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Abstract. In this note we show the Holder regularity for bounded solutions to a class of
anisotropic elliptic operators. This result is the dual of the one proved by Liskevich and
Skrypnik (Nonlinear Anal 71:1699-1708, 2009).

1. Introduction

In this paper we consider the following class of anisotropic equations

N-1

3 3 .
; a—xl_Aq,,-(x, u, Du) + mA,,(x, u,Du) =0 in Q, (1)

with € a regular domain in RV, p > g > 1. The functions A, ;(x, u, Du) and
Ap(x,u, Du) : Q x RY+! 5 RN are assumed to be measurable and satisfying
the structure conditions

N—-1
i) Y AgiCeun)mi = Coln' |

i=1

i)y Ap(x,u,n)-ny=>Colnn|”

N 2
i) Y | Agi(x.u.n) |<Cp /|47
i=1
iv) | Ay u.n) |<Crlny P
where Cg, C; are positive constants and for any vector n = (n1,...,71y) in
RN,
=W, ....,0N=1). (3)
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The prototype of this class of operators is the anisotropic p-Laplacean:

N=lg ) au
Bl (Fre

i=1

9-2 du d u |P—2 du .
L B (O R B
Bxl- axN 8XN

3)( N
Let us introduce two functional spaces:

whlarl gy — {u €LY () : DyueLi(R),i=1,...,N—1; Dyuc LP(Q)}

whler @) = whierl @) nwl ).

Definition. A functionu € Wllo’c[q’p 1(Q) is a local, weak solution to (1) if for every
compact set K C 2

N—1
9 9
/ 3" Ay u, Duy=2dx +/ Ay u, Du)—2-dx =0, (4
K5 0x; K dxN

for all test functions ¢ € Wé ‘lg.p] (£2), where ¢ has compact support in K.

In the last decades many papers were devoted to the study on the anisotropic
operators (see, for instance [1-3, 17, 18]) but the question of the Holder regularity of
solutions to equations with measurable coefficients was left open (see, for instance,
the survey paper [19]).

A first step to face this problem was made by Liskevich and Skrypnik [15] in
2009. They considered the following class of anisotropic quasilinear equations

Pu L9 _
g12+Z8—)61_Al~(x,u,Du)+b(x,u,Du):o in Q. 5)
i=2

They assumed p > 2, a suitable condition on the lower terms, the following struc-

ture conditions
N

Y A om = Co i N
i=2

.. _ p—1
i) A u,m) |<Crlalh_,
where = (12, ..., ny) and the following nearness between the exponents holds:

Np 1 1,1 N-1
2<psot= —==(5+——). B<N. ©6)
N—p p N \2 p

We recall that this condition implies the local boundedness of the solutions (see
[13,16]).

More precisely they realized that the parabolic techniques (the so called time
expansion of positivity techniques) developed in [7] to study the degenerate equa-
tion

ul:APM’ p>2,
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can be adapted to study the elliptic case too, by proving a suitable expansion of
positivity in space variables.

In [11], the result proved in [15] was extended to the following class of
anisotropic equations

0

N
d
A,(x,u, D —A,i(x,u, Du) =0 in Q. 7
o A u>+i§=2 T Ao Dy =0 in @)

The authors assumed g > p > 1, the structure conditions

i) Ap(x,u,m)-m = Colm|?

i) | ApG,u,m) [<Crlnn |77
N

iii) Y Agi(x,u,m) i =Col il
i=2

iv) |AgiCe,u,m| < Cy i}

and the local boundness of u. The last assumption is alternative to the assumption
of the nearness of p and q.

The approach of the space expansion of positivity seems very promising and it
works in different context (see [10,12]).

More recently, in [9], a stability result was proved.

Let u be a locally bounded weak solution u of the equation

N
ZDXi(Api(-xv u, Du)) = O in Q.
i=1

Assume p; > 1, i = 1,..., N, their harmonic mean p less than the dimension of
the space N and the following structure conditions:

N N
D) Y Ap(eu,Du)-Dyu=Coy | Dyul”,

i=1 i=1

ii) | Ay (x,u, Du) |< Cy | Dyu [P, Vi=1,...,N.

There exists a go > 1 such that if

DPmax — Pmin < 1/q0,

with pyin = min{p1, ..., py}and pyax = max{pi, ..., py}, then the solution is
locally Holder continuous in €2.

