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Abstract—This article deals with the numerical modeling of the
multiphysics investigation of an electric-field-based device for the
defluoridation of Ethiopian water to mitigate fluorosis while satisfy-
ing the World Health Organization quality requirement for potable
water. A tubular reactor with metallic parallel plates, connected to
a static voltage source, exerts an electric force on the ion in solution,
attracting it to the electrodes. Meanwhile, the ion is drifted by
the laminar water flow which, in turn, allows us to separate and
collect the F−-rich stream from the potable one. In this system, the
electrostatic problem and the mass transport are coupled according
to the highly nonlinear modified Poisson–Nernst–Planck–Stokes
equations system. Therefore, carefully modeling the dielectric per-
mittivity, the ionic diffusivity, and mobility as function of fluoride
concentration and temperature, the set of operating parameters to
ensure the highest fluoride removal from Ethiopian thermal water
is identified.

Index Terms—Electric field, Ethiopia, fluoride removal, Poisson–
Nernst–Planck–Stokes model, potable water, thermal water.

I. INTRODUCTION

WATER is a cheap and valuable resource. It must be man-
aged carefully to avoid shortages and prevent the pollu-

tion of available sources [1]. Water can be polluted by human or
natural causes, such as the presence of trace elements [2]–[6].
If high concentration of naturally occurring fluoride ion (F−) is
found in drinking water sources, then a noticeable increase in
the daily load of fluoride can expose the populations to the risk
of endemic fluorosis [7]. Fluorine is an abundant trace element
and it can be found in rocks and sediments, such as syenites,
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TABLE I
HEALTH EFFECTS RELATED TO THE DIFFERENT FLUORIDE

CONCENTRATION IN DRINKABLE WATER [9], [12]

granites, and alkaline volcanics, in the form of fluorite (CaF2),
micas, biotite, and villiaumite (NaF) [3]. It can be released into
groundwaters from rocks and can be particular abundant in water
derived from hydrogeothermal sources (the so called “juvenile”
water). In many countries around the world, the safety of potable
waters affects the population’s quotidian lives, as well as their
economic development [3], [4]. Most of the areas affected by
this problem suffer from scarce water availability [8].

A major concern is the human health effects of the prolonged
exposure to F−, which can lead to the health outcomes presented
in Table I [9]. Above the optimal threshold value of 1.5 mg·L−1,
the fluoride accumulates in the tooth mineral matrix initiating
the displacement of hydroxide ions from the hydroxyapatite
(Ca5(PO4)3(OH))), forming fluoroapatite, Ca5(PO4)3F. This
less soluble mineral compound makes bone denser and tougher,
and initially it is strengthened. However, as the fluoride intake
increases, the bone becomes very brittle, thus leading to dental
fluorosis [10]. It has been reported that higher dose of F− in
drinking water (up to 4 mg·L−1) damages the gastrointestinal
system or bring chronic kidney disease [3], [11], [12]. As the
exposure to fluoride increases, becoming prolonged and severe,
the ion tends to distribute in the whole body promoting cancer
occurrence and altering the whole bone tissue homeostasis and
metabolism, causing skeletal fluorosis and even death [10] (see
Table I).

The health risk derived from fluoride-polluted water is a rele-
vant worldwide issue. In Asia (e.g., China, India, and Pakistan),
Africa (e.g., Sudan, Tanzania, Kenya, and Uganda), Turkey, and
Mexico [3], the problem has reached an endemic size since
several million people are affected by osteodental fluorosis [2],
[13]. Among the affected countries, in Ethiopia, especially in
the Rift Valley (ERT) area, shown in Fig. 1 [14], the presence of
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Fig. 1. Geographic and geologic logic map of the Ethiopian Rift Valley area.
The sites of interest are highlighted in the map.

wells, lakes, and rivers rich in fluoride is a national problem and
the mitigation of such social plague is a serious public health
problem [15], [16]. Indeed, in these rural regions, only about
30% of the population has access to safe drinking water [15].
To fight such a serious public health problem, several policy
administrations should be worked out to identify the best water
saving and fluoride-removal technologies [17].

A common technology for fluoride removal is precipitation,
which consists of using aluminum sulphate to create an insoluble
salt reacting with the fluoride in the water [3], [18]. Even though
this strategy can be implemented at the community level, it has
an efficiency of 65–70% and has the drawbacks of requiring the
collection of precipitate and also of leaching aluminum in the
treated water [13], [15], [16].

