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This PhD dissertation presents the modelling and design of a novel High Speed (HS) Electric Propulsion 

System (EPS) for automotive application. In particular, Chapter I presents a comparison among different 

EPS configurations, which are designed by combining different Permanent Magnet Synchronous Machines 

(PMSMs) with the corresponding most suitable transmission system; this is done in order to investigate the 

competitiveness of HS-EPS for automotive applications. 

Subsequently, the design of a novel ferrite-based HS-PMSM suitable for automotive application is 

presented in Chapter II. The design has been carried out through a novel multi-parameter analytical design 

procedure, which has been developed with the aim of achieving a preliminary machine design that considers 

both design targets and constraints. This preliminary design has been then validated through accurate and 

extensive finite element analyses, which regard both mechanical and electromagnetic performances. 

In order to guarantee appropriate coupling between the designed HS-PMSM and vehicle wheels, the 

design and optimization of a novel coaxial Magnetic Gear Transmission (MaGT) is presented in Chapter 

III. In particular, a single-stage MaGT is designed at first in accordance with mechanical and magnetic 

analytical models. However, as far as a very high gear ratio is required (more than 20), the design of a 

double-stage MaGT has been carried out, which addresses some of the issues arising from the single-stage 

solution. A comparison in terms of performances and sizes between the two designed MaGTs is thus 

presented and discussed: the results obtained through the analytical models are validated by means of 

accurate finite element analyses. Subsequently, a further optimization of the double-stage MaGT has been 

carried out, which aims at reducing the harmonic content of the magnetic flux density. A comparative study 

between the two double stage MaGTs is presented and discussed, especially with reference to core losses 

and temperature distribution, highlighting the improved performances achieved by the optimized 

configuration.
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Equation Chapter (Next) Section 1

The increasing number of Internal Combustion Engine (ICE) vehicle is causing 

issues concerning environment and fossil fuel resources. In order to solve these 

problems, rigorous standards on vehicle emission and efficiency have been 

imposed. One of the most promising solutions is certainly the hybridization of the 

ICE power train, which could significantly increase the efficiency of the vehicles. 

This solution is represented by Hybrid Electric Vehicles (HEVs), which are in fact 

dual-powered vehicles: they are equipped with both an electric machine and a 

combustion engine and the former usually allows ICE to operate at maximum 

efficiency. There are multiple hybrid power-train topologies designed for these 

types of vehicles, each of which present inherent advantages and drawbacks. 

Alternatively to HEV, another promising solutions for the upcoming future is the 

development of cleaner and more efficient cars, among which full Electric Vehicles 

(EVs) [1]. 

The most important component of an EV is the Electric Propulsion System (EPS), 

which is made up mainly of an Energy Storage System (ESS), an electrical drive and 

a Transmission System (TS). Focusing on the ESS, electrochemical batteries are the 

most popular solutions, especially those based on Lithium technologies. Regarding 

the electrical drive, different Electrical Motors (EMs) are widely employed in 

commercial EVs, namely Permanent Magnet Synchronous Machines (PMSMs) and 

induction machines [2]. Whereas different TSs can be employed, as revealed by the 

technical literature [4]–[6] 

 , whose choice may affect the overall EPS efficiency significantly [6]. Among 

the different kinds of mechanical gear transmission systems usually employed, 
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Single-Gear Transmission (SGT) is the most used solution due to its simple 

configuration. Furthermore, it is well suited for electrical drives characterized by 

wide Constant-Power Speed Region (CPSR) [7]. Alternatively, Multi-Gear 

Transmission (MuGT) can be employed, which, however, entails higher weights, 

volumes and costs. Another choice consists of Continuously Variable Transmission 

(CVT), which has been used successfully in automotive applications. However, 

CVT is generally characterized by low efficiency at low speed and increased system 

complexity compared to the other solutions previously mentioned [8].  

A very promising solution for future EVs is represented by High-Speed EPS (HS-

EPS) characterized by a High-Speed Electrical Machine (HS-EM) coupled with a 

Magnetic Gear Transmission (MaGT), which has been presented recently in the 

literature [9], [10]. Regarding HS-EMs, they have been used for a long time due to 

their numerous advantages, among which high power density and efficiency, 

reduced size, weights and overall costs [11], [12]. However, the need of reducing 

the very high-speed values of HS-EM for matching those required by vehicle wheels 

represent a critical task: in this regard, an MaGT system presents gear ratios and 

efficiency higher than conventional mechanical transmission systems. For these 

reasons, the integrated design of HS-EM with MaGT could enables compactness 

and lightness of the whole EPS [13]. 

In this scenario, this PhD dissertation presents the modelling and design of a 

novel HS-EPS for automotive application. In particular, Chapter I presents a 

comparison among different EPS configurations, designed by combining different 

PMSMs with the corresponding most suitable TSs [14]; this is done in order to 

investigate the competitiveness of HS-EPS for automotive applications. All the EPS 

solutions there considered have been tested by means of a simulation study, which 

is performed in MATLAB-Simulink. Particularly, an efficiency assessment has been 

carried out referring to three driving cycles in order to highlight the most suitable 

EPS configuration over different driving conditions. 

Subsequently, in light of the results obtained, the design of a novel ferrite-based 

HS-PMSM suitable for automotive application is presented in Chapter II [15]. The 

design has been carried out through a novel multi-parameter analytical design 

procedure, which has been developed with the aim of achieving a preliminary 
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machine design that takes into account both design targets and constraints; the 

former have been set in accordance with application requirements, whereas 

operating constraints are related mainly to high-speed operation and PM 

demagnetization issues. The proposed design approach has been validated through 

extensive simulation studies, which have been performed by means of Finite 

Element Analyses (FEAs) that regard both mechanical and electromagnetic aspects. 

Subsequently, in order to guarantee appropriate coupling between the designed 

HS-PMSM and vehicle wheels, the design and optimization of a novel coaxial 

MaGT suitable for this specific application is presented in Chapter III. In particular, 

a single-stage MaGT is designed at first, by using an optimization function that 

minimizes the MaGT active volume in accordance with its mechanical and 

magnetic models. However, as far as a very high gear ratio is required (more than 

1:20), MaGT may be still inadequate, even by resorting to coaxial configuration. 

This is because the maximum MaGT input torque decreases as the gear ratio 

increases [16]. Therefore, the design of a double-stage MaGT has been carried out, 

which addresses some of the issues arising from the single-stage solution. In a 

double-stage coaxial MaGT, two coaxial MaGT are mounted coaxially so that the 

external rotor of the inner MaGT is also the internal rotor of the outer MaGT. This 

configuration enables a compact system, by limiting the gear ratio of each stage 

and, thus, increasing the input torque and reducing the overall volume. A 

comparison in terms of performances and dimensions between the two designed 

MaGTs is thus presented and discussed; in particular, the results obtained through 

the analytical models are validated by means of accurate finite element analyses 

using the Solidworks and FEMM software. Then, a further optimization on the 

double-stage MaGT has been carried out, which aims at reducing the harmonic 

content of the magnetic flux density. In this regard, a detailed analysis of the 

magnetic flux density distribution has been carried out, whose outcomes are used 

to optimize the double-stage MaGT configuration previously designed. A 

comparison study between the two different MaGTs configuration is thus presented 

and discussed; this regards mainly core losses and temperature distribution in each 

part of the MaGT, which are evaluated by means of finite element analysis (FEMM 

software). The comparison reveals the effectiveness of the optimized configuration. 
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A schematic representation of an Electric Propulsion System (EPS) is shown in 

Figure I.1. It is supplied by an Energy Storage System (ESS), which has to deliver 

a proper amount of energy in order to guarantee an adequate vehicle driving range. 

The ESS is interfaced with the Electric Motor (EM) through a number of power 

electronic converters. The EM transmitted the mechanical torque to the traction 

wheels by means of a Transmission System (TS), which has to adapt the EM 

rotational speed to the wheel speed. Referring to the vehicle traction characteristics 

depicted in Figure I.2, the EPS has to be designed in accordance with vehicle target 

performances, among which maximum acceleration, speed and gradeability [1]. 

Particularly, at low vehicle speeds, the traction effort is generally upper bounded 

by tyre-ground contact issues. As the speed increases, power increases until the 

vehicle reaches its base speed Vb. Above Vb, traction effort decreases, while 

propulsion power is kept constant and equal to the rated one. Consequently, the 

maximum speed Vmax is reached when the traction effort equals the overall 

resistance force, as highlighted in Figure I.2.  

It is worth noting that Vb is generally quite lower than Vmax, entailing wide 

Constant-Power Speed Range (CPSR). Therefore, suitable combinations of EM and 

TS must be chosen in order to match both traction effort and power requirements. 
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Figure I.1 – Schematic representation of an electric propulsion system. 

 

Figure I.2 - Vehicle traction effort (cyan) and power (red) characteristics with vehicle 
speed, together with the overall resistance force (green). 

Focusing on the EM, two solutions can be employed for satisfying the propulsion 

requirements: the first one consists of choosing an EM with a wide CPSR in order 

to match vehicle traction characteristics to the maximum extent. This solution 

benefits from simplified and highly efficient TS, i.e. fixed-gear, but it generally 

introduces several issues regarding EM design, control and efficiency. 

Alternatively, EM with narrow CPSR can be used, which can generally operate at 

higher efficiency. However, this solution requires more complex and lower efficient 

TS [17]. 

Therefore, based on the previous considerations, different TS can be chosen in 

accordance with EM inherent features. Consequently, a brief review of TS used in 

EPS is presented in the following section. Subsequently, four different EPSs 

characterized by different EM and/or TS have been designed and tested in order to 

assess their performances over different driving cycles. 
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I.2.1 Single-gear transmission 

The Single-Gear Transmission (SGT) is the simplest and most frequently used 

TS for Electric Vehicles (EVs). It presents a fixed gear ratio, which is defined as: 

m m w

w

r

V

 


   (III.1) 

in which ωm and ωw are the EM and wheel rotational speed respectively, V is the 

vehicle speed and rw is the wheel radius. Referring to (III.1), τ can be set in 

accordance with maximum traction effort and/or maximum speed. Vehicle and 

motor speeds are proportional to each other, as shown in Figure I.3. Hence, since 

the gear ratio is constant, the traction characteristic has to match that of the EM; for 

this reason, the employment of an SGT generally occurs jointly with EM with wide 

CPSR. 

I.2.2 Multi-gear transmission 

The Multi-Gear Transmission (MuGT) allows the discrete variation of the gear 

ratio depending on the vehicle speed. MuGT is made up of several gears, whose 

selection occurs manually or automatically in accordance with propulsion 

requirements. Particularly, the first gear ratio is chosen as: 

.
1

1,

m max w

max

r

V

   (III.2) 

where V1,max is the maximum vehicle speed for the first gear and ωm,max is the 

maximum EM speed. The other gear ratios should be defined so that the EM always 

operates within a given speed range, i.e. between ωm,min and ωm,max, as shown in 

Figure I.4. Particularly, ωm,min is generally chosen higher than the EM rated speed 

in order to ensure a wide CPSR of the vehicle. Once the EM speed range is set, the 

gear ratios of MuGT can be defined by using the following relationship: 

1

,min ,
1 1

,max ,m

, 1,...,

k

m m min
k k

m m max

k n
 

  
 





 
    

 
 (III.3) 



Design of systems and components for high-speed electric propulsion systems 

 

 
 

12

in which n is the number of the gears. 

I.2.3 Continuously variable transmission 

The Continuously Variable Transmission (CVT) is an automatic TS that is able 

to change the gear ratio seamlessly within a given range [τmin, τmax]. As a result, the 

EM operates at a constant speed when the EV is within a defined speed range 

[Vv,i,Vv,f], as shown in Figure I.5. 

Focusing on the design procedure, τmin and τmax can be determined in accordance 

with (III.2) and (III.3) as: 

, ,
min max

,

,m v w m max w

v i max

r r

V V

 
    (III.4) 

where ωm,v is the EM constant speed value, which is chosen in accordance with the 

EM characteristic in order to maximize its efficiency. The main advantage of CVT 

consists of maximizing EM efficiency over a given vehicle speed range. However, 

this TS is rarely used for EV due to its complexity and low efficiency. 

