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ABSTRACT. Paraconsistent Weak Kleene Logic (PWK) is the 3-valued logic
based on the weak Kleene matrices and with two designated values. In this
paper, we investigate the poset of prevarieties of generalised involutive bisemi-
lattices, focussing in particular on the order ideal generated by Alg(PWK).
Applying to this poset a general result by Alexej Pynko, we prove that, ex-
actly like Priest’s Logic of Paradox (LP), PWK has only one proper nontriv-
ial extension apart from classical logic: PWKg, Paraconsistent Weak Kleene
Logic plus Explosion. This 6-valued logic, unlike PWK, fails to be paracon-
sistent. We describe its consequence relation via a variable-inclusion criterion
and identify its Suszko reduced models.

1. INTRODUCTION

Two distinct research streams, in logic and in algebra respectively, have been
evolving on separate lines for quite a long time. On the one hand, logicians of dif-
ferent persuasions have found some interest in many-valued logics whose semantics
include infectious truth values — namely, values a such that whenever a formula
@ is assigned a, any formula where ¢ occurs is also assigned a. These logics have
proved useful in modelling such disparate phenomena as meaninglessness [19, 18],
vagueness [19], paradoxicality [4], topical irrelevance [2], computation errors [15, 13],
expert opinion pooling [16, 44], and more. On the other hand, algebraists have de-
voted a good deal of attention to the study of regular varieties, i.e., varieties of
algebras satisfying only regular identities — identities that contain the same vari-
ables on both sides [32, 25, 43, 42]. The technique of Plonka sums, devised early on
along this path [30, 31, 35, 43], turns out to be an ideal tool for the investigation
of such an area.

A convergence between these currents has been witnessed only recently. Al-
though it had been known for a while that some logics with infectious truth values,
formulated in the language of classical logic, could be obtained by applying to it
a “variable inclusion strainer”, over the last few years a number of studies have
thoroughly clarified the relationship between such logics of variable inclusion and
regular varieties, by extending the construction of Plonka sums from algebras to log-
ical matrices [7, 36]. In particular, the authors of these works associate to each logic
its “left variable inclusion companion”, a logic with infectious truth values whose
matrix models are just Plonka sums of models of the original logic. Other papers
have pointed in similar directions using different semantical techniques [11, 12].

Paraconsistent Weak Kleene Logic (PWK) is a very good case study for this kind
of approach. PWK belongs to a family of 3-valued propositional logics introduced
by S.C. Kleene [22] and by other authors [4, 19, 39] in the middle decades of last
century. These logics differ from one another under two respects: the semantics

1



2 FRANCESCO PAOLI AND MICHELE PRA BALDI

they offer for the propositional connectives and the choice of designated values.
Indeed, connectives can be given either a “strong” or a “weak” interpretation, each
corresponding to a different set of truth tables on {1, %, 0}; also, one can designate
only the value 1 (“true”) or else the value 1 together with the value % (generally
interpreted as “meaningless” or “nonsensical”). If we opt for the set { 1, %} of
designated values and for the weak interpretation of connectives, on which the
value % is infectious, what we obtain is the logic PWK.

At this point, a caveat on languages is mandatory. Every first-year logic student
learns that there are different adequate sets of connectives for classical logic CL; one
such set includes negation (—), conjunction (A) and disjunction (V). The proposi-
tional constants of falsity (0) and truth (1) can be defined from these primitives as
x A -z and as z V -z, respectively, for x an arbitrary variable. When dealing with
CL, the choice between these two languages is by and large a matter of convenience.
This is not so with PWK, where our constants are no longer definable — observe
that neither x A =z =~ 0 nor x V —x =~ 1 is a regular identity. This distinction has
gone a little under the radar in the literature. Here, we propose to call PWK the
logic formulated in the language without constants, and PWK®! its expansion in
the language with constants.

PWK®! has been the first logic of variable inclusion (in the previously mentioned
sense) to be studied in detail with the methods of abstract algebraic logic [5, 7, 36].
The authors of the paper [5], in particular, consider the variety ZBSL of involutive
bisemilattices, which is generated by the 3-element algebra WK®! encoding the
weak Kleene semantics for connectives. ZBSL is the regularisation of the variety of
Boolean algebras, i.e., the variety satisfying all and only the regular identities valid
in Boolean algebras. Each involutive bisemilattice, in particular, is representable as
the Plonka sum over a semilattice direct system of Boolean algebras. The deductive
filters of PWK®! on members of ZBSL and the Leibniz reduced matrix models of
PWK®! are described in the same article. Using the methods of second-order
abstract algebraic logic, it is also shown that the class of algebra reducts of Suszko
reduced models of PWK® ! is the quasivariety of involutive bisemilattices generated
by WK, consisting of all members of ZBSL that have at most one fixpoint for
the involution. Finally, the paper [5] establishes that PWK®! is not protoalgebraic
— hence, a fortiori, not algebraisable — but is truth-equational.

The proof theory of both PWK and PWK’! is relatively well-understood. The
literature presents Hilbert-style calculi [5, 7], natural deduction calculi [28, 38] and
sequent systems [14, 27].

In this paper, we offer a complete description of the poset of extensions of PWK
via an investigation of the poset of prevarieties of generalised involutive bisemilat-
tices, the constant-free subreducts of involutive bisemilattices. It is well-known that
if a logic L is algebraisable with the prevariety I as equivalent algebraic semantics,
there is a dual isomorphism between the poset of extensions of L and the poset
of subprevarieties of K [17, Thm. 3.33]. If we descend a few rungs in the Leib-
niz hierarchy, however, this relationship loosens a little. For truth-equational, but
possibly non-protoalgebraic, logics, a weaker connection was discovered by Alexej
Pynko [41]: if L is a truth-equational logic, indeed, there is a Galois retraction of
the poset of subprevarieties of the prevariety generated by the algebra reducts of
Leibniz reduced models of L onto the poset of extensions of L. Using this result,
Pynko managed to show that Priest’s Logic of Paradox LP [37] has exactly one
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proper nontrivial extension apart from CL: the logic obtained by adding to LP the
Ex falso quodlibet rule. We show that the same pattern arises here. PWK has only
one proper nontrivial extension apart from classical logic: PWKEg, Paraconsistent
Weak Kleene Logic plus Explosion. This 6-valued logic is obtained by adding to
PWK the Ex falso quodlibet rule, whence it fails to be paraconsistent. We describe
its consequence relation via a variable-inclusion criterion and identify its Suszko
reduced models.

In Section 2 we rehearse some preliminary notions on universal algebra, abstract
algebraic logic, Galois connections, Plonka sums, regular varieties, generalised invo-
lutive bisemilattices, and Paraconsistent Weak Kleene logic. In Section 3 we explore
for later use the interaction between the operator that turns the fibres of a semi-
lattice direct system into its Plonka sum, and the operations that consist of taking
subalgebras or products of such fibres. In Section 4 we carry out a preliminary
investigation into the poset of prevarieties of generalised involutive bisemilattices,
identifying generators and quasiequational bases for some of its members and de-
scribing them in terms of Plonka sum representations. In Section 5 we use Pynko’s
retraction to show that PWKg is the unique proper nontrivial extension of PWK
different from CL. In Section 6 we identify a 6-valued characteristic matrix for
PWKg, we describe it via a variable-inclusion criterion and pick out its Suszko
reduced models.

2. PRELIMINARIES

2.1. Universal Algebra and Abstract Algebraic Logic. For unexplained ter-
minology and notation on universal algebra, we refer the reader to [8]. We de-
note algebras by boldface capital letters and their universes by italicised capital
letters. Hom (A,B) denotes the set of all homomorphisms from A to B, with
End(A) = Hom (A, A). Given a class of algebras K, we respectively denote by
I(K), S(K), and P(K) the classes of isomorphic images, subalgebras, and products
of algebras in IC; V(K) is the variety generated by K. B, will denote the finite
Boolean lattice with n elements, for any positive integer n of the form 2*. The
elements of By will be denoted by 0 and 1, while the elements of By, that is of B2,
will be denoted by (0,0),(0,1),(1,0) and (1,1), unless otherwise specified.