Adsorption techniques are often employed to subtract F− ion
from potable waters [19], [20]. A very wide range of adsorbing
materials have been investigated in the literature [2], [3], [13],
[18], [21]. Calcite, alumina-based composites, zeolites, and oth-
ers present positive free-charges on their surface can adsorb the
free fluoride ions, which diffuse from the bulk of the solution [2].
Despite innovative nanomaterials, the ideal adsorbent would be
an efficient, low-cost, and easily accessible material. However,
the removal efficiency varies from 50% for some clays to 90%
for zeolites. Other limitations of this method are that the pH
of the solution must be optimized and that sulphate, phosphate,
and bicarbonate can compete, limiting the selectivity [3]. Finally,
the regeneration of the material is limited to maximum tens of
cycles, and it is sometimes difficult and requires operators with
medium technical skills [2], [3].

A major role in defluoridation is played by membrane pro-
cesses, namely reverse osmosis (RO), nanofiltration, Donnan
dialysis, and Memstill technology [3]. These methods allow the
highest removal efficiency (95%), with the advantage that color

and taste of the treated water are not affected by the treatment.
On the other hand, the membranes employed are often subject to
biofouling problems, bacterial contaminations, and degradation,
thus highly increasing operating costs and requiring an operator
with medium to high competences [3], [13].

Since defluoridation can be regarded as the problem to remove
a population of charge from water, electric field to enhance the
removal of pollutant ions in membrane methods have been ex-
plored [3]. Electrodialysis (ED) systems can reach 80–95% and
are able to work with high F− concentration while performing
simultaneous desalination [3]. Even if it is more economical
than RO and it is perceived positively by public (even in rural
areas [17]), such technique has the shortcomings of requiring
long, complicated pretreatment steps and of being not specific,
not suitable for water with low salinity, while determining a
high water loss, energy consumption (1.5–18 V [22], [23]), and
capital costs [3], [24], [25]. Among the electrochemical meth-
ods, some other interesting membraneless techniques have been
proposed. Electrocoagulation (EC) is a promising emerging
technology that exploits an electrolytic process to generate, in
situ, a coagulant by oxidation of a specific anodic material able to
interact with the target ions [3]. EC devices demonstrated a high
efficiency (∼100%), but require operators with high technical
skills. Furthermore, it is not specific since other anions (e.g.,
sulphate) can interfere during the process. In EC systems, the
electrodes must be replaced due to their consumption and the
electric power consumed is very high [3] (e.g., current densi-
ties of about 4–100 A·m−2 would be required [26]). Another
highly effective method for defluoridation is electrosorption
(ES), which enhances the removal capacity and regeneration
of adsorbent by more than 50%, but requiring high operational
and maintenance costs [3].

From the analysis of the literature, the precipitation, adsorp-
tion, or membrane techniques are associated with lower costs
(except for RO), but also with poorer effectiveness in fluoride
removal, together with issues, such as the membrane substitution
or the adsorbent regeneration [3], [13]. The electrochemical
methods, however, despite being more efficient, are not selective,
require operators with high technical skills, and mainly have high
costs for installation and maintenance, which are not sustainable
for developing countries [3], [25]. The goal of this article is to
study the feasibility of an electric-field-based methods, which
respects the fundamental requirements of a system intended to be
used as fluorosis-mitigation solution in the Ethiopian context [3],
[13], [17], as follows:

1) the system should not use chemicals, being environmental
friendly and benign;

2) the technology should be readily available for implemen-
tation, i.e., the system should admit technical feasibility;

3) the system must have high efficiency (80%–100%);
4) the device should be low cost, affordable, reliable, easy to

operate and, hence, accessible to rural communities;
5) the system should account for local specific conditions;
6) the device has to allow up-scaling from household to

community level.
Through the knowledge of hydrogeologic conditions of ERT

area and taking into account the key criteria for an ideal system
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Fig. 2. (a) Lateral view of the prototype of the fluoride removal system. The main tube is removed to highlight the presence of the inner electrode plate.
(b) Top view of the defluoridator. The water flows from right to left. (c) Simplified geometry of the prototype for the finite element (FEM) analysis in COMSOL
Multiphysics. All dimensions are in millimeters.

for the mitigation of fluorosis, in this work, a preliminary study
and an evaluation of technical feasibility are performed to de-
sign and investigate an electric defluoridator. The multiphysics
nonlinear coupling of the electric and mass transport phenom-
ena are quantitatively, carefully, and critically modeled. In this
way, it assessed the functioning of a pilot-scale membraneless
electrostatic unit for fluoride removal from F−-rich Ethiopian
thermal waters.