I.2.4 Transmission systems for high-speed applications 

When high gear ratios are required, special TSs are needed. Although this issue 

can be addressed by series-connecting a number of conventional systems that 

guarantee a subsequent reduction of the rotational speed, this solution increases the 

TS losses and the power train volume and weight. Alternatively, in order to limit 

the TS overall volume, planetary gear transmissions can be adopted, which enable 

higher gear ratios compared to conventional solutions. However, planetary gears 

exhibit low efficiency when high gear ratio is concerned.  

A very promising solution for EPS that employs high-speed EM, especially if 

High-Speed Permanent Magnet Synchronous Machine (HS-PMSM) is adopted, is 

represented by Magnetic-Gear Transmission (MaGT). It is a contactless TS, 

characterized by very high efficiency, high reliability and low maintenance. MaGT 

is generally made up of a number of magnetic rings that are properly coupled in 

order to achieve the desired gear ratio, which can be calculated with the same 

procedure employed for the SGT. However, in this configuration, very high gear 
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ratio can be achieved, making MaGT. Moreover, the MaGT may be integrated 

within the HS-PMSM, enabling the design of compact and light EPS (the so-called 

geared motors). 

 

Figure I.3 - Motor rotational speed evolution with vehicle speed for a SGT and MaGT. 

 

Figure I.4 - Motor rotational speed evolution with vehicle speed for a MuGT. 

 

Figure I.5 - Motor rotational speed evolution with vehicle speed for a CVT.  
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In order to investigate the performances of different EM and/or TS solutions, 

different EPS configurations have been considered. Subsequently, the comparison 

among the EPS configurations has been carried out by numerical simulations in the 

MATLAB-Simulink environment. Particularly, the SimDriveline Library has been 

employed for modelling each EPS. The overall simulation set-up is depicted in 

Figure I.6 and consists of three main blocks, namely the Driver, the EPS and the 

Vehicle. Each of these blocks have been modelled as detailed in the following 

subsections. 

I.3.1 Driver modelling 

The driver has been modelled by means of a driving cycle and a speed controller. 

In this regard, three different driving cycles have been considered, which are shown 

in Figure I.7. The NEDC represents the standard driving cycle used for evaluating 

vehicle energy consumption in Europe, whereas ArtUrban and ArtRoad cycles 

reproduce more accurately the real driving conditions characterized by rapid 

accelerations and braking.  

The reference speed of the vehicle imposed by each driving cycle is tracked by 

means of a speed controller, which provides the reference torque to the EPS through 

a Proportional-Integral (PI) regulator, which processes the speed error 

appropriately. 

I.3.2 EPS modelling 

The EPS has been modelled in accordance with different EM and TS solutions, 

which have been defined by considering the vehicle main parameters summarized 

in Table I.1. 

Focusing on the EM at first, three different PMSMs have been considered, whose 

rated values are reported in Table I.2. All the PMSMs are characterized by the same 

rated power, but different operating speed ranges. Particularly, EM1 [2] and EM2 

[8] are relatively Low-Speed PMSMs (LS-PMSMs) and they present wide and 
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narrow CPSR respectively. Differently, EM3 [10] is a HS-PMSM characterized by 

a wide CPRS. 

 

Figure I.6 - Simulation setup. 

 

Figure I.7 - Driving cycles: NEDC (top), ArtUrban (middle) and ArtRoad (bottom). 

Table I.1 - Vehicle main parameters 

Parameter Symbol Unit Value 

Base speed Vb km/h 36.5 

Design maximum speed Vmax km/h 125 

Maximum gradeability (@ Vb) αmax  30 

Vehicle mass mv kg 1130 

Frontal area Af m2 2.06 

Drag coefficient Cd - 0.29 

Friction coefficient Croll - 0.006 

Wheel radius rw m 0.28 

Table I.2 - PMSM rated and maximum values [2], [8], [10] 

 Symbol Unit EM1 [2] EM2 [8] EM3 [10] 

Rated Power Pn kW 40.3 

Rated Torque Tn Nm 110 110 9.5 

Rated Speed ωm,n krpm 3.5 3.5 40.5 

Maximum Speed ωm,max krpm 12 5 159 
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Table I.3 - Transmission system parameters 

Parameter Symbol Unit Value 

TS1 (SGT) 

Gear ratio τ - 10.08 

Actual maximum speed Vmax,case1 km/h 125 

TS2a (4-Gear MuGT) 

1st gear ratio τ1 - 10.08 

2nd gear ratio τ2 - 7.05 

3rd gear ratio τ3 - 4.93 

4th gear ratio τ4 - 3.45 

Actual maximum speed Vmax,case2 km/h 151.8 

TS2b (CVT) 

Maximum gear ratio 𝜏min - 10.08 

Minimum gear ratio τmax - 3.45 

Constant motor speed ωv rpm 3600 

Actual maximum speed Vmax,case3 km/h 151.8 

TS3 (MaGT + SGT) 

MaGT ratio τMaGT - 26 

SGT ratio τSGT - 4.5 

MaGT maximum efficiency 𝜂MaGT % 98 

Actual maximum speed Vmax,case4 km/h 143 

Regarding the TS, different cases have been considered in accordance with the 

inherent characteristics of each EM, as pointed out in Table I.3. In particular, SGT 

is the most suitable solution for EM1 due to its relatively low operating speed range 

and wide CPSR. Whereas two different solutions are proposed for EM2 (MuGT 

and CVT) due to its much narrower CPSR compared to EM1. Furthermore, an 

MaGT combined with an SGT is suggested for EM3 due to its very high operating 

speed range. The parameters in Table I.3 have been calculated considering the 

equations reported in (I.2) in accordance with desired maximum gradeability 

reported in Table I.1. 
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Table I.4 – EPS configuration summary 

Case Electric Motor (EM) Transmission System (TS) 

1 EM1 (LS-PMSM, wide CPSR) TS1 (SGT) 

2a EM2 (LS-PMSM, narrow CPSR) TS2a (4-Gear MuGT) 

2b EM2 (LS-PMSM, narrow CPSR) TS2b (CVT) 

3 EM1 (HS-PMSM, wide CPSR) TS3 (MaGT + SGT) 

Table I.5 - Transmission system coefficients 

Parameter SGT MuGT CVT MaGT+SGT 

AH2 0 0 0.0935 0 

AH1 0 0 -0.1871 0 

AH0 1 1 1.0599 1 

AL2 0 0 0.0068 0 

AL1 0 0 -0.0135 0 

AL0 1 1 0.9731 1 

B 50 20 20 50 

ηt,max 0.99 0.98 0.97 0.97 

Therefore, four EPS configurations have been considered, as summarized in 

Table I.4. Each specific EPS configuration has been characterized by its own 

overall efficiency, which can be determined as: 

EPS b c m t      (III.5) 

where ηb, ηc, ηm and ηt are the efficiencies of ESS, power electronic converters, EM 

and TS respectively. Both ηb and ηc in (III.5) are assumed constant at 0.9, which 

should represent a reasonable and precautionary estimation. Furthermore, ηm is 

determined in accordance with suitable look-up tables, which have been computed 

based on the Maximum Torque Per Ampere control strategy (MTPA). 

Regarding ηt, a number of mathematical models have been proposed in the 
literature [16]–[18] 
 , which are derived from extensive experimental analysis mainly. These models 

state that ηt depends on input torque significantly, and it is almost unaffected by 

rotational speed variations. Consequently, by neglecting the speed contribution, ηt 
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can be expressed simply as a function of the input torque. Therefore, in accordance 

with the model proposed in [8], the following expression has been considered: 

    ,t n T m t maxk k T      (III.6) 

where ηt,max is the maximum efficiency of the TS, whereas kn and kT are the gear 

ratio and the torque coefficients, which are further expressed as: 

2
2 1 0

2
2 1 0

, 1
( )

  , 1
H H H

n

L L L

A A A
k

A A A

  


  
   

 
  

 (III.7) 

,( ) 1
m

n m

T
B

T
T mk T e



   (III.8) 

in which AHi, ALi and B are TS coefficients that depend on the transmission topology 

and that are determined experimentally, whose values are reported in Table I.5. In 

this context, it is worth noting that the efficiency of MaGT can be assumed constant 

within the overall EM speed and torque ranges, as pointed out in [10]. 

As a result, the energy consumption over each driving cycle can be computed 

as: 

w
b EPS w

EPStraction braking

P
E dt P dt


     (III.9) 

in which Pw is the mechanical power at the vehicle wheels, whereas ζ is the share 

of the braking power available for regenerative braking, considering a hybrid 

braking system, in which a mechanical and an electric braking system coexist. 

I.3.3 Vehicle modelling 

The vehicle dynamics concerns a complex system of equations, which have to 

take into account all the forces acting on the vehicle during its motion [21]. 

However, for energy analysis purposes, reference is generally made to a relatively 

simple case, namely the vehicle that climbs a straight road shown in Figure I.8. 

Consequently, the force balance equation can be expressed as: 

t r

dV
m F F

dt
    (III.10) 
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in which m is the vehicle mass, δ is the mass factor and V is the vehicle speed. 

Whereas Ft and Fr are the traction force and the total resistance force respectively. 

The latter consists of several components, as highlighted in the following 

expression: 

r w g rollF F F F    (III.11) 

where Fw is the aerodynamic drag, which accounts for the air resistance against the 

motion of the vehicle. This contribution to Fr can be thus expressed as: 

 21

2w a f d wF A C V V   (III.12) 

in which ρa is the air mass density, Af  is the equivalent front area of the vehicle and 

Vw is the wind speed. In addition, Cd is the aerodynamic drag coefficient, which 

depends on the vehicle shape. Still referring to (III.11), Fg and Froll are the grading 

and rolling resistances respectively, which depend on vehicle mass mv and the slope 

θ as: 

sing vF m g   (III.13) 

cosroll rollF mg C   (III.14) 

where g is the gravitational acceleration, while Croll is the rolling resistance 

coefficient already shown in Table I.1. Therefore, it is worth underlining that 

simulations do not account for slope and wind speed, which have been set both 

equal to zero. 

 

Figure I.8 - Forces acting on a vehicle climbing a straight road. 
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Simulation results achieved for each of the EPS configuration summarized in 

Table I.4 are presented from Figure I.9 to Figure I.11, which show the operating 

points of each EM on the (ωm,Tm) plane over each driving cycle for all the cases 

considered for simulations. Furthermore, the overall energy consumptions are 

resumed in Table I.6, while the EPS overall losses are summarized in Table I.7. 

Focusing on the NEDC cycle at first, it can be seen that the best performances 

in terms of energy consumption are achieved in Case 3 due to the optimal trade-off 

between ESS+EM and TS losses. Particularly, although lower TS losses is achieved 

in Case 1, ESS+EM losses are much more relevant than in Case 3 due to the EM 

low-speed ranges. Very high TS losses are achieved in Case 2a and, especially, in 

Case 2b, which overcome the advantages related to higher ESS+EM efficiency. 

Different considerations have to be made referring to the ArtUrban driving cycle, 

which is characterized by a relatively low energy consumption due to its short 

duration and driving path. In particular, the best performances are achieved in Case 

2a because the operating points spread within a wide torque-speed region, which 

corresponds to high EM2 efficiency values. Consequently, since CVT presents 

higher losses than MuGT, Case 2a prevails over Case 2b. The latter is 

disadvantageous also compared to both Case 1 and Case 3. 

Considerations similar to those reported for the ArtUrban driving cycle can be 

made also for the ArtRoad driving cycle, although some differences occur. In 

particular, Case 2a assures the best performances, but Case 2b slightly prevails over 

Case 1. The latter presents the worst performances due to the very poor efficiency 

of EM1 during these driving conditions. 

