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Abstract

F. Podesta and A. Spiro [22] introduced a class of G-manifolds M

with a cohomogeneity one action of a compact semisimple Lie group
G which admit an invariant K&hler structure (g,J) (“standard G-
manifolds”) and studied invariant Kéhler and Kéhler-Einstein metrics
on M.
In the first part of this paper, we gave a combinatoric description of
the standard non compact G-manifolds as the total space M, of the
homogeneous vector bundle M = G xyg V — Sy = G/H over a flag
manifold Sy and we gave necessary and sufficient conditions for the
existence of an invariant K&hler-Einstein metric g on such manifolds
M in terms of the existence of an interval in the T-Weyl chamber of
the flag manifold F' = G x g PV which satisfies some linear condition.
In this paper, we consider standard cohomogeneity one manifolds of
a classical simply connected Lie group G = SU,, Sp,.Spin,, and re-
formulate these necessary and sufficient conditions in terms of easily
checked arithmetic properties of the Koszul numbers associated with
the flag manifold Sy = G/H. If this conditions is fulfilled, the explicit
construction of the Kéhler-Einstein metric reduces to the calculation
of the inverse function to a given function of one variable.
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A Appendix. Basic facts on flag manifolds

1 Introduction

F. Podesta and A. Spiro [22] defined a class of cohomogeneity one G-
manifolds M, called standard, of a semisimple compact Lie group G
with an invariant complex structure J. It is defined by the condi-
tion that the complex structure J restricted to a regular orbit G/L
defines a projectable CR structure (#,J™), so that the restriction
p:G/L — F = G/K of the moment map to G/L is a holomorphic
map to a flag manifold F = G/K = G/Ng(L) with a fixed invari-
ant complex structure J¥ which does not depend on the regular orbit
G/L. They gave a nice description of the invariant K&hler metrics on
the complex manifold (M, J) in terms of some interval in the T-Weyl
chamber ossociated with the complex structure J¥ and in the case
when M is compact (hence, it has two singular orbits) got necessary
and sufficient conditions for M to admit an invariant Kahler-Einstein
metric. Similar results had been obtained by A. Dancer and M.Y.
Wang [15], who used a different approach.

In the previous paper we showed that non compact standard coho-
mogeneity one manifolds are exactly the total spaces M, of the homo-
geneous complex vector bundles M, = G xg V,, = So = G/H over a
flag manifold Sy with an invariant complex structure J° defined by a
representation ¢ : H — GL(V,,), V,, = C™ with ¢(H) =U(V,,) ~ Up,
and gave a description of the invariant Kahler structures in terms of the
painted Dynkin diagrams associated with the flag manifolds Sy = G/H
(the singular orbit) and F = G/K = p(G/L) = G x g PV, (the pro-
jectivisation of the vector bundle M,). We also gave necessary and
sufficient conditions (similar to the conditions by Podesta-Spiro) for
the existence of invariant Kéhler-Einstein metrics in terms of an inter-
val in the T-Weyl chamber associated with the complex structure J¥'.
If this condition is satisfied, the construction of an associated Kahler-
Einstein metric is described explicitly in terms of a function f(¢) which
is the inverse function to a function ¢ = ¢(f) given by the integral of
an explicit function of one variable.

In the present paper, for a non compact standard cohomogeneity
one G-manifold M, = G xg V,, of a classical semisimple Lie group



SU,, Spyn, Spin,, we reformulate the necessary and sufficient condi-
tions for the existence of invariant Kahler- Einstein metrics on M, in
terms of easily checked arithmetic properties of the Koszul numbers
associated with the flag manifold Sy = G/H, see Theorems [7] and 8

We will always assume that the group G is simply connected and
it acts on M almost effectively.

Remark 1 When the paper was finished we find the two interesting
papers [§] and [I4], where invariant Ricci-flat metrics on some holo-
morphic bundles over flag manifold are constructed.

In [14] the author gets a nice general formula for the unique asymptot-
ically conical Ricci-flat Kahler metric on the canonical bundle Kg of a
flag manifolds ' = G®/P . In [8], the authors describe more explicitly
the invariant Ricci-flat Kahler metric on the canonical bundle K of
the reducible flag manifold F' = SU,,/S(Up, x --- X Up,) x SU,/Uq—1

and show that, in the case when the ¢-root K ; exists, the same for-
mula gives a Ricci flat Kahler metric on the rank ¢ holomorphic vector

bundle ¢K g .

2 Preliminary and statement of the main
results

2.1 Cohomogeneity one Kahler manifolds of stan-
dard type

Following [22], we focus our attention to cohomogeneity one Kéhler G-
manifolds (M, J,w) of the standard type, i.e. manifolds which satisfy
the following conditions:

(i) a regular orbit S = Gx = G/L is an ordinary manifold. This means
that the normalizer K = Ng(L) of the stability subgroup L is the
centralizer of a torus in G and dim K/L = 1.

In particular, F' = G/K is a flag manifold with induced invariant com-
plex structure J¥.

(ii) the CR structure induced by the complex structure J of M on a
regular orbit S = G/L is projectable, that is the restriction 7 : S =
G/L — F = G/K to S of the momentum map is a holomorphic map
of a CR manifold onto the flag manifold F = G/K equipped with a
fixed invariant complex structure J¥ (which does not depend on S).
(iii) The G- manifold M has only one singular orbit Sy = G/H, which
is a complex submanifold, hence M is not compact.

Condition (ii) depends on the complex structure J on M and shows
that the CR structure on a regular orbit G/L is determined by the
invariant complex structure Jg on the flag manifold F'. In particular,
all regular orbits are isomorphic as homogeneous CR manifolds.



Such a cohomogeneity one Kéhler G-manifold (M, J,w) is called ,
shortly, a standard cohomogeneity one manifold.

In [2] we have proved that any standard cohomogeneity one man-
ifold M is the total space of the homogeneous vector bundle (called
admissible bundle)

W:M@:GXHV(P*)S():G/H

over the singular orbit Sy defined by a representation ¢ : H — GL(V,,)
with ¢(H) ~ Up, (m = dim(V,,)), called admissible representation.

Note that the singular orbit Sy is the zero section of the vector

bundle 7 and all the other orbits have the form S; = G(tvy) = G/L
and are regular, with 0 # vy € V a fixed vector and ¢ > 0. So the set
of G-regular points is M., := M, \ So = G/L x R*, where L C H is
the stabilizer of the ray Rtvyg.
It is known (see [22], [2]) that the singular orbit So = G/H C M, is
a complex submanifold, hence a flag manifold. The induced complex
structure J¥ on Sy together with one of the p(H) = U(V,,)-invariant
complex structures £J" on V,, defines the invariant complex struc-
ture on the manifold M.