The aim of the present paper is to give a new insight of this difficult, challenging
and still open problem. Here we prove, in a certain sense, a dual result with respect
the one proved in [11,15]. This should be an important step to prove the regularity in
the physical case of 3 spatial dimensions having each direction a different diffusion
exponent.
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As in [11], the condition on the nearness of the exponents does not appear.
Perhaps, such a condition is necessary for the boundedness of the solutions but it
does not play any role for the regularity of already bounded solutions.

Asin [11,15], the proof is based on a suitable space expansion of positivity, but,
differently from the quoted papers, here one can avoid to work with the transformed
equation and this makes simpler the calculations.

In the sequel we say that a constant depends only upon the data if it depends
only upon N, Co, Cy, p, g and ||u|| ).

Theorem 1.1. Let u(x) be a locally bounded weak solution to (1)—(2) with p >
q > 1, then u(x) is locally Holder continuous.

More precisely, in analogy with the parabolic p-Laplacean, it is possible to
prove that there are two positive constants 8 < 1 and C depending only upon the
data such that for any compact K strictly contained in  and for any P; = (x/, xy),
Py=(y.yn) € K

= \ P
lxny —yn|+ ”MHLZO(Q)lx/ -y
(p,q) —dist(K, Q) ’

[u(P) —u(P2)| < CllullLy () (8)

r=4q
where (p, g) — dist(K, d€2) is the infimum of [xy — yn| + ||u||L:o(Q)|x/ — y’|%
ranging (x’, xy) € K and (¥, yy) € 9. Such a proof is quite technical and,
nowadays, standard. For these reason we omit it and we refer the reader to Chapter
3 of [5].

In our forthcoming researches, as already written, we intend to combine this
new approach with the ideas developed in [11,15] to prove the regularity of the
solutions under more general assumptions.

The scheme of this paper is the following: in Sect. 2 we state some preliminary
results. In Sect. 3 we begin to prove the main Theorem starting an alternative
argument that we conclude in Sect. 4 . The proof of Theorem 1.1 will result a direct
consequence of the alternative argument.

2. Preliminary results

In this section we collect some results we will use in the sequel.
Let r > 0 and define a ball in the last N — 1 variables

N
B, = {(xz,...,xN) e RV! :Z:)ci2 5}’2 ,
i=2
and define the following cylinder in €2,
Or,={xeRN:|x)|<L,(x2...,xn) € B}

Assume Q1 := Q , contained in 2. Consider another cylinder Q; := Qy,
withL; < Landr| <r.
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Denote with w the oscillation of u in €2 and let ;_ be the ess inf of u in €.
Define

1 1
G = | - |
u—p_ +avH)?l  (wH) 11+
where [-]+ denotes the positive part, thus G(u) = 0ifu > u_ + (1 —a)wH
and G (u) is positive a.e. ifu < u_ + (1 —a)wH.Here0 <a <1,0< H < 1.

Lemma 2.1. Let u be a locally bounded weak solution of equation (1) and assume
that the structure conditions (2) are satisfied. Then there exists a constant C > 0
(depending only upon the data) such that

q
f ‘D,ﬂmL dxfo |D.E|7 dx ©)
U—pu— +awH

QZr}A er]A

+C/ |DxNé|p(u—u_+aa)H)p7qu
01NA

where Dy is the gradient in the first N-1 variables, A ={x € Q:u < pu_ + (1 —
a)wH} and & € C® is a function such that € = 1in Oz, & = 0in Q\ Q.

Proof. Let us take G (u)&” as a test function. Then using equation (1), we have

N—1
/ Z Ag.i(x,u, Du)D,,(Gu)&")dx + /Ap(x, u, Du)Dy, (G(w)&P)dx = 0.
Q =1 Q

If we use the definition of G (1) and condition (2), then

1
- 1C Dyul? Pd
@=1C [ 1Dl e
o1NA
1
e Dyyul” Pd
+(q )of | Dyyu| (u—u,+awH)q‘§ x
01NA
1
< pC Dyuld™! P=YID.&|d
<pC [ Dt e Dl dr +
oi1NA
p—1 1 p—1
+pCl/ |DXNM| (u—uf+awH)q—1€ |DxN§|dx
01NA