II. SYSTEM GEOMETRY AND FUNCTIONING

The geometry of the prototype of the electrostatic unit for
fluoride removal is presented in Fig. 2. The F−-rich thermal
water is conveyed to the reactor through a cylindrical plexiglass
pipe with radius rin equal to 1.3 cm. A semiconical transition
aperture (70 cm) lets fluoride-rich water to flow in the main body,
i.e., a cylinder with radius rc of 100 mm and 1.1 m in length. A
metal plate is positioned at the center of the transverse section
and it extends for 1 m along the z-axis of the main body [see
Fig. 2(c)] The inner metal plate is not in contact with the bottom
of the structure and it is soldered to six pins, which allow the
connection to the external voltage generator. The inner electrode

is subject to a potential −φ0. Two bended and curved stainless
steel plates are in contact with the outer surface of the main
body. These are the external electrodes and are connected to
the same voltage, but with opposite sign with respect to the
inner electrode, i.e., φ0. The external metal sheets are a set at a
distance of 5 cm from the inlet and are 97 cm long, as shown
in Fig. 2. In this configuration, considering a salt XF, where X
is a monovalent cation, the anions present in the flowing water
would be attracted to the lateral surface of the cylinder, whereas
the cations would stay nearby the inner electrode plate. With this
separation of charges, at the end of the main body, three streams
can be recognized: an F−-rich central and two X+ streams.
Therefore, to collect the outlet streams, a three-way outlet is
present. With the same dimension of the inlet chamber, this part
of the defluoridator tube is necessary to prevent mixing while
facilitating the collection of treated and waste water. Analogue
considerations hold for the inverse configuration (inner electrode
−φ0—outer electrodes φ0).

The choice of tubular reactors for fluoride removal is frequent
in the literature since they allow us to work in a continuous
operation mode to increase the volume of treated water per
unit time [27]–[29]. The materials required to assemble the
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TABLE II
MEAN VALUES OF THE CONCENTRATION OF MOST RELEVANT IONIC SPECIES IN THE FIVE SET OF F−-RICH ETHIOPIAN THERMAL WATER

reactor are steel and plexiglass, which are both easily avail-
able in Ethiopia and allow us to construct the device on site,
without the need of importing raw materials or complicate
manufacturing [17]. The study of this economic defluoridator
should be regarded as a valuable alternative to cases where the
solutions and technologies discussed in Section I are not feasible
or cost-effective for the rural communities.

III. MATERIALS AND METHODS

A. Sampling and Characterization of Ethiopian Waters

The F−-rich waters were collected in five thermal springs from
the Ethiopian Rift Valley region, which are shown in Fig. 1.

In each site, after the samples collection, the water was cooled
to room temperature and the colorimetric analysis was per-
formed for the nitrates, sulphates, and sulphurs in about 30 min,
whereas the carbonates and bicarbonates titration was per-
formed in about 15–20 min. The characterization of Ethiopian
waters from Nach Sar, Corbetti, Shala, Langano Est, and
Wongi was completed by investigating the pH and their electric
conductivity σ.

The values of concentration of ionic species and the microele-
ment analysis on thermal water were quantitatively assessed to
employ realistic F− values in the simulations.

The results of the five samples sites are reported in Table II,
from which the chemical variability of the Ethiopian hot springs
is evident. It can be noticed that the elemental composition is
very different among the sites. This allows us to understand a
spectrum of Ethiopian water sources. As regards the fluoride, the
samples from Corbetti and Langano East point out a concentra-
tion value below the World Health Organization limit. However,
the other three sites can be defined as fluoride rich and their
measured concentration values agree with the one reported in
the work of Tekle-Haimanot et al. [30].

B. Model: Modified Poisson–Nernst–Planck–Stokes Equations

In this section, the problem of describing the dynamics and
spatial distribution of a z:z symmetric binary electrolyte is intro-
duced and the set of nonlinear coupled equations is presented.