In conclusion, it can be stated that Case 2a (LS-PMSM with narrow CPSR and 

MuGT) is the most suitable solution for both ArtUrban and ArtRoad, and it is also 

quite competitive for NEDC. Whereas Case 2b (LS-PMSM with narrow CPSR and 

CVT) seems poorly competitive over any driving condition, mainly due to the very 

low CVT efficiency. 

Furthermore, it is worthy of note that Case 3 (HS-PMSM with wide CPSR 

coupled with MaGT and SGT) is also quite competitive, especially if compared 
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with Case 1 (LS-PMSM with wide CPSR and SGT). Its competitiveness could be 

even higher if weight reduction related to the employment of HS-PMSM is 

considered, making this solution a valid alternative to Case 2a for EPS of electric 

vehicles. 

Table I.6 - Overall energy consumption 

Cycle 
 Case 1 

(Wh) 

Case 1 

(pu) 

Case 2a 

(pu) 

Case 2b 

(pu) 

Case 3 

(pu) 

NEDC 

Overall 

energy 
1247 1.00 1.00 1.02 0.96 

Total 

Losses 
260 1.00 0.97 1.08 0.85 

Cycle 

Efficiency 
79% 80% 78% 81% 

ArtUrban 

Overall 

energy 
750 1.00 0.98 1.04 0.99 

Total 

Losses 
94 1.00 0.85 1.36 0.94 

Cycle 

Efficiency 
87% 89% 83% 88% 

ArtRoad 

Overall 

energy 
2125 1.00 0.95 0.98 0.97 

Total 

Losses 
350 1.00 0.69 0.89 0.84 

Cycle 

Efficiency 
84% 88% 85% 86% 
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Figure I.9 - Operating points achieved over NEDC driving cycle, together with the EM 
efficiency map (colormap): a) Case 1, b) Case 2a: 1st (red), 2nd (green), 3rd (blu), 4th (black) 
gear, c) Case 2b: τmin (red), τ (green) and τmax (blu), d) Case 3. 
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Figure I.10 - Operating points achieved over ArtUrban driving cycle, together with the EM 
efficiency map (colormap): a) Case 1, b) Case 2a: 1st (red), 2nd (green) gear, c) Case 2b: 
τmin (red), τ (green), d) Case 3. 



Design of systems and components for high-speed electric propulsion systems 

 

 
 

24

 

 

 

 

Figure I.11 - Operating points achieved over ArtRoad driving cycle, together with the EM 
efficiency map (colormap): a) Case 1, b) Case 2a: 1st (red), 2nd (green), 3rd (blu), 4th (black) 
gear, c) Case 2b: τmin (red), τ (green) and τmax (blu), d) Case 3 
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Table I.7 - EPS losses 

Cycle & Case 

ESS+EM 

losses 

[Wh] 

TS 

Losses 

[Wh] 

Total losses 

[Wh] 

NEDC 

1 196 (75.3 %) 64 (24.7 %) 260 

2a 128 (50.8 %) 124 (49.2 %) 252 

2b 67 (23.8 %) 214 (76.2 %) 281 

3 139 (62.5 %) 83 (37.5 %) 222 

ArtUrban 

1 75 (79.9 %) 19 (20.1 %) 94 

2a 36 (45.5 %) 44 (54.5 %) 80 

2b 31 (24.2 %) 97 (75.8 %) 128 

3 54 (61.4 %) 34 (38.6 %) 88 

ArtRoad 

1 281 (80.3 %) 69 (19.7 %) 350 

2a 139 (57.2 %) 104 (42.8 %) 243 

2b 88 (28.3 %) 223 (71.7 %) 311 

3 191 64.7 % 104 (35.3 %) 295 

.
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High-Speed Electrical Machines (HS-EMs) are currently employed in a wide 

range of applications, such as dental drills and medical surgery tools, flywheel 

energy storage systems, gas and oil compressors, spindles and power generation 

[20]–[22]. Several kinds of EMs can be considered for HS-EMs depending on the 

specific application, e.g. induction machines, Permanent Magnet Synchronous 

Machines (PMSMs) and switched reluctance machines. Among these different 

solutions, High-Speed PMSMs (HS-PMSMs) are very popular: they are 

characterized by rated speed from 10 krpm to over 200 krpm and rated power from 

few watts to hundreds of kilowatts, although they are employed for low-power 

applications mostly [23]–[26]. Furthermore, novel materials and recent 

improvements in power electronics and control systems are enabling a further 

increase of HS-PMSM performances and operating speed range [29], making them 

suitable also for automotive applications. Equation Chapter (Next) Section 1. 

The use of HS-PMSMs in automotive applications presents several challenges 

that must be taken into account properly. One of these is surely the significant 

mechanical forces acting on the rotor due to the high rotational speed, particularly 

the high tensile stress due to rotation reduces the contact pressure between PMs and 

the rotor structure. In this regard, a surface-mounted PM configuration has been 

taken into account, since it enables high peripheral speeds [28]–[30]. Hence, PMs, 

which are usually glued to the rotor yoke in surface-mounted configurations, are 

contained also by mechanical sleeves [33]: these are made up of high-strength 
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materials, such as metallic alloys or carbon fibres, in order to guarantee PMs 

retention, especially at high-speed operation [34]. 

Another challenge of using HS-PMSM for automotive applications consists of 

PM material: in this regard, rare-earth PMs are typically used due to their high-

energy density, which limits rotor size and, thus, peripheral speed. However, there 

is a great concern about using rare-earth PMs due to material availability and price 

fluctuation issues. Consequently, the use of less rare-earth or no rare-earth PMs 

(ferrite PMs) is increasingly taking off, especially in a growing sector as 

automotive. In this regard, it is worth noting that the employment of ferrite PMs 

does not imply reduced HS-PMSM performances unavoidably, and it enables 

significant cost saving [35], [36]. However, ferrite-based HS-PMSMs still suffer 

from relatively low torque and power density, as well as from some critical issues 

related to weak residual magnetism and low coercive force. 

Based on the previous considerations, the design of a HS-PMSM for a light-duty 

electric vehicle is presented in this chapter 1 . Therefore, mechanical and 

electromagnetic modelling has been considered at first, based on which the design 

of the HS-PMSM has been carried out by complying with both application targets 

and mechanical and electromagnetic constraints. 

 

The mechanical modelling of the HS-PMSM rotor is fundamental because the 

mechanical stress related to rotational speed is not negligible in high-speed 

applications, requiring the definition of appropriate mechanical constraints. These 

affect the HS-PMSM rotor geometry, especially the PM configuration. In this 

regard, PM materials generally present better mechanical properties to compression 

stress rather than to tensile stress [34]. Therefore, for an inner rotor HS-PMSM 

configuration, the surface-mounted PMs are enclosed by a mechanical sleeve in 

order to limit tensile stress and guarantee their retention, especially at high-speed 

operation [31], [37]. 

 
1 The research activities presented in this chapter have been developed with Giuseppe Fois, a PhD 
student at the University of Cagliari from 2015 to 2018, who has already presented part of them in 
his PhD Thesis [14]. 
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Electromagnetic modelling is also very important for HS-PMSMs, especially 

when ferrite PMs are concerned. This is because low residual magnetic flux density 

and coercive force make PM subject to potential demagnetization, which has to be 

avoided over any operating condition. For this purpose, the magnetic flux path has 

to be considered carefully, as well as the effects of stator current on the magnetic 

flux density distribution within PMs. 

II.1.1 Mechanical model 

The mechanical model of HS-PMSM has been developed referring to the rotor 

structure shown in Figure II.1. In particular, the rotor is made up of an inner shaft 

(sh), a rotor yoke (yr), a layer of ferrite PMs (m) and an outer sleeve (s); the latter 

is prestressed, i.e. the inner radius of the sleeve surrounding the PMs is smaller than 

the free outer radius of PMs due to mechanical pretension, because of the need of 

increasing mechanical retention of PMs.  

In order to investigate mechanical stresses on HS-PMSM rotor, each rotor layer 

can be considered as a rotating cylinder. which represents the base geometric 

structure of the HS-PMSM rotor, in order to determine both radial σr and tangential 

σθ stresses acting on each rotor layer.  

The mathematical formulation for the stress computation in a pressured rotating 

cylinder, based on the mechanical-elastic theory, is described in detail in Appendix 

(A), based on which both σr and σθ in each rotor layer can be expressed as: 
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 (IV.2) 

where Er and Eθ are the Young’s modulus in radial and tangential direction of the 

cylinder material, υr and υθ are and Poisson’s ratio in radial and tangential direction 

respectively, and αr and αθ are the thermal expansion coefficients in radial and 

tangential direction of the material. Moreover, c1, c2, to and t are constants which 
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depend on the inner and outer cylinder pressure, on its rotational speed and 

temperature gradient. The expression of c1, c2, to and t are reported in the Appendix 

(A). Furthermore, k is defined as: 

r

E
k

E
 . (IV.3) 

Rearranging (IV.1) and (IV.2), referring to the different layers, the expressions 

of σr and σθ can be rewritten as: 

   ( ) ( ) ( ) ( )
, , ,( )      ,    ,  ,    y , ,y y y y

x x p x x Tr x r yr m s          (IV.4) 

in which σr and σθ are function of the radial dimension and consist of three 

contributions mainly: σx,p is due to the prestress procedure, σx,ω is caused by 

rotational motion and σx,T is related to temperature gradient.  

In order to determine σr
(y) and σθ

(y) referring to the overall rotor structure, 

reference is made to Figure II.2, which highlights the main dimensions of the three 

rotor layers. In this regard, rotor shaft and back-iron have been considered as a 

single layer because their corresponding materials are very similar to each other 

from a mechanical point of view. Furthermore, the valuation of σr and σθ on each 

layer require the knowledge of the contact pressure exerted on it by the surrounding 

materials. Therefore, referring to Figure II.3, the following relationships can be 

imposed: 

 

Figure II.1 - Cross section of the proposed machine geometry 
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However, the PM contact pressures pi
(m) and po

(m) cannot be determined from 

equilibrium equations since the problem is statically indeterminate. Consequently, 

the solution must be obtained starting from the radial displacement ur, achieved by 

Hooke’s law, expressed as: 

   ( ) ( ) ( ) ( ) ( ) ( ) ( )
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,           y , ,y y y y y y y
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r
u k E T yr m s
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         (IV.6) 

where ΔT is the difference between actual and reference temperatures in each rotor 

layer.  

By imposing the radial deflection in the contact surfaces between the three 

cylinders shown in Figure II.2, the following equations are obtained: 
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in which δ is the radial interference, i.e. the difference between the outer radius of 

PM and the free inner radius of the sleeve, as pointed out previously and already 

shown in Figure II.2. 

As a result, taking into account the (IV.5), the contact pressures on the PM layer 

(pi
(m) and po

(m)) can be computed by solving the linear system achieved by 

substituting (IV.4) in (IV.6) and consequently in (IV.7). Subsequently, the 

tangential and radial stresses σr and σθ for each layer can be achieved solving (IV.1) 

and (IV.2). 

Mechanical modelling has to account not only for radial and tangential stress 

and contact pressure, but also for critical speeds in order to avoid resonance 

phenomena. In particular, a generic rotating shaft is characterized by several critical 

speeds, but only the first (minimum) critical speed (ωm,cr) is usually considered in 

the design process [29]. Therefore, the rotor first critical speed, which should not 

be reached in order to preserve HS-PMSM rotor integrity, can be estimated as [38]: 
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,m cr
st

g

d
   (IV.8) 

in which g is gravity acceleration constant and dst is the rotor static deflection, which 

depends on rotor layer geometry and material properties. 

II.1.2 Electromagnetic model 

The electromagnetic modelling has been developed by referring to the two-poles 

HS-PMSM configuration shown in Figure II.4. This consists of an inner rotor made 

up of four cylindrical layers, namely rotor shaft, back-iron, PM ring and sleeve. 

Whereas the outer stator consists of two layers, i.e. iron teeth and slots, which host 

a distributed three-phase winding, and the stator back-iron. The layer between stator 

and rotor is the airgap. Based on this configuration, the electromagnetic modelling 

can be carried out, as detailed in the following subsections. 