The algebra of formulas of the language, or similarity type, £ (L-formulas), over
a countably infinite set Var (L) of generators, is denoted by Fm (£). Equations of
language £ (L-equations) are ordered pairs of L-formulas, noted ¢ ~ 1. Given ¢ €
Fm (L), we denote by Var(p) the set of variables occurring in ¢. Similarly, given
I' C Fm (L), we set Var(I') = J{Var(y): v € I'}. An identity ¢ = v of language
L is regular provided that Var(¢) = Var(y). For example, the associativity, the
commutativity or the idempotency of a binary operation are all expressed by regular
identities. Given an algebra A, a function p : A™ — A is a polynomial function
of A if there are a natural number m, a formula ¢(x1,...,Zn4+m), and elements
bi,...,by € A such that
A(

plat,...,an) = @™ (a1, ... an,b1,. .., by)

for every aq,...,a, € A.

Two distinguished languages will play a crucial role in what follows. £; contains
the connectives (operation symbols) = (unary), A (binary) and V (also binary); Lo
is the expansion of £; by the two constants 0 and 1. Clearly, the variety BA of
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Boolean algebras can be equivalently presented either in the language £; or in the
language Lo, since the constants 0 and 1 are term-definable if Boolean algebras are
presented in £;. By default, however, we will consider B.A as a variety of language
L1, and call its members Boolean lattices to underscore this fact; its counterpart
in the language £ will be denoted by BA%!, and it is to members of this variety
that we reserve the name of Boolean algebras hereafter.

A prevariety of language L is a class K of L-algebras that contains at least a
trivial algebra and is closed under the formation of isomorphic images, subalgebras,
and direct products: K = ISP (K). Whenever K is also closed under ultraproducts,
it is said to be a quasivariety. It is well-known that IC is a prevariety iff it can be
axiomatised by infinitary formulas of equational logic of the form &;cr¢; ~ ¥, =
¢ = 1, where the @'s, the 1!s, ¢ and 1 are L-formulas; K is a quasivariety in case
the index set I can be taken to be finite. Of course, the prevariety generated by a
finite class of finite algebras is the same as the quasivariety generated by it. The
subprevarieties of a prevariety K form a poset under set inclusion, noted B (K). We
will need in the sequel the following two easy lemmas:

Lemma 1. [8, Thm. I1.7.15] Let A, B be similar algebras. A € ISP (B) iff there
is a family H C Hom (A,B) such that () {ker(h)} = Aa.
heH

Lemma 2. [20, p. 27] If Q1, Q2 are similar quasivarieties, then Q1 C Qs iff every
finitely generated member of Q1 belongs to Qs.

For unexplained terminology and notation on abstract algebraic logic, the reader
is referred to [17]. A logic of language L is an ordered pair L = (Fm (£),+,), where
FLC P(Fm (L)) x Fm (L) is a consequence relation that is substitution-invariant,
meaning that for every o € End (Fm (£)) and for every TU{p} C Fm (L), if T' F ¢,
then o[I'] F o(p). A logic L of language £ is finitary when the following holds for
alTU{p} C Fm(L): if T F, ¢, then there is a finite A C T' s.t. A Fp, ¢. Given
A C Fm (L), we write T’ b1, A as shortand for: T' b, ¢, for all ¢ € A. Finally,
we write 1, ¢ in place of ) 1, ¢; in such case, we say that ¢ is a theorem of L.
An (inference) rule of language £ is an ordered pair (I', @), with I' = {¢1, ..., 0, } a
finite subset of F'm (L) and ¢ € Fm (L), written more conveniently in the form

P19 Pn
¥

If we want to stress that the rule ({¢4,...,,},¢) belongs to some consequence
relation ti,, we also write ¢4, ..., ,, FL ¢. The following rules of language £; will
be used later:

g eV

Y
A P AY
¢ (4
' -y . .
T(EF @, Explosion or Ex falso quodlibet)

A matriz of language £ is an ordered pair (A, F) where A is an algebra of
language £ and FF C A. In this case, A is called the algebra reduct of (A, F).
Every matrix (A, F) of language £ induces a logic of the same language whose

(M P, Modus ponens)

(CS, Conjunctive simplification)
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consequence relation is determined as follows:
I (a,ry @ iff for every h € Hom (Fm (L), A),
if h[I'] C F, then h(p) € F.

For M a class of matrices, we write I -y ¢ to mean I' (5 y ¢ for every (A, F') € M.
A matrix (A, F') is a model of the logic L, both of language £, when F1,Cl(a py;
a logic L is complete w.r.t. a class of matrices M when Fp=Fpn. A set FF C A is
a deductive filter of L (or L-filter) on the algebra A, when the matrix (A, F) is
a model of L. For A an algebra and X C A, we denote by Fgf(X) the smallest
L-filter on A containing X.

In the same way as we have done for Boolean lattices, we will consider classical
logic CL as a logic of language £1: CL = (Fm (£1),FcL) = (Fm (£1) s, (1}))-
Its counterpart in the language £o will be denoted by CL!.

Let A be an algebra and FF C A. A congruence 0 of A is compatible with F
when F' is a union of #-cosets. The largest congruence of A that is compatible with
F always exists; this congruence is called the Leibniz congruence of F' on A, and
is denoted by QAF. The next lemma characterises Leibniz congruences:

Lemma 3. [17, Thm. 4.23] Let A be an algebra, F C A, and a,b € A.
(a,b) € QAF <« for every unary pol. function p: A — A,
p(a) € F if and only if p(b) € F.
The Suszko congruence of F C A on A relative to the logic L, noted ﬁﬁF, on

the other hand, is the intersection of all Q4G, where G is an L-filter on A that
contains F'. The next lemma characterises Suszko congruences:

Lemma 4. [17, Thm. 5.32] Let L be a logic, A be an algebra, FF C A, and a,b € A.
(a,b) € QﬁF <= for every unary pol. function p: A — A,
Feft (F U {p(a)}) = Fefr (F U {p(b)}).

By means of the Leibniz and Suszko congruences, we can associate to logics three
distinguished classes of models. More precisely, given a logic L of language £, we
set

Mod(L) = {(A, F) : (A, F) is a model of L};
Mod*(L) = {(A, F) € Mod(L) : QAF = id*};
Mod®*(L) = {(A, F) € Mod(L) : QA F = id®};
The above classes of matrices are called, respectively, the classes of models, Leibniz
reduced models, and Suszko reduced models of L.
Let L = (Fm (£),Fr1) be alogic of language £. A translation of language L is a
set 7 = {,;(x) = §;(x) }ier of L-equations in a single variable. We may also view a

translation 7 as a function which maps formulas in F'm (L) to sets of identities of
the same language. Thus, we let 7(p) stand for the set

{vi(z/) = di(z/p) }ier,
where v, (2/p) refers to the result of uniformly replacing any occurrences of  in =,
by ¢, and similarly for §;(x/¢). ForT' C Fm (L), 7 [I'] is defined as U {r(y):v €T}
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On occasion, if A is an algebra of language £ and 7 is a translation of the same
language, we denote by Sol# the set of solutions {a € A: AF 4(a)}.
A logic L of language L is:

e protoalgebraic, if there is a set of L-formulas A(z,y) in two variables such
that Fr, Az, z) and z, Az, y) b y;

e cquivalential, if there is a set of L-formulas A(z,y) in two variables such
that for every (A, F) € Mod(L),

(a,b) € QAF iff A®(a,b) C F for all a,b € A.

o truth-equational, if there is a translation 7 of language £ such that for all
(A, F) € Mod*(L), a € F iff a € Sol®;
e algebraisable, if it is both equivalential and truth-equational.