In the literature, the migration dynamic of an ionic population
to a charged surface, at which is applied an electrostatic potential
φ0, is typically given in terms of the dilute solution theory [31],
[32]. Provided that the potential is small enough, under this well-
known approximation, the concentration fields are supposed to

follow a Boltzmann’s distribution

C = C0e
±zeφ/kBT (1)

where z is the ion valence, e is the electron charge, kB is the
Boltzmann constant (J·K−1) and T is the system temperature
in K. Anyway, for values of voltage much higher than the
thermal voltage (φt = kBT/ze), the ion concentration blows up
exponentially and the correspondent spatial charge distribution
at the charged surface does not respect the physical limit due
to the finite ion size [31], [32]. Therefore, in the literature,
several models to modify the Poisson–Boltzmann (PB) equa-
tions system have been proposed. To go beyond the naive PB
view, the excluded volume effects and the effective charge
density distribution were studied using statistical mechanic, but
others have focused on ion–ion or ion–wall interactions [31].
Some researchers tackled the problem of the volume effect
using molecular dynamic simulations or Monte Carlo simula-
tions [33], [34]. Anyway, the cited solutions are computationally
expensive and cannot be easily scaled to any other geometry or
at a larger scale. However, for the practical goal of this article,
the electromigration problem can be treated relying on modified
macroscopic continuum mechanic models [31], [35], [36]. This
approach allows us to use nontrivial numerical methods, such
as FEM or finite difference, to solve steady-state nonlinear and
coupled problems while accounting for the steric and volume
effects [31], [37]. In our work, the macroscopic point of view is
required to analyze a device that can be used to subtract F− ions
from Ethiopian thermal water rich in F−, to potentially mitigate
the problem of endemic fluorosis. This choice is motivated
by a wide literature about the solution existence and the error
analysis [37]–[39].

1) Electrostatic Problem: In this article, a z:z symmetric
binary electrolyte, with equimolar concentration (C0 = C− =
C+), is considered. For the sake of representativity of the
problem, the binary salt NaF is chosen. Recalling the data
derived from the analysis of Ethiopian waters in Table II, the
choice is justified since F− is the target ion and Na+ is the
monovalent ion with the highest concentration for all cases. The
numerical framework presented in this article should be able to
represent different Ethiopian waters and operating conditions.
Since the water–ion composition is very different, the dielectric
permittivity of the NaF solutions has been considered as variable
with the salt concentrations [41]

ε(C) = ε(0)− δεC + βεC
3/2 (2)
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Fig. 3. Variation of the static dielectric permittivity of NaF solution ε as
a function of fluoride concentration in water. The dashed lines represent the
standard deviation of the experimental values from [40].

Fig. 4. Dielectric permittivity (ε) versus system temperature [42]. The lower
the temperature, the higher the dielectric constant. It should be noted that at T =
25 ◦C, the values of ε for a given C0 equals the value in Fig. 3.

where ε(0) is equal to 78.5 ± 1.5 and δε is equal to 17.8
± 1.3 dm3·mol−1 with βε = 6.0 ± 1.4 (dm3·mol−1)3/2.
Equation (2) fits dielectric data at T=25 ◦C for any given
salt concentration of Ethiopian waters in Table II (for further
details see Supplementary material). To account for another
relevant specific parameter of a spring or water sources in a
given location, the temperature dependence of the static dielec-
tric permittivity is assumed to follow the Ray’s model [42],
[43]

ε(T ) = ε(C)
[
1− 4.579 · 10−3(T − T0) + 1.19

·10−5(T − T0)
2 − 2.8 · 10−8(T − T0)

3
]

(3)

where T0 is the reference temperature of 25 ◦C. The variation
of ε with temperature is shown in Fig. 4 for different fluoride
concentrations.

On the other hand, the possible influence of the electric field
strength on ε is neglected, as motivated in Section SM5 of
Supplementary material [44], [45].

The electric potential due to a distribution of charges is
evaluated solving the modified PB equation [32]

∇ · (ε∇φ) = zeC0

2 sinh

(
zeφ

kBT

)

1 + 2ν sinh

(
zeφ

kBT

)2 (4)

where φ is the unknown electrostatic potential in volts, whereas
the measure of nondiluteness, which accounts for the steric and
volume effects ν, i.e., the mean volume fraction of ions in the
bulk, is defined as [31], [32]

ν = 2a3C0. (5)

This modification of the model was proved to ensure that the
system can saturate to a maximum concentration value equal to
Cmax = a−3. Thus, the amount of charge attracted to the charged
surfaces cannot be infinite, avoiding the electrostatic potential
to blow up locally, i.e., an effective, but finite, charge density
distribution can be found from (4).