2.2 Examples of standard cohomogeneity one Kahler
and Kahler-Einstein manifolds

Let (F = G/K,g",wf, JF) be a homogeneous Kihler manifold of a
semisimple compact Lie group G with integral Kahler form w (a Hodge
manifold). Denote by w € A?(g)* the form defined by w’ in the Lie
algebra g. It is exact, i.e. w = do, 0 € g*. We set Z = B~'o. Then
F' is identified with the coadjoint orbit of o and the adjoint orbit of
Z: F = Adi,o = AdgZ = G/K. Denote by [ the kernel of o in &.
Then € = [ + RZ is a B-orthogonal decomposition and [ generates a
closed subgroup L of K such that 7 : S = G/L - F = G/K is a
principal T! bundle and S = G/L is an ordinary manifold. The form
o is Ad g-invariant and it extends to an invariant contact form o on S
which is a connection form of a G- invariant connection with curvature
wf. The complex structure JF defines a projectable invariant CR
structure J° in the contact distribution JH = kero®. It is known (see
[6], Theorem 2.3) that the Kihler metric g% is extended to an invariant
Sasaki metric g% = 02 + %W*QF on S. The G-invariant extension Z%
of the Adg-invariant vector Z is the fundamental vector field of the
principal bundle 7 and it is a Killing vector field for g°.

The Riemannian cone (M = C(F) := Rt x S,g = dr? + r%¢%) is a
cohomogeneity one Kéhler G-manifold with complex structure defined
by (see [6], Theorem 2.8)

Jge =%, JE =27



where £ = rd, is the homothetic vector field. Moreover, if (F =
G/K,gF,JF) is a Kéhler-Einstein homogeneous manifold, then (S =
G/L, g%, Z%) is a Sasaki-Einstein homogeneous manifold and the cone
(M = C(S),g,J) is a Ricci flat Kéhler cohomogeneity one manifold
(see [13], [25]).

Note that the cone manifold M is a cohomogeneity one G-manifold,
but it admits a transitive group of homothetic transformations, gener-
ated by G and the 1-parameter homothety group expRE.

We give a generalisation of this construction of Kahler cones associated
to a homogeneous Kéahler manifold.

2.3 Description of admissible vector bundles

We recall the description of the admissible vector bundles M, — Sy =
G/ H of rank m over a given flag manifold Sy = G/H, see [2] for details.

A flag manifold Sy = G/H is described by a painted Dynkin dia-
gram, which represents a decomposition II = IIp U Iy, of the system
IT of simple roots of G into the subsystem of white roots Iy, which
corresponds to the semisimple part ' of the stability subalgebra b,
and the subsystem of black roots I1g. Associated with black roots 5;
fundamental weights 7; define a basis B~1m; of the center Z(h), where
B is the Killing form, see Appendix for details.

Now we give a short description of the admissible vector bundles M, =
G xpg Vy, — So = G/H of rank m = dim(V,,) over a flag manifold .

2.3.1 Case of line bundles

If m = 1, then M, = G xy C is a complex line bundle defined by
a character x : Z(H) = TF — T' = SO(V,,) = SO, which is nat-
urally extended to the homomorphism ¢ : H = H® - TF — T' |
which sends the semisimple part H® of H into identity, and by iden-
tification of the tautological SO2-module V,, = R? with C by choos-
ing one of the two invariant complex structures £.J. In this case,
the singular orbit Sy = G/H is identified with the projectivisation
PM, =G xg PC = G/K of the vector bundle.

Let fB1,--- ,Bp be simple black roots (from IIg) and 7, --- , 7, be
the associated fundamental weights. Then the character x : Z(H) =
T* — T' is determined by an infinitesimal T-character x € Pr :=
span, Il 5 (see [3]) and has the form

x(exp(2mt)) = exp(2mx(t)), t € Z(b).

Sometimes, we will identify x with x.



2.3.2 Case of vector bundles of rank m > 1

The description of standard vector bundles of rank m > 1 over a flag
manifold Sy = G/H is similar to the case of line bundles.

Let (So = G/H,J®) be a flag manifold associated with a painted
Dynkin diagram IT = IIp UIly,. We fix a connected component of the
white subdiagram Iy, which is a string of length m — 1, i.e. has the
type A,,—1 and corresponds to a su,, ideal of h. We have the following
decomposition of b into a direct sum of ideals

h=su,dn etk

where t¥ = Z(h) is the center and 1 is the semisimple ideal comple-
mentary to Su,,.

As in the case m = 1, an admissible bundle is defined by a character
X : Z(H) = TF — T' = ¢® which determines the homomorphism
¢ : H=SU, N .-TF - Vi, where V,, = C™ is the tautological
SU,,-module extended to an H-module by the conditions

e(N')=id, o|r =x

where ¢/ € x(T*),a € R, acts on V, = C™ by complex multiplication.
Note that we fix one of the two invariant complex structures J'¢
in the H-module V,,. Together with a complex structure J S on the
base Sy of the vector bundle M, = G xg V,, this defines a pro-
jectable invariant complex structure in the total space M, = G x g V,,,
hence also an invariant complex structure J on the flag manifold
F =G/K = G/L-T" which is the projectivisation of the vector bun-
dle M, = G xg V,.

Note that the opposite complex structure —J"¢ defines another pro-
jectable complex structure J’ on M, and another invariant complex
structure (J')f" on F.

The following definition describes the data which determine an ad-
missible homogeneous vector bundle M, = G x g V, = Sy = G/H of
rank m > 1 together with an invariant complex structure J.

Definition 1 Let IT = Iz U Iy be a painted Dynkin diagram which
defines a flag manifold (So = G/H, J%). A triple (Apm—_1,%,3) , where
A1 = {al, e ,am_l} 18 a string, i.e. a connected component of the
white subdiagram Iy, of type Apm_1, x : Z(H) = T* — T a character
and (8 is one of the end roots of Ap—1, ( the left B = a1 or the right
B = am—1 ) is called a data.

Proposition 2 [2] Let (Sy = G/H,J®) be a flag manifold with re-
ductive decomposition § = b + m, associated with a painted Dynkin
diagram 11 = U UTly. A data (Am—1,X,53) defines an admissible
homogeneous vector bundle M, = G xg V,, with a complex structure
J. The restriction of the complex structure J to M., = G/L x R



is defined as follows. The B-orthogonal reductive decomposition of a
reqular orbit G/L can be written as

g=1+RZ%+p)=[+RZ% +q+m)

where h =€+ q, € =+ RZ% and Z% is the fundamental vector of
the principal T' bundle G/L — F = G xg PV, = G/K, normalised
by B(Z%,2%) = —1 . The complex structure J¥ induces the invariant
CR structure (H,J™") in G/L. It is extended to the invariant complex
structure J on Myeq = G/L x R by the formula

1
~a(t)
where a(t) is a non-vanishing function.

