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1. Introduction

The famous Cantor—Bernstein—Schroder theorem of the set theory states that

“if a set X can be embedded into a set' Y and vice versa, then there
is a one-to-one function of X onto Y.

The history of this theorem is rather curious. The earliest record of the the-
orem might be a letter to Dedekind dated 5 november 1882 where Cantor
conjectured the theorem. Dedekind proved it in 1887 but did not publish it.
His proof was printed only in his collected works in 1932. Schréder proved the
theorem in 1894 but he published it in 1898 [39,40]. However Schroder’s proof
was defective. Korselt wrote to Schroder about the error in 1902 and few weeks
later he sent a proof of the theorem to the Mathematische Annalen. Korselt
paper appeared in 1911 [32]. Bernstein, a 19 years old Cantor student, proved
the theorem. His proof found its way to the public through Borel because Can-
tor showed the proof to Borel in the 1897 during the International Congress
of Mathematicians in Zirich. The Bernstein proof was published in 1898 in
the appendix of a Borel book [6] and in 1901 Bernstein’s thesis appeared with
his proof. Several years later, at the end of the forties, Sikorski [38] and inde-
pendently Tarski [44], showed that the CBS-theorem is a particular case of a
statement on o-complete Boolean algebras. Following this idea, several authors
have extended the Sikorski-Tarski version to classes of algebras more general
than Boolean algebras. Among these classes there are lattice ordered groups
[26], MV -algebras [12,14,24], orthomodular lattices [13], effect algebras [27],
pseudo effect algebras [16], pseudo MV-algebras [25], pseudo BCK-algebras
[34] and in general, algebras with an underlying lattice structure such that the
central elements of this lattice determine a direct decomposition of the algebra
[18]. It suggests that the CBS-theorem can be formulated in a common alge-
braic framework from which all the versions of the theorem mentioned above
stem.

In the present work we provide this general algebraic framework for the
CBS-theorem. It consists of a category A of algebras of the same type and a
presheaf, called congruences presheaf, acting on the congruence lattice of each
algebra of the category A.

In this perspective each congruences presheaf determinates a CBS type
theorem formulated in terms of the quotient algebras related to the congru-
ences involving by the presheaf. Moreover, conditions for the validity of the
CBS-theorem may be established in terms of properties that certain algebras
in A should satisfy with respect to the congruence presheaf. This framework
also yields new versions of the CBS-theorem, applied to several algebraic struc-
tures.

The paper is structured as follows. Section 2 contains generalities on
lattice theory, universal algebra and some technical results that are used in
subsequent sections. In Section 3 the crucial notion of congruences presheaf
is introduced and the abstract framework for the CBS-theorem is provided.
Quasi-cyclic groups are studied as an example of algebras satisfying the CBS-
theorem. In Section 4 a congruences presheaf related to factor congruences
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is introduced and a CBS-theorem with respect to this special presheaf is es-
tablished. A necessary and sufficient condition for the validity of the CBS-
theorem is given. Injective modules and divisible groups are studied as exam-
ples of algebras satisfying the CBS-theorem. A useful necessary and sufficient
condition for the validity of the CBS-theorem, restricted to this particular
congruences presheaf, is also provided. In Section 5 our abstract version of
the CBS-theorem is studied in categories of algebras having Boolean factor
congruences (BFC). This particular framework allows us to consider versions
of the theorem extended to algebras with an underlying lattice structure as
lattice ordered groups, orthomodular lattices, residuated lattices, Lukasiewicz
and Post algebras, semigroups with 0,1, bounded semilattices, commutative
pseudo BCK-algebras, rings with unity, *-rings etc. Finally, we extend our ab-
stract framework to two categories of algebras defined by partial operations.

2. Basic notions

We recall from [4,7,35] some basic notions about lattice theory and universal
algebra that play an important role in what follows. Let (L, <) be an ordered
set. An interval [a,b];, of L is defined as the set {z € A:a < z < b}. The
ordered set L is called bounded if it has a smallest element 0 and a greatest
element 1. Let L be a bounded ordered set. A subset X of L is orthogonal
(dual orthogonal) if and only if z Ay =0 (zVy = 1) whenever z,y are distinct
elements of X.

Let (L,V,A) be a lattice. If a < bin L then ([a, b]r, V, A, a,b) is a bounded
lattice. Given a,b,c in L, we write: (a,b,c)D if and only if (a Vb) Ac =
(anc)V (bAc) and (a,b,¢)D* if and only if (a Ab)Ve= (aVe)A(bVe).
Further, we write (a,b,¢)T if and ouly if (a,b,¢)D and (a,b,c)D* hold for
all permutations of a,b,c. An element z of the lattice L is called a neutral
element if and only if for all elements a,b € L we have (a, b, z)T. The lattice L
is o-complete if and only if L admits denumerable supremum and denumerable
infimum. In particular, L is said to be orthogonal o-complete (dual orthogonal
o-complete) if and only if every denumerable orthogonal (dual orthogonal)
subset of L has supremum (infimum) in L.

Let (L,V, A,0,1) be a bounded lattice. A complement of an element a € L
is an element —a € L such that a V -a = 1 and a A —a = 0. The lattice L is
called complemented when every element of L has a complement. In particular,
L is a Boolean algebra if and only if it is a complemented distributive lattice.
If L is a Boolean algebra then every element in L has a unique complement.
Let (L,V,A,0,1) be a bounded lattice. An element z € L is called a central
element if and only if z is a neutral element having a complement. The set of
all central elements of L is called the center of L and it is denoted by Z(L).
The center Z(L) is a Boolean sublattice of L [35, Theorem 4.15].

Proposition 2.1 [18, Proposition 3.1]. Let L be a bounded lattice and z € Z(L).
Then

(1) Z(L) N[z 1] = Z([2,1]1)-
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(2) If x € Z(|z,1]1) and —z is the complement of x in Z(L) then the com-
plement of x relative to [z,1]L is ~,x = 2V —x.
(3) (Z([#,1]L),V, A\, 7z, 2, 1) is a Boolean Algebra.

Proposition 2.2. Let A be Boolean algebra. Then A is orthogonal (dual orthog-
onal) o-complete if and only if A is o-complete.

Proof. Suppose that A is an orthogonal o-complete Boolean algebra and let
(zi)ien be a denumerable set in A. Let us consider the sequence (t;);en such
that t; = 21, to = —x1 A 2 and, in general, t,, = /\;:11 —xz; A z,. Note that
(ti)ien is an orthogonal set then, by hypothesis, there exists the supremum
t = V,enti- We will show that ¢t = \/, ;.

We first prove, by induction, that for each n € N, \/I_; z; = Vi, t;.
n = 2 then t; Vo = x1 V (-1 A xa) = 21 V 2. Let us assume that
Z;_ll t; = \/?:_11 x;. Then
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By the above result we can see that for each n € N,

n n
zn < \@i=\ti<t
i=1 i=1

Therefore ¢ is an upper bound of the set (z;);en. Let M be an upper bound
of the set (x;);en. Then for each n € N, /I, t; = \/I_; z; < M and then
t = Venti < M. It proves that ¢ = \/,.yx;. Hence A is a o-complete
Boolean algebra. By the dual argument we can prove that dual orthogonal
o-completeness also implies o-completeness.

The other direction of the proof is trivial. ]

Let 7 be a type of algebras and X be a denumerable set of variables such
that 7N X = (. We denote by Term.,(X) the set of terms built from the set of
variables X . Each element ¢ € Term(X) is referred as a 7-term. For a 7-term ¢
we often write t(x1, xa, ..., x,) to indicate that the variables occurring in ¢ are
among ri,Ta,...,T,. If t € Term,(X) and A is an algebra of type 7 then we
denote by t* the interpretation of ¢ in the algebra A. A T-homomorphism is a
function between algebras of type 7 that preserves the T-operations. We write
A =, B to indicate that there exists a 7T-isomorphism between the algebras
A and B of type 7. An equation of type 7 is an expression of the form s = ¢
such that s,¢ € Term,(X) and the symbol = is interpreted as the identity.
A quasi equation is an expression of the form (&} ,s; = t;) = s = t where
ti, Siy 8, t € Term,(X) and &?_; denotes a logical n-conjunction.

Let A be a class of algebras of type 7. The language of A is the first order
language with identity built from the set Term,(X). If ® is a sentence in the
language of A and A € A then A = ® means that ® holds in A. The sentence
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O holds in the class A, abbreviated as A |= @, if and only if for each A € A,
A E ®. If ¥ is a set of sentences in the language of A then A |= 3 means that
A |E ® for each ® € X. The class A is a variety (quasivariety) if and only if
there exists a set ¥ of equations (quasi equations) in the language of A such
that A = {A: A E X}. Equivalently, A is a variety if and only if it is closed
under homomorphic images, subalgebras and direct products. The class A is
a quasivariety if and only if A contains a trivial algebra and it is closed under
subalgebras, isomorphisms, direct products and ultraproducts. Let us notice
that a quasivariety is not necessarily closed under homomorphic images.