Remarkably, if L is equivalential, then Mod* (L) is closed under the operators S
and P. Moreover, every equivalential logic is protoalgebraic. A finitary algebrais-
able logic L enjoys an especially tight and fruitful relationship with an attendant
class of algebras K, called the equivalent algebraic semantics for L. This relationship
can be expressed in different ways — most notably, as an isomorphism of certain
expanded lattices of theories of L and of theories of the equational consequence re-
lation of IC, or as the presence of mutually inverse substitution-invariant mappings
between entailments in L and in the equational consequence relation of K: see [17]
for more details.

A matrix is trivial if it is of the form (A, A). Observe that the trivial matrix
(1,{1}) over the trivial algebra is a Leibniz reduced model of every logic. Moreover,
if L is a logic and (A, A) € Mod*(L) is a trivial matrix, then (A, A) = (1,{1}).

Given a logic L, we set

Alg"(L) = {A : thereis F C As.t. (A, F) € Mod"(L)}.
Alg(L) = {A: thereis F C As.t. (A, F) € Mod”*(L)}.

In other words, Alg*(L) is the class of the algebra reducts of Leibniz reduced models
of L, Alg(L) is the class of algebra reducts of Suszko reduced models of L. For a
protoalgebraic logic L, Alg(L) coincides with Alg*(L), but in general these two
classes are different, although they generate the same prevariety.

2.2. Galois Connections and Retractions. If P; = (P}, <;) and Py = (P, <5)
are posets, then a Galois connection between Py and Ps is an ordered pair (f, g)
of mappings, with f: P — P, and g : P, — P, satisfying the following conditions
for all a1,b, € P; and all ag,by € Ps:

G1: a1 <1 by = f () <2 f(ar);

G2: ag <5 by = g(bz) <4 g(a2);

G3: a; < g(a2) & az <z f(a1);

G4: f(g9(f(a1))) = f(ar);

G5: g(f (9(a2))) = g(a2).

A Galois connection (f, g) between Py and Ps is a Galois retraction of Py onto

P, in case for all a € P; it holds that

G6: a=g(f (a)).

This is equivalent to either one of the following two stipulations: (i) f is injective;
(ii) g is surjective.
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2.3. Plonka Sums and Regular Varieties. Plonka sums (for which see e.g.
[30, 31, 43]) are an extremely useful construction in universal algebra. They are
especially designed for the investigation of varieties satisfying only regular identities.
We recap hereafter the main definitions and concepts concerning them.

A semilattice direct system (of algebras) of language L is a triple

A= {Ai}ier,L{pij i <1j}),

where:
e I = (I, <) is a join semilattice whose join is denoted by V;
o {A;}ics is a family of similar algebras of language £ with pairwise disjoint
universes;
o for every i, j € I such that ¢ <y j, p;; € Hom (A;, A;). Moreover, p;; is the
identity map for every i € I, and if ¢ <y j <y k, then p;r = pjx o pij.
Occasionally, for the sake of readability, we insert commas between the two
indices in p;;. Given a semilattice direct system A = ({A;}ier, I, {pij : ¢ <1 j}) of
a language £ without constants, we define as follows a new algebra P1(A), also of
language L, called the Plonka sum over A:

e its universe is the union J;c;As;
e for every n-ary basic operation f (with n > 1) in £, and ay,...,a, €
Uier A,
fPI(A)(a'lv cesGp) = fAj (piu'(a'l)v <oy Ding (an)),

where a1 € A;,,...,a, € A;, and j =11 V -+ Vi,

We often refer to the algebras in {A;};cr as the fibres of P1(A). It will be
expedient to avail ourselves of a special notation for Plonka sums with just two
fibres A; and A ;, where ¢ <y j in the underlying semilattice on {4, j}. Such algebras
will be denoted as A; @ A;; when A; is isomorphic to A, the same symbol will
be used for both summands with no danger of confusion. Whenever there is more
than one algebra of this form, the homomorphisms p;; will be specified to avoid
ambiguities.

If £ contains constant symbols, it is necessary to strengthen the definition of
a semilattice direct system by requiring that the index set I be a semilattice with
zero. 1t is not difficult to check that the elements realised by the constants in the
Plonka sum are exactly the elements realised by the constants in the algebra whose
index is the bottom element ig.

The problem as to when an algebra is isomorphic to the Plonka sum over a
certain semilattice direct system has been successfully addressed in the trailblazing
work by Plonka [30, 31, 32], by introducing and putting to good use the core concept
of a partition function. Let A be an algebra of a language £ without constants.
A function ®: A% — A is a partition function in A if the following conditions [3]
are satisfied for all a,b,c € A, a1, ...,a, € A™ and for any operation g € L of arity
n>1:

PFl: a®a=a,

PF2: a0 (bOc)=(a®b) Oc,

PF3: a®(bOc)=a® (cOD),

PF4: ¢g%(ay,...,a,) ©b=g"*(a1 ®b,...,a, ®b),
PF5: b gA(ay,...,a,) =b®a; O Oay.
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In case £ contains constants, one has to add the following condition [34] for all
a € A and all constants ¢ in L:

PF6: a®c® =a.

It can be checked that every algebra with a binary operation behaving as a
projection on the first component has a partition function. This obviously extends
to classes IC of algebras where the partition function is term-definable in the same
way in all members of K. In such cases, we say that K has a partition function
given by the formula x © y.

The main connection between partition functions and Plonka sums is given by
the following Plonka decomposition theorem:

Theorem 1. [30, Thm. II] Let A be an algebra of language L with a partition
function ®. The following conditions hold:

(1) Thereis a set I such that A can be partitioned into a family {A;}icr, where
any two elements a,b € A belong to the same component A; exactly when

a=a®bandb=>b®a.

(2) If L does not contain constants, each A; is the universe of a subalgebra A
of A.
(3) The relation < on I given by the condition

i < j<= there exista € A;,b€e Aj s.t. bOa=0b

is such that (I,<) is a semilattice.

(4) For alli,j € I such thati < j and for all b € A;, the map p;j: A; — Aj,
defined by p;j(z) =z © b is a homomorphism.

(5) If £ does not contain constants, A = ({A;}tier, (I, <), {pi; 11 < j}) is a
semilattice direct system of algebras such that P1(A) = A.

In case the language £ of A contains constants and the partition function ®
satisfies PF6, then I has the structure of a semilattice with least element i and all
the elements of A denoted by the constants belong to the fibre A;,.

Notably, the Plonka construction preserves all regular identities — on the other
hand, it fails to preserve any other identity that is satisfied in all the fibres. This
is the content of the following:

Theorem 2. [30, Thm. I] If A is a semilattice direct system of algebras of language
L containing at least two algebras, then all reqular identities satisfied in all algebras
of A are satisfied in the algebra P1(A), whereas any other identity is not satisfied
in P1(A).

We call regular a variety that satisfies only regular identities, and irregular a
variety which is not regular. A variety V of language L is strongly irregular if there
is a formula ¢(z,y) of the same language such that V = ¢(z,y) ~ z. In other
words, a variety is strongly irregular if there is a formula realising the projection
operation on the first component in all algebras in the variety. Obviously, any
strongly irregular variety is also irregular. To each strongly irregular variety V is
associated a variety R(V) that satisfies all and only the regular identities holding
in V. R(V) is called the regularisation of V. Elements of the regularisation of a
strongly irregular variety can always be represented as Plonka sums:
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Theorem 3. [35, Thm. 7.1] Let V be a strongly irreqular variety of language L,
and let A be an L-algebra. Then A € R(V) iff A is decomposable as a Plonka sum
over a semilattice direct system of algebras in V.

2.4. (Generalised) Involutive Bisemilattices. In this paper we focus on reg-
ularisations of Boolean lattices. The variety R(B.A) will be denoted by GZB; its
members will be referred to as generalised involutive bisemilattices. On the other
hand, the variety R(B.A%') will be denoted by ZBSL; its members will be referred
to as involutive bisemilattices simpliciter [5]. (Generalised) involutive bisemilattices
are so called because they are expansions of distributive bisemilattices, the regular-
isation of the variety of distributive lattices, the first regular variety that received
substantial attention in the literature: see e.g. [29, 1, 21]. While there is a consol-
idated tradition of studies on distributive bisemilattices and their non-distributive
generalisations, the literature on involutive bisemilattices is comparatively scarce
[33, 5, 7, 6, 24]. The concept of a generalised involutive bisemilattice is, to the best
of our knowledge, new.