The estimate (9) follows by using Young inequality in the right hand side of the
previous estimate. o
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Lemma 2.2. (Sobolev—Troisi Inequality [21], see also [20] and [14]) Let @ c RN
be a bounded open set and consider u € W(;’[p' """ pN](Q), pi = 1 foralli =
1,...,N. Let

Ay Np

11 .
R sl s

Then there exists ¢ depending on N, p1, ..., pny if p < N such that

N

||M||1va*(sz) = Cl_[ ”sz'””Lpl.(sz) :
i=1

Lemma 2.3. (Algebraical lemma [4], see also [8]) Let {Y,,},m = 0,1,2, ..., be
a sequence of positive numbers, satisfying the recursive inequalities

Yii1 < CH"Y LT

where C,b > 1 and ) > 0 are given numbers. If

then {Y,,} converges to zero as m — 0.

Lemma 2.4. (Generalised Caccioppoli’s Inequality) Let u be a locally bounded
weak solution of (1) and assume that the structure conditions in (2) are satisfied.
Then there exists a constant C > 0 (depending only upon the data) such that for
every test function 0 € Cé (R2), we have

[07 Dt~ -1+ Dy = |
Q

=< C/(Q”_q D61 |(u — k) |7 + | Dyy6]” 1(u — k) |P)dx,
Q

where Dy is the gradient in the first N — 1 variables and k any positive constant.
Note that an analogous result also holds if we deal with (u — k).

Proof. Take
V=) =—0)u—-k_, 0¢cCiQ).

as a test function. Note that

Dy = p0P = u —k)_Dy6 4+ 6P Dy (u — k) —
Dyy ¥ = pOP ™" (u — k)_Dy 0 + 07 Dy (u — k)_.
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Then using Eq. (1), we have

N-—1
/pel’—l(u — k) Z Ag.i(x,u, Du)D,,0dx
Q i=1
N—1
+/91’ > Agi(x,u, Du)Dy, (u — k) _dx
q =l
+/p9p_l(u —k)_Ap(x,u, Du) Dy, 0dx
Q
+/9PAp(x, u, Du)Dy, (u — k)_dx = 0.
Q

If we take into account (2), we obtain the following inequality

cofe"(wx(u — k)17 + | Dy (= k)| ")dx
Q

< pCI/(N — 107 (u — k)| D] | Dy (u — k)97 dx

+ pC1[6p_1 [ = k)| [ Dy O] | Doy w0 — k)"~ dx.
Q

Again, the statement follows by applying Young inequality. O

In the next lemma we will consider a DeGiorgi type lemma. It is necessary to
introduce the intrinsic geometry induced by the anisotropy of the operator itself
(for more details about the intrinsic geometry see [5,22]).

For a Lebesgue measurable set E C RY denote by |E| its measure.
9 P49

Let Ro,ko > 0 be given numbers and Ry = R k,” . Define for j =
0,1,2,...

ORy.,j = {x dxil < Ry, Vi=1,...,N =1, [xny| < rj},

whereRj_ +2jJrl andr; = RN +21Jrl

Letc; = |Q Ro, j| the measure of the parallelepiped Qg ;.

Clearly ¢; is a decreasing sequence converging to a strictly positive constant
Coo-

Let u be a bounded weak solution of (1) in Qg, 0, assume that the structure
conditions in (2) are satisfied and let 4 = supy kg0 X and pu_ =infg Rp.0 U-

Define

Agji={x € Qrys 1 u(x) <kj}, kj= 5+ 7 + 1.

_ 1421
and Z; := [ORy.24]
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Let denote A as the intersection of the sets Aj; ;, i.e,
ko
Ao = ?A2j,j ={x € Qr,, 1 ux) < 5 +pu-}

Lemma 2.5. (DeGiorgi type lemma) Let u be a bounded weak solution of (1) in
QO Ry,0, assume that the structures conditions in (2) are satisfied . There is a number
v > 0depending only upon the data (but not depending on u, Ry, and ko) such that
if Zo < v then {Z;} converges to zero as j goes to infinity.