The B-orthogonal reductive decomposition of the singular orbit Sy =
G/H and a regular orbit G/L can be rewritten as

JO; Z%  JZ% = —a(t)o;

g=bh+m=(su,enet")+m= (su, BRZXen Gkery)+m. (1)

g=[+p=Up_1 &0 Skery) + (RZ} + q+m) (2)

where ZX = B=1y, t* = Z(h) = RZX +kery, & = [+RZX. We identify
the subalgebra W, = SU,, + RZX with p(Uy,) = W(V,) and denote by
U,,—1 the stabilizer of a fized vector eg € V,, = C™; Finally, q is the
invariant complement to Uy,—q1 N Uy, = Upp—1 + (.

2.4 Invariant Kahler structures on the total space

M, of a standard vector bundle

Invariant Kéhler structures on a standard cohomogeneity one manifold
M, = G x gV, are described by segments (an interval or a ray) in the
T-Weyl chamber

C(IF)={B>0,81>0,- B >0} CiZ(t) = t* + RZ°

of the flag manifold F' = G/K corresponding to the complex structure
JE (see Theorem 7 in the Appendix). Here

70 = —iZb (3)

where Z% is the fundamental vector.

We may assume that 3(Z%) > 0 where 3 is the new black root in the
Dynkin diagram of G/K.

Choose a vector Zy € iZ(t) such that 5(Zy) = 0, 8:(Zo) > 0,4 =
1,...,k. Geometrically, the vector Zy belongs to the face § = 0 of
the Weyl chamber C(J) and its projection to iZ(h) is in the Weyl
chamber C(J%).



Definition 3 A segment (an interval or a ray) in C(JF) of the form
(ZoZ4), B(Zy) = 0, which is parallel to the fundamental vector Z° to-
gether with a parametrization Zo + f(£)Z° such that f(t) > 0, f(0) =
0,Zq= Zo+ f(d)Z°, is called an admissible segment.

Theorem 4 ([2], Proposition 17 , see also [22]) Let (My,J) be an
admissible vector bundle associated with a data (Am—1,x,8). Any ad-
missible segment (ZoZq) C C(JT') defines a Kihler metric in the tubu-
lar So-punctured neighbourhood M = (0,d) x G/L C M, \ So of the
zero section Sy of the vector bundle M, — So = G/H given by

Greg = dt® + (f0°)* + whgo + f(t)Thg".

Here g : Myeg = G/LxRT — F = G/K is the natural projection
and go = —wzg, © JF, g% = —wyo o JE, where wz,, wgzo are the closed
invariant forms on F associated with Zo, Z° (see Proposition[d in the
Appendiz below for the correspondence between vectors in C(J') and
forms on F). Any invariant Kdhler metric of standard type can be
obtained by this construction.

The Kdihler metric g smoothly extends to the zero section Sy if and
only if the function f(t) is extended to a smooth even function on R
which satisfies the following Verdiani conditions [26] :

£(0) = £(0) =0, f(0) =&,

where
k=2m/Ty, To=min{t >0 | exp(tZy) € L} (4)

Moreover, the invariant Kdhler metric g is geodesically complete on
M, = G xy Vy, if and only if the function f(t) is defined on RT and

satisfies the Verdiani conditions.

Finally, we recall the conditions for the Kéhler metric associated
with an admissible segment (ZyZ4) to be a Kahler-Einstein metric.

Theorem 5 (Theorem 34 in [2]) Let M, be a standard cohomogene-
ity one manifold, i.e. the total space of an admissible bundle M, =
G xu V, — Sy over the singular orbit (So = G/H,J%) and (F =
G xpy PV, = G/K,J¥) be the flag manifold associated with regular
orbits. The invariant Kdhler metric g in M, associated with an ad-
missible segment (ZoZy) C C = C(J¥) in the T-Weyl chamber C(JF)
is a Kdhler-Finstein metric with Einstein constant A if and only if
(i) the Koszul vector Z¥°s € C(J¥) (which defines the invariant
Kdihler-Einstein metric on the flag manifold (F, J¥'), see the Appendiz),
the initial vector Zy of the segment and the fundamental vector Z° are
related by

zKos = \Zy + kmZ° (5)

where m = dim(V,,) and £ 1is defined by ({{);
(i1) the function f(t) satisfies the equation



Ft) + AN +Af = wm ()

with the initial conditions )

limt_>0 f(t) = Hmt_,() f(t) = 0, Hmt_m f(t) = K,

where A(f) = 3 ept #Zf‘g(zo) and R, is the set of the positive
black roots of G/K, see Appendiz.

Moreover, the Kdhler-Einstein metric can be extended to a complete
metric if and only if A < 0, and the segment extends to a ray Zo+RtZ°
in C(JF).

The proof, given in [2], is based on the following

Theorem 6 If the condition (A) of Theorem [4 is fulfilled, then the
function f(t) parametrizing the segment (ZoZ4) which gives the Kdhler-
Einstein metric is the inverse to the function

! P(s)
= ds
i) /0 \/2 fos(l-@m — M) P(v)dv ™
where P is the polynomial defined by P(x) =TI gt (((Zo) +x a(Z?)).

Remark If the necessary and sufficient conditions are fulfilled this
theorem reduces the explicit construction of a Kéhler-Einstein metric
to the construction of the inverse function f(¢) to the function ¢(f).

2.5 The main results

Let (F = G/K,J¥) be the flag manifold with an invariant com-
plex structure associated with a painted Dynkin diagram IT = I15 U
I1%,. Denote by {80, 51, ,Bp} = 1L the simple black roots and by
Ty, 1, -+ ,Tp the associated black fundamental weights. The Koszul
form op = B o Z¥° agsociated with the Koszul vector ZX°° admits a
decomposition

BOZKOS=n07T0+7’Ll7T1+---+7’Lp7Tp (8)

where the natural numbers n; are called the Koszul numbers of the
complex flag manifold (F,JT).

Now we are ready to state our main theorems which give necessary
and sufficient conditions in order that the admissible vector bundle
M, =G xpyV, = Sy = G/H over a flag manifold (S = G/H,J%)
associated with a painted Dynkin diagram Il = Il U Il admits an
invariant Kéahler-Einstein metric, where G is one of the classical com-
pact Lie groups SU,, Spn, SO,,. Recall that a cohomogeneity one G-
manifold M, having G/H as singular orbit and endowed with a com-
plex structure J is defined by the data (si,,x, ), where su,, is a
connected component of the white subdiagram Iy, of G/H, § = fy is
one of the end roots of the string suy, and x : Z(H) = TF — T'is a



character.