Let A be an algebra of type 7. We denote by Con(A) the congruence
lattice of A. The largest congruence on A, given by A2, is denoted by V4
and the smallest one, given by the diagonal {(a,a) : a € A}, is denoted by
A If f: A — B is a 7-homomorphism then the kernel congruence of f
(i.e. the congruence {(z,y) € A? : f(x) = f(y)}) is denoted by ker(f). For
a € Aand ¢ € Con(A), a;, denotes the congruence class of a modulo 6.
Let 61,02 € Con(A). Then we say that 61,0y are permutable if and only if
01 0605 = 05 0 61 where o is the relational product defined as 61 002 = {(z,y) €
A% Jw € A, with (z,w) € 0; and (w,y) € O2}. In [7, Theorem 5.9] it is proved
that the congruences 6, 05 are permutable if and only if #; V 05 = 07 0 65. Let
o € Con(A). If 0 € [0,V a4 then

0/o0 ={(z/,,y;,) € (A)o)?: (w,y) € 6} (2.1)
is a congruence on A/c. The following theorem plays an important role in the
next sections:

Theorem 2.3. Let A be an algebra of type T and o € Con(A). Then

(1) If o C 0 then f: (A)o)/(0/0) — (A/0) such that f((a;,);,,.,) = ay, is
a T-isomorphism.

(2) uo: [0, Valepna, — Con(A/o) such that us(0) = 0/ is a lattice isomor-
phism.

(3) If o C 01 and o C O, then (a,b) € 0y 0 0y if and only if (a;, b ) €
91/0 9 92/0’.

Proof. (1) See [7, Theorem 6.15]. (2) See [7, Theorem 6.20]. (3) (a,b) € 61 00
if and only if there exists ¢ € A such that (a,c) € 61 and (c,b) € 05 if and
only if (a,, ,c/,y € 01/0 and (c/,,b, ) € 02/0 if and only if (a,, b, ) €
01/c0by/0. O

A congruence 0 on A is a factor congruence if and only if there exists -6 €
Con(A), called a factor complement of 0, such that 0N =0 = A g, V-0 =V 4
and 0 permutes with =6 (or equivalently, by [7, Theorem 5.9], 6 N =6 = A4
and 0 o =0 = V4). In this case A is 7-isomorphic to A/6 x A/=6. The pair
(0,-0) is called a pair of factor congruences. We denote by FC(A) the set of
factor congruences on A.

Proposition 2.4. Let A be an algebra of type T, 0 € FC(A) and a congruence
0 €lo,Va] such that 0/c € FC(A/o). Then 6 € FC(A).

Con(A)
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Proof. Let us suppose that (o, —0) is a pair of factor congruences in FC(A)
and (0/0,—(0/0)) is a pair of factor congruences in FC(A /o). Then, by The-
orem 2.3(1), we have that

A=, Alo x A0 =, (A0)/(0)a) x (4/0)/~(6/0)) x A/~a
~ A/Ox B

where B = (A/o)/—(0/0) x A/—oc. Consider the diagram A ER A/ x B2 B
where f is a 7-isomorphism. Then (0, ker(wp f)) is a pair of factor congruences
on A proving that § € FC(A). O

Proposition 2.5. Let A be an algebra of type T and let us consider the denu-
merable direct product B = [[yA. Then there exists 0 € FC(B) such that
B>, BJo.

Proof. If we consider B = A x A, where A, = HieNf{l}A then
f:B — A, defined by B > (bi)ien = f((bi)ien) = (ai)i>2 where ag =
bi; a3 = by; ... apy1 = by; ..., is a 7-isomorphism. Thus, by considering

o= ker(ﬂAN,{l} ), we have that o € FC(B) and B =, B/o. O

Definition 2.6. A category of algebras is a category A whose objects are al-
gebras of type 7 and whose arrows are the 7-homomorphisms (also called
A-homomorphisms) f: A — B such that A, B are objects of A.

Let A be a category of algebras. We denote by Ob(A) the class of objects
of A and by Hom 4 the set of all A-homomorphisms. For the sake of simplicity
if A is an object of A then we write A € A when there is no confusion. If two
objects A, B € A are T-isomorphic, i.e. there exists a bijective map between
A and B that preserves T-operations, then we denote this fact by A =, B.
Note that if A is a class of algebras of type 7 then we can identify A with
a category of algebras by considering the 7-homomorphisms between algebras
of A as arrows of A. In this sense varieties and quasivarieties can be seen as
categories of algebras. A presheaf on a category C is a functor F: C°? — Set
where C°P is the dual category of C and Set is the category of all sets.

3. Presheaf approach to the CBS-theorem

In this section we provide an abstract formulation of the CBS-theorem that
captures the numerous algebraic versions of the theorem present in the litera-
ture. With this aim, we first analyze the Sikorski-Tarski version of the theorem
focusing our attention on the congruence lattice of a Boolean algebra.

Let A be a Boolean algebra and z € A. Then, by Proposition 2.1, we have
that ([z,1]4, V, A, ., 2, 1) is a Boolean algebra. In this way, the Sikorski-Tarski
version of the CBS-theorem reads as follows:

Theorem 3.1. Let A and B be o-complete Boolean algebras, a € A, and b € B.
If A is Boolean-isomorphic to [b,1]p and B is Boolean-isomorphic to [a,1] 4,
then A is Boolean-isomorphic to B.
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Clearly, to obtain the classical CBS-theorem it is sufficient to assume
that A and B are the power sets of two sets endowed with the natural set-
theoretic Boolean operations. Let us notice that the Boolean algebras [a,1]4
and [b, 1] are isomorphic to the quotient algebras A/, and B/} respectively,
where 0, = {(z,y) € A> : 2Va=yVa} € FC(A) and 0, = {(z,y) € B*:
xVb=yVb} € FC(B). Consequently, the hypothesis of o-completeness in A
and B can be equivalently expressed as o-completeness conditions in FC(A)
and FC(B) respectively. In this context we can also notice that the conditions
for the validity for CBS-theorem, extended to different classes of algebras [12,
13,16,18,24,25,26,27,34], can be expressed in terms of o-completeness type
conditions related to the set of factor congruences of the algebras.

Following this idea and in order to establish a general algebraic version
of CBS-theorem, our abstract framework for the CBS-theorem will consist
on a category of algebras A where for each A € A, instead of the set of
factor congruences, a subset IC(A) C Con(A) is considered. The set K(A)
will be uniformly determined in each algebra A € A through a presheaf. In
this perspective, in Sections 4 and 5 where the particular case K = FC(A) is
studied, we will show how order-theoretic properties imposed on the set /C(A)
allow us to establish conditions for the validity of the CBS-theorem formulated
in this abstract framework. In this way our abstract framework captures the
already known algebraic versions of the CBS-theorem.

The use of a presheaf defining the set (A) C Con(A) in each A € A is
very useful due to its contravariant character. Indeed, since our abstract for-
mulation of the CBS-theorem will be established in terms of properties related
to a set of congruences of an algebra then it will be necessary to express prop-
erties about homomorphic images of an algebra A € A in terms of properties
related to congruences that define the mentioned homomorphic images. This
task is performed by the presheaf K introduced in Definition 3.6. In particular,
for each A-homomorphism f: A — B, the application K(f): K(B) — K(A)
will be an order preserving map defined in terms of the function f* introduced
below.

Let A, B two algebras of type 7 and f: A — B be a 7-homomorphism.
Then we define the following sets:

5(0) = {(a,b) € A% : (f(a), f(b)) € 0}, for each 6 € Con(B). (3.1)
f.(0) = {(f(a), f(b)) € B®: (a,b) € A}, for each § € Con(A). (3.2)

Proposition 3.2. Let A, B be two algebras of type 7 and f: A — B be a 7-
homomorphism. Then we have:

(1) The assignment Con(B) > 6 — f*(0) defines an order homomorphism
f*: Con(B) — Con(A).

(2) (gf)* = f*g* whenever the composition of T-homomorphisms gf is de-
fined.

(3) 1% = Loon(a)-

(4) If f is a T-isomorphism then the assignment Con(A) 3 6 — f.(0) defines
an order isomorphism f.: Con(A) — Con(B) and f. = (f*)~' = (f~1)*.
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Moreover, f': A/§ — B/f.(0) such that f'(z,,) = f(z) is a T-
isomorphism.
(5) If f is a T-isomorphism and 01,05 € Con(A) are permutable then f.(01),
f«(02) are permutable in Con(B).

/ f4(0)

Proof. (1) Straightforward calculation.

(2) Let A L B4 Chea composition of 7-homomorphisms. Consider the
diagram Con(A) £ Con(B) £ Con(C). If # € Con(C) then f*g*(0) =
{(z.y) € A% : (f(a), f(b) € g*(O)} = L(z.9) € A% : (gf(a),qf(b)) €
0} = (gf)"(6). Hence (9f)" = f*g".

(3) Immediate.