Observe that the constants 0 and 1 are no longer term-definable in R(B.A), as
xV -z ~ 1 and x A -z ~ 0 fail to be regular identities. Generalised involutive
bisemilattices, thus, are not the constant-free reducts of involutive bisemilattices
(they are constant-free subreducts of such, as observed in Lemma 5 below). Since
BA is a strongly irregular variety satisfying z ®y = x, where the partition function
x @y can be taken to be z A (z V y), Theorem 3 immediately yields:

Theorem 4. A € GIB iff A is decomposable as a Plonka sum over a semilattice
direct system of Boolean lattices.

Boolean lattices and semilattices — the latter viewed as the regularisation of
the trivial variety of language L1, axiomatised relative to GZB by either one of the
identities t Ay =~ xVy and —x ~ x — are examples of generalised involutive bisemi-
lattices. They correspond to limiting cases of the representation in Theorem 4: in
the case of Boolean lattices there is a single fibre, while in the case of semilattices
all the fibres are trivial algebras. Another notable example is the algebra WK,
with universe { 0, %, 1} and operations defined by the following tables:

- ALo 1/2 1 v o 12 1
0| 1 010 1/2 0 010 1/2 1
1/2 | 1/2 1/211/2 1/2 1/2 1/21/2 1/2 1/2
1|0 1o 12 1 1112 1

This algebra is isomorphic to the unique Plonka sum of the form By & B;.
If A € GIB, we can define two semilattice orderings on A, namely

r<, yifeny=2
and

r<,yifavy=uy.
These orderings coincide if and only if A is a Boolean lattice, and are dual to each
other if and only if A is a semilattice. The following proposition was first proved

by Kalman [21], but can also be obtained as a corollary of general facts about
subdirectly irreducibles in regular varieties [23, p. 487]:

Proposition 1. The only nontrivial subdirectly irreducible generalised involutive
bisemilattices are WK, the two-element semilattice So, and the two-element Boolean
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lattice Bo, up to isomorphism. Since Bs is a subalgebra of WK and S is a quotient
of such, GIB =V (WK).

Corollary 1. The only nontrivial proper subvarieties of GIB are the disjoint va-
rieties BA of Boolean lattices and SL of semilattices.

Observe that:

Lemma 5. If A € GIB, then A embeds into the constant-free reduct of an involu-
tive bisemilattice.

Proof. Firstly, observe that if I = (I, <) is a (join-)semilattice and iy ¢ I, then
I, = <IU {Z'()},S U{<i0,x> cxelU {Zo}}>
is a (join-)semilattice with zero and I is a subsemilattice of it. Now, let A € GIB.
By Theorem 4, A is isomorphic to a Plonka sum P1(A) over a semilattice direct
system A = <{Ai}z‘el I Ap i, jeli < j}> of Boolean lattices. Consider the
triple:
A0 = <{Al}zel U {Aio}vIOa {pij : iaj € I()vi SIO ]}> )

where A;, = Bg, and, for all j € I, p;,; is the unique homomorphism from B to
A ;. This is again a semilattice direct system of Boolean lattices. Clearly, its fibres
can be seen as Boolean algebras (in the language £ containing constants), whence
P1(Ap) is also an algebra of language £o. By Theorem 3, P1(Ag) is an involutive
bisemilattice, and P1(A) clearly embeds into the £;-reduct of it. O

Given a generalised involutive bisemilattice A, we say that an element a € A is
e positive if ~a <, a;
e negative if a <, —a;
e a fixpoint, if —a = a.

Clearly, every fixpoint is both positive and negative; if a is a fixpoint and a <, b,
then b is also a fixpoint. Each element of the form a V —a is positive, and coincides
(in the Plonka sum representation of A) with the top element of the fibre where a
lives. Similarly, each element of the form a A —a is negative, and coincides (in the
Plonka sum representation of A) with the bottom element of the fibre where a lives.
Therefore, each fibre A; of the representation of A has the form [a A —a,a V —d]
for an arbitrary a € A;, where the notation [b, ¢] is short for {zr € A: b <, = <, ¢}
[5].

2.5. Paraconsistent Weak Kleene Logic. Paraconsistent Weak Kleene Logic
(PWK) is defined as the logic

(Fm (€ Fpwic 1.47) )
we write Fpywy instead of |—<WK’{L%}>. Observe that, for T' U {¢} C Fm(Ly),
I Fpwk @ iff, for any v € Hom (Fm (£,), WK), if v (¢) € {1, %} for all ¢ € T,
then v (p) € {1,1}.
The next theorem, due to Ciuni and Carrara [9] (however, see also [45, 26, 14,

10]), characterises PWK via a variable-inclusion criterion. As a consequence of this
result, PWK has the same theorems as CL.

Theorem 5. For any I'U {¢} C Fm (L1), I Fpwk ¢ iff there exists a (possibly
empty) A CT such that A tcr ¢ and Var (A) C Var ().
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By Theorem 5, PWK invalidates Explosion: z, -~z ¥pwk y, where x and y are
different propositional variables. This gives our logic a paraconsistent character,
whence its name. PWK has more peculiar failures as well; for example, it invalidates
Conjunctive simplification: z A y ¥pwk z and = A y Fpwk y-

The consequence relation Fpwk can be equivalently presented as the derivability
relation of a Hilbert system. The easiest such calculus, HPWK [5], has all classical
tautologies as axioms and a single inference rule, a restricted version of MP:

® —p VY
(0

with the proviso that Var (¢) C Var(¢). This calculus is somewhat inelegant
due to the side condition attached to its only rule. These linguistic constraints
are dispensed with in the Hilbert system to be found in [7], at the expense of the
simplicity of the axiomatisation. As remarked in our introduction, friendlier proof
systems for PWK are available in the form of sequent calculi [14, 27], tableaux
calculi [27] or natural deduction calculi [28, 38].

It is rather easily seen that PWK is not even a protoalgebraic logic. However, it
is truth-equational [5] witness the translation 7 (z) = {x V —x = z}.

(RMP)

3. SOME RESULTS ON PLONKA SUMS

For the goals of this paper, we need to fine-tune some aspects of the theory
of Plonka sums of algebras. In particular, we need to have a better control of
the interaction between the operator that turns the fibres of a semilattice direct
system into its Plonka sum, and the operations that consist of taking subalgebras
or products of such fibres. This is the task we carry out in the present section.

Let W be a set. For each w € W, let I, = (I, <1,) be a semilattice, and let

Aw = <{Azw }iwejw 7Iw7 {piij : iwvjw € Iumiw Slw ]w}>

be a semilattice direct system of algebras of language £. Also, let I = H I, be
weW
the product semilattice with universe I = H I, and for i = (iw),cp € I, let

weW
A =[] A
weWw
We set:

A=A} LApiy i j€li<ij}),

where for all x = (74),,cp € Ai, Pij (X) = (Piyju (zw))wew.
We state without a proof the following:

Lemma 6. If A is as before, then:

(1) A is a semilattice direct system of algebras of language L.

(2) PL(A) ~ ] Pl(Aw).
weWw
(3) If for all w € W, and for all iy, juw € Lw, Pi,j. S injective, then for all

1,j € I, pij is injective.
(4) If for all w € W, and for all iy, juw € L, Piyj, 1S surjective, then for all
1,j € I, p;j s surjective.
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Corollary 2. Let
A= <{Ai}iel L {pij 14,5 € 1,4 <1 ]}>
be a semilattice direct system of Boolean lattices, and let B be a Boolean lattice.
Then BxPL(A) ~ P1(C), where:
C= <BX {Ai}iel aIv {qu : Z)j € Ivl SI j}> 5
qij ((b, a)) = (b, pi; (a)) .
Lemma 7. Let

A= <{Ai}iEI’I7 {pik : i,k S I,i <1 k}>
B = ({Bj},es d{a: il € Jj <al})

be semilattice direct systems of algebras of language L, such that:
(1) There exists a semilattice embedding e of I into J.
(2) For every i € I, there exists an embedding ¢; of A; into Be(;.
(3) The following diagram commutes whenever i,j € I and i <y j:

Pij
Ai —J> Aj

bl
de(i)e(s)
B.i)y — By
Then P1(A) < PI(B).