2) Nonlinear Electromigration: The macroscopic mass
transport balances required to determine the spatio–temporal
distribution of the F− and Na+ ion in the systems in Fig. 2 are
the following nonlinear convection–diffusion equations [32]:

∇ ·
[

D∇C± ± zeμC±∇φ+ v∇C±

+ a3D
C±∇(C+C−)

1− C+a3 − C−a3

]

= 0 (6)

where D is the ion diffusion coefficient in water in m2·s−1 while
μ is the ion mobility in m2·V−1·s−1, and v is the velocity field
in m·s−1.

Both the diffusivity D and mobility μ are considered to be
equal for C− and C+ ions. These values are generally function
of temperature T and the salt concentration [40], [46]. Assuming
the system to be in thermal equilibrium, a uniform temperature
distribution can be considered during the functioning. Hence, for
different water source temperature, the diffusion coefficient will
vary proportionally to kBT according to the Einstein–Stokes
formula [46]. The dependence of the concentration of fluoride
ions and its counterions is necessary to respect the physical
phenomena of saturation of charge attraction to a charged surface
and decreased mobility [44], [45]. Considering the ion crowding
to a charged surface, i.e., D,μ �= const, in the model allows
us to evaluate the feasibility of the proposed electrostatic and
membraneless defluoridation system. The experimental data of
mutual diffusion coefficient from the work of Lu and Leaist [40]
are used. A sixth-order polynomial function is used to describe
D(C), as shown in Fig. 5 (further details are provided in Section
SM6 of Supplementary material). The values used are similar to
those reported in [47] and [48]. The ionic mobility is evaluated
using the Einstein–Smoluchowski relationship [46], [49]

μ =
D

R

F
T

(7)

where R is the universal gas constant in J·mol−1·K−1 and F is
the Faraday’s constant in C·mol−1.

Equation (6) is subject to the Dirichlet boundary condition
(BC) at the inlet section of the electrostatic unit

C0 = C− = C+. (8)
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Fig. 5. (a) Mutual diffusion coefficient for NaF solution, in m2·s−1 at 25 ◦C [40]. (b) Mutual ionic mobility μ in m2·V−1·s−1 derived from the experimental
data using the Einstein–Smoluchowski relationship. The temperature variation for both physical quantities is shown from 15 to 45 ◦C.

At the outlet sections and at the wall of the system in Fig. 2 the
Neumann BC no-flux BC applies

D∇C± ± zeμC±∇φ+ v∇C±+a3D
C±∇(C+C−)

1− C+a3 − C−a3
= 0.

(9)
It should be pointed out that in the system no electrochemical
reactions can take place at the electrode surface, since two out
of three are insulated with plexiglass.

Some important assumptions must be pointed out and dis-
cussed to solve the modified Poisson–Nernst–Planck (MPNP)
equation [i.e., (6)] properly. First of all, it is assumed that the
charging dynamic of the double layer is very fast compared to
the residence time of the fluid. Therefore, the mass balance can
be solved assuming the system is in steady state. This is verified
only if the residence time in the reactor is much larger than the
charging time at the electrodes surfaces [32]

τfl =
l

v0
� τch =

λDrch
D

(10)

where l is the characteristic length of the system in meters, which
is chosen to be the length of the defluoridation unit, while v0 is
the initial velocity of the fluid in m·s−1 and rch is the channel
radius or, better, the distance between the electrodes plates. The
Debye screening length λD is defined as [31]

λD =

√
εkBT

2z2e2C0
. (11)

This physical quantity, which is always lower than the charac-
teristic length of the system, i.e., λD � l, rch, depends on the
system temperature and dielectric permittivity of the medium,
but inversely from the initial ion concentration, as shown in Fig.
S1, Section SM1 and SM2 in Supplementary Material. Ethiopian
water sources and spring have temperatures ranging from 15 ◦C
to more than 36 ◦C, then the Debye length may vary from 76
to 85 nm, for C0 = 0.027 mg·L−1, or can reach a minimum of
4 nm for C0 = 73.50 mg·L−1, if the water composition from the
Shala site is considered (see Table II).

