Virtual Works is specified with ref-

erence to the hexagonal lattice with longitudinal springs schematized in Fig. A.1.
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F
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T

F
T

7

Figure A.1: Simplified hexagonal structure for the application of the Principle
of Virtual Work.

With the subscript 0 are indicated the internal actions (bending momentsM , axial

forces N and spring forces SL) of the equivalent statically determined (or isostatic)

system, obtained disconnecting two springs. With the subscript 1 are indicated

the internal actions of the equivalent statically determined (or isostatic) system,

93
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obtained disconnecting two springs and introducing two unitary forces to replace

them. In the Table A.1 are shown the internal actions of each beam.

Beam Axial force N Bending moment M

23 N0 =
(2 cos2 γ+1)FN−

√
3FT

sin γ M0 = 2FN cos γ x

N1 = −2 cos γ M1 = −2 sin γ x

34 N0 = FT cos γ + FN sin γ M0 = −FT sin γ x+ FN cos γ x

N1 = cos γ M1 = − sin γ x

37 N0 = −FT cos γ + FN sin γ M0 = −FT sin γ x− FN cos γ x

N1 = cos γ M1 = sin γ x

13 N0 =
FN cos 2γ+2FN−FT

√
3

sin γ M0 = 2FN cos γ x

N1 = −2 cos γ M1 = −2 sin γ x

36 N0 = −FT cos γ + FN sin γ M0 = −FT sin γ x− FN cos γ x

N1 = cos γ M1 = sin γ x

35 N0 = FT cos γ + FN sin γ M0 = −FT sin γ x+ FN cos γ x

N1 = cos γ M1 = − sin γ x

Spring force S

S0 =
−
√
3FT cos γ+3FN cos γ

sin γ S1 = −2

Table A.1: Internal actions in the hexagonal lattice.

The unknown X of eqn. (1.29) is

X = −
∑

beam

∫ p

0

(
M0

M1

EJ
+N0

N1

EA

)
ds+

∑
spring S

L
0

SL
1

kL/2∑
beam

∫ p

0

(
M1

M1

EJ
+N1

N1

EA

)
ds+

∑
spring S

L
1

SL
1

kL/2

=

=

(
FN −

√
3(1 + α1)

3 + 3α1 cos2 γ + α2 sin
2 γ
FT

)
cotgγ. (A.1)

The external applied forces FN , and FT are:

FT =
3

2

kLp
√
3 sin γ(sin2 γα2 + 3 cos2 γα1 + 3)(ε11 − ε22)

sin4 γα2
2 + 9 cos4 γα2

1 + 3(2 sin2 γ cos2 γ + 1)α1α2 + 3α2 + 9α1

, (A.2)

FN =
1

2

kLp sin γ(c1α
2
1 + c2α2α1 + c3α1 + c4α

2
2 + c5α2 + 3c6)ε11

c11α3
1 + c10α1α2

2 + c12α2
1α2 + c13α2

2 + c14α2
1 + c15α1α2 + 3c6α1 + c6α2

+

+
kp sin γ(c7α

2
1 + c8α1α2 + c9α1 + c4α

2
2 + 3c10α2 − 3c6)ε22

c11α3
1 + c10α1α2

2 + c12α2
1α2 + c13α2

2 + c14α2
1 + c15α1α2 + 3c6α1 + c6α2

,

(A.3)
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where:

c1 = 9(sin2 γ cos4 γ + cos2 γ), c2 = 6(1 + cos6 γ − 2 cos4 γ),

c3 = −9(sin2 γ cos2 γ − 2), c4 = sin6 γ,

c5 = −3(cos4 γ − 1), c6 = 3 cos2 γ,

c7 = 9(sin2 γ cos4 γ − cos2 γ), c8 = 6 sin4 γ cos2 γ,

c9 = −9(cos4 γ + cos2 γ), c10 = sin4 γ,

c11 = 9 cos4 γ, c12 = 3(2 sin2 γ cos2 γ + 1),

c13 = sin4 γ cos2 γ, c14 = 9(cos6 γ + 1),

c15 = 3(2 sin2 γ cos γ4 + cos γ2 + 1).