 

Figure II.2 - Cross section of the HS-PMSM rotor, in which δ denotes the radial 
interference between the PM ring and the sleeve. 

 

Figure II.3 – Pressure and stresses acting on some layers of the HS-PMSM rotor. 
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II.1.2.1 Magnetic model 

Magnetic modelling of the HS-PMSM is based on the following assumptions: 

 the magnetic flux density is characterized by radial component only; 

 the drop of the magnetomotive force (mmf) over all the iron paths is 

negligible; 

 sleeve acts as an additional airgap from an electromagnetic point of view; 

 no magnetic saturation phenomenon occurs. 

Hence, the application of the Ampère’s Law to the main magnetic flux path 

depicted in Figure II.4 leads to: 

0

2 2
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r r

eqr r
m

B B
dr dr n I



 
     (IV.9) 

in which B denotes the magnetic flux density within PMs, sleeve and airgap, 

whereas μm is the PM magnetic permeability. Regarding ryr, rm and rδ, they denote 

the outer radius of the corresponding rotor layers, as highlighted in Figure II.4. 

Moreover, Ieq and n are equivalent current and number of turns of a generic phase 

winding, whose product denotes the overall stator mmf. 

Subsequently, the Gauss’ Law can be applied to the closed surfaces red-

highlighted in Figure II.4, leading to the following expression: 

  , ,yr
yr yr

r
B r B r r r

r      (IV.10) 

 

Figure II.4 - Closed magnetic flux path (blue) and surfaces (red) of HS-PMSM considered 
for Ampère’s and Gauss’ Laws implementation. 
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where Byr is the magnetic flux density on the contact surface between PMs and the 

rotor back-iron. Therefore, the substitution of (IV.10) in (IV.9) leads to: 

0 2
yr eq

eq c m

B n I
r H s


   (IV.11) 

where Hc is the PM coercive force, while req is defined as: 
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in which sm, ss and sg denote the thickness of PMs, sleeve and airgap respectively. 

Hence, based on (IV.11), it is possible to identify the contributions of PMs (Byr
(m)) 

and of stator mmf (Byr
(i)) to the overall magnetic flux density as: 
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m i eqm
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eq eq

n Is
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r r
     (IV.13) 

Therefore, a suitable relationship between these two magnetic flux densities can 

be imposed in order to prevent PM demagnetization; particularly, Byr
(i) should not 

exceed a given share of Byr
(m) in accordance with: 

   i m
yr yrB B  (IV.14) 

where the α coefficient has to be chosen within (0,1) properly. In conclusion, by 

substituting (IV.13) in (IV.14), the relationship between PM thickness, coercive 

force and stator mmf is achieved as: 

eq c mn I 2H s .     (IV.15) 

II.1.2.2 Electrical model 

In order to achieve the HS-PMSM electrical model, some further assumptions 

are imposed: 

 the magnetic flux density is square-shaped due to PM radial magnetization; 

 the three-phase winding is distributed appropriately, i.e. each phase is 

distributed uniformly over an angular sector of π/3 per pole; 

 a conventional current commutation control approach is considered. 
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As a result, the proposed HS-PMSM configuration is characterized by 

trapezoidal-shaped back-emf and its rated power is thus expressed as: 

2 n nP E I   (IV.16) 

where En is the back-emf magnitude and In is phase current magnitude. These can 

be further expressed as: 

, ,   
2
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n m n n

I
E p I    (IV.17) 

in which p denotes the pole pairs, ωm,n is the rotor rated speed and Λ is the magnetic 

flux linkage due to PMs only. The latter can be computed as: 

 2 m
i yr yrnl r B  (IV.18) 

in which ryr denotes the outer radius of the rotor back-iron and li is the machine 

active axial length. as well. Therefore, by substituting (IV.13) and (IV.17) in 

(IV.16), the rated power can be expressed as: 

yr
0 c m m ,n i eq
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P H s p 2 l nI .

r
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Consequently, by combining (IV.19) with (IV.15), the following relationship is 

achieved: 

 2yr
0 m ,n i c m
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r
P 4 p l H s .

r
       (IV.20) 

In conclusion, based on (IV.20), it is possible to define HS-PMSM main 

dimensions in accordance with design specifications (Hc, α) and targets (P, ωm,n). 

In this context, it is worth noting the machine layer thicknesses should be chosen 

properly in order to comply also with mechanical constraints, namely the 

thicknesses of rotor layers should assure PM retention at any speed and temperature 

value within their corresponding operating ranges, as detailed extensively in the 

following section. 
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II.2.1 Design targets 

The HS-PMSM to be designed should be characterized by rated power and speed 

equal to 40 kW and 30 krpm respectively, so that the rated torque should be equal 

to about 12.7 Nm. These values have been chosen by considering a light duty EV. 

In addition, in order to be suitable for automotive applications, a wide CPSR is 

foreseen. Hence, the maximum speed (ωm,max) is set to 100 krpm, which requires 

that the HS-PMSM is coupled to a MaGT and a SGT characterized by a gear ratio 

of approximately 20 and 4, respectively. Due to the very high-speed operation, the 

number of magnetic poles has been set to the minimum possible value (2). 

Regarding winding configuration, a three-phase distributed winding 

characterized by 3 slots per pole per phase has been chosen in order to assure a good 

trapezoidal shaped back-emfs. while the DC-link voltage has been imposed equal 

to 720 V in accordance with typical values occurring and foreseen for EVs [39], 

[40], as well as with HS-PMSM control needs. All the HS-PMSM design targets 

are summarized in Table II.1.  

Given the targets above-mentioned, the design of the HS-PMSM has been 

developed referring to the machine structure shown in Figure II.1 and Figure II.4 

and to the mathematical modelling presented in the previous sections, all the 

symbols of which are defined in Table II.2. Particularly, the electromagnetic and 

mechanical modelling described previously have been combined appropriately in 

order to develop a fast and effective analytical design procedure. 

This is employed for designing a preliminary HS-PMSM configuration with the 

aim of minimizing HS-PMSM active volume by satisfying both mechanical and 

electromagnetic constraints simultaneously. Design constraints are detailed in the 

following sections, together with some analytical results. 

II.2.2 Design constraints 

Considering mechanical constraints at first, these consist of achieving proper 

values of both contact pressures and radial and tangential stress at any operating 

condition. Particularly, rotor design must ensure PMs retention at any speed as: 
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Furthermore, in order to avoid mechanical failure, the tangential and radial stress 

on the different layers must be lower than the maximum allowable value of the 

corresponding material (σ(y)
r,max and σ(y)

θ,max), as pointed out by: 

   ( ) ( )
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in which sf is the safe coefficient, which should be chosen appropriately. 

Table II.1 – HS-PMSM Design Targets 

Description Symbol Unit Value 

Rated power Pn kW 40 

Rated speed ωm,n krpm 30 

Maximum speed ωm,max krpm 100 

Rated torque Te Nm 12.73 

Pole pairs p - 1 

DC-link voltage Vdc V 720 

Magnetic ratio α - 0.7 

Table II.2 – HS-PMSM nomenclature 

Variable Symbol 

Shaft radius  rsh 

Outer rotor iron radius  ryr 

Outer magnet radius  rm 

Outer sleeve radius  rs 

Rotor yoke thickness  syr 

PM thickness  sm 

Sleeve thickness  ss 

Air-gap  sg 

Stator outer radius  rst 

Stator yoke  sys 

Slot height  hs 

Active length  li 
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Table II.3 - Materials properties 

Description Symbol Unit Value 

Sleeve (CFRP 60%) 

Specific mass density ρ(s) kg/m3 1500 

Radial young modulus E(s)
r MPa 150000 

Tangential young modulus E(s)
θ MPa 10000 

Radial poisson ratio υ(s)
r - 0.34 

Tangential poisson ratio υ(s)
θ - 0.02 

Tansile radial maximum stress σ(s)
r,max_t MPa 10 

Compression radial maximum stress σ(s)
r,max_c MPa 200 

Tansile tangential maximum stress σ(s)
θ,max_t MPa 2400 

Compression tangential maximum stress σ(s)
θ,max_c MPa 1200 

Rotor and Stator Cores (M235-35A) [41] 

Specific mass density ρ(yr) kg/m3 7600 

Radial young modulus E(yr) MPa 185000 

Radial poisson ratio υ(yr) - 0.30 

Maximum stress σ(yr)
max MPa 700 

Permanent Magnets (Ferrite) [42] 

Specific mass density ρ(m) kg/m3 5000 

Radial young modulus E(m) MPa 180000 

Radial poisson ratio υ(m) - 0.28 

Tensile maximum stress σ(m)
max_t MPa 60 

Compression maximum stress σ(m)
max_c MPa 600 

Remanence Br
(m) T 0.4 

Additionally, in order to avoid resonance phenomena, the critical speed must be 

reasonably higher than the HS-PMSM maximum speed. This is because HS-PMSM 

has to be mechanically able to reach an overspeed at least 10% (even 20%) more 

than the maximum operating speed. Consequently, the following relationship has 

to be considered: 

,maxcr m  . (IV.23) 
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Based on all the previous considerations, appropriate PM, sleeve and rotor yoke 

materials have been chosen, whose main properties and mechanical maximal 

stresses are reported in Table II.3, in which sf is the safe coefficient, which should 

be chosen appropriately. 

In particular, a Carbon Fibre Reinforced Polymer (CFRP) has been selected due 

to its high maximum tensile and compression tangential stress (σ(s)
θ,max_t, σ(s)

θ,max_c) 

and low mass density (ρ(s)), which both ease the satisfaction of mechanical 

constraints. 

Regarding electromagnetic constraints, a maximum α value is imposed in order 

to prevent PM demagnetization. Consequently, based on (IV.20), the following 

inequality is achieved: 

 
eq

max2
yr 0 m,n i c m

r P
.

r 4 p l H s
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 



 (IV.24) 

In addition, the back-emf magnitude is upper bounded as: 

n dc2E V   (IV.25) 

in which Vdc is the DC-link voltage and γ is an a-dimensional coefficient lower than 

one. The latter should account for additional voltage drops and also for preserving 

HS-PMSM dynamic performances at any speed. Consequently, by properly 

combining (IV.13), (IV.16) and (IV.17) with (IV.25), the number of turns of each 

phase winding can be chosen in accordance with: 

 
.

2
dc m cV s H

n
P

    
   (IV.26) 

II.2.3 Multi-parameter design procedure 

The design of the HS-PMSM must account for both mechanical and 

electromagnetic aspects; this task is not trivial for the analytical calculation because 

of the large number of parameters involved. In addition, many of them affect both 

mechanical and electromagnetic aspects, which cannot be thus managed separately. 

Consequently, a fast and analytical multi-parameter design procedure has been 
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developed in order to achieve a suitable preliminary HS-PMSM design by 

optimizing a given cost function. 

The proposed procedure starts from a large HS-PMSM “population”, namely a 

number of HS-PMSM configurations have been considered. Each HS-PMSM 

configuration is represented by a multi-parameter array, which consists of both 

tuneable and derived parameters, as pointed out in Table II.4. The tuneable 

parameters vary independently from each other within appropriate ranges and by 

appropriate steps, while derived parameters depend on tuneable parameters in 

accordance with mechanical and/or electromagnetic model introduced in the 

previous sections. The procedure first rejects all the HS-PMSM configurations that 

do not comply with the design constraints; as a result, the set of allowable HS-

PMSM configurations is determined (X), as highlighted in Figure II.5. 

Subsequently, in order to identify a specific HS-PMSM configuration among all 

those belonging to X, an optimization criterion must be defined. In this regard, 

considering the application for which the HS-PMSM is designed (light duty EV), 

the minimization of the active volume (Vact) is imposed as: 

 2

, , , ,
min

m m s i
act st i

r s s l
V r l


   (IV.27) 

where rst is the stator outer radius and li has been already defined (machine active 

axial length). 