The MPNP equation is solved considering that the local bulk
conductivity does not change significantly and neglecting the

influence of the Bjerrum length1 and the ion–ion correlations,
under a mean field approximation and assuming weekly nonlin-
ear regime [32]

2
λ2
D

a3l2C0

zeφ0

kBT
� 1. (12)

With these assumptions, the final goal is to quantify the
fluoride removal efficiency at the outlet sections

Γ =
C − C0

C0

∣
∣
∣
∣
∣
Out

· 100. (13)

3) Fluidodynamic Modeling: For a complete mathematical
description of the working and performance of the defluoridator
system, the velocity field v of the drift-diffusion equation (6)
should be defined [35]. As previously described in Section II,
the F−-rich thermal water is allowed to flow from the inlet to
the outlet of the unit represented in Fig. 2. Hence, the velocity
pattern can be computed according to the Navier–Stokes equa-
tion [35], [39], [49]

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇P + η∇2v (14)

where ρ is the fluid density in kg·m−3, v is the velocity field in
m·s−1,P is the pressure field in Pa, and, finally, η is the viscosity
in Pa·s. The fluid is assumed to be Newtonian, viscous, incom-
pressible, and isothermal [39]. This last hypothesis is actually
a consequence of the assumption of a uniform temperature in
the defluoridator. As discussed previously in Section III-B1, the
fluid is assumed to be dilute, therefore the electromagnetic forces
on it can be neglected. To solve (14), at the inlet section, the
velocity normal to the surface is set to v0. While, at the wall,
represented by the metal plate and the plexiglass housing, the
no slip condition applies [35], [50]

v = 0. (15)

The unknown velocity value at the outlets of the system in Fig. 2
is determined by imposing the pressure P to be equal to zero.

1Lenght at which the coulomb energy balances the thermal energy. At 20 ◦C,
it is ∼7 Å. Therefore, the ion–ion statistical correlations can be neglected.
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Fig. 6. Electrostatic potential φ distribution normalized to the applied voltage φ0. Velocity field distribution normalized to the inlet velocity v0. Concentration
pattern normalized to the initial F− concentration in the water.

Since the goal of the proposed electrostatic unit is to separate
the charges contained in the fluid and then to collect them to
different streams and outlets, the flow regime must be lami-
nar to avoid mixing due to turbulence phenomena. A laminar
fluid profile ensures the possibility to establish controllable and
predictable concentration gradients. Therefore, the Reynolds
number in the main body of the system is required to verify
the following relationship for every v0 value [39], [46]:

Re =
ρv02rin

η
� 5 · 105 (16)

where the characteristic length is set to the radius of the cir-
cular inlet section, rin (for further details see Section SM7 of
Supplementary material).

IV. SIMULATIONS OVERVIEW

Given the system presented in Section II and the mathematical
framework described in Section III-B, it must be recognized
that the parameter space of both the geometric and operative
quantities is very large. Therefore, as explained better in Section
SM3 in Supplementary material, in this article, the modeling of
a complex and multiphysics dynamic system, such as electro-
migration, needs a careful analysis, which respects the assump-
tions of (10), (12), and (16). The system was studied assuming
the existence of a steady-state solution for the mass transport
equation and assuming the system to be weakly nonlinear for
the following parameters:

1) T ∈ (15 ◦C; 45 ◦C);
2) C0 ∈ [10 mg·L−1; 100 mg·L−1];
3) v0 ∈ (1 mm·s−1; 10 m·s−1];
4) φ0 ∈ [1 mV; 2 V].
The defluoridator was studied for the different working pa-

rameters in the ranges reported, by using the parameter given in
Table ST1 from Supplementary Material. After having clarified
and quantified the mutual influence of these quantities on the
system performance, the channel length was varied to study if
the probability of capturing the target F− ion can be increased
and the removal efficiency augmented [29]. The simulations
were performed using the commercial FEM software COMSOL
Multiphysics (COMSOL, Inc., Burlington MA, USA). In par-
ticular, the MPB equation (4) was solved using the Mathematics
module while the drift-diffusion equation was implemented
with the Transport of Dilute Species interface, and, finally, the
Navier–Stokes equation (14) was calculated using the Laminar
Flow interface. The fluidodynamic problem is first solved and

the retrieved velocity field is inserted in the mass transport
problem, coupled with the electrostatic one.

V. RESULTS

The steady-state solution of the electric potential distribution,
the velocity field v, and the concentration patterns have been
evaluated. The normalized results are presented in Fig. 6. Since
the system in Fig. 2 has a very high aspect ratio, and since the
solutions are constant for a considerable length, part of the main
channel is not represented in order to favor the representation and
understanding. From Fig. 6 it can be noticed that the electric field
is constant between plates. Moreover, neither the electrostatic
potential nor the electric field are affected by the water and
charge flow. This is due to the fact that the velocity is null at the
electrodes and plexiglass surface. As regards the water velocity,
between the inner electrodes and the plastic tube, the profile has
been verified to be perfectly parabolic. Finally, the salt concen-
tration is constant in the bulk, whereas it sharply varies when
approaching the charged surfaces. The configuration studied is
the one with the inner electrodes set to the external voltage φ0

while the inner metal plate is negatively charged. In this way,
the surface available for the capture and transport of the ions
is doubled. From Fig. 6, it can be observed that F− ions are
depleted near the inner metal plate while its density increases
twofold at the positive electrode, thus implying that the target
ion is highly concentrated at the outlets of the defluoridator
system, demonstrating that the central stream can be easily
collected.