Proof. By (2), there exists an embedding ¢; of A; into B.(;). Consider the map

P = U ¢;. This is well-defined, for the A;’s are pairwise disjoint. We want to show
il
that 1) embeds P1(A) into P1(B). If ¢ (a) = ¢ (b), then a and b must belong to the
same fibre Ay in P1(A), whence ¢, (a) = ¢, (b) and thus a = b, given that ¢, is an
embedding.
Let now g € L be an n-ary operation symbol. If ay, ..., a, are such that a,, € Ay,
for all m < n, and if moreover u = k; V! ... VI k,,, then:

(0 (QPI(A) (ar, . an)) =1 (gAu (Phyu (@1) 5oy Pheyu (an)))
= qu (gAu (pklu (al) y oo Phpu (an)))
= g2 (dy (Pryu (@1)) s -ves by (P (@n)))
= g% (de(rky)e(w) (Pr, (01)) 5oy Ceinyetu) (Br, (an)))
where the last equality follows from (3). Observe that by (1) u = k; VI ...Vl k,
implies e (u) = e (ks VI ... VI ky,) = e (k1) V7 ... v7 e (ky), whence

0 (79 (1, 000)) = 97 (@ (00) s ().

4. THE POSET OF PREVARIETIES OF GENERALISED INVOLUTIVE
BISEMILATTICES

To determine the extensions of PWK, we carry out a preliminary investigation
into the poset P (GZB) of prevarieties of generalised involutive bisemilattices. In
fact, as we will see in detail in Section 5, thanks to the already mentioned result
by Pynko [41], the poset of all extensions of a truth-equational logic L is a Galois
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retract of the poset of all subprevarieties of the prevariety generated by Alg*(L).
For L = PWK, this poset is a subposet of B (GZB).

We focus on some notable prevarieties — actually, quasivarieties — in P (GZB).
Consider the following quasi-identities:

SF: z~ &y~ wy=zx~y;

NF: z~ =y~ z;

AMP: -z <y z&zA-y<yaVy=-y<yy;
ACS: zvVy<yvzAy= -z <y

AEFQ: z<yz &z <y v =y vy

We denote by:

SGIB, the prevariety axiomatised relative to GZB by SF;
NGIB, the prevariety axiomatised relative to GZB by NF;
TGI8, the prevariety axiomatised relative to GZB by ACS;
INGIB, the prevariety ZGIBNNGIB.

Clearly, NGIB C SGIB. SGIB consists of those generalised involutive bisemi-
lattices with at most one fixpoint, while the nontrivial members of A’'GZB have no
fixpoints, i.e., they are representable as Plonka sums of nontrivial Boolean lattices.
By adapting the proof of [5, Thm. 63] from the case of involutive bisemilattices to
the case of generalised involutive bisemilattices, we obtain the following result:

Theorem 6. SGIB = ISP (WK) = Alg(PWK).

Now, we focus our attention on the prevariety NGZB. On the one hand, we
provide an alternative axiomatisation of it, and on the other, we show that it is
generated by By @ Bs.

Lemma 8. NGIB can be equivalently aziomatised relative to GIB by SF and
AEFQ.

Proof. Clearly, NF implies both SF and AEFQ. Conversely, suppose that SF and
AEFQ both hold in some A € GZB, that a,b,c € A, and that a = —a. Then
—a <y a,a <y —a, whence by AEFQ all of the following inequalities hold: —b <\,
b,b <y —b,—c <y ¢,¢ <y —c. Therefore b = b and ¢ = —¢, whereby b = ¢ due to
SF. O

Recall that, as per our general conventions, by By & By we mean the unique
(up to isomorphisms) Plonka sum over the semilattice direct system having the
4-element Boolean lattice By = B; as a lower fibre and the 2-element Boolean
lattice B, = B; as an upper fibre. Only when referring to this algebra, to avoid
notational overload, we will denote by a,—a the atoms of B4 and by b the top
element of By, so that the top and bottom element of B, will be unambiguously
denoted by a V —a and a A —a respectively, while —b will denote the bottom element
of By. In particular, a will be the atom of By such that p;; (a) = b:
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av—a
~
VRN b
/ N —
/ N\ _—
// N
y X
/ \
ads— _'a//
N /
N //
AN /
\ /
\
\/7777777_,,,,,—1b
an—a

Theorem 7. NGIB =ISP(Bs® By).

Proof. We mimic the strategy in [40, Prop. 4.2]. For a start, we observe that
B,& By ~ WK x By — a fact we will tacitly use throughout this proof. Next, we
show that, whenever A is a nontrivial finitely generated algebra in NGIB, there is
some homomorphism from A to Bs. Indeed, suppose otherwise and let {ay, ..., a,}
be a set of generators of A. Since WK generates SGZB D NGZB as a prevariety,

by Lemma 1 there is H C Hom (A, WK) such that (| {ker (h)} = A4. We define
heH
by induction a sequence of n elements of A as follows:

by = a1V ay;
bj+1 = bj A ("bj V aj41 vV —|aj+1) .

Clearly, for any h € H and any i < n, h(b;) € {1,5}. Since we assumed that
there is no homomorphism from A to Bs, and since {0, 1} is a subuniverse of WK,
there must be some i < n such that & (a;) = 3 — whence clearly h (b;) =  for any
j > . In particular, h(b,) = é = h(-b,) for any h € H, and thus b, = —b,. As
A € NGIB, A is trivial, a contradiction.

Since By & By € NGIB, ISP(By ¢ Bs) C NGZB. To establish the converse
inclusion, in light of Lemma 2, we show that any finitely generated A € NGIB
belongs to ISP(B4®Bs). Thus, let H be a family of homomorphisms as above, and
let g € Hom (A, Bs). Now, for any h € H,let h X g: A — WK x Bs be such that
(h x g)(a) ={(h(a),g(a)). It is not hard to check that hxg € Hom (A, WK x By);
also, ker (h x ¢g) C ker (h). But then we have a family K = {h x g: h € H} such

that () {ker(k)} = A4, which, by Lemma 1, implies A € ISP(WK x Bj) =
keK
ISP(B4 & By). O

We now turn our attention to ZGZB and show that it consists of all generalised
involutive bisemilattices whose Plonka representations only contain injective homo-
morphisms.

Lemma 9. Let A = <{Ai}iel I Apij i jel i< J}> be a semilattice direct sys-
tem of Boolean lattices, and let A ~ P1(A) be a generalised involutive bisemilattice.
The following are equivalent:

(1) A €ZgiB.

(2) A satisfies AMP.

(3) Ifae A, (j€1I)and —a <y a, then for all i <1 j we have that pi_j1 (a) is

a singleton.
(4) Foralli,j eI s.t. i <ygj, pi is an injective function.
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Proof. (1) implies (2). Suppose that ACS holds and assume —a <, a, a A =b <y
=a V b. Then:

“aVab=-aV(aA-b) <yaA(-aVb) =aAb,

whence our conclusion follows by ACS.

(2) implies (3). Suppose a € A;,—a <, aand b € A;. Of course, p;; (bV —b) = a,
because b A =b <y bV —b. Assume that there exists ¢ # bV —b in A; such that
pi; (¢) = a. Then we have that —a <, a and

aA® —c=a N pij (—e) =a NA pi;j () =a A =g
<va=-aV* p;(c)=-aVrec,
yet, by assumption, it is not the case that —c <y c.

(3) implies (4). This implication is a well-known fact in the structure theory of
Boolean lattices. We include a short proof for the sake of completeness. Suppose
that ¢ <; j and there are a,b € A; s.t. p;; (a) = pi; (b) = c. Then

cV-c=p;(aV-b)=p;(bV-a),
whence by (3) aV—-b =0V —a and thus a = a A (aV —b) = aA(-aVb) =aAb.
Similarly, b = a A b, whereby a = b.