(4) Let us assume that f is a 7-isomorphism. Then f. defines a bijective
function f.: Con(A) — Con(B). We first prove that f* f. = loon(a). Let
6 € Con(A). Then, (z,y) € f*f.(0) if and only if (f(x), f(y)) € f«(0)
if and only if (x,y) € 0. Therefore f*f, = lcon(a). Now we prove that
fof* = loon(s)- Let 6 € Con(B). Then (z,y) € f.f*(#) if and only if
there exists (zo,y0) € f*(0) such that f(x¢) = x and f(yo) = y. Since
(zo,90) € [*(0) if and only if (z,y) = (f(x0), f(yo)) € 6 then we have
that fif* = loon(p). Thus f. = (f~ L
Let f~! be the inverse of f and § € Con(A). Then, (z,y

B?if and only if (f~!(z), f~'(y)) € @ if and only if (ff~*(z), f
if and only if (z,y) € f.(0). It proves that f, = (f*)~' = (f~1)*.

Now we prove that f, is an order preserving function. Suppose that 6; C
05 in Con(A). Let (¢,d) € f«(61). Then (f=1(c), f~(d)) € 01 C 03 and (c,d) €
f«(62). Hence f.(01) C fi(62) and f. is an order isomorphism from Con(A)
onto Con(B).

We first prove that f’ is well defined. If z,, = y,, then we have that
(2.9) €0, (f(2), £(y)) € fu(8) and f(),) = (), o) = £5)),.000 = £'(070).
Thus, f" is well defined. If f'(z,,) = f'(y,,) then (f(z), f(y)) € f«(0) and
(z,y) € 0. Thus, x;, = y,, and f’ is injective. Now we prove that f’ is
surjective. Let y, ., € B/ f.(0). Since f is surjective then there exists x € A
such that f(z) =y. Thus, y,, , = f(2)/, , = f'(2/,) and f" is surjective.

Let t(z1 ...2,) € Term,(X). Then for a; ...a, € A we have that:

f’(tA/e(al/ea-"van/e)) = [t (a1, an) )
= f(t* a1, an))/, 0
=t%(f(a1),-.., fan))/,. 0,
_ tB/f*(e)(f(al)/f*(sw e flan)/; o)
= tB/5O (f'(ar),)s - f(any,)-

It proves that f’ preserves T-operations. Hence, [’ is a 7-isomorphism.

(5) Let us assume that 61,6, € Con(A) are permutable. Since f is a
T-isomorphism, each pair in f.(61) o f.(62) has the form (f(x), f(y)) where
x,y € A. Suppose that (f(z), f(y)) € fi(01) o f«(62). Then, by definition of
relational product, there exists w € A such that (f(x), f(w)) € f(61) and

)E(fH)(0) €
7)) € f.(0

~—
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(f(w),f(y)) € f(02> Thus (xaw) S 917 (U),y) € 02 and (.’ﬂ,y) S 01 o 92 -
02 0 01. It implies that there exists v € A such that (z,v) € 62 and (v,z) €
01; consequently (f(z), f(v)) € f.(02) and (f(v), f(x)) € f.(61). Therefore,
(f(z), f(y)) € f«(02) o f(01) and then f.(01), f.(f2) are permutable. O

Proposition 3.3. Let A be an algebra, o € Con(A) and the order isomorphism
U [0,Valou — Con(A/o) given by u(0) = 0/o. If pr A — Afo is the
natural homomorphism then p* = u_ !

o -

Proof. Let 0 € [0,V 4] Then, by Eq. (2.1), we have that

Con(A) "
p*(0/0) = {(z,y) € A*: (p(x),p(y)) € 0/0}

— {(@y) € A% (a),y,,) € 6/0)

={(z,y) € A%: (z,y) €0} =0 =u""(0/0).

Hence our claim. O

Definition 3.4. Let A be a category of algebras. A congruences operator over
A is a class operator of the form A > A — K(A) C Con(A) such that,
(1) Ax € K(A).
(2) For each 0 € K(A), Ajo € A.
(3) If f: A— B is a A-isomorphism then the restriction f*[x(p): K(B) —
KC(A) is an order isomorphism.

Proposition 3.5. Let A be a category of algebras and KC be a congruences op-
erator over A. Let us define the class

Hom 4, = {A L Be Hom 4 : [ is surjective and ker(f) € K(A)}.  (3.3)
Then the following statements are equivalent:

(1) Ax = (Ob(A), Hom 4,.) is a category and, by defining K(f) = f*[x(B)
for each A L Be Hom .., K: Ax — Set is a presheaf.

(2) For each A € A and 0 € K(A), if p: A — AJo is the natural A-
homomorphism then the restriction p*[x(a/0) is an order isomorphism
from K(A/c) onto K(A) N[0,V 4]

(3) 0 e K(A)N[o,V 4]
o€ K(A).

Con(A) "

if and only if /o € K(A/o), for all A € A and

Con(A)

Proof. 1 = 2. Let us suppose that Ax is a category and K: Ax — Set is
a presheaf. Let A € A, 0 € Con(A) and p: A — A/o be the natural A-
homomorphism. Note that Imag(p*[i(a/0)) = Imag(K(p)) € K(A) because
K is a presheaf. Then, by Proposition 3.3, p*[i(a/s) is an injective order
homomorphism of the form p*[x(a/0): K(A/0) — K(A) N[0, Valynn- We
want to prove that p*[x(a/0) is a surjective map. With this aim we need to
show that if 0 € K(A) N[0, Val,, ., then 0/c € K(A/o). Indeed, by Theo-
rem 2.3(1), A/0 =4 (A/o)/(6/0) and therefore the natural A-homomorphism
AJo — (AJo)/(0/c) can be identified with the Ax-homomorphism g: A/oc —
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A/0 such that g(x, ) = x,,. By hypothesis we have that K(g) = g" [k (a/6):
K(A/0) — K(A/o) and A,y € K(A/0). Then

K(A/o) > g"(Aase) = g"(0/0)

={(z/,.y5,) € (A)o)?: (g(x},),9(y,,)) € 0/6}
={(z0,y0) € (A)0)?: (2/,,y),) € 0/}
(

={(2/,.9.) € (4/0)* : (w,y) € 0}
=0/o

ie., 0/c € K(A/o). Thus, by Proposition 3.3, if 0 € K(A) N [0,Valc.,
then /0 € K(A/0). Therefore, [K(p)](8/c) = p*(6/0) = 6 and consequently
D"k (4/0) is surjective. Hence our claim.

2 = 3. Immediate form Proposition 3.3.

3 = 1. We first note that for each A € A, 14 € Hom, because
A, € K(A). Now we prove that the class Hom 4, is closed under compositions.
Let Ae K,0 € K(A), /0 € K(A/o) and let us consider the following diagram
AP Al BB (A)o)/(8)0) in Hom s, where p; and py are two natural A-
homomorphisms. By Theorem 2.3(1) we have (A/0)/(0/0) =4 A/O and, by
hypothesis, § € K(A). Then the composition pep; € Hom 4, and it proves
that Hom 4,. is closed under compositions. Hence Ay defines a category. Now
we show that K: Ax — Set is a presheaf. Let f: A — B € Hom 4,.. We first
show that K(f) = f*[x(p) is a function of the form K(f) = K(B) — K(A).
Let us notice that f admits the following factorization in A

f
A — B
P :/;

Alo

where o = ker(f) € K(A), p is the natural A-homomorphism and g is a
A-isomorphism. By hypothesis and by Theorem 2.3, p*: K(A4/0) — K(4) N
[0,V 4] ¢oncay 18 an order isomorphism and g*[x(p): K(B) — K(A/0) is an
order isomorphism because g is a A-isomorphism. Thus, by Proposition 3.2(2),
f* = (gp)* = p*g" and then f*[x(p) is an order homomorphism from K(B)
onto K(A). By Proposition 3.2 we also note that X is a contravariant functor.
Hence K: Ax — Set is a presheaf. O

Definition 3.6. Let A be a category of algebras. A congruences operator K
over A satisfying the equivalent conditions listed in Proposition 3.5 is called a
congruences presheaf.

If we focus our attention on the item 3 of Proposition 3.5 we can notice
that the condition for a congruences operator to be a congruences presheaf
is a generalization of the fact that Z(L) N [z,1]r = Z([z,1]r) where L is a
bounded lattice and z € Z(L). This result (or the equivalent dual version),
introduced in Proposition 2.1, turns out to be crucial in the proof of several

Journal: 12 Article No.: 590 (] TYPESET [ DISK [JLE [] CP Disp.:2019/3/22 Pages: 29




Author Proof

394
395
396

397
398
399
400
401
402

403
404
405

407
408
409
410
411
412
413
414
415
416
417
418

419
420

421

422

423

424
425
426
427
428

429
430
431
432
433
434

435
436

The Cantor—Bernstein—Schroder theorem Page 11 of 29 _#iHHt_

algebraic versions of the CBS-theorem (see for example [16, Proposition 2.8,
Proposition 6.2], [18, Proposition 3.4, Theorem 3.7], [34, Lemma 3.2, Lema
4.2] etc.).