The spatial dependence of the physical quantities ε, D, and
μ, due to their explicit relationships with F− concentration, was
assessed along a cut-line, which starts from the surface of the
inner electrode and goes to the surface of the plexiglass tube,
in the x-direction, with y = 50 cm. The bulk was not depicted
in Fig. 7 for the sake of representation. The F− concentration
profile follows the MPB distribution from (4), and the trend of
the curves is in qualitative agreement with the results of [31] and
[32]. Moving from the negatively charged surface, the target
ion concentration increases to reach the bulk value C0. Then,
getting close to the positively charged electrodes, the gradient
becomes steepen as the voltage increases, but the variable C−
augments and reaches a finite value, which is about two to
six times the bulk concentration [see Fig. 7(a)]. This spatial
distribution causes the dielectric permittivity to be higher nearby
the inner plate, whereas it decreases at the plexiglass surface,
according to the findings from [40], [45], and [51]. For low
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Fig. 7. (a) Fluoride concentration between the charged plates. (b) Dielectric permittivity between the electrodes. (c) Ionic diffusivity as a function of space and
concentration. (d) Ionic mobility. The one-dimensional line corresponds to height y = 50 cm. The system temperature is 15 ◦C, and the inlet velocity is 1 mm·s−1.

TABLE III
FLUORIDE REMOVAL (Γ, %) FOR DIFFERENT APPLIED VOLTAGES, WORKING TEMPERATURE, AND INITIAL ION CONCENTRATION

Inlet velocity is 0.1 m·s−1.

voltages, the variation is negligible. While for high voltages (i.e.,
1–2 V), as shown in Fig. 7(b), the permittivity varies significantly
(∼21.79%) and hence it is possible to infer that it strongly
influences the evaluated electrostatic potential, as well as the
electric force on ions (4), (6). Therefore, the final concentration
pattern affects the electrostatic potential distribution, which in
turn strongly influences the ion spatial profile. However, the
physical coupling is more complex. The presented mathematical
framework accounts for such actual intricacy considering the
ion diffusivity and ionic mobility to lower as the concentration
increases [40]. As presented in Fig. 7(c) and (d), the transport
properties of the F− ion vary between the electrodes. In the
repulsive region, D and μ are higher while reaching their mini-
mum at the attraction surface (∼13.97% and 12.8% of variation).
The temperature variation follows the trend described previously
(data not shown). As regards the influence of the inlet velocity,
between the plates, it was found a deviation of ∼0.05% between
v0 of 0.1 mm·s−1 and 10 cm·s−1.

Considering the multiphysics coupling of electric and mass
transport phenomena, it has been possible to evaluate the perfor-
mance of the electrostatic, membraneless unit for the removal
of fluoride from thermal waters under different operative condi-
tions (see Section IV). The removal efficiency Γ was evaluated

Fig. 8. Removal efficiency of fluoride ion, in %, versus applied voltage (φ0,
V) and inlet water velocity (v0, m·s−1). The working temperature is 15 ◦C and
the initial F− concentration is the lower bound value of 10 mg·L−1.

as the average at the outlet sections of the collection channels
(see Fig. 2). The results are reported in the surface plot of Fig. 8
and Table III. From Fig. 8, it can be noticed that the fluoride
removal Γ is minimum when inlet velocities of about 1 mm·s−1
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are set, for any voltage value. On the other hand, as the water
velocity increases, e.g., up to 0.1 m·s−1, the effectiveness of
the F− removal increases, being maximum for high voltages.
The difference between an applied voltage of 1 mV and 2 V
is about 15%. The reciprocal influence of the other operative
parameters, namely the initial concentration of fluoride C0 and
the system temperature T, was assessed. From Table III, it can
be observed that the removal is almost constant (i.e., 1% varia-
tion, which is the precision limit of the numerical simulations)
with the initial ion concentration C0. However, the removal
index Γ is a dimensionless number and it is normalized to C0.
Therefore, considering an applied voltage of 2 V, a working
temperature of 15 ◦C, and a fluid velocity of 1 mm·s−1, F−