These data define a complex structure on the flag manifold F =
G x g PV, = G/K such that (F, JI) corresponds to the painted Dynkin
diagram I1 = I15 U I1f;, obtained form the painted Dynkin diagram
IT = g UIly of Sy = G/H by painting the simple root 8 = §y into
black. So I =Tz U {8}

For classical simple Lie algebras g of types A, B,C, D we use the
standard notation for the root system Ry and the simple root system
II4 as in [17):

Ra= {ei—¢j}, Rp = {e —¢j *ei},

HA = {Ozi =&; — 5i+1} HB = {Oéi =& — Ei41; Ee}

RC = {Ei—{:‘j,iQEi} RD = {i&'iifj}

e = {ai:=¢ci—eip;2e0} llp= {ai:=¢ei - =1+

where £ is the rank. Now we are ready to state the main results of the
paper. The following Theorem[7 (resp. Theorem[]) gives necessary and
sufficient conditions for an admissible vector bundle M, = G xg V,,
of rank m = dimV,, > 1 (resp. m = 1) to admit a Kéhler-Einstein
standard invariant metric.

Theorem 7 Let (So = G/H,J?) be the flag manifold of one of the
classical simply connected Lie groups G = SU,,, Spn, 35" = Spin, de-
fined by the painted Dynkin diagram II = IIy Ullg, g = {B1, -+, Bp},
and let ni,...,n, be the Koszul numbers of G/H.

Let m > 1 an integer, let Ay—1 = {a1,- -+ ,a@m—1} be a white string
of Iy and B = a1 (resp. B = am—1). Then, we have the following

(1) the admissible vector bundle M, = G xg V, — Sy of rank m
associated with the data (Am—1,X, ) admits a Ricci- flat Kdhler

standard metric if and only if m|n; for j=1,...,p and
" n; " n;
J i
= E i (res = E j 9
X p mﬁj (resp. x = = m 9)

(i) the admissible vector bundle M, = G x gV, — So of rank m as-
sociated with the triple (Am—1,x,B3), where x = kymi+---+kpmp
and 8 = a1 (resp. B = am—1) admits a unique Kdhler-Einstein
standard metric g defined in a neighborhood of the singular sec-
tion wzth FEinstein constant A > 0 if and only if k; < -Z (resp.
k; > — ) and with Finstein constant X < 0 zf cmd only if
k > (resp kj < —22).

In the case N < 0 the metric is extended to a globally defined
complete metric in M.

Theorem 8 Let G and Sy be as in Theorem [ Then the admissible
vector bundle M, = G xg V, — So of rank m = 1 with Sy as only
singular orbit associated to the infinitesimal character x = kimi+---+
kpmp admits a Kdhler-Einstein standard cohomogeneity one structure
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with Einstein constant A = 0 (resp. A > 0, A < 0) if and only if
kj =mn; (resp. kj > n;, kj < nj), where the nj’s, j =1,...,p, denote
as above the Koszul numbers of G/H.

Note that the last theorem includes the case when Sy is the manifold
of full flags (i.e. H = T* is a maximal torus).

2.6 Calculation of Koszul numbers and examples

Let us recall the flag manifolds FF = G/K of the classical groups G
(see, for example, [B], [7]):

- SUn)/S(U(ny) x - x U(ng) x U(1)™)
n=ny+---+ns+m,s,m>0

- S02n+1)/U(ny) x -+ x U(ns) x SO(2r +1) x U(1)™

- Sp(n)/U(ny) x --- x U(ns) x Sp(r) x U(1)™

- 80(2n)/U(n1) x --- x U(ng) x SO(2r) x U(1)™
n=ny+---+ns+m+r, s,mr>0r#l

The Koszul numbers n; for F' endowed with a G-invariant complex
structure J are determined by the corresponding painted Dynkin di-
agram as follows ([5]):

n; = b; + 2, where b; equals the number of white roots connected to
the black root 3; , with the following exceptions.

For the group G = SOs,, 11 of type B,,, each long root of the last white
chain which defines the root system of the type sos,41 is counted as
two.

For G of type C,, each root of the last white chain of type sp, is
counted as 2.

For G of type D, the last white chain of type sos, is considered as a
chain of length 2(r-1).

If r = 0 and one of the two end roots is white and the other one is
black, the Koszul number associated to the end black root § is 2(k-1),
where k is the number of white roots connected with 5.

Example 9 Let us consider for example the flag manifold (G/H, J)
given by the following painted diagram:

0—0—®—0—0—@—0—0—0—0—0 (10)
The Koszul numbers associated to the black roots are

TL1:6, TL2:9

For the first white string on the left su,,, m = 3, condition m|n;
in Theorem [7] is satisfied, so there exists a Kahler-Einstein admissible
vector bundle of rank 3 with Einstein constant A\ = 0 if we choose
data (su,, x, 8) with su,, being this string (both when the new black
root [ is the first and the second node of the string). For the white

11



string su,,, m = 6 on the right, the condition m|n; in Theorem [7 is
not satisfied since 6 does not divide 9, so the admissible vector bundle
corresponding to the choice of this string does not admit a Ricci-flat
structure.

If G/H is given by the following painted diagram:

e—0—0—0—e (11)

the Koszul numbers associated to the black roots are

n1=n2=5

For the central white string su,,,, m = 4, condition m|n; in Theorem
[7is not satisfied, so the admissible vector bundle corresponding to the
choice of this string does not admit a Ricci-flat structure.

Example 10 The conditions for the existence of a Kahler-Einstein
metric (with Einstein constant A = 0,A > 0 or A < 0) are satisfied in
particular when the painted Dynkin diagram of the singular orbit Sy =
G/H consists of a white A,,_1 string only (i.e. Sy = SU(m)/SU(m) is
a point), since in this case the Koszul numbers n;, j =1,...,p of G/H
all vanish. So there exists a Kahler-Einstein standard cohomogeneity
one SU(m)-manifold having a point as singular orbit for any value of
the Einstein constant A.

In order to determine explicitly the metric for any case, assume for
example that § = «; = €1 —e2 (the case when 8 = 1 = €m—1—Em
is similar) and observe that Z(h) = {0} and that the set of positive
black roots of G/K is

Rt-':_i = {6’6+(€2_53)3"'75+"'+(€m—1 _Em)}
Then we have that the polynomial P(z) is

P(x) =, pi (a(Zo) + 2 a(Z2°) =TI _ & a(2°) = B2
(where we are denoting 8° = 3(Z°)™~1!) and then

60 Sm+1
m+1 '

/S(km — M) P(v)dv = B%ks™ — A
0

So, by Theorem [B the function f(¢) which determines the metric is
the inverse to

_ [ P(s) _ /! L
1= /0 \/2 Jo (km — Xv)P(v)dv ds = /0 28 — A2y s? ds

By a straight calculation, one then sees
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ﬁAK@gwéaﬁ

so that ¢ € [0, +00) and

2
fy =5

This is the flat metric on C™, endowed with the canonical SU(m)

action.
/ " 1 bf
ar g -
- m+1 82 Vv —b f + D

- A>0:
so that t € [0

| and

3\

a

1y =-% m@w

where we are denoting a = 2k, b = =\ +1' this is the (non
complete) Fubini-Study metric on C™.