Proof. Let p and p* be defined as in Sobolev-Troisi Lemma 2.2. If we consider
the set Azj42 j+1, We can write

/ |u —kj|pdx > (kj — kj+1)[)|A2j+2,j+1|'

A2j42.j+1
Then
Agja il < —— / | —kj)—|” dx
TS (k= k)P !
A2j42,j+1
1 _ -
s P LN P
= U — k)P / ot (0 = k-7 .
Azjyl,j

Here 6541 € Cx is a function such that 6; 11 = 11in Qg 2j1+2 and 6241 = 0
out of Qg 2j+1 satisfying |Dx92 j+1(z)| <c¢ %, (where we recall once again that

D, is the gradient with respect the first N — 1 variables), ’DXNGQJ‘J,_] (z)| < E%
for a positive constant ¢ and for all z € Qg 2/+1.
If we use Holder inequality, we obtain

N

p*
o b . NN ik
Aai2inl S s [ Gl ax | Azl
Azj+1,j
Now by Lemma 2.2, we have
4 < Az I
2j42,j41l S c———=1A2jy1jl P
= (kj = k)P
&
q
N—1 q
/ ’Dxi<92j+l(u_kj)—) dx
i=1 Adjy1,j
P
pN
P
/ DxN<92j+1(u—kj)—> dx

A2jyl,j
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-2
<c———=|A2jq1jl 77
(kj —kjy1)P

_ N-Dp
Ngq
q
/ Dx<92j+1(u—kj)—> dx
LA2j+1.
_ iy
PN
P
/ DXN<92,~+1<u—k,»>) dx (10)
L A2j+1.
q
Let us estimate / Dx<92j+1(u—kj)> dx. We have
A2jt1,j
q
/ Dx(ez,-ﬂ(u—k,-)) dx
A2jy1,j
<C [ (1Dl [ = k|7 468, st~ k- [*) .
Azjy1,j

Considering the properties of the function 6,1, we have

4749
f |Dx(ez,~+1<u—k,~)_)|quscﬁf | —kj)—|" dx
0

A2jy1.j A2j+1.j

+C / |Dy(u — kj)—|" dx.

Agjy1j

If we pass to the larger set Ay ; ; and use the function 6,; with exponent p, we
obtain

474
/ | Dy (0241 (u — kj))|" dx < C / |(u —kj)—|"dx
Azjrj O 2
+C / 05 | Dx(u —kj)-|" dx.
Azjj

Here we can apply Caccioppoli’s Inequality of Lemma 2.4 to the second integral
on the right hand side and we get,
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/ | Dy (0241(u — kj)— )|qu<c—f |(u—kj)—|"dx

A2j1.j A2j.j

+C / |D02 |7 [ — kj)—|* dx

Azjj

+C / |Dyy 02| | — kj)—|" dx.

Azjj

If we use the properties of 6, ,

/ | Dy (0241 (u — kj)— )|pdx<C—/ | —kj)—|"dx

Agjt1,j
/ | —kj)—|" dx.

AZJ J

Noting that |u —k j‘ < 2kg and by the definition of Ry we have

/ D, (92,+1<u—k>>|pdx<c k|Az,,|

A2jyl,j

Arguing as above, one obtains a similar estimate also for

/ | Dy (Oaj1 (u — kj)_)|” dx.,

Azjyl,j
i.e.

f | Dy (6241 = kj) )l”dx<C—/ | — kj)_|? dx

Agjt1,j Azjj
C—f |(u —kj)-|" dx
A2/1

47p q
< C—kjlA2; il
q ™0 JsJ
RO

Then since ’3(;\;1) + piN = 1 we obtain from (10),

|A <o Anjir |7 4jpkq|A | (11)
2i42,j+1| S C———=|A2j+1,; — 2j,jl- |-
JH+2.j+ (kj — kjq)p 2T R 0142j,j
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Noting that |Az;41,;| < |Az;, ;| we get from (11) that,

2U+DP 1H1=2) ,(41)p Ko
[A2j42,j+1] < —=—1A2 Ut )pF
kO 0

Divide both sides by |Qg,,2| to have the following inequality

Zjy < C2UTDP4UTIP 714

where A := (1 — ﬁﬂ;).
Then the required statement follows by Lemma 2.3. O

In the sequel we need to apply the DeGiorgi type lemma in a very special case
that allows us to get rid of the anisotropy. More specifically: consider a cube of side
2Ry, i.e

Opry :=1{x:|xi| < Rp,Vi=1,...,N}.

Let u be a bounded weak solution of (1) in Qg,, assume that the structure
conditions in (2) are satisfied and let 4 = SUPQ 5, U and u_ = ianRo u.
Assume that

u(xy, ..., xy) > pu— +ko, (12)

when |x;| < Rofori =1,...,N — 1 and x5y = £Ry.