(4) implies (1). Let a € A;,b € A; and i VI j = k. Suppose further that

—a V =b <y aAb. Since a A b is the top element of the fibre Ag,

pir (a) < a A b= pi, (@) A pji, (b) < pix (a) .
So,
pir (aV —a) = a A* b= py (a).

Since p;,' (a A D) is a singleton, we have that a = a V —a, i.e. =a <y a. O

Taking into account the preceding result, members of the prevariety ZNGIB =
ZGIBNNGIB have Plonka decompositions whose fibres are all nontrivial and whose
homomorphisms p;; are all injective. We now show that ZN'GIB is generated by
B; ¢ B..

Theorem 8. ZNGIB = ISP(By ® By).

Proof. (2). Observe that Bs @ Bo has two nontrivial fibres and injective homo-
morphisms. Then By @ By € ZNGZB, whence ISP(Bs ¢ By) C INGIB.

(C). Let A be a nontrivial member of ZA'GZB. By Theorem 4 and the fact that
A cannot contain any fixpoint, A ~ P1(A), for some semilattice direct system

A= <{Ai}i61’17{pik ti, kel i<y k}>

such that all Boolean lattices A; are nontrivial. Also, by Lemma 6, (By @ Ba)f,
the I-th power of By @ B, is isomorphic to P1(C), where, letting S = SZ,

o C=({C.},cq:S.{ast :5,t €5, 5<st});

e forall s € S, C, ~ Bl;

o for all x = (2;),c; € Cs, st (X) = (Ps;t; (7)) ;-

Consider the the coproduct [ A; = P of the family {A;};,cr in the concrete
i€l

category of Boolean lattices. Since P is a Boolean lattice and By is a subalgebra

of By @ By, we have P € ISP(By @ By). Take the product P x (By @ By)!. By

Corollary 2, P x (By @ By)! ~ P1(ID), where:
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o D= <{P X Cs}icg S, {q;t 1s,t€ 8,5 <s t}>§

o for all (p,x) € P x Cs, 4 ((p, X)) = (p, st (X))

Now, observe that the semilattice I is a subsemilattice of S via the mapping
h(i) = fi, where f; (k) = « (for an arbitrary but fixed @ € S5) iff k¥ > i. In
particular, fix an embedding e of I into S. Consider a maximal filter F; on an
arbitrary fibre A,;, and for any ¢ < j € I extend p;;[F;] to a maximal filter G,
on A;. By the general theory of Boolean lattices, whenever z < j, we have that
p;jl [Gj] = {a€ A, :p,;(a) € G} is a maximal filter on A,. In particular, we
claim that pi_j1 [G] = Fj. In fact, since F; and G; are both maximal, p;; [4;]NG; =
p;; [Fi]. For the nontrivial direction, suppose p;; (a) € Gy, for a ¢ F;. So —a € F,
whence —p;; (a) = pi; (ma) € G;, a contradiction. Therefore, if x € A; is such that
p;;(z) € G, we have that p;;(z) € p;; [Ai] N G; = p;; [Fi], whence = € F; as p;;
is injective. Conversely, if = € Fj, p;;(z) € p;; [Fi] € Gy, so x € p;jl [G,], and our
claim is established.

We now want to embed A into P x (By & By)!. We denote by P x C,; the
fibre of P x (By @ By)! with index e(i) € S. Clearly, for all i € I, P x C.;
is a subalgebra of P x (By @ By)!. Moreover, for each i € I, let ¢, : A; — P
be the natural embedding induced by the coproduct construction. Now, for each
i € I, consider a map h; : A; — P x Ce(;) defined, for every x € A; and arbitrary
a € Cgjy, as

hilz) = { (p;(x),aV —a) if z € G;
! (¢;(x),a A —a) otherwise.

K3
Each h; is clearly injective, and also a homomorphism since G; is a maximal filter.
Moreover, for any ¢ < j with ¢, j € I, the coproduct properties entail that there is a
unique arrow ¢ : A; + A; — A; + A; that makes the following diagram commute:

However, ¢ must be the identity on ¢, [A;] for the right-hand side part of the
diagram to commute. Since p;; embeds A; into A; and the left-hand side part of
the diagram commutes, for any = € A; we have ¢;(pi;(z)) = ¢;(x). So, if z € G;
and a, b are arbitrary elements in C,(;) and C,;y respectively, it holds that

Toiye(s) (hi(2)) = Geiye(s)(@s(2), @V —a)
= (¢(x), bV =b)
= (¢, (pi;(x)),bV ~b)
= h;(pij(z)),
where the equalities are justified as follows. The first row obtains by definition of

h;; the second is an instance of Corollary 2; the third relies on the commutativity
of the above diagram; the fourth is a consequence of the definition of h;. The
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case in which x ¢ G; is analogous. By the above reasoning, the following diagram
commutes (for each i < j):

P x Ce(i) —>qe(i)6(j) P x Ce(j)

By the preceding considerations, A and D) are semilattice direct systems satisfying
the conditions of Lemma 7, therefore A ~ P1(A) is isomorphic to a subalgebra of
P x (B ® By)! ~P1(D) € ISP(B3 @ By). This concludes the proof. O

Proposition 2. ZGIB =ISP (B; ¢ B,,S,).

Proof. Clearly, both By ® By and S, satisfy ACS, whence ISP (B @ Bs,S,) C
IGIB. Moreover, a moment’s reflection (taking into account Theorem 8 and the
remarks at the end of Section 2.4) shows that ZGZB = SLUZNGIB = ISP (S,) U
ISP (By @ By), whence ZGZB C ISP (Bs ¢ B, S,). O

It is natural to wonder what are the inclusion relationships among the prevarieties
considered so far, and in particular among the subprevarieties of SGZB. Obviously,
if 7 denotes the trivial variety,

T CBACINGIBC NGIBC SGIB.

These inclusions are proper: Bs & Bs € INGIB\BA, B, @ By € NGIB\INGIB
and WK € SGIB\NGIB. However, we can improve on these observations.

Theorem 9. (1) SGIB is the unique cover of NGIB in B (GIB).
(2) NGIB is the unique cover of ZIN'GIB in B (GIB).
(3) INGIB is the unique cover of BA in B (GIB).

Proof. (1) Suppose Q is a prevariety such that Q@ C SGZB and Q Q NGIB. Then
all algebras in Q have at most one fixpoint; moreover, there exists A € Q and
a,b € A such that —a = a and b # a. The mapping ¢ (0) = b A —b,¢(1) =
bV =b,¢ (%) = a is an embedding of WK into A. Since SGIB = ISP (WK) by
Theorem 6, it follows that Q@ = SGZB.

(2) Suppose Q C NGIB and Q ¢ ZNGZB. Then all nontrivial algebras in Q
have a Plonka sum representation with no trivial fibre — moreover, there exists
A ~Pl(A) € Q, where A = <{Ai}z‘el JI A i, keI <g k;}>, and there are u, v €
A with the following properties: —u <y u, uA—v <, =uVv and v £y v. By Lemma
9, without loss of generality we can pick u,vs.t. u € Aj,v € A;, i < jand ¢;; (v) =
u. We now embed B4y & B2 into A. The homomorphism ¢ uniquely determined
by the conditions ¢ (a) = v,¢ (b) = u — which is such in virtue of the above
considerations — yields the required embedding. Since NGIB = ISP (B, & Bs),
by Theorem 7, it follows that Q@ = NGIB.