Table II.4 - HS-PMSM configuration parameters 

 Parameters symbol Unit 

T
u

n
ea

bl
e 

Inner magnet radius rm mm 

Magnet thickness sm mm 

Sleeve thickness ss mm 

Sleeve interference fit δ mm 

Active machine length li mm 

D
er

iv
ed

 

Radial and tangential stress σ(y)
r, σ(y)

θ MPa 

PM contact pressure pi
(m) MPa 

Rotor critical speed ωcr krpm 

Magnetic ratio α - 
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Figure II.5 - Set of allowable multi-parameter arrays determined by the proposed design 
procedure. 

II.2.4 Design results 

The main parameters of the designed HS-PMSM are summed up in Table II.5, 

together with its rated values. In addition, the proposed HS-PMSM with its main 

dimensions is reported in Figure II.6. It can be seen that a sleeve thickness of 5 mm 

is needed in order to satisfy the mechanical constraints with an interference δ equal 

to 0.3 mm. The mechanical radial and tangential stress (σr and σθ) acting on the 

rotor at the maximum speed, calculated in accordance with the mechanical 

analytical model, is highlighted in Figure II.7 as a function of the radial 

displacement. As expected, both absolute values of radial and tangential stress are 

always lower than the maximum stress limit of the different materials (red curves 

in Figure II.7). In addition, the evolutions of the contact pressure between rotor 

yoke and PMs (pi
(m)) with the rotor speed, which is the most critical one, is 

highlighted in Figure II.8: this shows that pi
(m) values are always greater than zero 

at any operating condition within the maximum target speed (100 krpm), thus 

guaranteeing appropriate adhesion between the PMs and rotor yoke, ensuring the 

torque transmission properly. Regarding the design of the HS-PMSM stator, 

reference is made to phase windings, which requires choosing a wire size that 

guarantees the same performances over each operating condition. Therefore, a wire 

size of 6 mm2 has been chosen and a maximum current density of 3 A/mm2 is 

imposed, leading to a configuration of 6 parallel wires for each turn. 

Subsequently, the slot fill factor and the ratio between slot and tooth widths have 

been set both to 0.54. Hence, slot sizes have been calculated, whereas stator yoke 
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width has been determined in order to achieve fair values of magnetic flux density, 

by taking into account also the necessity to minimize iron losses at high-speed 

operation. 

Table II.5 - Machine parameters and rated values 

Description Symbol Unit Value 

Rated power Pn kW 40 

Rated speed ωm,n krpm 30 

Maximum speed ωm,max krpm 100 

Rated torque Te Nm 12.73 

Rated current In A 99.7 

Pole pairs p [-] 1 

Phase resistance R mΩ 15.9 

Phase inductance L mH 82.7 

Magnetic ratio α [-] 0.70 

Radial interference D mm 0.3 

Shaft radius rsh mm 12.5 

Rotor yoke thickness syr mm 11.5 

PM thickness sm mm 10 

Sleeve thickness ss mm 5 

Air-gap sg mm 1.5 

Stator outer radius rys mm 134.7 

Stator yoke sys mm 34.2 

Slot height hs mm 57 

Active length li mm 167 

Active volume Vact dm3 9.5 
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Figure II.6 – Schematic representation of the proposed HS-PMSM with its main 
dimensions. 

 

Figure II.7 - Radial (blue curve, top) and tangential stress distribution (blue curve, bottom) 
as a function of r, together with the maximum allowable stress of the materials (red dotted 
line): shaft + rotor yoke (blue zone), PMs (purple zone), sleeve (yellow zone). 
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Figure II.8 - Contact pressure distribution between rotor yoke and PMs as a function of the 
rotational speed  

 

In order to verify the proposed HS-PMSM configuration, extensive Finite-

Element Analyses (FEAs) have been carried out by means of Solidworks and 

JMAG. This is done in order to corroborate the effectiveness of the proposed 

preliminary design procedure described in the previous sections. 

The FEA simulation first regards the mechanical forces and contact pressures on 

the sleeve and on the PMs at first, i.e. σ(s)
θ and pi

(m). Particularly, the distribution of 

σ(s)
θ at ωm,max is shown in Figure II.9; this reveals that σ(s)

θ is maximum on the inner 

surface of the sleeve and decreases rapidly along the radial direction, as expected. 

The maximum tangential stress value for the sleeve is about 1300 MPa, which is 

much lower than the maximum tangential stress allowable by the CFRP (2400 

MPa). In addition, the corresponding pi
(m) distribution at ωm,max shown in Figure 

II.11 reveals that pi
(m) is approximately 8 MPa, thus guaranteeing appropriate 

adhesion between PMs and rotor yoke at any speed. 

The electromagnetic FEA results at rated speed and torque are reported in Figure 

II.10 and Figure II.12. Particularly, the magnetic flux density distribution shown in 

Figure II.10 reveals quite low values compared to magnetic saturation thresholds 

of the iron core material (1.3 T), thus confirming the validity of the assumptions 

made during the electromagnetic modelling. In this context, it is worth emphasizing 

that Figure II.10 reveals a weak HS-PMSM magnetic exploitation. However, this 

is required in order to limit iron losses and back-emfs, especially at high-speed 
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operation. The phase back-emfs evolutions depicted in Figure II.12 highlight good 

trapezoidal shapes, quite similar to the ideal ones, and their magnitudes comply 

with the voltage constraint imposed by (IV.25). In addition, Figure II.12 shows also 

the electromagnetic torque evolution at rated speed, which is achieved by supplying 

the HS-PMSM in accordance with a three-phase-on control approach [43]. These 

results point out the presence of a limited torque ripple (about 5%), revealing the 

effectiveness of the proposed HS-PMSM design. In addition, the chosen control 

approach enables good HS-PMSM performances in terms of maximum torque at 

rated speed (1.43 pu) and wide CPSR (from 30 krpm to 100 krpm), as well as no 

demagnetization issues at any speed, as highlighted in Figure II.13 and Figure II.14. 

The good matching between analytical and FEA results are highlighted in Table 

II.6, although some differences occur on electromagnetic aspects. Particularly, 

magnetic flux densities achieved by FEA are lower than expected, leading to 

reduced torque and power. This can be justified mainly by the fact that the analytical 

procedure does not account for the iron contributions to the magnetic flux path, thus 

leading to an overestimation of the magnetic flux density. Consequently, if 

magnetic saturation occurs (which is not the case of the proposed HS-PMSM), the 

design procedure needs to be modified accordingly. However, it is worth 

emphasizing that the proposed analytical design procedure has been developed for 

preliminary design purposes only. Consequently, these differences do not 

undermine the proposed approach, which enables a rapid and effective HS-PMSM 

preliminary design. 
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Figure II.9 - Tangential stress on the inner surface of the sleeve at ωm,max. 

 

Figure II.10 - Magnetic flux density at ωm = 30 krpm and Te = 12.56 Nm. 

 

Figure II.11 - Contact pressure on the rotor surfaces at ωm,max. 

 

Figure II.12 - Phase back-emfs (on the top) and torque (on the bottom) at 
ωm = 30 krpm. 
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Figure II.13 - Magnetic flux density at ωm = 30 krpm and Te = 17.92 Nm. 

 

Figure II.14 - Magnetic flux density at ωm = 100 krpm and Te = 3.
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Table II.6 - Analytical and FEA results 

 Unit Analytics FEA 

Pn kW 40.0 39.45 

Te Nm 12.73 12.56 

E V 204 205.4 

B̅m T 0.254 0.249 

B̃m T 0.178 0.164 

Α [-] 0.70 0.66 

σ(s)
θ @100 krpm MPa 1302 1307 

pi
(m) @100 krpm MPa 8.6 7.0 
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Equation Chapter (Next) Section  1 

Magnetic Gear Transmission (MaGT) systems present some advantages compared to 

mechanical gear transmission systems, such as reduced maintenance, increased reliability 

and reduced acoustic noise [42]–[45] . Basically, MaGT can be grouped in two main 

classes: converter topology and field-modulated topology [9], [48], [49]. The former is 

derived from mechanical gear transmissions by simply replacing slots and teeth of the 

wheels with PMs, as shown in Figure III.1. However, the low exploitation of PMs for the 

torque transmission causes poor torque density. The second MaGT topology is based on 

the modulation of the magnetic field produced by two PM rotors. Therefore, all PMs can 

simultaneously contribute to torque transmission, guaranteeing higher torque density 

compared to the first category [48]–[50]. In 2001, a new configuration of MaGT 

belonging to the second topology was proposed [53], which is called coaxial MaGT, an 

example of which is shown in Figure III.2. It consists of two rotors that host the PMs, 

which are displaced in accordance with different numbers of pole pairs. Furthermore, a 

stationary ring made-up of ferromagnetic pole pieces is interposed between rotors; it has 

the task of modulating the magnetic field produced by the two PM distributions. The two 

rotors and the ferromagnetic ring are separated from each other by two air gaps, creating 

a contactless system. In this configuration, all the PMs contribute simultaneously to 

torque transmission, enabling very high theoretical torque densities, even above 100 

kNm/m3 [54], [55]. 
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Figure III.1 - Schematic configuration of MaGT converter topology. 

 

Figure III.2 - Schematic configuration of MaGT field-modulated topology called coaxial MaGT. 

 

Referring to the general configuration of coaxial MaGT, shown in Figure III.2, in 

which the name of the different main parts are reported, the magnetomotive forces 

produced by inner and outer PM rotors (Fi and Fo) can be assumed as square-shaped 

spatial distributions, as shown in Figure III.3. In particular, αi and αo denote the pole arc 

to pole pitch ratio of the inner and outer rotors respectively, while pi and po are the number 

of PM pole-pairs of the inner and outer rotor. Furthermore, the magnetic permeance Г 

generated by the locally fixed pole pieces can be considered as that shown in Figure III.4, 

where θ represents the modulation ring angle, β is the pole arc to pole pitch ratio of the 

modulation ring, and Ns is the number of ferromagnetic pole pieces. Therefore, the 

Fourier series expansions of Fi, Fo and Г can be expressed as: 
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Figure III.3 - Magnetomotive forces produced by inner and outer PM rotors. 

 

Figure III.4 - Magnetic permeance due to the modulation ring. 
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in which an, bk, c0 and ch represent the Fourier coefficients, which depend on αi, αo, and 

β. Considering the rotational speed of the two rotors, a coordinate transformation can be 

applied: 

i it     (V.4) 

o ot     (V.5) 

where ωi and ωo are the rotational speeds of the inner and outer rotor, while θi and θo 

represent the angular variables referred to inner and outer rotor reference frame 

respectively. Thus, (V.1) and (V.2) can be rewritten as: 
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By neglecting the outer PM rotor at first, the magnetic flux density distribution can be 

expressed as the product between the magnetomotive force generated by the inner PM 

rotor and the magnetic permeance as: 

     i iB F     . (V.8) 

Further elaborating (V.8) yields: 
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Equation (V.9) can be split as: 

_ _i f i m iB B B   (V.10) 
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From (V.10), it can be seen that the magnetic flux density distribution consists of two 

main contributions: a fundamental part (Bf_i) and a modulated part (Bm_i). The harmonic 

components of Bf_i are proportional to Fi through c0, thus they depend on the harmonic 

content of the magnetomotive force produced by the inner PM rotor. Furthermore, Bf_i 

exhibits exactly the same speed and pole pair numbers of Fi, namely ωi and npi. 