Lemma 2.6. (When the anisotropic DeGiorgi Lemma becomes isotropic) Let u be
a bounded weak solution of (1) in Qg,, assume that conditions (2) and (12) are
satisfied. Then there is a number v > 0 depending only upon the data (but not
depending on u, Ry, and ko) and a constant y depending only upon the data and
ko such that if Zo < v either iy — pu— < yR(I)V or {Z;} converges to zero as j goes
to infinity.

Proof. Define
on,j = {x Sl < Rj,Yi=1,...,N -1, |xn| < Ro},

. — Ro 4 Ro
where R; = >+ 5
o - . . . .
'L'et c; =10 Ro. | Clearly c; is a decreasing sequence converging to a strictly
positive constant ¢ .

Define
A e * . <k. k—_ko —ko
sj = f{x € Qf tulx) <kj}, kj= > +2j+1+u_.
1Al
and Z/ = \Q* [

Ro,2j
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In the sets Qio,j’ choosing as test function —09(u — k;)— = —09(k; — u)+ where
6 does not depend on xy, the Caccioppoli generalised inequality becomes

[ 0Dt k)17 + Dy = k-1
s
=c [ Dol 0~ k)-I"ax.

Ro.j

where with D, we denoted the gradient with respect the first N — 1 variables.
On the other hand

/ 09(IDx (u — ki) |9 + | Dy (u — ki) |")dx

* .
RO-./

< / 09(1D (t — k)| + | Dy (u — ki) |Pdx + 1A,
”f?oJ

Hence

f 69(1Ds (u — ki) 1% + | Dy (4 — ki) |“)dx

*
QRo.j

<C [ 1Dl = k-t dx 14,4
7?(),./'
The statement, now, follows by the classical properties of non homogeneous

DeGiorgi classes, by repeating in a straightforward way the proof of Proposition
4.1, Chapter 10 of [6]. O

Before stating the last preliminary result, let us introduce some notation. For a
function v defined in a set E and real numbers k < [, put

[v>1]={x€Efvx) >1}
[v<k]:{er|v(x) < k}
[k<v<€]={er|k<v(x)<l}.

For p > 0 and y € R¥, denote by B, (y) the ball of radius p centered at y, and by
K, (y) the cube of edge p, centered at y and with faces parallel to the coordinate
planes. If y is the origin, let B,(0) = By, and K,(0) = K,,.

Lemma 2.7. (DeGiorgi [4]) Let v € W1 (K, (1)), and let k < I be real numbers.
There exists a constant y depending only on N, p and independent of k, 1, v, y, p,

such that
pN+1

I—k M=y =
( v < ]|—V|[U>[]| [k<v<I]

|Dv|dx. (13)
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Remark 2.8. The conclusion of the lemma continues to hold for functions v €
Wl’l(E) provided E is convex; in such a case, instead of ,oN‘H, we have dVt1,
where d is the diameter of the set E.

3. First alternative

Without loss of generality (modulo suitable standard homothetical transforma-
tions), we may assume to work in the unitary cube Q 1 ; we may also assume that 0 <

u < lin Q%. Consider now a slide Sy of this cube, Sy = {(x1,...,xX§y—_1,XN) €

RN . —% <xi < %, V1<i<N-=—1 —e < xy < &} with & a small positive
number to be quantified later. By using a suitable homothetical transformation,
we can transform Sy into T where the set Ty = {(x1,...,XN—1,XN) € RN .
—%6 < xi < %Q,Vl <i<N-—1, —% < xy < %}Whereeisaverylarge
positive parameter to be chosen. Note that, when 6 is chosen, ¢ too is quantified.
Without loss of generality, we may assume 6 € N. Now, partition 7y in sub-cubes
0 of unitary wedge.
Assume that for each Q)

[xe QY u(x) < %1 > v| QW] (14)

where v is the quantity claimed in Lemma 2.5.