(3) Suppose Q@ C ZN'GIB and Q ¢ BA. Then all nontrivial algebras in Q have a
Plonka sum representation with no trivial fibre and with injective homomorphisms
— moreover, there exists A ~P1(A) € Q, and P1(A) has at least two nontrivial
fibres A; and A;. W.lo.g., we can assume ¢ < j. If u € A; and v € A;, then
{u A —u,uV —u,v A —w,vV -w} are the universe of a subalgebra of P1(A) which is
isomorphic to Bs & Bs. Since ZNGIB = ISP (B2 & Bs), by Theorem 8, it follows
that @ = ZNGIB. O
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Corollary 3. The principal order ideal determined by SGIB in P (GIB) is a 5-
element chain, which is depicted below:

® S9IB

¢ NGIB

) INGIB

v

BA

o T

5. EXTENSIONS OF PWK

The goal of this section is to show that there is a single proper nontrivial ex-
tension of PWK different from CL, namely the logic PWKpg (Paraconsistent Weak
Kleene Logic plus Explosion) obtained by adding to PWK the Ex falso quodlibet
rule EFQ.

For L a logic, we denote by €& (L) the poset of all extensions of L. Given a logic
L and a class of similar algebras /C, both of language £, and given a translation 7,
we set:

M(K,7) = {(A,Sol®): A e K};
L, (IC) = <Fm (‘c) ) }_M(IC,T)> ;
K (L)=1SP(Alg"(L)).

In plain words, M (K, 7) is the class of matrices having as algebra reducts the
members of I and as deductive filters the common solutions of equations in 7 on
such members; L, (K) is the logic determined by the said class of matrices; and
K (L) is the prevariety generated by the algebra reducts of the Leibniz reduced
matrix models of L. The following theorem is a slightly less general version of [41,
Thm. 3.3], and the subsequent corollary is an application of such to the poset of
extensions of PWK:

Theorem 10. If L is a truth-equational logic of language L and T is a transla-
tion that witnesses truth-equationality for L, then (K, L.) is a Galois retraction
of B(ISP (Alg™(L))) onto € (L) such that if L' is an extension of L that is ax-
iomatised relative to L by a set of rules R, then K (L) is aziomatised relative to
ISP (Alg*(L)) by

{ V() pr) =0 (x)pr) &..&y(x/p,) =6 (x)p,) = v(x/@) = 6 (z/p) }
:’7%5€Ta<{‘p1a"'7§0n}aw>eR '

Corollary 4. LetT = {—x <y x}. Then (K, L;) is a Galois retraction of P (SGIB)
onto € (PWK) such that if L is an extension of PWK that is axiomatised relative
to PWK by a set of rules R, then K (L) is aziomatised relative to SGIB by

{ —p; <v o1& &g, <y @, = 0 <y @ }
: <{9017 "'7@n}7@> € R

Proof. Our claim follows from Theorem 10 and the following two observations:



EXTENSIONS OF PARACONSISTENT WEAK KLEENE LOGIC 19

(1) Asrecalled in Section 2.5, PWK is truth-equational with witnessing equation
- <y .

(2) By Theorem 6, SGIB = ISP (WK) = Alg(PWK). Since SGIB is a preva-
riety and the classes Alg(PWK) and Alg*(PWK) generate the same prevariety, it
follows that:

SGIB = Alg(PWK) = ISP (Alg(PWK)) = ISP (Alg*(PWK)).
O

Let PWKg be the logic (Fm (£1),Fpwky), where Fpwk,, is the derivability
relation of the Hilbert system obtained by adding EFQ to HPWK. We show that
this logic, along with CL, is the sole nontrivial proper extension of PWK.

Theorem 11. There are only two nontrivial proper extensions of PWK, namely,
PWKEg and CL. These logics form a 3-element chain in that:

FpwkC FpwkeC oL -

Proof. We apply Corollary 3 and Corollary 4. Observe that:

o L, (SGIB) = PWK, by Theorem 6 and the fact that PWK is truth-
equational with witnessing equation —~x < .

o L. (NGIB) = PWKg. Indeed, since PWKg is axiomatised relative to
PWK by the rule EFQ, K (PWKEg) is axiomatised relative to SGIB by
the quasi-identity AEFQ, and thus K (PWKg) = NGIB by Lemma 8.
Therefore, by Condition G6 in the definition of a Galois retraction,

L, (NGIB) = L, (K (PWKg)) = PWKg.

e L. (ZNGIB) = L, (BA) = CL. Indeed, since the only positive element in
a Boolean lattice B is its top element x V -z (for arbitrary x), L, (B.A) is
the logic determined by all matrices of the form (B, {x V —z}), for B € BA,
which is indeed CL. Moreover, since CL is axiomatised relative to PWK by
the rule MP, K (CL) is axiomatised relative to SGZB by the quasi-identity
AMP, and thus K (CL) = ZN'GZB by Lemma 9. Therefore, by G6 again,

L, (INGIB) = L, (K (CL)) = CL.
O

In sum, the proper inclusions in the previous theorem can be exemplified as
follows. The rule EFQ holds in PWKg, while MP and CS fail in it; all of these
rules hold in CL; none of them holds in PWK.

6. PARACONSISTENT WEAK KLEENE LOGIC PLUS EXPLOSION

A few basic facts about PWKg will be proved in this section. The first result
characterises it in two different ways. On the one hand, we show that PWKg is
complete with respect to the matrix (B4 @ Ba, {a V —a,b}), and on the other, we
provide a variable-inclusion characterisation of it in the style of the Ciuni-Carrara
theorem for PWK (Theorem 5). Afterwards, we describe the Suszko reduced models
of PWKg.
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6.1. A variable inclusion criterion. We start with an exercise in the truth-table
semantics of classical logic.

Lemma 10. If ¢ is not a classical tautology and ) is classically satisfiable, then
there exists u € Hom (Fm (L1),By4) such that u(p) € {(0,0),(1,0)} and u(¢) €

{(1,1),(1,0)}.

Proof. Since ¢ is not a classical tautology, then there exists v € Hom (Fm (£1),B3)
such that v (¢) = 0. Since ¥ is classically satisfiable, there exists w € Hom (Fm (L), B2)
such that w (1) = 1. Now it suffices to choose u = w x v, where

w X v(a) = (w(a),v(a)).

Theorem 12. For any I' U {p} C Fm (L), the following are equivalent:

(1) r l_PWKE P.

(2) T F(B469B2,{(1Vﬁu,,b}) P-

(3) There exists A C T such that A by, ¢ and either (A) Var (A) C Var (o)
or (B) A is classically unsatisfiable.

Proof. (1) implies (2). Recall that PWKEg can be obtained from PWK by adding
EFQ to the Hilbert system HPWK. We prove this implication by induction on the
length of the derivation of ¢ from I' in this Hilbert system. If ¢ is a classical tautol-
ogy, then for any h € Hom (Fm (L) ,B4 @ Bs) we have that h(¢) € {a V —a, b}.
Suppose now that ¢ has been derived from ¢, <) V ¢, that Var (¢) C Var (p),
and that {h (), h (= V )} C {aV —a,b}. We distinguish three cases. If h (v)) =
aV -oa = h(—¢ V), then {h(p),h()} C By and thus h(p) = a V —a, be-
cause By is a Boolean lattice. If h(¢) = b, then since Var () C Var (p) we
have that h (-9 V ¢) = b, whence h(p) = b, because Bz is a Boolean lattice.
Finally, if h(¢)) = @V —a and h(—V ) = b, then h(p) € {-b,b} and thus
h(p) =bas h(—¢ V) =>b. Since for no h € Hom (Fm (L1),B4 @ Ba) we have
that {h(x),h(=x)} C {aV —a,b}, EFQ is satisfied in B4 & By. Our proof is
therefore complete.

(2) implies (3). Let I' F(B,0B,,{av-ab}) ©- If FoL @, then A = () satisfies
A Fcr, ¢ and condition (A). If I' contains an unsatisfiable subset A, then such a A
satisfies A k¢, ¢ and condition (B). Thus, we will suppose that ¥¢r, ¢ and that
I" does not contain unsatisfiable subsets. Since ¥#cr, ¢ and I is itself satisfiable,
by Lemma 10 there is v € Hom (Fm (£;),B4) such that v (¢) € {a A —a,a} and
v (¢) € {aV —a,a} for all ¢p € T'. Since I" does not contain unsatisfiable subsets, for
every nonempty ¥ C I' there is wy € Hom (Fm (£1),B32) such that ws [X] C {b}.
Now, let

A={pel:Var () CVar(p)}.