(A.4)

A.2 Triangular lattice with longitudinal springs

Here the computation of the Principle of the Virtual Works is specified with ref-

erence to the triangular lattice with longitudinal springs schematized in Fig. A.2.
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Figure A.2: Simplified triangular structure for the application of the Principle
of Virtual Work.

In the Table A.2 are shown the internal actions of each beam.
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Beam Axial force N Bending moment M

23 N0 =
(2 cos2 γ)FN+F

sin γ M0 = 2FN cos γ x

N1 = −2 cos γ M1 = −2 sin γ x

34 N0 = FT cos γ + FN sin γ M0 = −FT sin γ x+ FN cos γ x

N1 = cos γ M1 = − sin γ x

37 N0 = −FT cos γ + FN sin γ M0 = −FT sin γ x− FN cos γ x

N1 = cos γ M1 = sin γ x

13 N0 =
FN (cos 2γ+1)+F

sin γ M0 = 2FN cos γ x

N1 = −2 cos γ M1 = −2 sin γ x

36 N0 = −FT cos γ + FN sin γ M0 = −FT sin γ x− FN cos γ x

N1 = cos γ M1 = sin γ x

35 N0 = FT cos γ + FN sin γ M0 = −FT sin γ x+ FN cos γ x

N1 = cos γ M1 = − sin γ x

Spring force S

S0 =
F cos γ+2FN cos γ

sin γ S1 = −2

Table A.2: Internal actions in the triangular lattice.

The unknown X of eqn. (1.42) is:

X =
(3 cos2 γα1 − α1 + sin2γα2 + 2)FN + (1 + α1)F

sin2 γα2 + 3 cos2 γα1 + 3
cotgγ. (A.5)

The external applied forces FT , FN and F are:

FT =
3

4

kLp
√
3 sin γ(ε22 − ε11)

sin2 γα2 + 3 cos2 γα1

, (A.6)

FN =
kLp sin γ

4

(3c1α
2
1 + 3c2α1α2 + c3α1 + 3c4α2 + c1)ε11

α2α2
1 + 3c2α2

1 + 2c1α2α1 + c6α2 + 3c4α1

+

+
kLp sin γ

4

(−3c1α
2
1 + c2γα1α2 + c5α1 + c4α2 − c1)ε22

α2α2
1 + 3c2α2

1 + 2c1α2α1 + c6α2 + 3c4α1

,

(A.7)

F =
kLp sin γ

2

(3c1α
2
1 + 2c2α1α2 + c7α1 + 2c4α2 + 3c1)ε22

α2α2
1 + 3c2α2

1 + 2c1α2α1 + c6α2 + 3c4α1

−

− kLp sin γ

2

−3(c1α
2
1 + 2c1α1 + c1)ε11+

α2α2
1 + 3c2α2

1 + 2c1α2α1 + c6α2 + 3c4α1

,

(A.8)
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where:

c1 = cos2 γ, c2 = sin2 γ,

c3 = (9 cos4 γ − 12 cos2 γ + 9), c4 = sin2 γ cos2 γ,

c5 = 3(cos4 γ − 4 cos2 γ + 1), c6 = cos4 γ,

c7 = 6(cos4 γ + sin2 γ). (A.9)
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Data processing

The Poisson’s ratio values ν(ti, pj) in each of the 16 points pj, see Fig. B.1, and

for each of the 14 time instants ti are given in Table B.1 and Table B.2.

Points

ti 1 2 3 4 5 6 7 8

1 - - - - - - - -
2 -1,0043 -0,8905 -0,9531 -0,9419 -0,9945 -0,9863 -1,0600 -0,9100
3 -0,9841 -0,9847 -0,8904 -1,0549 -1,0501 -0,9951 -1,0248 -1,0103
4 -0,9920 -1,0198 -0,9564 -1,0375 -1,0473 -1,0034 -1,0707 -1,0457
5 -1,0247 -0,9928 -0,9260 -1,0272 -0,9921 -0,8506 -1,0021 -0,9567
6 -1,0513 -0,9397 -0,9686 -0,9675 -0,9230 -1,0659 -0,9901 -0,9932
7 -1,0022 -0,9189 -1,0226 -1,0048 -0,9875 -0,9281 -1,1420 -0,9345
8 -1,0011 -0,9820 -0,9495 -1,0619 -1,0239 -0,9960 -1,0637 -1,07459
9 -1,0281 -0,9724 -0,9639 -0,9831 -0,9691 -1,0639 -1,0141 -1,0100
10 -1,0361 -1,0083 -0,9301 -1,0554 -1,0184 -1,0563 -0,9722 -0,9692
11 -1,0122 -0,9858 -0,9838 -0,9904 -0,9778 -0,9405 -1,0284 -1,0186
12 -1,0014 -0,9833 -0,9944 -0,9959 -1,0028 -0,9675 -1,0349 -1,0321
13 -0,9898 -0,9878 -1,0012 -1,0280 -0,9670 -0,9786 -1,0130 -0,9531
14 -0,9778 -0,9455 -1,0221 -1,0548 -0,9531 -0,9489 -1,0305 -1,0371