Lemma 3.1. (The first alternative) Let u be a bounded weak solution of (1) in Q 1
Assume that the structure conditions (2) are satisfied and that (14) holds for any

Q(j). Then there is a ng € N such thatu <1 — 2m}ﬁfor a.e. x € ETN.
Proof. Apply Lemma 2.7 to any Q) with

1 1 1
l=1——, k=1-——1,
on on—1 on

where n, is to be chosen. We obtain

1 .
)
|:M>l—ﬁj|ﬂQ]

2n

<y / |Du|dx.
[k<v<IINQW)

If we sum over all the 0/, we get

2}’1

1
|:u>1——]ﬂTN 5)// |Du|dx.
2n [k<v<lINTy

Since

/ |Du|dx 5/ |Dxu|dx+/ |Dyyuldx,
l[k<v<I]NTy [k<v<I]INTy [k<v<I]NTy
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(where with D, we have denoted the gradient with respect the first N — 1 variables),

1
denoting [u > 1 — 2—n] N Ty by A,, we have

1
=y [ |Dul dx
2 [k<v<I]NT,

q q-1
<y (/ |Dyul? dx) Ane i\ Al
[k<v<IINTxN

p p=1
+y </ IDxNMIde> [An—1\Anl 7 .
[k<v<IINTy

By generalised Caccioppoli inequality applied to (u# — k) it follows

1
on

[Anl

<y [/ [Zp_q D |7 |(u — k)|
2Tn

1

q
+ |Dx1v§|p |(u - k)+|pi|dxj| . |An—l\An|

+vy [/ [Cp_q IDx |7 [(u — k)4 |7
2Ty

g—1

p )4 r 2=l
+ [ Dyt |7 1@ = k)17 |dix |- | Api\An] 7
By choosing a suitable ¢
1
2_n |An|
1
g=1
q

1 q
vy |:hp (9‘1h/’_‘1 + 1) |TN|j| “|An—1\Anl

1
1 P p=t
+v [hp (Qth’q + 1> |TN|] “|An—1\Anl| 7,

since by the choice of k and & we have (u —k)y < 1 — (1 — 2,1%1) < 2h. Moreover

1

1
2_n|An|

: DVirwl 1A, na, T

Qth_q+ | N| | n—l\ nl g

e |

1 1 A\ Iz A Ap;l
v (50 )| (s + 1) 17| 14w\ AW 7

=S
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Suppose that n,, has already been chosen, and let
o =2

As mentioned above, provided n, is sufficiently large, we can always assume that

n(,pq;q is an integer. Due to the previous choice for 8 we derive

1 2=l 1 -1
|Anl = J/<|TN|p|An—1\An| P+ |Tn|41Ap—1\Anl ¢ )

At each step,we have that one of these two inequalities holds:

1
—T

_P_
[Ap[P=1 < 7101771 |Ap—1\An]
or (15)

9 1
|Anle71 < y1Q|7 T |An—1\Anl.
Once more, suppose that n,, has already been chosen: then, or for p or for g the

previous inequality holds at least % times. Therefore, summing A, in (15) when
it holds for p or g, we conclude that

no 1
El[x €Ty : ulx)=1- 2,—10]| <yITnl.

The value of 7, is determined in such a way that

where v is the same parameter as in Lemma 2.5. Notice that Ty is scaled correctly
according to the intrinsic geometry considered in Lemma 2.5. Therefore, we can
apply such a Lemma, and conclude that

<1 —
u<1 s

1
forae. x € ETN. |

Hence, if the first alternative occurs, we have reduced the oscillation of the
solution u in a quantitative way in Sy .

4. Second alternative and Proof of Theorem 1.1

If the first alternative does not occur, there exists at least one Q(j ) ¢ Ty, centered
at xo = (xf‘/), . ,xz(\f)_l , 0), such that

‘[x e 0V ux) < %]‘ <v[QY].

Without loss of generality we may assume xo = (xl(j ), 0,0,...,0). Define QO the
cube centered in the origin, so Q) = xo + QY.
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In the next lemma, we apply the logarithmic estimates to expand the positivity
of QW) till the origin. ‘ _
Apply Lemma 2.5 to Q) to get, for a.e. x € %Q(”

()>l
u(x 7

Lemma 4.1. (The second alternative) Let u be a bounded weak solution of (1) m
0 1 Assume that conditions (2) are satisfied and that (14) does not hold for a oW,
Then for any positive constant vy € (0, 1), there exists a positive integer sqo such
that

1 1
tre 0" u) <e™| < wl5 0" (16)
Proof. If we perform the change of variable
G _ N
noxl =5
i = &’ Vl = 4, ) N - 1
2
_ <l)¥ YN
W=\ 2

and calling v = 4u, you have that v satisfies an equation of the type (1) satisfying
(2). Moreover v > 1 in the unitary cube centered in the origin. As already noticed,
the Lemma is proved if we are able to transport some positivity till to the point
z=(=2x",0,...,0).