Define v € Hom (Fm (£1),B4 @ Bs) as follows:

v(x),if x € Var(p);
ule) = { Wr\A (z), otherwise.

Thus, u (p) = v (¢) € {a A —a,a}. Since I' - (g, gB, {av—ap}) ¢, there is 3 € T' such
that u (3) € {a, —a,a A —a,—b}. Now, if Var (8) C Var (p), then

w(8) = v(8) € {a,~a,a A —a} N {a,aV —a} = {a}.
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Then w3 0v € Hom (Fm (£1),B3), which is arbitrary except for falsifying ¢, also
falsifies 8. Thus A satisfies A F¢r, ¢ and condition (A). Finally, suppose that
Var (B) € Var(p), ie. there is y € Var(B8)\Var(¢). Consequently, u(y) =
wp\a (y) € {b,~b}. We show by induction on the complexity of 3 that u(3) =
wra (8) if Var (8) ¢ Var (9).

(8 = y). Then u(8) = u(y) = wr\a (¥) = wra (3).

(8 = —y). Observe that 5 and v contain the same variables. Using the inductive
hypothesis, then,

u(B) =u (=) =~u(y) = ~wna (7) = wna () = wna (8) .

(B = v A ). There are two possible cases: either Var (y) € Var(p) and
Var (8) € Var(g), or (wlo.g.) Var(y) € Var(p) and Var (§) C Var(¢). In
the former subcase, we can use the inductive hypothesis for both conjuncts:

u(B) =u(yAd) =u(y)Au(d) =wr\a (7) Awr\a (6) = wra (YA ) =wra (B) -

In the latter subcase, since § € I'\A, wp\a (8) = b and thus wp\a () = b. Since
v(B) =v(yAd) €{aV a,a}, we have that v (§) € {a,aV —a}. Then

u(B)=u(ynd)=u()Au(d) =wra(¥)Av(6) =b=wra (YA =wra(B).
Since disjunction can be defined in terms of the other connectives, our induction is
complete. So we have just proved that u (3) = wr\a () = b because 5 € T'\A; on
the other hand, u (8) € {a, ~a,a A —a,—b} — a contradiction.

(3) implies (1). Suppose that there exists A C T such that A F¢p ¢ and
Var (A) C Var (¢). Then, by Theorem 5, I' Fpwk ¢ and thus a fortiori I' Fpwk,
. If, on the other hand, there exists A C I' such that A is classically unsat-
isfiable, then for some %q,...,%,, € A we have that Fcy, = (¥ A ... A2,,), which
implies Fpwiky = (1 A ... A,,) as PWKg and CL have the same theorems. Since
A Fpwkg U1 A ... A, it follows by EFQ that A Fpwk, ¢ and therefore that
r FPWKE V28 [l

In light of Theorem 12, PWKg can be considered as a 6-valued logic. For the
reader’s convenience, we illustrate the behaviour of its negation and conjunction
connectives in the form of truth tables (the behaviour of disjunction can be recov-
ered via De Morgan laws). To facilitate reading, we write 0, resp. 1, instead of b,
resp. —b. We also abbreviate a A —a by L and a V —a by T.

- A0 L —-a a T 1
0|1 0/0 0 0 0 0 O
1| T L]0 L L L L 0
-a | a -a|0 L —-a L —-a 0
a | a a |0 L 1 a a 1
T | L T/10 L =-a a T 1

1 0 170 0 0 1 1 1

6.2. Suszko reduced models. In the following results, for a a member of the
fibre A; in (the Plonka sum representation of) A € NGZB, we denote by T; and
1; the elements a V —a and a A —a. To avoid a clash of notations, we also denote
homomorphisms in the same representation as f;; instead of p;;. Moreover, given
A cNGIBand F C Aweset F; =FnNA,.

Lemma 11. Let A e NGIB and F C A. If F is an PWKg-filter on A, then:
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(a): for everyicl,a€ A; and i < j,
a€F = fijla) e F;
(b): for everyi €I, if F; = A; then F = A.

Proof. Suppose A € NGZIB and let F be an PWKg-filter. Since every PWKg-
filter is a PWK-filter, (a) must hold, for otherwise we would have a contradiction
with [7, Thm. 20]. ' In order to prove (b), suppose there exists F; = A; and
F # A Fix a € A; \ Fj. Clearly, if ¥£(z) is a classically unsatisfiable set of
formulas®, ¥(z) Fpwi, y for y € Var (L;y). Define h € Hom (Fm (£;),A) such
that h(z) € A;, h(y) = a. We have h[X(z)] C F, while h(y) ¢ F. A contradiction.
So F' = A, as desired. O

Theorem 13. Let A € NGIB and F = Sol®, for 7 = {x =~z V -~x}. The follow-
ing are equivalent:
(i) (A,F) € Mod”"(PWKg);
(ii) If A; is a 2-element Boolean lattice and j > i, then there is Ay s.t. |Ag| >
2,i<kandj £k

Proof. (i)=(ii). Assume (A, F) € Mod"(PWKg) and suppose, towards a contra-
diction, that A contains a 2-element fibre A;, 7 > i and that for no k € I greater
than ¢ the following conditions hold: (a) j £ k and (b) [Ax| > 4.

Let p (z,c1, ..., &) be a unary polynomial function on A, with ¢; € 4,,,...,¢m €
Ap, and p = pr V...V py. Clearly, ivp < jvp. IfiVp = jVp, then
p2(Ti ey em) = p™(Tj, ¢ty ..., €m), which entails by Lemma 4 (T;, T;) € QQWKEF,
a contradiction. Thus i Vp < jVp. If j <iV p, then we would have the contra-
diction j V p <4V p, whence we conclude that j £ i V p. Given our assumption,
thus, |A;vp| = 2. This entails that for all I < m, f, ivp(fpp (1)) € {Tivps Livp}-
So, since for all [ < m,

fo.ive(foup (@) = fivp,ivp(fpive(fpp (1)),
we get fy ivp(forp (¢) € {Tjvps Livp}. This yields pA(Ti,c1,...,cm) € G if and
only if pA(T;,c1,...,em) € G, for any G extending F, and we obtain the desired
contradiction.

(ii)=-(i). Suppose that (ii) holds and let a € A;,b € A;. For a start, suppose
|A;| = 2. If 4 is the top of I either (a): |A;| > 2 or, by (ii), (b): there exists k > j
with |Ag| > 2. In case (a), fix ¢ € A; such that ¢ # T; with f;,(c) = T,. By
Lemma 11, G = F,A(F U {c®a}) = F while ¢’ = F,*(F U {¢® b} # F. Thus,
by Lemma 4, {(a,b) ¢ QQWKEF. Case (b) can be treated by similarly fixing ¢ € Ay.
Assume now that ¢ is not the top of I and w.l.o.g. assume also that ¢ < j or that
i,j are incomparable in I. By (ii) there exists ¢ < k,k % iV j such that [Ag| > 2.
Consider p =iVjVk = jVk and fix ¢ € Ay, such that ¢ # T and f; ,(¢) = T, (such
a c exists because |Ag| > 2). We have that c©Oa=c ¢ F, whilec©b=T, € F, so
by Lemma 4 (a,b) ¢ ﬁ?WKEF.

If, on the other hand, |A4;] > 2, let p =iV j. Fixing ¢ € A; such that f;,(c) =T,
and ¢ # T;, we rerun the previous argument and conclude that c®@a = ¢ ¢ F,

IThe notion of a left-direct system of matrices is introduced in (7, Def. 8], under the name
of “direct system of matrices”. A distinctive feature of left-direct systems of matrices is that, for
any i < j, if a € F; then p; j(a) € Fj.

20bserve that, w.l.o.g., this set can be taken to be in a single variable.
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while c©b =T, € F, so once again by Lemma 4 (a,b) ¢ ﬁf‘F. This concludes our
proof. ([l
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