- A<

/ S S PO N S 0 3
2Ks — —52 b _
Vb f+e
so that ¢ € [0, +00) and
b
F(t) = %sinhQ(gt)

where we are denoting a = 2k, b = f)\mi_ﬂ: this is the hyperbolic
metric on the open disk endowed with the canonical action of
SU(m).

3 Proofs

The proofs of Theorem [l and Theorem [8] consist in finding the condi-
tions under which there exists a Lie algebra character x : Z(§) — C
such that the above algebraic condition ZK°* = \Z; + kmZ° (@) in
Theorem [l is satisfied. In order to do this, we need to calculate Z°
and ZKes,

Lemma 11 Let G be a simply connected group with Lie algebra su,,
$p,,, §02,, S0an4+1 and let Sy = G/H be a flag manifold with painted
Dynkin diagram 11 = 114 U TIH..

Let Gx gV be the standard admissible bundle of rank m > 1 defined by
the data (Am-1,x, 5), where A1 = {a1,...,m-1} is a white string
in I, x : Z(h) — C is a Lie algebra character and 3 = a1 (resp.
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B = am—1) is the new black root in the painted Dynkin diagram of the
flag G/K associated to the regular orbits.

Let Z°, k be defined by (3) and ). If w5, ms+1 denote the fundamental
weights of the black roots Bs, Bst1 of the diagram of G/H connected
to ay and au,—1 respectively, then, up to sign, we have

—1 1
nZozB_l(x—HTo—m Ts — —TMst1)
m
—1 1
(resp. KZ° =B Y(mg—x — o Tsy1 — —Ts)) (12)
m

with the exception of the following two cases:

(1) g = 502,41 and the painted Dynkin diagram of G/H is

. —@—0—-i— 0 = e (13)
Bs o Am—1 Bs+1
then
m—1 2

kZ° =B (x +mo —

Ts — Eﬂ.s—i-l)

2(m — 1) 1

(resp. kZ"= B *(my — x — Ts41 — EWS» (14)

(2) g = 509, and the painted Dynkin diagram of G/H is

'ﬂT-i-l
Ta e T Tak (15)
(16)
then
m—1 2

kZ°% =B (x +m — g — —Mst1)
m

m— 2 1
— — T 1
T - —m) (1)

(resp. kKZ° =B (mp—x —

where we are denoting B~1(€) the dual of & with respect to the Killing
form B, that is £(X) := B(B71(¢), X).

For the admissible vector bundle M, = G xg V, = So of rank m =1
with So as only singular orbit (i.e. G/K = G/H) defined by the pair
(Am—1,x) we have

kZ° =B (x) (18)

Remark 2 If «; is the first (resp. «;,,—1 is the last) node of the
diagram, then we have no black root 85 (resp. Bs+1) and in formulas

(@), @) and (7)) the term in 74 (resp. in msy1) cancels.
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Before starting to prove the Lemma, let us fix some notation which
will be fundamental in the proof.

As we have recalled above, the stability subgroup L of a regular orbit
in M, = G xg V, can be identified with the stability subgroup H. of
a non-zero vector e € V,, and the corresponding stability subgroup K
of the flag manifold F' = G' x g PV, with the stabilizer H|.) of the line
le] € PV,.

This holds true also when m = dim(V,,) = 1, in which case G/K =
G/H, that is we have no new black root 5.

Given the Lie algebra character x : Z(h) — C, let us denote a =
ker xy and define the following direct sum orthogonal decomposition

b =suy, +0' + Z(h) = suy, +1' +a+RZX (19)

where ZX is the vector in at such that y(exptZX) = e,

We identify V,, with the Hermitian space C™ such that the standard
basis €5, j = 1,...,m consists of weight vectors with weights ¢; w.r.t.
the Cartan subalgebra ¢(c¢) and the simple roots a; € A,,—1 satisfy
Oéj|c =&; —E&i41-

In the case m > 1, we have either 8 = «q, in which case we take e = e
and set
ZP = idiag((m — 1), —idy,_1) € stt,, C b (20)

or 3 = a,,_1, in which case we choose e = e,,, and set
ZP = idiag(—id,,_1,m — 1) € su,, C b (21)

(when there is no risk of confusion, with a slight abuse of notation in
the following we will denote by Z? both the element of su,, and its
immersion in b, see also (22))-(25]) below).
Since ZX goes under the Lie algebra representation to ¢id,,, in both
cases the element
Z'=7° — (m—1)2x

annihilates e, hence it belongs to the stability subalgebra [. Then
the fundamental vector Z% coincides with the vector of the plane
span(Z8, ZX) orthogonal to Z' and normalized by B(Z%,Z%) = —1.
Recall that the relations between the stability subalgebras b, ¢, [ of the
flag manifolds Sy = G/H, F = G/K, the CR manifold G/L and their
centers are given by

h= su,+n + Z(h), Z(h) =a+RZX
[= suy,_1+n'+ Z(1), Z()=a+RZ"
E= sup_q+n+Z(E)=[+RZ° Z(£)=2Z(1)+RZ° = Z(h) + RZ"

where we denote by su,,_; the stability subalgebra of the vector e in
Sl

In the case m = 1, where as we have observed above G/H = G/K
we have no new black root 3, we have Z(h) = Z(), Z' = 0 and
Z(l) = a = ker yx.
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Proof of Lemma [IT} As we have seen above, the vector Z% is
given by the B-orthogonal decomposition Z(¢) = Z(I) + RZ%, and
B(ZY%,7%) = —1, being Z(I) = ker(x) in the case m = 1, while for
m>1

Z(I) = ker (x) +RZ", Z'=2° —(m —1)2x

where ZX € Z(b) is orthogonal to ker(x) and x(ZX) = .