Example 3.7 [Presheaf Con]. Let A be a category of algebras closed under
homomorphic images. Let us define the class operator A 5 A — Con(A). It
is not difficult to show that Con is a congruences operator and that Hom .,
is the class of surjective A-homomorphisms. Thus Ace, is a category. If we
define Con(f) = f* then, by Proposition 3.2, Con is a congruences presheaf.
In particular Con is a congruences presheaf over varieties of algebras.

Example 3.8. Let A be a quasivariety. For each A € A, let us consider the
set of relative congruences of A, Rel(A) = {6 € Con(A): A/0 € A}. Let
us define the class operator A 3 A +— Rel(A). It is not difficult to prove
that Rel(—) is a congruences operator and that Agre = (Ob(A), Hom a,,,) is a
category. We shall prove that if f: A — B € Hom a,,_, then Imag(f*) C Rel(A)
which is equivalent to prove that if f: A — B € Hom 4, then, for each 6 €
Rel(B), A/f*(0) € A. Indeed: Let us consider a quasi equation (&7 ,r;(T) =
$;(T)) = r(T) = s(T) holding in A where T is a vector of k variables. Let
.., beavector of k elements of the algebra A/f*(6) such that A/f*(0) =
&iari(@y . ) = si(ay,. ). Thus, by definition of f* in Eq. (3.1), we have
that (f(si(@)), f(r:i(@))) = (si(f(@)),r:(f(@))) € 6 for 1 < i < n and then
B/0 = & ri(f(@))), = sl( (@)),,- Since B/# € A and the quasi equation
holds mA B/0 = s(f(a)),, = r(f(@)),,. It implies that (f(s(@)), f(r(a))) € 0
and then (s(a),r(@)) € f*( ) Hence A/f*(0) | r(a),.,) = s(@;.) It
proves that A/f*(#) € A and, by Proposition 3.2, Rel(—) is a congruences
presheaf.

Proposition 3.9. Let A be a category of algebras, K be a congruences presheaf
and A€ A. If o € K(A), 6 € K(A)N [0,V 4] and A =4 A/0 then there
exists 0 € KK(A/o) such that A= (A/o)/0".

Proof. Since 6 € K(A) N [0,V ale,ua» by Proposition 3.5(3), ' = 0/0 €
K(A/o). Then, by Theorem 2.3(1), (A/0)/0' = (A/o)/(0/c) 24 A/ = A. O

Con(A)

Definition 3.10. Let A be a category of algebras and K be a congruences
presheaf. An algebra A € A has the Cantor-Bernstein—Schréder property with
respect to K (CBS-property for short) if and only if the following holds: given
B € A and 0 € K(B) such that there is 04 € K(A) with A =4 B/0p and
B4 A/04 then A >4 B.

As we will see in Example 5.4, in the above definition if we assume that
A is the variety of Boolean algebras and the congruences presheaf IC satisfies
K(A) = FC(A) for each A € A then the CBSi-property, attributed to a
Boolean algebra, rephrases the Sikorski-Tarski version of the CBS-theorem
when the o-completeness is considered in FC(A). A very useful equivalence of
the CBSx-property is given by the following theorem.

Theorem 3.11. Let A be a category of algebras and let KC be a congruences
presheaf. Then the following conditions are equivalent for each A € A:
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(1) A has the CBS-property.
(2) If 0 € K(A) and A =4 A/0 then for all 0 € K(A) such that o C 6 we
have that A =4 A/o.

Proof. 1 = 2. Let 0,0 € K(A) such that 0 C 6 and A =4 A/0. Let B =
A/o. Note that 6 € K(A) N[0, Valg,, ., then, by Proposition 3.9, there exists
0p € K(A/o) = K(B) such that A 24 B/0p. Since A has the CBSc-property
we have that A >4 B=A/o.

2= 1.Let Be A, 04 € K(A) and o € K(B). Suppose that there
exist two A-isomorphisms f: A — B/og and g: B — A/o4.

By Proposition 3.2(4), we have that g.(ocp) € K(A/o4) and there exists
a A-isomorphism ¢': B/op — (A/o4)/g«(0p). Let us consider the following
composition of A-isomorphisms:

AL Blop & (Afoa)/g.(08). (3.4)

Note that g.(op) = 0/0 4 for some 6 € Con(A) and, by Proposition 3.5(3), 6 €
K(A) N[04, Valgna - Thus, by Theorem 2.3(1), (A/oa)/g-(0p) = (A/oa)/
(0/04) =24 A/0 and the diagram of A-isomorphisms given in Eq. (3.4) can be
seen as

AL Blog L A

Therefore A =4 A/0 where 6 € K(A) N[04, Vg, Since o4 C 0, by
hypothesis, A 24 A/os =4 B. Hence A has the CBSx-property. O

Remark 3.12. Let us notice that, by condition 2 of Theorem 3.11, if there
are not 6 € K(A) such that A =4 A/6 then the algebra A trivially has the
CBS-property. Then we say that A satisfies the CBS-property in a non

trivial way whenever this property is satisfied and there exists § € K(A) such
that A 224 A/6.

We conclude this section with a concrete example showing our abstract
framework for the CBS-theorem formulated in terms of the congruence presheaf
Con introduced in Example 3.7.

Example 3.13 (Pseudo-simple algebras). An algebra A is called pseudo-simple
[37] if and only if Card(A) > 1 and for every o € Con(A) — {Va}, A/o = A.
Let A be a category of algebras closed under homomorphic images and let us
consider the congruences presheaf Con. Then, by Theorem 3.11, pseudo-simple
algebras of A satisfy the CBScon-property.

Concrete examples of these algebras can be found in the variety Grp of
groups. Indeed, a quasi-cyclic group is an Abelian group which is isomorphic
to Z(p*°) for some prime number p. They are pseudo-simple algebras in Grp.
In this way quasi-cyclic groups have the CBS con-property.

Journal: 12 Article No.: 590 (] TYPESET [ DISK [JLE [] CP Disp.:2019/3/22 Pages: 29




Author Proof

474

475
476
477
478

479
480

481
482
483
484
485
486

492
493

494

495
496

497
498
499

500
501
502
503
504
505
506
507
508
509
510
511

512
513
514

The Cantor—Bernstein—Schroder theorem Page 13 of 29 _#iHt_

4. Factor congruences presheaves

In this section we introduce and study a special case of congruences presheaf
that allow us to formulate versions of the CBS-theorem based on factor con-
gruences. In this particular framework necessary and sufficient conditions for
the validity of CBS-theorem are established.

Definition 4.1. Let A be a category of algebras. A factor congruences presheaf
is a congruences presheaf IC such that for each A € A,
(1) K(4) C FC(A).
(2) For each 6 € KC(A) there exists =0 € K(A), such that (0, —-6) is a pair of
factor congruences on A.
(3) If o € K(A), 0 € K(A) N [0,Valynn and (0,-0) is a pair of factor
congruences in C(A) then (6/0, (-0Vo)/0o) is a pair of factor congruences

in C(A/0).

By item 2 of the above definition, V4 € IC(A) because Ay € K(A) and,
by Proposition 3.5, the following result is immediate.

Proposition 4.2. Let A be a category of algebras and K be a factor congruences
presheaf. Let A€ K, 0 € K(A), 0 € K(A) N[0, Valg,,. and (0,-0) be a pair
of factor congruences in K(A). Then =0V o € K(A) N [0,V 4]

Con(A) "

Let A be a category of algebras such that for each A € A and o € FC(A),
A/o € A. Then, by Proposition 3.2(5), it is immediate that the class operator

A3 A FC(A) (4.1)

is a congruence operator. The following proposition provides a sufficient con-
dition for FC to be a congruences presheaf.

Proposition 4.3. Let A be a category of algebras such that for each A € A and
o € FC(A), AJo € A. If A is congruence modular or congruence permutable
then FC is a congruences presheaf.

Proof. Let us assume that A is congruence modular. Let A € A, o € FC(A)
0 € FC(A)N [0, V4l a, and (6, —0) be a pair of factor congruences in FC(A)
We first prove that (8/c, =0V o /o) is a pair of factor congruences in FC(A/0)
By modularity § N (cV —0) = oV (6N —0) = 0V Ay = o because o C 6.
Then, by Theorem 2.3(2), /0 N(=0Vo)/0c = A4/, We also note that V4 =
fo—0 C 0o (=0V o). Then, by Theorem 2.3(3), 0/c o (=0 V o)/ =V 4/,.
Thus, (0/0, (=0 V o)/o) is a pair of factor congruences on A/c and 0/0 €
FC(A/o). Now if we suppose that 8/0 € FC(A/o) then, by Proposition 2.4,
0 € FC(A). Hence, by Proposition 3.5, FC is a factor congruences presheaf.
Let us notice that if A is a category of congruence permutable algebras then,
by the Birkhoff theorem (see [7, Proposition 5.10]), A is congruence modular.
Hence our claim. O

)

Example 4.4 [CBSgc-property: injective modules and divisible groups]. Let
Modp be the variety of modules over the ring R and A4b be the variety of
Abelian groups. Let us notice that divisible groups are the injective objects in
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Ab. We will denote by A both the varieties Modg and Ab. In the variety A,
the notions of finite direct sum and finite direct product coincide. Thus, for
each A € A, (FC(A), C) is order reverse isomorphic to the set of direct factor
subalgebras of A denoted by (DF(A),C). It is well known that A is a con-
gruence permutable variety and then, by Proposition 4.3, FC is a congruences
presheaf.