Different considerations apply for Bm_i, which is due to the variable magnetic 

permeance of the ferromagnetic pole pieces, which modulates Fi properly. In particular, 

Bm_i presents different frequencies than Fi, which can be obtained from (V.12) as: 
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Furthermore, from (V.12), the numbers of pole pairs of Bm_i are given by: 

_m iB i sp jp n N h   (V.14) 

Similar considerations hold for the magnetic flux density distribution due to the outer 

PM rotor (Bo), which can be achieved by neglecting the inner PM rotor and repeating the 

same procedure above-mentioned: 

     o oB F     . (V.15) 

Consequently, both Bf_o and Bm_o can be achieved as: 
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Furthermore, frequencies and pole pair numbers of Bm,o can be obtained as: 
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 (V.18) 

_m oB o sp jp k N h  . (V.19) 

Considering the effects of both inner and outer PM rotors simultaneously, it is 

necessary to guarantee a proper interaction between their magnetic flux densities with the 

aim of transmitting a constant torque. Consequently, the harmonic components of the 

fundamental part of Bi (Bf_i) must interact with the harmonic components of the 

modulated part of Bo (Bm_o) and vice versa. As a result, frequencies and numbers of pole 

pairs of Bf_i and Bm,o and of Bm_i and Bf,o must be the same. This is guaranteed by the 

following relationship between pi, po and Ns: 

o s ip N p  . (V.20) 

In conclusion, the relationship between inner and outer rotor speeds (ωi and ωo) can 

be obtained from (V.13) and (V.18) as: 
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where G denotes the gear ratio of the MaGT. The minus sign in (V.21) means that the 

two rotors may rotate even in opposite directions. 

 

Different aspects must be taken into account during the MaGT design stage, as for the 

HS-PMSM discussed in the previous chapter. In particular, magnetic and mechanical 

models are both fundamental for the design of a MaGT. The magnetic model allows the 

determination of the magnetic flux density distribution in the air gap regions, based on 

which it is possible to determine the magnetic torque transmitted among the rotors, also 

accounting for MaGT geometry and material characteristics. Furthermore, in high-speed 

applications, also the mechanical model is fundamental because of the mechanical 

stresses related to the high rotational speed. Therefore, appropriate mechanical 

constraints have to be introduced, which influence the rotor geometry and the PM 

configuration. In particular, PMs on the inner MaGT rotor should be enclosed by a 

mechanical sleeve in order to limit tensile stress and guarantee their retention at any 

speed, as occurring for the HS-PMSM rotor described in the previous chapter [31]. 

III.2.1 Magnetic model 

In order to estimate the MaGT performance and torque, an accurate knowledge of the 

magnetic flux density distribution in the air gap regions is needed. This can be achieved 

by analytical, semi-analytical or numerical method by the support of FEA. The numerical 

method allows obtaining accurate results by considering the non-linearities of magnetic 

materials. However, this method is generally time consuming and difficult to use in the 

design stage because it should require a preliminary knowledge of geometric parameters 

[56]. For this reason, analytical methods are generally preferred, especially for a 

preliminary estimation of MaGT performances and for the subsequent design 

optimization. 

A number of analytical approaches for computing magnetic flux density distribution 

and torque in slotted electrical machines can be found in the literature [54], [57], [58], in 
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which the Laplace and Poisson’s equations are solved in each subdomain of the machine 

in order to obtained the solution using appropriate boundary conditions. These equations 

are expressed respectively as: 
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where A is the magnetic potential vector, μ0 is the permeability of the vacuum and Mr is 

the radial magnetization of the magnet. 

Therefore, the MaGT magnetic model has been developed referring to a coaxial MaGT 

represented in pseudo polar coordinate system, as shown in Figure III.5. The MaGT 

domain is partitioned into five regions, i.e. the inner and outer PM rings (Region I and 

Region V), the inner and outer air gaps (Region II and Region IV) and Ns slots interposed 

within the modulation pole-pieces (Region III_j). The analytical model is established by 

magnetic potential vector in two-dimensional polar coordinate plane. As a result, the 

following expressions are achieved: 
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in which the following notations is adopted for the sake of clarity: 
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Furthermore, n and k are positive integers, φi,o is the angular displacement of the PM 

inner/outer polar axis referred to the reference position, as shown in Figure III.5, and 

AI,IV
n, CI,IV

n, AII,IV
n, BII,IV

n, CII,IV
n, DII,IV

n, AIII_j
0, BIII_j

0, AIII_j
k, BIII_j

k are coefficients 

determined in accordance with appropriate boundary conditions, as fully detailed in 

Appendix (B). Moreover, θj is the angular position of the j-th slot, whose expression is 

reported in Appendix (B), as well as the expression of Xn_i, Xn_o and Mr. 

Once the magnetic vector potentials in each subdomain have been determined, the 

radial and tangential flux density distribution in the two air-gap regions (Region II and 

Region IV) can be derived as: 
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Figure III.5 - Analytical model of a coaxial MaGT in the pseudo polar coordinate system, where 
r and θ denote radial and angular displacement respectively. 
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The radial and tangential component of the magnetic flux density in these regions are: 
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Finally, the magnetic torque developed by the inner and outer rotor is achieved by using 

the Maxwell’s stress tensor:  
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where Re_i and Re_o represents the mean radius in each air gap subdomain and L is the 

axial active length of the MaGT. 

III.2.2 Mechanical model 

The mechanical model of the MaGT has been developed referring to the inner rotor 

structure shown in Figure III.6. In particular, the rotor is made up of a rotor yoke (yr), a 
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layer of ferrite PMs (m) and an outer sleeve (s). The sleeve is prestressed, meaning that 

its inner free radius is smaller than the free outer radius of PMs due to mechanical 

pretension; this is done due to the need of increasing mechanical retention of PMs. Since 

the rotor structure is the same adopted in subsection (II.1.1) for the HS-PMSM design, 

similar equations have been taken into account. Consequently, reference can be made to 

the mechanical modelling of a generic cylinder, which represents the base geometric 

structure of the MaGT rotor, in order to determine both radial and tangential stresses 

acting on each rotor layer. Hence, the following equations can be considered: 
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where υr and υθ are and Poisson’s ratio in radial and tangential direction respectively, and 

αr and αθ are the thermal expansion coefficients in radial and tangential direction of the 

material. Moreover, c1, c2, to and t are constants which depend on the inner and outer 

cylinder pressure, on its rotational speed and temperature gradient. The expressions of c1, 

c2, to and t are reported in the Appendix (A). Furthermore, k is defined as: 

r

E
k

E
  (V.35) 

in which Er and Eθ are the Young’s modulus in radial and tangential direction of the 

cylinder material, as previously defined in subsection (II.1.1). 

Subsequently, the valuation of σr and σθ on each layer require the knowledge of the 

pressure exerted on its contact surfaces by the surrounding materials. The solution must 

be obtained starting from the rotor layer radial displacement ur defined by Hooke’s law, 

which is expressed as: 
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Chapter III. Magnetic gear transmission system 

59 
 

where ΔT is the difference between actual and reference temperatures in each rotor layer. 

Consequently, the contact pressures on the PM layer can be computed by solving the 

following linear system: 
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in which δ is the radial interference, i.e. the difference between the outer radius of PM 

and the free inner radius of the sleeve. In particular, the substitution of (V.33)-(V.36) into 

(V.37) makes (V.37) independent from tangential and radial stresses (σr and σθ), which 

can be computed later by solving (V.33) and (V.34) separately. 

Mechanical modelling has to account also for critical speeds in order to avoid 

resonance phenomena. Therefore, the rotor first critical speed, which should not be 

reached in order to preserve rotor integrity, can be estimated as [38] 

,m cr
st

g

d
   (V.38) 

in which g is gravity acceleration constant and dst is the rotor static deflection, which 

depends on rotor layer geometry and material properties. 

 

Figure III.6 - MaGT inner rotor structure, in which δ denotes the radial interference between the 
PM ring and the sleeve.  
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Referring to a coaxial MaGT and considering the analytical magnetic and mechanical 

formulations described in the previous section, a preliminary design of a MaGT has been 

carried out in order to comply with all the imposed targets and constraints. In this regard, 

an analytical multi-parameter design procedure similar to that already developed for HS-

PMSM design has been considered, which ensures an optimal MaGT design by 

optimizing a given cost function. 

III.3.1 Design targets 

The MaGT to be designed should be coupled to the ferrite-based HS-PMSM already 

designed in Chapter II, which is characterized by rated power and speed equal to 40 kW 

and 30 krpm, respectively. Consequently, the input torque of MaGT (Ti) should be at least 

equal to the rated torque of HS-PMSM (Tn, 12.7 Nm), as stated by the following 

constraint: 

.i nT T  (V.39) 

In addition, the MaGT must be designed for a maximum input speed (ωi,max) at least 

equal to the maximum speed of the HS-PMSM (ωm,max), leading to: 

,max ,maxi m  . (V.40) 

Therefore, in order to enable the MaGT to couple the HS-PMSM with the vehicle 

wheels, the gear ratio G has been estimated about 20 in order to adapt speed and torque 

values properly. In addition, a new ferrite-based configuration is designed, not only for 

limiting PM costs and availability issues, but also for their very low eddy-current losses, 

especially compared to NdFeB PMs. 

III.3.2 Magnetic design 

In order to make MaGT able to operate as a speed reducer, the two rotors must have 

different numbers of pole pairs and, thus, different speed values. In particular, the gear 

ratio G can be defined from (V.21) as: 
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Furthermore, the synchronism between the magnetic flux densities produced by the 

two rotors has to be guaranteed by the ferromagnetic ring. This has the task of modulating 

the magnetic flux densities produced by two PM rotors so that they would be 

characterized by the same number of pole pairs and speed value. This goal requires 

satisfying (V.20), leading to: 

i o sp p N  . (V.42) 

In addition, in order to limit the torque ripple, a suitable ripple factor k is defined in 

[10] as: 
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where LCM denotes the Least Common Multiple between the number of poles of the 

inner rotor and the pole-pieces. The lowest possible torque ripple is obtained if k equals 

one, which is thus the ideal case. Therefore, based on (V.43), if an even value is chosen 

for pi, po should be odd, and vice versa. This rule enables larger LCM and, thus, lower 

ripple factor. 

III.3.3 Mechanical design 

The mechanical design has been carried in order to achieve proper values of both 

contact pressure and radial and tangential stress at any operating condition. Hence, 

appropriate PM, sleeve and rotor materials have been chosen, whose main properties and 

mechanical maximal stresses are reported in Table II.3, which ease the satisfaction of 

mechanical constraints. The latter consist of both maximum radial and tangential stresses 

and minimum contact pressures, as highlighted by the following expressions: 
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in which sf is a safety coefficient and pi
(m) and po

(m) are the most critical contact pressures, 

which act on the contact surfaces of the PM ring. 
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Referring to (V.45), it is worth noting that the contact pressure pi
(m) between the PM 

ring and the rotor yoke and achieved at ωi,max should be greater enough in order to 

guarantee torque transmission properly. In this regard, satisfying (V.45) benefits also 

from the glue interposed between the PM ring and the iron yoke, whose effects have been 

neglected for the sake of simplicity. 

In conclusion, the MaGT speed constraint can be expressed as: 

,maxi cr   (V.46) 

in which ωcr is the first critical speed of the MaGT inner rotor. 

III.3.4 Multi-parameter design procedure 

In order to identify a specific MaGT configuration among all those that comply with 

the design constraints previously mentioned, a multi-parameter design procedure similar 

to that used for designing the HS-PMSM in the previous chapter has been developed. It 

starts from a multi-parameter array, which consists of both tuneable and derived 

parameters, as pointed out in Table III.1. The tuneable parameters vary independently 

from each other within appropriate ranges, while derived parameters depend on tuneable 

ones in accordance with mechanical and/or magnetic model introduced in the previous 

sections. 

The first step of the proposed procedure consists of considering all the multi-parameter 

arrays that comply with k = 1 and (V.42). Subsequently, the design procedure rejects all 

the MaGT configurations that do not comply with (V.39) and (V.40) and, then, with 

(V.44), (V.45) and (V.46). As a result, the most suitable multi-parameter array is finally 

chosen among the remaining configurations by adopting the following optimization 

criterion: 

  * *

x X
x x , f ( x ) min f x


   (V.47) 

where f can be chosen differently in order to optimize different MaGT properties. In 

particular, considering the application for which the MaGT is designed (light duty 

vechile), the minimization of the active volume (Vact) is imposed as: 
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Table III.1 - MaGT configuration parameters 

 Parameters symbol Unit 
T

u
n

ab
le

 
Inner pole pairs pi - 

Outer pole pairs po - 

Inner magnet radius of inner rotor R2 mm 

PMs thickness hm mm 

Modulation ring thickness hf mm 

Sleeve thickness hs mm 

Radial interference δ mm 

Axial length L mm 

D
er

iv
ed

 

Max inner rotor torque Ti Nm 

Max outer rotor torque To Nm 

Tangential and radial Sleeve strength σ(s)
r,θ MPa 

PM contact pressure pi
(m) MPa 

Rotor critical speed ωcr krpm 

III.3.5 Design results 

The main parameters of the designed single-stage MaGT are summed up in Table III.2. 