Table B.1: Experimental Poisson’s ratio values ν(ti, pi) from point 1 to point
8.

In Table B.1 the values of ν(ti, pi) refer to the points from 1 to 8, whereas in Table

B.2 from 9 to 16. The time t1 represents the un-deformed configuration, before

the application of the load.
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Points

ti 9 10 11 12 13 14 15 16

1 - - - - - - - -
2 -1,0670 -1,0895 -1,0485 -0,9769 -1,0743 -1,0056 -0,9842 -0,9105
3 -0,9567 -1,0874 -1,0567 -1,0234 -1,0805 -0,9856 -0,9912 -0,9504
4 -0,9265 -1,0620 -1,0394 -0,9458 -1,0598 -0,9834 -0,9754 -0,8956
5 -0,9287 -0,9750 -1,0267 -1,0973 -1,0387 -1,0366 -0,9820 -0,8673
6 -0,8800 -1,0118 -1,0698 -0,9567 -0,9604 -1,0127 -0,9468 -0,9010
7 -1,0641 -0,9808 -0,9941 -0,9943 -0,9377 -0,9660 -0,9658 -0,8719
8 -0,9126 -0,9867 -1,0653 -0,9326 -0,9523 -1,0165 -0,9759 -0,9329
9 -0,9331 -0,9429 -1,0212 -0,9706 -0,9682 -0,9639 -1,0188 -0,9691
10 -0,9647 -0,9540 -1,0432 -1,0064 -0,9642 -0,9722 -0,9900 -0,9954
11 -0,9811 -0,9653 -1,0154 -0,9940 -0,9705 -0,9681 -1,0232 -0,9895
12 -0,9802 -0,9678 -1,0307 -0,9698 -0,9856 -1,0096 -0,9978 -0,9793
13 -0,9948 -0,9811 -1,0135 -0,9739 -0,9992 -1,0227 -0,9768 -0,9700
14 -1,0381 -0,9844 -1,0303 -0,9568 -1,0132 -1,0417 -0,9590 -0,9765

Table B.2: Experimental Poisson’s ratio values ν(ti, pi) from point 9 to point
16.

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

Figure B.1: 16 joint points of the lattice of which were calculated the dis-
placements.

The values of the sample mean of ν(ti, pj) at any time ti obtained from eqn. (1.73),

the sample standard deviation σν(ti) obtained from eqn. (1.74), the standard error

of the mean δν(ti) obtained from eqn. (1.75), and the weights ωi obtained from

eqn. (1.77), are shown in Table B.3.
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ti ν̄(ti) σν(ti) δν(ti) ωi

1 - - - -

2 -0.9936 0.0622 0.0155 4135,6102

3 -1.0079 0.0518 0.0130 5959.3943

4 -1.0038 0.0529 0.0132 5719.5737

5 -0.9828 0.0648 0.0162 3806.0803

6 -0.8648 0.4737 0.1184 71.3050

7 -0.9822 0.0627 0.0157 4067.5228

8 -0.9955 0.0522 0.0130 5877.6290

9 -0.9870 0.0351 0.0088 13006.6051

10 -0.9960 0.0381 0.0095 11037.8243

11 -0.9903 0.0242 0.0060 27429.2531

12 -0.9958 0.0222 0.0055 32555.4600

13 -0.9907 0.0212 0.0053 35475.0027

14 -0.9981 0.0389 0.0097 10598.0213

Table B.3: Statistic parameters: sample mean, sample standard deviation,
standard error and weights.
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