Let us denote the solution v with u and the coordinates (yi, ..., yy) with
(x1,...,xn). Without loss of generality assume —2x1(j S 0, denote with L =

—ZxEJ) and assume L > 1.

Define S the slide of the half unitary cube centered in the origin in the x’ =
(x2, ..., xy) variables , i.e {x € RN : x = 0, x2,...,xN) : —}‘ <xi < 4—1‘, Vi
2,...,N}

Let so > 1 be an integer, to be fixed later, and define a set A in S so defined:

A=1{0,x)eS:3te[0,2L], u(t,x’) < e}

We want to prove that for any positive constant vy € (0, 1), there exists a
positive integer sp such that

|A] - 17
Letx’ € A. Then 3¢ € [0, 2L] such that u(f, x’) < e™%0.

Therefore,

u(0, x") + e %

u(t,x’) + e

Int ; —Iny ;
u(t,x’) +e=% u(0, x") + e=%0

so—1 <Iny

t

2L
1 1
= [ ot e = [ oot |
0 0
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Now if we integrate the inequality above over the set A, we obtain

2L
(So—l)IAIS// Dy e
50
Using Holder Inequality, we have
2L
1 a a1
(so — DIA] = // ’Dxl 1n+(m) dx | [2L|S]] ¢
50

Here if we consider Lemma 2.1 choosing & = 1in [0,2L] x S and & = 0 out of
[0,3L] x 28, and putting How = 1 and a = ¢~ we get

3Ly
so-niatzc| [ [ 3 byl ax
250 =1
3L 7
—1
+f/|DxNg|Pe*0<P*q)dx [2LIS]1'7 .
250
(so — DIA| = CLIS|
Dividing by |S| we have
IA| L
—<C
[SI = so—1

and (17) follows choosing sg large enough, and (17), in turn, implies (16). O

Thanks to the previous result, we have proved that, around the origin, the solu-
tion is far away from zero in most of the cube. However the geometry is not the
intrinsic one, so we cannot apply directly the De Giorgi- type lemma. To overcome
this difficulty we find two slides, one up and the other one down the origin in the
xy variable, where the solution is far away from zero everywhere. Now we are in
the condition to apply Lemma 2.6 and get the positivity everywhere inside the two
slides.

Let us prove the main result of this note.

Proof of Theorem 1.1. By using the same notation of Lemma 4.1, choose vy =
9 P—4q

4LN %, where v is the small constant defined in Lemma 2.5, where Ry = R k,"” .

Let P be the parallelepiped having the first N — 1 sides long % and the last one

q P—q
(Hre 7.

With this choice there exists a xé\g_ € [%, %] such that in the set

Rp == (L,0,...,0,x%") + P
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the measure where u is smaller than ¢ ~*° is smaller than v| P|. If such thing was
not occurring, then, in the parallelepiped P° = [L — %, L+ %] X —%, JT]N_Z X
[%, %], the measure where u is smaller than e ~*0 would be larger than v| P°| and this
is in contradiction with (16) and the choice vy = 4LN 1—‘6. Therefore by Lemma 2.5.

in the set (L, 0, ...,0, x(/)VJr) + %P we have u > %e““’.
Analogously there exists x(l)v_ € [—%, —é] suchthatintheset (L,0,...,0, xév_)+

%P we have u > %e’s".

Therefore in the parallelepiped Py = {x ¢ RN : L — }T <x; <L+ %, —% <
X2 < 4—1‘,..., —}t < XN—1 < }t, x(])v_ < xy < xé\;} we have that on the faces
XN = x(l)\i and xy = x{)\ﬂr the solution u is bigger or equal than %e“m. Moreover,
by the choice of vy, analogously as above, one can prove that the measure where
u < e*0 is smaller than v|Pj|. Therefore, the assumptions of Lemma 2.6 are
fulfilled and we have either u > }Te_s" in %Pl or the oscillation is quantitatively
small.

Hence, also in the case of the second alternative, we reduced the oscillation of
the solution u in a quantitative way and this implies the Holder continuity of the
solution.
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