Let A be an injective object in 4. We shall prove that A has the CBS p¢-
property. In order to do this, by Theorem 3.11, we have to show that: for
I,K € DF(A) such that I is a subalgebra of K, if A =4 I then A 24 K.

Indeed, let f: I — A be a A-isomorphism. Since A is an injective object,
there exists a A-homomoprhism ¢g: K — A such that the following diagram
commutes

f
I — A
] E/’

K

Let us notice that the composition gl; is an injective .A-homomoprhism.

F K 1
Thus, if we consider the following composition K ~— [ ] A, by com-

mutativity of the above diagram, we have that A O K > x = f(f_l(ac)) =

K 1
gl7(f~1(x)). It proves that the diagram K ~»— [ 2 K is the identity

1k . Therefore, gl; is also a surjective A-homomoprhism and I =4 K. Hence
A =4 K and A has the CBSgc-property. Since A is an injective object then
the denumerable direct product B = [[ 4 is injective in A. Thus, by Propo-
sition 2.5, there exists o € FC(B) such that B =4 B/c. In this way B satisfies
the CBSwc-property in a non trivial way.

Now we study a necessary a sufficient condition for the validity of the
CBS-property with respect to a factor congruences presheaf.

Let A be a category of algebras and K be a factor congruences presheaf.
Let A € A, 0 € K(A) and let us suppose that there exists a A-isomorphism
f+ A — A/6. By Theorem 2. 3( ) and Proposition 3.2(4) let us consider the
(V, A, C)-isomorphism f= Uy Ly, ie.,

FiK(A) L K(AJ0) " K(A) N[0,V Lo (1.2)
If 0 € K(A) such that o C 0 then we define the following set:

(o) ={C € [Aa,b]c,,u NK(A) : AJo =4 A/CY. (4.3)
If ¢ € (0)p then we recursively define the following sequences of congruences:

oo =1Ax,

o1 =¢, 01 = fi(oo) =0/8,

oo =uy ' (01) =0, 0o = fi(o1),

o3 = ug ' (62) 03 = fi(o2),
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Opi1 = ue_l(ﬁn) , Ont1 = fulon). (4.4)
Let us notice that, by Eq. (4.2), (0)nen is a sequence in K(A).

Proposition 4.5. Let A be a category of algebras, KC be a factor congruences
presheaf, A € A and 0 € IC(A) such that there ezists a A-isomorphism f: A —
A/0. Let us consider the sequence (op)nen in K(A) given in Eq. (4.4). Then:

(1) f(on) = onge,
(2) (0n)nen is an increasing sequence in KC(A). In particular, if Aa < ¢ then
(0n)nen is strictly increasing.

Proof. (1) If k > 2 then oy = uy ' (0x—1) = uy ' fu(op—2) = f(og_2). Thus, if
k = n + 2 then we have that f(an) = Opio.

(2) Suppose that o = Ay = ¢ = o7. Then it is not very hard to see
that o, = 0 for n > 2. Thus (0,)nen is an increasing sequence in IC(A). Let
us assume that 0g = Ay < ( = 01. By induction, let us assume that o; < 0
whenever 1 < i < j < n. Since the function f is an order isomorphism and
n > 2, by item 1, we have that o, = f(0n_2) < f(0n_1) = Opy1. Hence
(0n)nen is strictly increasing. O

Definition 4.6. Let A be a category of algebras, K be a factor congruences
presheaf, A € A and 0 € IC(A) such that there exists a A-isomorphism f: A —
A/0. Let us consider the sequence (0, )nen in K(A) given in Eq. (4.4). Then a
CBS-sequence is a sequence of the form (o2, V =02,41)n>0 such that

(1) =0y = =¢ = f1(=f(¢)) where (F(¢),~f(C)) is a pair of factor congru-
ences in K(A).

(2) mo2p43 = f(m02m41) for n > 1.

Let us note that (¢, () is a pair of factor congruences because f preserves
order and permutability in view of Proposition 3.2(5).

Proposition 4.7. Let A be a category of algebras, KC be a factor congruences
presheaf, A € A and 0 € IC(A) such that there ezists a A-isomorphism f: A —
A/6. Let us consider the sequence (op)nen in K(A) given in Eq. (4.4) and a
CBS-sequence (0an, V —02541)n>0- Then:

(1) o2n41V —02n41 = Va.

(2) (020 V 202n41)n>0 is a dual orthogonal sequence in IC(A).

(3) f(02n V ~02m11) = Tanya V ~Ganss forn > 0.
Proof. (1) By definition of CBS-sequence, (o1, —071) is a pair of factor congru-
ences in KC(A) and then o1V =01 = V 4. Since f is an order isomorphism, if n >

0 and 0g(n—1)41 V 702(m-1)+1 = Va then Va = f(o2(n—1)41 V 02(n-1)41) =

f(UQ(n—1)+1) \ f(_‘(72(n—1)+1) = 02(n-1)+3 ¥V 702(n—1)+3 = O2n41 V 702p41.
(2) By Proposition 4.5(2), for each natural number n we have that o, <

02n+1 and then 02,11 € K(A)N[o2n, Val s, - Thus, by Definition 4.1(3) and

Proposition 4.2, o9, V =02,4+1 € K(A). In this way, (o9 V —o1,02V —03,...) =
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(02n V 702n41)n>0 is & sequence in K(A). Suppose that m < n. Since (0, )nen
is an increasing sequence, g9, > 02,41 then, by item 1, we have that

(02m V 702m41) V (02n V 202541) = 02m V (702m41 V O2mt1) V 702541

=02m VVaV 02,401 = V4.

Hence (025, V =02n4+1)n>0 is a dual orthogonal sequence in K(A).
(3) Since f is an order isomorphism, by Proposition 4.5(1), f(ozn Vv
~03n41) = (020) V f(m02041) = Oansa V 02 3. U
In what follows, the infimum in K(A) of a family (0;):cr of K(A), if it
exists, will be denoted by ﬂfe(f) 0y, to distinguish it from the infimum (1, 0;
in Con(A), which does not necessarily belong to K(A).

Definition 4.8. Let A be a category of algebras and K be a factor congruences
presheaf. An algebra A € A is called CBSx-complete if and only if for all
A-isomorphism f: A — A/6, where 6 € K(A), and for all 0 € K£(A) such that
o C 0, there exists ¢ € (0)p and a CBS-sequence (02, V 7025,41)n>0 satisfying
the following conditions:

(1) o¢ = M7 (020 V ~02041) exists.
(2) There exists —o¢ € K(A) such that (o¢,—0¢) and (=¢ No¢,V —o¢) are
two pairs of factor congruences in K(A).

Theorem 4.9. Let A be a category of algebras, K be a factor congruences
presheaf and A € A. Then the following conditions are equivalent:

(1) A is CBSk-complete.

(2) A has the CBS-property.

Proof. (1) = (2). Let us assume that A is CBSx-complete. Let 0,0 € K(A)
such that ¢ C 6 and f: A — A/6 be a A-isomorphism. By Theorem 3.11
we shall prove that A =24 A/o. Let us suppose that (2, V =02,41)n>0 is &
CBS-sequence satisfying the conditions introduced in Definition 4.8.

By hypothesis o, = ﬂf&;‘) (020 V—o2n41) € K(A)N[C, Vg, s, - Further,
there exists —o¢ € K(A) such that (¢, —0o¢) and (=¢ N o,V —o¢) are two
pairs of factor congruences in KC(A). If we define x = ~(No¢ and —x = -0 V¢
then

A2 A/-x x A/x. (4.5)

Since o¢ € K(A) N[¢, Valeona,» by Proposition 4.2 and by hypothesis,

we have that

AJC=a Af(moc V() x Afog
=A/-x x Ajoc. (4.6)
Since f«(x) € K(A/6), by Theorem 3.5(3), there exists a congruence p

in K(A) N[0, Ve, s such that f.(x) = p/0. Therefore, f(x) = ug" fi(x) =
uy ' (p/0) = p and, by Proposition 3.2(4), we have that

A/X ZA (A)9)/F.(x) = (A/6)/(p/8) =4 Alp = A/ F(x). (4.7)
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Since f: K(A) — K(A) N[0,V 4]
tion 4.6, we have that

f(x) = flocn=¢)

is a (V, A, C)-isomorphism, by Defini-

Con(A)

= FY (020 V =02041)) 0 F(20)

(|_|n>1 (02n V =02041)) N F(F7H(=F(0))

= (82 (0an V =02n11)) O F(BAV FTH(F(Q)

= FTY (020 V =02041)) 0 (F(AL) V F(FTH(F(0)))
= I_I,I,fg)(@nm V =02n13) N (0 V =£(Q))
= MY (G2n42 V ~02045) N1 (02 V ~03)

= Hfﬁ?)(a% V 02n41)
¢ (4.8)
Therefore, by Eqs. (4.7) and (4.8), A/x =4 A/o¢. Then, by Eq. (4.6), A/¢ =4
A/—x x A/x and, by equation Eq. (4.5), A 24 A/ =4 A/o since ¢ € (o).
Hence A has the CBS-property.