Let m > 1: by the well-known structure of classical semi-simple Lie
algebras, in the case g = su,,, if § = a; (resp. 8 = as), then by (20)
(resp. (ZI0)) above we have

ZP = D, =i diag(O,m — 1, —id,,_1,0) (22)

(resp. Z° = D, =i diag(O, —idy,_1,m —1,0) ) (23)

where the order of the zero matrices O depends on the position of the
Apn—1 component in the Dynkin diagram, while for the other classical
Lie algebras we have

D, 0

78 = < o _D, > for g = spy,, 502, (24)
D, 0 0

A 0 —D,, 0 | for g=s00141 (25)
0 0 0

where D,, is given either by ([22)) or ([23) depending on the choice of j.
We are going to show that

1 YA A
Z9 = —1)— 26
Y e (77 + - Dze) @

A AR

where we are using the notation || Z||?> = B(Z, Z). Indeed, ZX and Z”
are orthogonal since ZX belongs to Z(h) which consists of matrices of
the kind

X =1 diag(0, 0 idy,, O) (27)
for g = su,, and
Xm 0
( 0 X, ) for g=sp,,502, (28)
Xm 0 0
0 -X, 0 for g =s09n41 (29)
0 0 0

so the claim is true by (22)-(25) and by recalling that the Killing form
B is given by B(X,Y) = 2n - tr(XY),2(n + 1) - tr(XY),2(n — 1) -
tr(XY),(2n —1) - tr(XY) for g = su,,sp,,, $02,, $02,+1 respectively.

So we have
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(o + =12, 2%~ (m = DZ) = ~(m-1) (1)
+(m—1 , —(m—=1 =—(m—1)+(m—1)=0
122 127
which shows that the vector given by (26)) is orthogonal to Z".
Moreover, (28] is orthogonal to ker(x) since both Z# and ZX are (ZX
by definition, Z” since, as we observed above, it is orthogonal to Z(h)
and ker(x) C Z(b)). Finally, it is easy to verify that B(Z%, Z%) = —1.
If m = 1, then by Z(I) = ker x and the orthogonality condition we
immediately see that Z% = ——Z=—

—llzx|?
We now calculate x defined by ().
To this aim, recall that L is the isotropy subgroup of a non-zero vector
e € C™ (with respect to the action of H on C™ defined through ).
In the case m > 1, let us consider just the case when § = a;, e = e; and
75 is given by [20) (the calculation being similar in the case 8 = a1,

e=epn).
Since through the (Lie algebra) representation tZX corresponds to
itld,, and tZ? to it diag(m — 1,—1,...,—1), by ([26) we have that

tZ% goes in the Lie algebra representation to

1 it m—1
Id+ it diaglm —1,...) | =
- <||Z><|2 zop " o ))

Sz NZENR

. ; 1 (m—1)2
=diag [ —ity | — — yeee
( \/ e )

so that exp(tZ%) goes to

it ,;2,%
~ TZX| ZP]|
diag | e I N

So, in order for exp(tZO) to fix e; we must have —t\/—ﬁ — % =
2rk for some k € Z, and the first positive value for which this holds

27

true is Ty = — from which we finally deduce that
1 ™m—
V T zxz T P2

21 1 (m—1)2
R= — = —_ —_
To 1Zx||> [|Z7|2

that is

zZx VA
K% = ——— - (m— 1)
AR 125]]?
(notice that this equality holds true both when 8 = a; and 8 = a;,—1).
Moreover, by the definition of B(X,Y") in each of the classical groups
recalled above and by ([22)-(25) we have || Z3||? = —2cm(m — 1) where

17



¢ =mn,2(n+1),2(n—1),2n—1 for g = su,, sp,,, $02y, §02,+1 respectively,
so we finally get
o zx  ZB

-2 2 30
=R aem (30)

1

——, SO
V=lizx|2’

In the case m = 1, the same argument shows that x =

that we get

7 X

Z% =
S VAT

(31)

Now, we are going to rewrite this by B-duality, i.e. to calculate the
dual form £ = B71(kZ%). For the sake of brevity, from now on we
will denote Z ~ & to mean Z = B~1(¢).

First, the fact that B(ZX,Z) = 0 for every Z € ker(x) means that
ZX ~ Dy, for some D € C; then, by | ZX||? = B(ZX, ZX) = Dx(ZX) =
D i we have

77X
12Xz~ i

[=<

(32)

By (1)), this immediately yields kZ% ~ ix in the case m = 1.

In the case m > 1, we need to calculate B~1(Z”).
Recall that, if we denote by E;; the square matrix having 1 at position
1 7 and zero otherwise, then

1
2—C(Ez —Ej;)~¢e; —¢jfor g=su, (c=n)
1 N
o ( Ei OE” B 0 > > ~ g;—e; for g =8Py, 509, (¢ =2(n+1),2(n—1) respectively)
c ii — B
2— 0 Ejj — Eii 0 = E,—€j for g = S02n+4+1 (C = 211—1)
¢ 0 0 0

Then, if a3 = e — ex41 and Qp—1 = €gtm—2 — Ek+m—1, combining
these identities with (22))-([25]) above we get

ZP ~2ci((m—1)ep — (epg1 + -+ Ehpm_1)) (33)

(resp. Z° ~2¢ci((m — Deppmo1 — (€k + -+ exam—2)) ) (34)

for 8 =y (resp. = am—1).

Now, if we are not in one of the cases (1) or (2) of the statement of
the lemma, then 85 = ex—1 — €k, Bs+1 = €ktm—-1 — Ek+m and the
corresponding fundamental weights are
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Mg =€1+ " +€k-1, Tsy1 =1+ "+ Ektm—1
Moreover, the fundamental weight associated to the new black node
B8 = ai (resp. B = uu-1) is given by m9 = €1 + -+ + e (resp.
o =¢€1+ -+ Ektm—2) and then, by B3) and (B4) we get

7P ~2¢ i(mmg — (m — 1)mg — mgy1) (35)

(resp. ZP ~2¢ci((m — 1)mey1 — mmo + 7)) (36)

If we are in case (1) of the statement of the lemma, we have 7541 =
atoten and then

7P ~ 2¢ i(mmy — (m — 1)ws — 2mg11) (37)

( resp. 78 ~ 2¢ i(2(m — 1)7sp1 — mmo + 75) ) (38)

for B =y (resp. 8= am-1).
If we are in case (2) of the statement of the lemma, then 7541 =
Qfteo1=< and one sees that

78 ~2¢ i(mmg — (m — 1)mg — 2mgy1) (39)

(resp. Z° ~ 2¢i((m — 2)mey1 — mmo + 7)) (40)

Then the lemma follows by substitution in @B0) and by Z° = —iZ¥%
(recall also that both Z° and Z9% are determined up to the sign). O

Now we are ready to prove Theorems [[l and Bl Let us recall that,
assuming that the group G is simply connected, it is known that the
lattice of characters coincide with the lattice of weights ([I7], [24]) so
that the Lie algebra character y is given by a linear combination with
integer coefficients of the fundamental weights 7, ..., T, associated to
the black nodes of the diagram of G/H:

p
X = ijﬂ'j, kj S/
=1

while the Koszul form o = B~'(ZK%*) = 3 _p+ o (where R =

R*\ R; denotes the set of complementary to Rth positive roots). In

what follows, when necessary to avoid ambiguity we will write Zg/"fl

to denote the Koszul vector of the flag manifold G/H.