It can be seen that a great number of outer pole pairs are necessary because of the high 

gear ratio required (20). Such a large value of outer pole pairs causes weak MaGT 

performances, especially in terms of maximum input torque density. Therefore, the 

minimum input torque target can be satisfied only by resorting to large radial dimension. 

Consequently, the mechanical stresses on the inner rotor are very high and, above all, a 

relatively low maximum rotational speed is achieved due to PM contact pressures issues. 

This is proved by Figure III.7, which shows the evolution of the contact pressure pi
(m) 

between the inner PM ring and the iron yoke with ωi, which is more critical than po
(m). In 

particular, a relatively low maximum operating speed (approximately 30 krpm) is 

achieved, which just equals HS-PMSM rated speed and, thus, is quite far from the HS-

PMSM maximum speed (100 krpm). The evolutions of radial and tangential stresses in 

the different rotor layers with r at the maximum speed of the designed MaGT is depicted 

in Figure III.8, which shows that they comply with all the mechanical constraints imposed 

in the design stage. 
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Table III.2 - Single stage MaGT values  

Description Symbol Unit Value 

Inner pole pairs pi - 2 

Outer pole pairs po - 41 

Pole pieces Ns - 43 

Gear Ratio G - 20.5 

PMs thickness hm mm 29 

Modulation ring thickness hf mm 80 

Sleeve thickness hs mm 10 

Air-gap hg mm 1 

Radial interference δ mm 0.7 

Axial length L mm 250 

Shaft radius R0 mm 12.5 

Inner iron yoke thickness hyi mm 55 

Middle iron yoke thickness hym mm - 

Outer iron yoke thickness hyo mm 30 

Active volume Vact dm3 47.9 

 

Since the designed single-stage MaGT presented in the previous section is 

characterized by an unsatisfactory maximum speed due to a very high gear ratio, an 

alternative solution must be pursued. Two or more series-connected Coaxial MaGTs 

could be adopted in order to guarantee a subsequent reduction of the input rotational 

speed. However, this solution could be unacceptable if volume and weight are strict 

constraints. Therefore, an alternative solution is represented by an integrated double-stage 

coaxial MaGT. In this configuration, a second coaxial MaGT is mounted coaxially to the 

first MaGT, as shown in Figure III.9, so that the outer rotor of the first stage (S1) is also 

the inner rotor of the second stage (S2). In this way, a first reduction of the rotational 

speed between inner and middle rotors is achieved, followed by a second further reduction 

between middle and outer rotors. As a result, the total gear ratio Gtot is given by the 

product of the single gear ratios of each stage as: 
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Figure III.7 – Evolution of pi
(m) with ωi for the designed single-stage MaGT. 

 

Figure III.8 - Radial (blue curve, top) and tangential stress distribution (blue curve, bottom) in the 
radial direction on the single stage MaGT inner rotor as a function of r, together with the 
maximum allowable stress of the materials (red dotted line): rotor yoke (blue zone), PMs (purple 
zone), sleeve (yellow zone). 

 

Figure III.9 – Double-stage coaxial MaGT configuration. 
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in which G1 and G2 represent S1 and S2 gear ratio respectively, ωc is the rotational speed 

of the middle rotor and pi/o,1/2 is the number of pole pairs of the inner/outer layers of S1 

and S2. 

III.4.1 Design results 

The design of the double-stage MaGT has been accomplished by assuming infinite 

permeability of the ferromagnetic material; this allows S1 and S2 of the MaGT to be 

considered separately since the middle yoke acts as an ideal closure path for the flux 

density lines. While flux densities lines within the low-permeability regions of the 

double-stage MaGT are exactly the same as in two independent MaGTs [59]. Since the 

double-stage MaGT is designed for the same purpose of the single-stage MaGT (coupling 

to the HS-PMSM discussed in chapter II), the same targets and constraints previously 

discussed have been imposed. However, two different PM materials have been considered 

alternatively, namely NdFeB and Ferrites magnets. 

First considering the MaGT S1, the same multi-parameter design procedure used for 

the single-stage MaGT is employed. However, instead of minimizing the active volume 

by (V.48), all the remaining MaGT S1 configurations that comply with all design targets 

and constraints have been evaluated in terms of active volume and costs, as depicted from 

Figure III.10 to Figure III.13. 

Focusing on Figure III.10 and Figure III.11, these have been achieved by employing 

NdFeB PMs, considering a PM thickness variable within [2,20] mm with 2 mm step. 

However, as far as both volume and cost minimization are concerned, reference can be 

made just to Figure III.11, which highlights the Pareto frontier clearly (red dots). This 

consists of just 5 MaGT S1 among approximately 500 thousand of allowable solutions. 

Since the volume varies slightly among the 5 selected configurations (less than 4%), the 

configuration characterized by the minimum cost has been chosen, although it is 

characterized by the maximum volume. 

Similar considerations apply to Figure III.12 and Figure III.13, which have been 

achieved by using Ferrite PMs. However, the comparison between Figure III.10 and 

Figure III.12 reveals that ferrite-based configurations lie within a much less plane area 
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than NdFeB, which does not enclose low-volume and high-cost regions: this is because 

relatively great PM thickness are always concerned, thus the overall MaGT volume 

cannot be reduced below a certain threshold (approximately 10 dm3). Additionally, much 

less allowable configurations are achieved by employing Ferrite PMs (approximately 10 

thousand versus 500 thousand achieved by NdFeB), but which are cheaper for a given 

target volume: this is because the greater volumes required by ferrite-based MaGT result 

in a much smaller number of allowable solutions that comply with the design constraints, 

but the cost of Ferrite PMs is much lower than NdFeB PMs. Considering the Pareto 

frontier shown in Figure III.13, it consists of just 4 configurations, among which the 

cheapest configuration has been chosen because the volume does not change significantly 

among them. However, by comparing Figure III.11 to Figure III.13, Ferrite PMs lead to 

both increased volume and costs compared to NdFeB worst cases (+877 % and +60 % 

respectively); such a huge volume increase is due to weak Ferrite magnetic performance, 

which leads also to significant cost increase. 

A similar selecting procedure can be adopted for designing the MaGT S2, leading to 

the overall results shown in Table III.3. The comparison between NdFeB-based and 

Ferrite-based MaGT reveals that the NdFeB-based configuration is characterised by a 

much lower volume and weight compared to the Ferrite-based configuration (4.2 dm3 

versus 27 dm3 and 25 kg versus 150 kg respectively). As a result, the NdFeB-based MaGT 

achieves higher maximum speed than the ferrite-based configuration (approximately 80 

krpm versus 60 krpm), as shown in Figure III.14 and Figure III.15. Furthermore, it is 

worth noting that, although NdFeB material is very expensive compared to Ferrite 

material, the NdFeB-based configuration has a lower overall cost than Ferrite-based due 

to the very small amount of PM material needed by the former.  

The comparison between Table III.2 and Table III.3.reveals a significant decrease of 

the number of outer pole pairs for both the double-stage MaGTs compared to the ferrite-

based single-stage solution. In particular, the double-stage Ferrite-based MaGT presents 

a volume greater than the double-stage NdFeB-based MaGT, but smaller than the single-

stage MaGT: consequently, although the maximum speed achieved by the double-stage 

ferrite-based MaGT is still lower than the design target (approximately 60 krpm versus 

100 krpm), it is almost doubled compared to the single-stage MaGT (approximately 30 
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krpm), thus revealing the enhanced performances achievable by the double-stage 

configuration. 

Table III.3 – Double-stage MaGTs design specifications 

Description Symbol Unit 
MaGT  

(NdFeB-based) 

MaGT  

(Ferrite-based) 

   S1 S2 S1 S2 

Inner pole pairs pi - 2 2 2 2 

Outer pole pairs po - 9 9 9 9 

Pole pieces Ns - 11 11 11 11 

Gear Ratio G - 4.5 4.5 4.5 4.5 

Overall Gear 

Ratio 
Gtot - 20.25 20.25 

PMs thickness hm mm 4 6 18 19 

Modulation ring 

thickness 
hf mm 12 21 16 25 

Sleeve thickness hs mm 1 1 6 5 

Air-gap hg mm 1 1 1 1 

Radial 

interference 
δ mm 0.2 0.2 0.4 0.4 

Axial length L mm 100 240 

Shaft radius R0 mm 12.5 12.5 

Inner iron yoke 

thickness 
hyi mm 13.5 21.5 

Middle iron 

yoke thickness 
hym mm 15 20 

Outer iron yoke 

thickness 
hyo mm 15 20 

Active volume Vact dm3 4.2 22.5 

Active cost Cact € 530 750 



Chapter III. Magnetic gear transmission system 

69 
 

 

Figure III.10 - Cost-volume analysis of NdFeB-based MaGT S1 
configurations. 

 

Figure III.11 - Zoomed sight of Figure III.10 which highlights the Pareto 
frontier (red dots). 

 

Figure III.12 - Cost-volume analysis of Ferrite-based MaGT S1 
configurations. 

 

Figure III.13 - Zoomed sight of Figure III.12. which highlights the Pareto 
frontier (red dots). 
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Figure III.14 - Evolution of pi
(m) with ωi in the inner rotor of the double-

stage NdFeB-based MaGT. 

 

Figure III.15 - Evolution of pi
(m) with ωi in the inner rotor of the double-

stage ferrite-based MaGT. 
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III.4.2 Finite element analyses 

In order to verify the preliminary design of the double-stage MaGTs, Finite-Element 

Analyses (FEAs) have been carried out by means of Solidworks and FEMM. The FEA 

simulations regard the mechanical stress acting on the inner rotor of each double-stage 

MaGT, particularly the tangential stress on the sleeve and the contact pressure between 

the PM ring and the iron yoke. In this regard, the distribution of σθ at maximum rotational 

speed is shown in Figure III.16 and Figure III.17, which highlights that σθ is higher on 

the inner surface of the sleeve, whereas it decreases rapidly along the radial direction, as 

expected. The maximum tangential stress value is approximately 1600 MPa for NdFeB-

based MaGT and 1900 MPa for ferrite-based configuration respectively, which are much 

lower than the maximum stress allowable by the CFRP (2400 MPa). In addition, the 

corresponding contact pressures distributions shown in Figure III.18 and Figure III.19 

reveals that pi
(m) is approximately 18 MPa for both configurations, thus guaranteeing 

appropriate adhesion between PMs and rotor yoke at the maximum speed and, thus, at 

any lower speed values.  

Regarding magnetic FEA, the magnetic flux density distributions for both MaGT 

configurations when the torque is zero or maximum are shown in Figure III.20, Figure 

III.21, Figure III.22, and Figure III.23. In this regard, NdFeB-based MaGT configuration 

reveals excessive values of magnetic flux density (up to about 2.0 T) compared to the 

magnetic saturation threshold of the core material (about 1.5 T). The same does not go 

for the Ferrite-based MaGT configuration, which is characterized by lower magnetic flux 

density values, thus making the assumption of infinity permeability of ferromagnetic 

layers more consistent. This is highlighted also from Figure III.24 to Figure III.27, which 

show the analytical and FEA evolutions of the radial and tangential component of 

magnetic flux density in the four air gaps for both configuration when the torque is zero 

or maximum. In particular, some mismatches occur between radial components achieved 

by the analytical procedure and FEA for NdFeB-based MaGT, which determine a 

corresponding torque mismatch. In this regard, the torque distribution in the three rotors 

is shown in Figure III.28 and Figure III.29 for NdFeB-based and Ferrite-based MaGT 

configuration respectively. These results point out that the constraints related to the 



Design of systems and components for high-speed electric propulsion systems 

 

 
 

72

minimum input torque, which are governed by (V.39), has been satisfied for both 

configurations, with a mean input value of 14.5 and 15.8 Nm respectively. Furthermore, 

the mean output torque for the two configurations is about 290 Nm and 330 Nm, 

guarantying the target of the gear ratio imposed during the design step. In addition, it can 

be seen the presence of a limited output torque ripple achieved by the Ferrite-based MaGT 

(approximately 3%) because of the higher equivalent air-gap in the inner rotor of S1 and 

S2 (air-gap + sleeve) compared to the NdFeB-based MaGT configuration: the latter is 

instead characterized by a much higher output torque ripple (approximately 10%). 