(2) = (1). Let us assume that A has the CBSi-property. Let f: A —
A/6 be a A-isomorphism where 6 € K(A), and o € [Ay, 0], 4 NK(A). Then,
by hypothesis, A/A4 =4 A4 AJo and Ay € (0)g (see Eq. (4.3)). Thus, we
consider the sequence (0, )nen given by

Q

JO:AA7
:AA) elzf*(o-O):e/Ha
oy =uy ' (61) =0, 02 = fu(o1) = fu(Aa) =0/0,
0’3:’u0 (6‘2):9 93=f*(02),
on“:ugl(Gn), On+1 = fu(on).

By induction, we show that og,, = 09,41 for all n > 1. Indeed o5 = 03 = /0.
Let us suppose that o9 = o9;+1. Then

Tty = Uy (O2ri1) = uy ' fi(o2k)

~ ua_lf* (O'Qk-&-l) = u0_1(02(k+1))

= 02(k+1)+1-
In this way, (02, V 02n+1)n>1 = (Va4,Va,Va,...) and consequently oa, =
[_]fg)(ogn V =09n+1) = Va. Hence A is CBS-complete. O

In the rest of the section we study a special framework for the CBS-
theorem based on congruences presheaves defined by sets of factor congru-
ences with a Boolean structure. For this aim we first introduce the following
definition.
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Definition 4.10. Let A be a category of algebras. A Boolean factor congru-
ences presheaf is a factor congruences presheaf I such that, for each A € A,
(K(A),V,N,—, A4,V 4) is a Boolean sublattice of Con(A) where — is the factor
complement.

By Proposition 2.1(2) and by item 3 of Definition 4.1 we can see that for
each o € K(A), the Boolean structure of K(A/o) is given by

(K(A/0),V,0, 7, A,V ase) Where =(8/0) = (—o0)/o.  (4.9)

The following proposition allows us to provide examples of Boolean factor
congruences presheaves from the centers of the congruence lattices of algebras
in a category of algebras.

Proposition 4.11. Let A be a category of algebras such that for each A € A
and o € Z(Con(A)), AJo € A. Then the class operator A > A+ Z(Con(A))
is a congruences operator over A and the following statements are equivalent:

(1) Z(Con(—)) is a Boolean factor congruences presheaf.
(2) For each A € A, and 0 € Z(Con(A)), 0 o =0 = V4 where =0 is the
Boolean complement of 0 in Z(Con(A)).

Proof. By Proposition 3.2 it is immediate to see that Z(Con(—)) is a congru-
ences operator over A.

1 = 2. Let us assume that Z(Con(—)) is a Boolean factor congruences
presheaf. Then, for each A € A, Z(Con(A4)) € FC(A). Since Z(Con(A)) is
a Boolean algebra, the complement of an element in Z(Con(A)) is unique.
Consequently, by condition 2 of Definition 4.1, for each § € Z(Con(A)) we
have that 0 o =0 = V 4.

2 = 1. Let us assume that for each § € Z(Con(A)), # o =60 = V 4. Then
Z(Con(A)) C FC(A) for each A € A. Let 0 € Z(Con(A)). By Proposition 2.1
and Proposition 2.3(2) we have that 0 € [0, V], 4, NZ(Con(A)) if and only if
0 € Z(lo,V 4]) if and only if /0 in Z(Con(A/0)). Thus, by Proposition 3.5(3),
Z(Con(—)) is a congruences presheaf. Hence our claim. O

Example 4.12. Let A be a congruence permutable variety. Let us notice that for
each A € Aand 8 € Z(Con(A)), N=0 = A4 and fo—0 = V-0 = V 4 because
of the permutability of . Then Z(Con(A)) € FC(A) and, by Proposition 4.11,
Z(Con(—)) is a Boolean factor congruences presheaf.

Example 4.13. Let A be an arithmetical variety i.e., A is a congruence dis-
tributive and congruence permutable variety. By Example 4.12, for each A €
A, Z(Con(A)) € FC(A) and Z(Con(—)) is a Boolean factor congruences
presheaf. Since A is congruence distributive, FC(A) is a Boolean sublattice
of Con(A) and then FC(A) C Z(Con(A)). Thus Z(Con(A)) = FC(A). In this
way FC(—) = Z(Con(—)) is a Boolean factor congruences presheaf. Other in-
teresting categories of algebras in which FC(—) = Z(Con(—)) is a Boolean
factor congruences presheaf are discriminator varieties since they are arith-
metical varieties.

Theorem 4.14. Let A be a category of algebras and K be a Boolean factor
congruences presheaf. Then the following conditions are equivalent:
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(1) A has the CBS-property.
(2) For each A-isomorphism f: A — AJ0, where 0 € K(A), and for each

0 € [A4, 0] pnny NK(A) there exists ¢ € (0)g and a CBS-sequence (02, V
“09n+41)n>0 (see Definition 4.6) such that o, = Hfgll) (o2n V —02541)
erists. B

Proof. Since for each A € A, K(A) is a Boolean sublattice of Con(A), for all
¢,0 € K(A) we have that (-( No,~(=(No)) = (-¢(No,{V o) is a pair of
factor congruences in IC(A4). Hence, by Theorem 4.9, our claim. O

By Theorem 4.14 and Proposition 4.7(2) we can immediate establish the
following instance of the CBS-theorem formulated in a language closer to the
algebraic versions already known in literature.

Proposition 4.15. Let A be a category of algebras, K be a Boolean factor con-
gruences presheaf and A € A such that K(A) is dual orthogonal o-complete
Boolean lattice. Then A has the CBS-property.

5. Boolean factor congruences and CBS-property

An algebra A has Boolean factor congruences (BFC for short) if and only if
FC(A) is a Boolean sublattice of Con(A). We say that a category of algebras
has BFC'if and only if each algebra of the category has BFC.

Categories of algebras having BFC are examples of categories where the
class operator FC defines a Boolean factor congruences presheaf. In virtue
of Proposition 4.15 it is possible to establish several examples of the CBS-
theorem for these categories. Indeed, most of the versions of the CBS-theorem
related to classes of algebras having an underling lattice structure can be
formulated in terms of the congruences presheaf FC. In this section we deal
with this argument and we establish new examples of algebras having the
CBSyc-property.

Proposition 5.1. Let A be a category of algebras having BFC such that for each
A€ Aando € FC(A), A/o € A. Then FC is a Boolean factor congruences
presheaf.

Proof. Let A € Aand ¢ € FC(A). Let us suppose that € FC(A)N[o, V], ) -
We want to prove that /0 € FC(A/o). We first note that /o N (=0Vo)/o =
Ay/e. Moreover, Vo = 0o =6 C 6o (=0 V o) and, by Theorem 2.3(3),
0/co(=0Vo)/oc =V 4/, Thus, (0/0,(=0V0c)/0) is a pair of factor congruences
of A/o and /0 € FC(A/o). Now, if we suppose that 8/0 € FC(A/o) then, by
Proposition 2.4, § € FC(A). Hence, by Proposition 3.5, FC is a Boolean factor
congruences presheaf. O

The next proposition provides a general method to obtain algebras sat-
isfying the CBSygc-property in categories of algebras having BFC.
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Proposition 5.2. Let A be a category of algebras closed under direct products
having BFC and let us consider a family (A;)ier of directly indecomposable
algebras in A. Then

B= HAi satisfies the CBSgc-property.
iel
In particular, if I =N and A; = A for each i € N then B satisfies the CBSpc-
property in a non trivial way (see Remark 3.12).

Proof. Note that for each i € I, FC(A) = {A4,,Va4,}. Then, by [23, The-
orem 2 and Theorem 11|, we can see that FC(B) is lattice isomorphic to
[Lic; FC(A;) = 2!, Since 2! is a complete Boolean algebra, by Proposi-
tion 4.15, B satisfies the CBSgc-property. The second part follows from Propo-
sition 2.5. g

The rest of the section is devoted to rephrasing several versions of the
CBS-theorem already known in literature in terms of Boolean factor congru-
ences presheaves. Moreover we establish new versions of the theorem in cate-
gories of algebras having BFC.

Example 5.3 (Lattice ordered groups). A lattice ordered group (l-group for
short) is an algebra (A, +,V, A, —,0) of type (2,2,2,1,0) such that

(1) (4,4, —=,0) is a group,
(2) (A,V /\> is a lattice,
(3) = (s/\t)+y:(x+s+y)/\(x+t+y),
4) z+(sVt)+y=(x+s+y)V(z+t+y).