Proof of Theorem [Tk

Let 71, ..., m, be the fundamental weights of the black roots 1, ..., fp
of the Dynkin diagram of G/H, and ni,...,n, be the corresponding
Koszul numbers, so that B’l(Zg/"I:_"‘I) =0 nym.
Let m > 1, let A1 = {a1,...,am—1} be the white string given
by the data which define the admissible vector bundle and let my be
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the fundamental weight of the new black node S (with 8 = ay or

B = am_1), so that we have Bil(Zg/"f() = ngmo + 5 nim;.

By using the description of the Koszul numbers given in subsection
2.6, one easily verifies that if 8 = ay (resp. 8 = a;m—1), then

ng=m, n,=ns—(m—1), ni =ngi—1 (41)

(resp. np=m, ny=ng—1, n ;  =ng1—(m—1)) (42)
with the exception of the same two cases seen in Lemma [IT] that is

g = 502541, .. — @ — 0 —++-— 0 = e (43)

Bs o1 Om—1 Bs+1

where, if 8 = oy (resp. 8 = amm—1), we have

ng=m, ng=ns—(m—1), ni 4 =ng—2 (44)
(resp. my=m, L =my—1, Wiy e —2m—1))  (43)
and
®35+1
g = 5092, _B._o__ (|3 — o (46)
(47)
where
TL6 =m, nls =nNs — (m - 1)7 n/s+1 =Nsy1 — 2 (48)
(resp. nog=m, n,=ns—1, n, | =ne1—(m—2)) (49)

for B =y (resp. 8= am-1).
We point out that formulas [@Il) and (@2)) hold true also for G = Sp(n)
in the case when the painted Dynkin diagram of G/H is

e @ — 0 —ii— 0 «— e (50)

Bs (7] Qi —1 ﬂs+1

Now, if A = 0, the algebraic condition for the existence of the Einstein
metric is

zKos = gmZ° (51)
By using Lemma [T and ([@1),[@2), @), [@7), @F), @) if 8 = o

(resp. = am—1), one rewrites condition (BI) as
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mmo+ Z n;mj+[ns—(m—1)]ms+[nep1—1]msp1 = mx+mmo—(m—1)ms—meq1
J#s,s+1
(52)
(resp.

mmo+ g n;mj+(ns—1)me+[nsp1—(m—1)]mep1 = mmg—mx—(m—1)ms11—75 )
J#s,s+1
(53)

or

mmo—+ Z i+ [ns—(m—1)]7s+[nsy1—2]ms11 = myx+mmo—(m—1)ms—27s41
J#s,s+1
(54)
(resp.

mmo—+ Z n;mj+(ns—1)ms+[nsp1—2(m—1)]msp1 = mmog—mx—2(m—1)Ts1—7s )
J#s,s+1
(55)

mmo—+ Z i+ [ns—(m—1)]ms+[nsy1—2]ms11 = myx+mmo—(m—1)ms—27s11
j#s,s+1
(56)
(resp.

mmo—+ Z n;mj+(ns—1)ms+[nsp1—(m—2)]msp1 = mag—mx—(m—2)ms11—7s )
j#s,s+1
(57)
in the exceptional cases of g = 502,41 and g = 502,.

In all the cases (52), (3), B4), BI), B4), (B1), one immediately

sees that after simplifications one gets

p
E nj7rj =mx
j=1

from which (i) of Theorem [7 follows.

In order to prove (ii), recall that in the case A # 0, the necessary
and sufficient conditions to have a standard Kahler-Einstein metric in
a neighbourhood of the singular section are (see Theorem [l

(1) the vector Zy = $(Z%° — kmZ°) satisfies 8;(Zo) > 0, j =
1,...,pand 8(Zy) =0

(2) for at least small values of s > 0, the segment Zy + sZ° satisfies
Bi(Zo+8Z2°% >0,j=1,...,pand B(Zy +sZ2°) >0
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In fact, if (1) is satisfied, then 3(Zy + sZ°) > 0 reduces to 3(Z°) > 0
and 3;(Zo + sZ°) > 0 is always satisfied for small values of s.
So we need just to check 8(Z°) > 0, 3;(Zo) > 0, B(Zy) = 0.

The first condition is easily verified by (I2)), (I4), (I7) in Lemma [TT1
As for the other two conditions, by (B2)), (53)), G4), G3), (Ga), G1),

one sees immediately that in any case

B~Y(Zy) = %(Z n;m; —mx)
(resp. B~ (Zy) = %(Z n;m; +mx) ) (58)

for B8 = a1 (resp. B = aum—1), so B(Zy) = 0 is clear, while 5;(Zy) > 0
writes

LU 1 —mky) >0, j=1,...,p (59)
(resp. %Hﬁ;l\ [nj +mk;] >0, j=1,...,p (60)

from which the assertions in (ii) of Theorem [7] immediately follow. [

Proof of Theorem [88  The proof is the same as for Theorem [1]
but now since m = 1 we have G/K = G/H and the Koszul forms o
of G/K and G/H coincide: then, for A = 0 we use (I8)) to rewrite
condition (5I)) for the existence of a Ricci-flat metric as

P
X=0=> nm (61)
j=1

while, in the case A # 0, since there is no new black root S and the
only condition to have a standard Kéhler-Einstein metric in a neigh-
bourhood of the singular section is 3;(Zp) > 0, the assertions of the
theorem immediately follow from B~1(Zy) = %(Zle n;m; —x). O

Remark 3 The above proofs show that, once the conditions for the
existence of a Kéahler-Einstein standard cohomogeneity one structure
on an admissible vector bundle M, = G xpy V,, having Sy as only
singular orbit are satisfied, then this structure is unique provided the
Einstein constant A # 0, while for A = 0 the metrics are parametrized
by the vectors Zy € C(J%). Indeed, in the case A = 0 condition (5I])
for the existence of the metric does not depend on the choice of the
initial vector Zy € C(J°) of the segment in C(J¥'), while for A # 0 the
vector Zy is completely determined by Zy = $(Z%° — kmZ°). This
is consistent with the results in [I5].

Remark 4 By the same remarks made to prove (ii) of Theorem[T] one
sees that, if a metric with A # 0 exists, then the segment Zy+xZ° can
be extended to a whole ray in the T-Weyl chamber C(JF) of F = G/K
if and only if 8;(Z°) > 0 for every j =1,...,p.
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If we are not in one of the exceptional cases of the statement of Lemma
[T by ([I2) this condition both for A > 0 and A < 0 reads

1 1
k>0, ke > kepr > —
m m
1 m—1
k<0, k< ——, ey < — = 62
(resp. k;j <0, — ke —) (62)

if 8 =a; (resp. B = am—_1).