collected at the outflows is 9.80 and 98.05 mg·ml−1 for Ethiopian
thermal waters with 10 and 100 mg·mL−1 of F−, respectively.
Furthermore, from Table III, it can be noticed that the lower
the temperature, the higher the fluoride removal. This is due
to the fact that at 15 ◦C, the dielectric permittivity is lower
[see Fig. 7(b)], implying a slightly stronger electric field, and
to the lower diffusion coefficient of the ion [see Fig. 5 and
7(c)], which causes the electromigration and advection fluxes
to be higher than the diffusion one. In mathematical terms,∣
∣
∣D∇C−| < | − zeμC−∇φ+ v∇C−

∣
∣
∣. Despite the wider varia-

tions of ε,D, andμ presented in Fig. 3 and 5, a 30 ◦C temperature
difference translates into a maximum variation of about 1% of
Γ for the proposed electrostatic unit. In summary, from the
numerical experiments, it has been found that the proposed
electrostatic unit could work in moderate to high velocity regime,
i.e., from 0.01 ms−1, which implies a relatively high flow rate
of water to be treated, and at high applied voltage, i.e., from
100 mV to 2 V. The proposed columnar electrostatic unit can
properly treat the Ethiopian waters from Table II. Furthermore,
it has been found that the working temperature of the system
should be as low as possible. However, this parameter is not
critical. This is a relevant finding since the temperature at water
source may strongly vary among the Ethiopian sites [14], but
the outcome of the defluoridation process varies by 1% across a
30 ◦C interval.

The last set of simulations was performed varying the length
of the reactor to study the influence of this quantity on the system
performance. The reactor was shrank to half its length and then
enlarged up to three times the original size. The results are shown
in Fig. 9. From Fig. 9, it can be noticed that when the length of
the reactor is varied, the efficiency of fluoride removal strongly
varies. This result indicates that also the geometric parameters
can influence the system performances. For example, for an
applied voltage of φ0 = 1 V, the defluoridation efficiency of the
electrostatic unit drops from a maximum of 100%, for a length
of 0.55 m, to 67.8% for a column 3.3 m long. The influence of
the system length is more pronounced at lower voltages (e.g.,
50 and 100 mV), then becoming almost not significant for low
voltages (e.g., from 1 to 10 mV). The findings from Fig. 9
forecast future investigations and studies on whether an optima
geometry exist for this type of membraneless defluoridation
system.

Fig. 9. Removal of fluoride ion for different length of the columnar reactor.
The applied voltage has been varied from 1 mV to 1 V, whilst the working
temperature was supposed to be 37 ◦C and the fluid velocity 0.1 ms−1.

VI. CONCLUSION AND DISCUSSION

In this article, an electrostatic and membraneless unit for
defluoridation of Ethiopian thermal waters was studied. This
system applies a static electric field via parallel plates to sep-
arate the charges of a z:z binary and symmetric electrolyte
(NaF) which is flowing in laminar regime. The problem was
solved in the coupled Poisson–Nernst–Planck–Stokes scheme.
The electromigration phenomenon was investigated for high salt
concentration and strong applied voltages, assuming that the
device can operate in condition of weakly nonlinear regime. The
dielectric permittivity and both the ionic diffusivity and mobility
have been considered to be a function of F− concentration and
of system temperature. This preliminary analysis allowed us
to identify the values of applied voltages, input velocities, and
Ethiopian water composition to be treated in order to satisfy
water safety requirements [9].

Future works must deal with the problem of modeling the
actual presence of multiple ions in the solution (see Table II).
The system proposed therein, while reducing the fluoride ion
presence, must not deprive water from essential constituents.
Therefore, the nonlinear term in (6) must be completed consid-
ering each ionic contribution and interaction. Another point to be
investigated is the possibility of employing an alternate current
signal to elicit the movement of the ionic species [52]. This
would introduce another free parameter, i.e., the frequency of
the applied voltage, to the set of operating parameters. The pos-
sible electrosorption phenomenon at the inner electrode surface
could be investigated relying on the model proposed by Yang
et al. [53]. Finally, with the mathematical framework described
in this article, the geometry of the system would be modified
to identify different configurations of the electrodes or of the
fluidic channels, and a suitable scaling to enhance the removal
efficiency can be investigated.
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