Thus, l-groups define a variety of algebras denoted by L£G. Let A € LG.
If x € A then we define |z| = x V —z. The positive cone of A is given by
At ={zr e A:x > 0}. Aset G C A is said to be orthogonal if and only
if G C AT and 2 Ay = 0 for any pair of distinct elements x,y € G. The
l-group A is said to be orthogonal o-complete if and only if each denumerable
orthogonal subset of A has a supremum in A. It is well known that Con(A)
is lattice isomorphic to the lattice I;(A) of all convex normal subgroups (also
called l-ideals) of A. Moreover FC(A) is a Boolean sublattice of Con(A) (see
[4, §XTIII-9]) identified with a Boolean sublattice of I;(A), denoted by FCI;(A),
whose elements are called direct factors of A. Thus, LG has BFC and, by
Proposition 5.1, FC is a Boolean factor congruences presheaf. If I € FCI;(A)
then the set —I defined by = = {a € A : |a| A |x] = 0 for each x € I} is the
complement of I in FCI;(A4) (see [26, Eq. (1.3)]). To establish a CBS-theorem
for l-groups we need to prove the following result:

Let A be an orthogonal o-complete l-group. Then FC(A) is a o-
complete Boolean algebra.

Indeed, if (I,)nen is a dual orthogonal sequence in FCI;(A) then the se-
quence (—Ip)nen is an orthogonal sequence in FCI;(A) because FCI;(A) is a
Boolean algebra. By [26, Lemma 1.5] - U en -1, € FCI;(A) and in [41, The-
orem 2.2.5] it is proved that —|J,cn=In = ey ™ In = pen In- Thus,

Journal: 12 Article No.: 590 (] TYPESET [ DISK [JLE [] CP Disp.:2019/3/22 Pages: 29




Author Proof

793
794
795
796
797
798

799
800

801
802
803

804
805
806
807
808

809

810
811
812
813
814
815
816
817
818
819
820

821

822
823
824
825
826
827
828
829
830
831
832
833

834

The Cantor—Bernstein—Schroder theorem Page 21 of 29 _#iHHt_

FCI;(A4) is a dual orthogonal o-complete Boolean algebra and, by Propo-
sition 2.2, FCI;(A) is a o-complete Boolean algebra. Hence FC(A) is a o-
complete Boolean algebra.

Therefore, by the above result and by Proposition 4.15, we can rephrase
the CBS-theorem for l-groups (given in [26]) in terms of the Boolean factor
congruences presheaf FC as follows.

CBS-theorem If A is an orthogonal o-complete 1-group then A has
the CBSwc-property.

Example 5.4 [L-varieties]. L-varieties were introduced in [18] as a general lat-
tice ordered structure in which several versions of the CBS-theorem can be
formulated. A variety A of algebras is a L-variety if and only if

(1) there are terms of the language of A defining on each A € A operations
V, A, 0, 1 such that L(A4) = (4,V,A,0,1) is a bounded lattice;

(2) forall A € Aand for all z € Z(L(A)), the binary relation ©, on A defined
by (a,b) € ©, if and only if a A 2 = b A z is a congruence on A such that
A A/O, x AJO_,.

Examples of L-varieties are the following (see [18, §2])

e The variety L1 of bounded lattices and its subvarieties. In particular,
distributive lattices and modular lattices.

e The variety £Zo; of bounded lattices with involution “~” [30] satisfying
the Kleene equation A\ ~ x = (xA ~ x) A (yV ~ y). Subvarieties of LZ;
are the variety OL of ortholattices [4,35], characterized by the equation
A ~ x = 0, and the variety L of Kleene algebras [1], characterized
by the distributive law. The intersection OL N KL is the variety B of
Boolean algebras. An important subvariety of OL is the variety OML of
orthomodular lattices [4,35].

e The variety B, of pseudocomplemented distributive lattices [1] and the
subvariety of Stone algebras S7 defined as

ST =B, +{(zxANy)" =z*Vy*}

where * is the pseudocomplement (see [1, §VIII]).

e The variety RL of residuated lattices [29] also called commutative integral
residuated 0, 1-lattices [33] defined by algebras (A, V, A, ®, —,0,1) of type
(2,2,2,2,0,0) satisfying:

(1) (A,®,1) is an abelian monoid,

L(A) = (A, V,A,0,1) is a bounded lattice,

(rOy) = z=2=(y— 2),

(z—y)or)Ay=( -y Oz,

(

Very important subvarieties of RL are: the variety of Heyting alge-
bras [1] given by H = RL+{x®y = x Ay} and the variety of BL-algebras,
characterized by

BL=RL+{zANy=20(x—vy), (r—y)V(y—=z) =1}
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BL-algebras are the algebraic counterpart of the fuzzy logic related to
continuous ¢-norms [21]. Important subvarieties of BL are: the variety of
MYV-algebras, representing the algebraic counterpart of the infinite-valued
Lukasiewicz logic [9,21] given by MV = BL + {—~—x = x}, the variety of
linear Heyting algebras, also known as Gddel algebras, given by

HE = H+ {(x — ) V (y — 2) = 1}
and the variety of Product logic algebras [10,11] given by
PL=BLA+{~z = ((z = (z0y) = (y©~y))}

e The varieties of Lukasiewicz and of Post algebras of order n > 2 [1], as well
as the various types of Lukasiewicz—Moisil algebras which are considered
in [5].
e PMYV, the variety of pseudo MV-algebras [15,20].
Let A be a L-variety. In [18, Proposition 1.4] it is proved that .4 has BFC.
Then, by Proposition 5.1, FC is a Boolean factor congruences presheaf. Thus,
the CBS-theorem given in [18, Corollary 3.8] can be rephrased as follows.

CBS-theorem Let A be a L-variety and let A € A such that Z(L(A))
is a o-complete Boolean algebra. Then A has the CBSgc-property.

Indeed, if Z(L(A)) is a o-complete Boolean algebra then FC(A) is a
o-complete Boolean algebra too. Therefore, by Proposition 4.15, A has the
CBSgc-property.

Let A be a L-variety and A € A. Let us notice that the o-completeness of
L(A) does not generally imply the o-completeness of Z(L(A)) (see [18, Exam-
ple 4.1]). However, there are L-varieties where the o-completeness, orthogonal
o-completeness or dual orthogonal o-completeness condition on the algebras
guarantee the corresponding o-completeness of their centers. In these particu-
lar cases an algebra A € A such that L(A) is o-complete satisfies the CBSpc-
property. Examples of these particular £L-varieties are: Boolean algebras (where
the CBSgc-property was obtained by Sikorski and Tarski), orthomodular lat-
tices (where the CBSyc-property was obtained in [13]), MV-algebras (where
the CBSgc-property was obtained in [12]), pseudo MV-algebras (where the
CBSyc-property was obtained in [25]), Stone algebras [18, Proposition 4.3],
BL-algebras [18, Corollary 4.8], Lukasiewicz and Post algebras of order n [8,
Lemma 3.1].

Example 5.5 [Semigroups with 0,1 and bounded semilattices]. A semigroup
with 0,1 is an algebra (A,-,0,1) of type (2,0,0) such that the operation - is
associative, 0-x = -0 = 0 and 1-x = -1 = x. Thus, semigroups with 0, 1 define
a variety denoted by §Go,1. An important subvariety of SGg ; is the variety of
bounded semilattices defined as SLo1 = SGo 1+ {2? =z, x-y=y-z}. Let A
be a subvariety of SGp 1 and A € A. An element z € A is called central if and
only if there exist A1, A € A and a §G¢ 1-isomorphism f: A — A; x Ay such
that f(z) = (1,0). In [42,43] it is proved that the set of all central elements
Z(A) can be identified with FC(A). Thus, by Proposition 5.1, FC is a Boolean
factor congruences presheaf.
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Hence, if A € A is an algebra such that Z(A) is a o-complete Boolean
algebra then, by Proposition 4.15, A has the CBSgc-property. By Proposi-
tion 5.2, denumerable direct product of directly indecomposable semigroups
with 0,1 are concrete examples of algebras satisfying the CBSpgc-property in
a non trivial way.

Example 5.6 [Commutative pseudo BCK-algebras|. A commutative pseudo
BCK-algebras (“° BCK-algebra for short) [20] is an algebra (A, —,~>,1) of
type (2,2,0) satisfying the following equations:

(1) 2= (y~2)=y—(z~2),
(2) x —max=x~x=1,
B)loz=1~zx=ux,
(4) (x—=y) ~y=(y—2z)~uz
() (x~y) —y=(y~z) >

Thus “? BC'K-algebras define a variety denoted by “?BCK. Let A be a
?» BCK-algebra. The relation « < y if and only if + — y = 1 if and only if
x ~ y = 1 defines a join semi-lattice order where z Vy = (r — y) ~ y =
(x ~ y) — y. Let us notice that in [34] a dually equivalent definition for
“? BC' K-algebras, based on the reverse order, is introduced. In [17, Corollary
4.4] it is proved that ?BCK is a congruence distributive variety. Then, for
each A €’ BCK, FC(A) is a Boolean sublattice of Con(A). Thus ?BCK has
BFC and, by Proposition 5.1, FC is a Boolean factor congruences presheaf. By
[34, Lemma 4.1] we can dually prove that if A is a dual orthogonal o-complete
°» BC' K-algebra then each dual orthogonal sequences (0,,)nen in FC(A) admits
the infimum (), y0n € FC(A). Hence, by Proposition 2.2, if A is a dual
orthogonal o-complete » BC'K-algebra then FC(A) is a o-complete Boolean
algebra. Thus, by Proposition 4.15, the version of CBS-theorem for » BC K-
algebras given in [34], can be rephrased as follows.
CBS-theorem If A is a dual orthogonal o-complete “? BC' K-algebra
then A has the CBSgc-property.