By Theorem [7], these conditions are always compatible with those for
the existence of the Kéhler-Einstein metric in the case A < 0, i.e.
kj > 2L (resp. kj < —=L), while this is not true in the case A > 0,
where we must find integer k;’s, j = 1,...,p, such that 0 < k; < 2L for

- m
j#s,stland 2l < kg < Ze L <k ) < 2L (resp. — 22 < K < 0
for j #s,s+1 and —2= <k5<f%, -t < kg <fmT*1).

In the case A = 0, the algebraic condition (GI)) implies that Z° =
ﬁZK"S € C(J¥), and then for any choice of the starting point Z, €
C(JF) N {B = 0}, the segment Zy + xZ° extends to a ray in C(JF).
This is in accordance with the last assertion in Theorem [l (see also
the end of the proof of Theorem 36 in [2]).

We leave the details about the exceptional cases of the statement of
Lemma [[] to the reader.

Remark 5 Notice that k; € Z assures that the vector Z° fulfills the
condition that {exp(tZ°) | t € R} is compact (more precisely, a circle
S1)

Remark 6 Under the conditions given by the proposition, there al-
ways exists at least a non-complete Kahler-Einstein metric, given by
a segment Zy 4+ sZ° staying in the interior of the chamber C and
parametrized with s = f(t), being f(t) the solution to the ODE (8l
As we have proved in the first part of this paper, if the conditions
of Proposition [1 are satisfied, there exists a complete Kahler-Einstein
metric for A < 0, while for A > 0 the metric is never complete.

A Appendix. Basic facts on flag mani-
folds

Let FF = G/K = AdgZ, where Z € g, be a flag manifold, i.e. an adjoint
orbit of a compact semisimple Lie group G with the B-orthogonal
(where B is the Killing form) reductive decomposition

g=t+m=0Cg(2)+m.

We can decompose £ as

t=z@®) ot

where £ is the semisimple part and Z(£) is the center. We fix a Cartan
subalgebra ¢ of £ (hence also of g) and denote by R the root system of
the complex Lie algebra g* w.r.t. the Cartan subalgebra ¢©. We set

Ry :={a €R, Oz(Z(%)) =0}, Rm := R\ Re.
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Then
E=c+ g(RE)T’ m= g(Rm)Ta

where for a subset P C R, we set

aP)=> g,

acP

being g, the root space with root o and V™ means the fix point set
in V C g€ of the complex conjugation 7. Recall that the Killing form
induces an Euclidean metric in the real vector space i¢ and roots are
identified with real linear forms on ic. We set t := iZ(€) C ic and
denote by

p:R— Rlg, o a:=alg

the restriction map.

Definition 7 The set Ry = p(Rw) = Rum|t of linear forms on t which
are restriction of roots from Ry, is called the system of T-roots and
connected components C of the set t\ {ker @, @ € Rr} are called T-
Weyl chambers.

Sets of T-roots ¢ bijectively correspond to irreducible £-submodules
m(€) := g(p~1(€)) of the complexified isotropy module m® of the flag
manifold F' = G/K.

So a decomposition of the E-modules m® and m into irreducible
submodules can be written as

mE=Y"m@), m= > mE+m(=9]

EERT ggR;

where R := p(R}) is the system of positive T-roots associated with
a system of positive roots R, see [5], [1].

We fix a system of simple roots Iy of R and denote by IT = Iy U
IIp its extension to a system of simple roots of R. Let Rt = RT(II)
be the associated system of positive roots and R} := Rt N Ry. The
set RE := p(RY) is called positive T-root set.

We need the following

Theorem 8 [J] There exists a one-to-one correspondence between ex-
tensions Il = Iy U Ilp of the system Ily of simple system of Ry,
T-Weyl chambers C C t and invariant complex structures (ICS) J
on F=G/K. If Ug = {B1,...,Bk}, then the corresponding T-Weyl
chamber is defined by C = {B1 > 0,..., By > 0} where B = p(B) and

the complex structure is defined by +i-eigenspace decomposition
m® =m*+m” =g(Ry) +6(-Ry) (63)
of the complezified tangent space M® = T, (G/K).

The extension II = Il U Ilp can be graphically described by a
painted Dynkin diagram, i.e. the Dynkin diagram which represents
the system II with the nodes representing Iz painted in black. Such a
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diagram, which we sometimes identify with the pair (IIy,Ig), allows
to reconstruct the flag manifold F = G/K with invariant complex
structure JF as follows: the semisimple part € of the (connected)
stability subalgebra € is defined as the regular semisimple subalgebra
associated with the closed subsystem R¢ = R N span(Ily) and the
vectors ih; defined by condition

Br(hj) = Oy, as(hy) =0, B; € Ilp, o € Iy

form a basis of the center Z(¢). The complex structure is defined by
@3).

Now, an element Z € t is called to be K-regular if its centralizer
Ca(Z) = K or, equivalently, any T-root has a non-zero value on Z.
Then we have the following

Proposition 9 ([12], [5]) There exists a natural one-to-one corre-
spondence between elements Z € t and closed invariant 2-forms wyz
on G/K, given by

Z < wzlo =1d(Bo Z),

where d is the exterior differential in the Lie algebra g defined by
da(X,Y) = -1/2a(]X,Y]) and o = eK € G/K.

Moreover, reqular elements Z € C from a T-Weyl chamber C corre-
spond to the Kdhler forms wyz with respect to the complex structure
J(C) associated to C, that is they define an invariant Kdhler structure
(wz,J(C)). The 2-form iwz 1s integral if the 1-form B o Z has in-
teger coordinates with respect to the fundamental weights m; associated
with the system of black simple roots B; € Ilp.

Recall that if Iy = {a1,...,m} (resp. IIg = {B1,...,Bk}) is the set
of white (resp. black) simple roots, then the fundamental weight m;
associated with 8;, i =1,...,k, is the linear form defined by

2(mi, B)
1185117
where < .,. > is the scalar product in i¢* = span(R) induced by the
Killing form. The B-dual to m; vectors h; form a basis of {.
Let E, € g, @ € R, be the Chevalley basis of g(R) such that B(Eq, E_,) =
<+7a> We denote by w, = B o F, the dual basis of 1-forms. Then for

Z et

= (Sij, <7Ti,aj> =0. (64)

1104
Wy = —1i Z ﬁwa Aw_g (65)
Indeed,

id(Bo Z)(Es, E_q) =

= —2i 22 Aw—o(Bay E—a).




Definition 10 The 1-form

o= Z B et cict

BERLE

is called the Koszul form and the dual vector Z¥°% := B~ o ¢ is called

the Koszul vector.

Proposition 11 [5] The Koszul vector ZX°¢ defines the invariant
Kahler-Einstein structure (wzxos, J(C)) on F = G/K, where J(C) is
the invariant complex structure associated with the T-Weyl chamber C
which is defined by .
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