Example 5.7 [Church algebras]. An algebra A is called Church algebra [36] if
and only if there are two constants 0,1 € A and a ternary term ¢(z, z, y) called
if-then-else term in the language of A such that ¢(1,x,y) = z and t(0,2,y) = y.
A variety of algebras A is called a Church variety if and only if every algebra
in A is a Church algebra with respect to the same term ¢(z, x, y) and constants
0,1. Let A be a Church variety and A € A. An element e € A is called central
if and only if the generated congruences 0(1,e) and 6(e,0) defines a pair of
factor congruences of A. It is proved that central elements are equationally
characterized in the following way: e € A is a central element if and only
if whenever ¢ is an operation symbol of arity n in the language of A and
@,b € A", the following equations are satisfied

tle,x,x) =z, tletle,x,y),2z) =tle,x,2) =tle,x,t(e,y,2)),
t(ev 1, O) =6, t(ea @A(a)a QOA(B)) = @A(t(ea ay, bl) cee t(ev A,y bn))

Moreover the set Z(A) of all central elements endowed with the operations
xVy=txly), x ANy = t(x,y,0) and -z = t(x,0,1) is a Boolean algebra
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isomorphic to FC(A). Thus, A has BFC and, by Proposition 5.1, FC is a
Boolean factor congruences presheaf. In what follows we shall study concrete
examples of Church algebras satisfying the CBSpg-property.

e Rings with identity define a Church variety denoted by R, where the if-
then-else term is given by t(z,2,y) = (y+z—2y)- (1—z+zx). f A€ Ry
then Z(A) is the set of central idempotent elements of A. Two interesting
examples of rings with identity whose central idempotent elements define
a complete Boolean algebra are the following:

- Division rings because they are simple algebras. Then, by Propo-
sition 5.2, denumerable direct products of division rings satisfy the
CBSrc-property in a non trivial way.

- Baer rings i.e., a ring with identity A such that for every subset
S C A the right annihilator Ann,.(S) = {re A:Vse S,r-s =0}
is the principal right ideal generated by an idempotent element. In
[2, §3, 3.3 ] it is proved that Z(A) is a complete Boolean algebra.
Then, by Proposition 4.15, Baer rings have the CBSpgc-property.

e x-Rings. They are rings with identity having an involution operation =
x* such that «** = z, (v + y*) = " + y* and (x - y)* = y* - z*. By
the underling ring with unity structure, *-rings define a Church variety
denoted by R7. Examples of *-rings having the CBSypc-property are the
Baer #-rings. Indeed: A Baer x-ring is a *-rings A such that for every
subset S C A, Ann,.(S) = eA where ¢ is a projection (i.e. 2 = e* = ¢). By
[3, P18, 4A] we can see that Z(A) is determined by the central projections.
Moreover, in a Baer *-rings their central projections define a complete
Boolean algebra [31, p.30, Corollary]. Thus, by Proposition 4.15, Baer
*-rings have the CBSpc-property.

Example 5.8 [Effect and pseudo-effect algebras]|. Although there are versions
of the CBS-theorem related to these structures [16,27], from a strictly formal
viewpoint, these versions cannot be framed in our formalism because these
algebras are defined by a binary partial operation. However, we can easily ex-
tend the notion of Boolean factor congruences presheaf and the CBS-property
to these particular algebraic structures. A pseudo-effect algebra is a partial
algebra (F,+,0,1) of type (2,0,0) such that

(1) a+band (a+b)+ c exist if and only if b+ ¢ and a + (b+ ¢) exist and in
this case (a +b) +c=a+ (b+¢),

(2) for each a € E there is exactly one a~ € F and exactly one a™ € E such
that a” +a=a+a~ =1,

(3) if a+ b exists, there are elements d,e € E such that a+b=d+a =0b+e,

(4) if 14+ a or a+ 1 exists then a = 0.

We denote by PE the category whose objects are pseudo-effect algebras
and whose arrows, called PE-homomorphisms, are functions f: F — F be-
tween pseudo-effect algebras such that f(0) = 0, f(1) = 1 and f(a +b) =
f(a) + f(b) whenever a + b exists in E. If 4+ is commutative then F is said
to be an effect algebra and we denote by & the subcategory of effect algebras.
Let E € PE. If we define a < b if and only if there exists x € E such that
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a+ x = b then (E, <) is a partial order such that 0 < a <1 for any a € E.
For a given e € E the interval [0, e]z endowed with + restricted to [0, e]% is a
pseudo effect algebra ([0, e]g,+,0,¢e). An element e € E is said to be central
if and only if there exists a PE-isomorphism f.: E — [0,e]g x [0,e~]g such
that f.(e) = (e,0) and, if fo(x) = (x1,22) then © = 1 + 22 = 21 V x2. We
denote by Z(FE) the set of all central elements of E. In [16, Proposition 2.2]
it is proved that for any © € F and e € Z(E), x A e and x A e™ are defined
in E and, moreover, m.: E — [0,e]g such that 7.(z) = z A e is a surjec-
tive PE-homomorphism. Furthermore, in [16, Theorem 2.3], it is proved that
(Z(E),A,~,0,1) is a Boolean algebra. Let us notice that for each e € Z(F),
0. = {(z,y) € E* : z Ae = y A e} defines a congruence on E such that
E/f. =, [0,e]g. Let us consider the set FC(E) = {0, : e € Z(E)}. It is not
very hard to see that for each ej,es € Z(E), 0., N 0., = O ve,. Moreover,
the ordered set (FC(E), C) defines a Boolean algebra (FC(E),N,V,—, AgVg)
where, O, V 0c, = Oc,pey, 0 = O~ and the function e — 0, is an order re-
verse isomorphism from Z(E) to FC(E). We also note that the class operator
E — FC(FE) defines a congruence operator over PE in the meaning of Defini-
tion 3.4 and, taking into account Eq. (3.3), we can define the class Hompg,,,
in the following way:

Hompeeo = |J {EL(0,¢]p: fule) =2 Ae and e € Z(E)}.  (5.1)
EcPE
In [16, Proposition 2.8] it is proved that:

for each e € Z(F) and « < e, x € Z([0,€]g) if and only if x € Z(F). (5.2)

Therefore, by Eq. (5.2), it immediately follows that Hompg,,. is closed under
composition of PE-homomorphisms and then PErpc = (Ob(PE), Hompg,,)

defines a category. Let us notice that Eq. (5.2) also implies that if E Ie
[0,e]g € Hompe,, and if 0, € FC([0,e]g) then [FC(f)](0a) = fi(0.) =
{(z,y) € E*: 2 Na =y Aa} € FC(E). Consequently, it is not hard to see that
FC: PEpc — Set is a presheaf. Thus, following Definition 4.10, we can refer
to FC as a Boolean factor congruences presheaf for pseudo-effect algebras.
Now, taking into account Definition 3.10, it is possible to analogously
introduce the notion of CBSpc-property for these partial structures. Indeed,

A pseudo-effect algebra E has the CBSpc-property the following

holds: Given a pseudo-effect algebra F', and §; € FC(F') such that

there is 6. € FC(E) with E =, F/0; and F =, E/6,, it follows

that £ 2, F.
In [16, Proposition 6.2] it is proved that if E,F € PE and h: E — [0, f]F is
a PE-isomorphism where f € Z(F) then, for each e € Z(FE), h(e) € Z(F).
This result and the order reverse identification Z(E) = FC(E) allow us to
establish the useful equivalence of the CBSpc-property given in Theorem 3.11
for pseudo-effect algebras. More precisely, following the proof of Theorem 3.11,
we can also prove that for each pseudo-effect algebra F the following conditions
are equivalent

(1) E has the CBSpc-property.
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(2) If # € FC(E) and E =pg E/0O then for all 0 € FC(FE) such that ¢ C 6
we have that E &pg E/o.

The CBS-theorem for pseudo-effect algebras given in [16] is formulated
under the hypothesis of orthogonal o-completeness (referred as central decom-
position property in [16]) of the center of the algebras. Since the center of a
pseudo-effect algebra F is a Boolean algebra then, by Proposition 2.2, the cen-
tral decomposition property turns out to be equivalent to the o-completeness
of Z(E). Hence, by the order reverse identification Z(E) = FC(E) for each
E € P&, the CBS-theorem for pseudo-effect algebras given in [16, Theorem
6.3] and the CBS-theorem for effect algebras given in [27, Theorem 1.6] can
be rephrased as follows:

CBS-theorem Let E be a pseudo-effect algebra such that Z(F) is a
o-complete Boolean algebra. Then E has the CBSpg-property.

In this way, we have extended our abstract framework for the CBS-
theorem to these partial algebraic structures.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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