All the other analytical and FEA results are resumed in Table III.4. Based on these, it 

can be stated that very low mismatches occur for the Ferrite-based MaGT configuration, 

as already shown in Figure III.27, which proves the effectiveness of the analytical models 

presented in this thesis. 

In conclusion, although the NdFeB-based MaGT configuration presents lower volume 

and weight compared to the Ferrite-based solution, together with lower costs and higher 

maximum speed available, the choice of the Ferrite-based MaGT configuration could be 

justified by the low values of the magnetic flux density, which prevents magnetic 

saturation of the core materials. In addition, NdFeB PM presents very high eddy-current 

losses and higher torque ripple, thus reducing efficiency and performance of the MaGT, 

especially at high-speed operations. 

Table III.4 – Analytical and FEA results achieved for the double-stage ferrite-based MaGT 

Unit NdFeB-based Ferrite-based 

 Analytical FEA err % Analytical FEA err % 

TII,S1 Nm 15.06 14.47 3.9 15.18 15.83 4.1 

TIV,S1 Nm 67.70 71.37 5.1 68.11 70.69 3.6 

TII,S2 Nm 70.47 63.67 9.6 71.99 68.38 5 

TIV,S2 Nm 320.60 290.42 9.3 325.52 336.84 3.3 

σθ
(s) 

@ωmax 
MPa 1646.5 1660 0.8 1912.4 1930 0.9 

pi
(m)  

@ ωmax 
MPa 16.5 16 3 16.8 18 6.6 

 

  



Chapter III. Magnetic gear transmission system 

73 
 

 

Figure III.16 - Tangential stress on the inner surface of the sleeve of the 
double-stage NdFeB-based MaGT at ωi,max. 

 

Figure III.17 - Tangential stress on the inner surface of the sleeve of the 
double-stage ferrite-based MaGT at ωi,max. 

 

Figure III.18 - Contact pressure on the inner rotor surface of the inner PM 
ring of the double-stage NdFeB-based MaGT at ωi,max. 

 

Figure III.19 - Contact pressure on the inner rotor surface of the inner PM 
ring of the double-stage ferrite-based MaGT at ωi,max. 
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Figure III.20 - Magnetic flux density distribution of the double-stage 
NdFeB-based MaGT at no torque (magneto-static case). 

 

Figure III.21 - Magnetic flux density distribution of the double-stage 
ferrite-based MaGT at no torque (magneto-static case). 

 

Figure III.22 - Magnetic flux density distribution of the double-stage 
NdFeB-based MaGT (magneto-static case) at maximum torque. 

 

Figure III.23 - Magnetic flux density distribution of the double-stage 
ferrite-based MaGT (magneto-static case) at maximum torque. 
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Figure III.24 - Analytical (red) and FEA (blue) evolutions of the magnetic 
flux density in the four air gaps of the double-stage NdFeB-based MaGT 
(magneto-static case) at no torque: radial (top) and tangential component 
(bottom). 

 

Figure III.25 - Analytical (red) and FEA (blue) evolutions of the magnetic 
flux density in the four air gaps of the double-stage ferrite-based MaGT 
(magneto-static case) at no torque: radial (top) and tangential component 
(bottom).

 

Figure III.26 - Analytical (red) and FEA (blue) evolutions of the magnetic 
flux density in the four air gaps of the double-stage NdFeB-based MaGT 
(magneto-static case) at maximum torque: radial (top) and tangential 
component (bottom). 

 

Figure III.27 - Analytical (red) and FEA (blue) evolutions of the magnetic 
flux density in the four air gaps of the double-stage ferrite-based MaGT 
(magneto-static case) at maximum torque: radial (top) and tangential 
component (bottom).
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Figure III.28 - Torque distribution with the rotor position for the NdFeB-
based MaGT configuration: inner rotor (red), middle rotor (blue), outer 
rotor (black). 

 

Figure III.29 - Torque distribution with the rotor positions for the Ferrite-
based MaGT configuration: inner rotor (red), middle rotor (blue), outer 
rotor (black). 
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III.5.1 Harmonic analysis of MaGT magnetic flux density distribution 

For a coaxial MaGT, the torque transmission concept is based on the modulation of 

the magnetic flux density produced by the PMs through the ferromagnetic pole pieces 

interposed between the two rotors, which present different numbers of pole pairs. As a 

result, the overall magnetic flux density presents many harmonic components, some of 

which do not contribute to torque production and transmission. Furthermore, these 

components produce high eddy-current losses in the PMs and increased iron core losses, 

thus contributing to a possible PM demagnetization due to the generated heat and the 

resulting increased temperature. Eddy-current losses in the PMs could be reduced by 

using Ferrite PMs instead of NdFeB, due to their very low electrical conductivity. 

Furthermore, in order to reduce the iron losses, laminated iron steel for the iron parts of 

MaGT is generally suggested. However, in high-speed applications, in which the 

frequency of the magnetic flux density in the iron parts could be greater than 1 kHz, high 

iron losses would occur, even by using laminated steel. Based on the previous 

considerations, there is the need of reducing the harmonic content of the magnetic flux 

density of MaGT to the maximum extent, especially those components that do not give 

any contribution to the torque production and transmission. 

In this regard, a detailed analysis that aims to identify the solutions for reducing the 

harmonic content of the magnetic flux density occurring in the designed double-stage 

ferrite-based MaGT is presented in this section. In particular, the NdFeB-based 

configuration analysed in the previous section has not been considered further because of 

the higher PM losses foreseen for that configuration. Additionally, pole arc to pole pitch 

ratios of the two rotors and of the modulation ring can be tuned suitably in order to reduce 

the harmonic content of the magnetic flux density.  

Figure III.30 shows the harmonic spectrum (in per unit) of the magnetic flux density 

distribution in the modulation ring of the double-stage ferrite-based MaGT configuration 

designed in the previous section (pi = 2, po = 9), which is characterized by a unity pole 

arc to pole pitch ratio of both inner and outer rotors (αi,o = 1) and a pole arc to pole pitch 

ratio of the modulation ring (β) equal to 0.5. Particularly, Figure III.30 is achieved by 
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considering both the contributions of the magnetomotive forces due to inner and outer 

PM rotors by the superposition of (V.8) and (V.15) presented in section III.1. The figure 

reveals several harmonic components different from the fundamentals (2nd and 9th 

harmonic components), some of which do not contribute to the torque transmission. In 

particular, the 6th, 10th, 13th, 20th and 27th harmonic components present the highest 

amplitude, as red-highlighted in Figure III.30. 

The reduction of these undesired harmonic components can be obtained by the 

variation of αi, αo and β. In this regard, Figure III.31 highlights the evolutions of the 

amplitude of some of these harmonic components with αi, αo and β alternatively; this 

means that, for example, the first picture shows the variation of the 2nd, 6th and 10th 

harmonic component amplitudes with αi, while αo and β are set constant at 1 and 0.5 

respectively. Similarly, the second picture shows the variation of the 13th and 20th 

harmonic component amplitudes with β, while αi and αo are both set constant at 1. The 

third graph instead highlights the variation of the 9th, 20th and 27th harmonic component 

amplitudes with αo, while αi and β are set constant at 1 and 0.5 respectively. Considering 

all these pictures, it can be noticed that a very low value of the amplitude of the 10th 

harmonic component is achieved for αi = 0.80. 

Differently, when αi is set at 0.65, a very low value of the 6th harmonic component 

amplitude occurs. Similar considerations can be made by varying αo, particularly when 

αo is set at 0.65, a very low amplitude of the 27th harmonic component is reached. 

However, it is worth noting that low values of αi and αo produce also a decrease of the 2nd 

and 9th harmonic component amplitudes, which reduces the torque transmission 

capability. Regarding β, its variation within 0.2 and 0.8 does not allow a high reduction 

of the 13th and 20th harmonic components, as still shown in Figure III.31. However, it is 

clear that the variation of β influences the modulation effect exerted by the ferromagnetic 

pole pieces; this is proved by the fact that, when β equals 0 or 1, no modulation effect is 

provided and, consequently, no torque transmission occurs. This can be seen in Figure 

III.32, in which the variation of the amplitude of the 2nd and 9th harmonic components 

with β is highlighted, by considering only the modulated part of Bo and Bi, namely Bm_o 

and Bm_i: the latter interact with the fundamental parts Bf_i and Bf_o to enable the MaGT 

torque, as pointed out in section III.1. 
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Figure III.30 - Harmonic spectrum of the magnetic flux density distribution in the modulation 
ring of the designed double-stage ferrite-based MaGT (pi = 2, po = 9). 

 

Figure III.31 - Evolution of the amplitudes of different harmonic components of the magnetic 
flux density in the inner air gap of the double-stage ferrite-based MaGT with the parameters αi, β 
and αo. 

In conclusion, based on Figure III.31 and Figure III.32, it can be stated that αi and αo 

should be chosen in the range 0.65-0.8, while β can be set at a value between 0.4 and 0.6 

in order to reduce the harmonic content of the magnetic flux density of the designed 

double-stage ferrite-based MaGT, thus optimizing its preliminary performances shown 

and discussed in section III.6. However, a proper performance assessment requires 

computing overall losses and efficiency of the MaGT, as detailed in the following section. 

III.5.2 Losses and efficiency computation 

MaGT is characterized by iron core losses in the high-speed rotor (Ploss_i), in the low-

speed rotor (Ploss_o) and in the pole pieces of the modulation rings (Ploss_pp). The overall 

losses in the iron parts can be achieved as: 

_ _ _loss loss i loss o loss ppP P P P   . (V.50) 
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Figure III.32 - Evolution of the modulated part of the 2nd and 9th harmonic components of the 
MaGT magnetic flux distribution with the parameter β: modulation part due to PM outer rotor on 
the left; modulation part due to PM inner rotor on the right. 

The losses evaluation can be made by post-processing the electromagnetic FEA 

results, which are achieved by means of the software FEMM, through the use of the 

MATLAB script provided by [60]. Particularly, the Improved General Steinmetz 

Equation (IGSE) method is applied. The analysis consists of the evaluation of the 

magnetic flux density value in multiple points of the iron parts, which represent the centre 

points of the mesh elements. The post-processor saves the values of the magnetic flux 

density at each point for different rotor positions in order to obtain the periodic evolution 

of the magnetic flux density in each mesh point with the rotor position. 

The computation of (V.50) with the IGSE model requires just the knowledge of the 

frequency of the magnetic flux density in each MaGT iron part and the Steinmetz 

coefficients of the material. The frequency fel in each part of the MaGT can be evaluated 

from (V.21) as: 

2 2 2
i o o o

el i i o
i

p
f p p p

p

  
  

   . (V.51) 

Particularly, (V.51) defines the frequency of the magnetic flux density in the outer air 

gap accounting for the modulation effect. Thus, based on (V.51), it is clear that the inner 

rotor, the outer rotor and the ferromagnetic pole pieces exhibit the same frequency fel. The 

Steinmetz coefficients of the material can be determined by a simultaneous curve fitting 

of the manufacturer’s data for different frequencies using the general Steinmetz equation: 

_
ˆa b

iron loss eP k f B  (V.52) 
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where Piron_loss is the average power loss density for a sinusoidal waveform given by 

datasheet, which is a function of the excitation frequency f of the sinusoidal signal, of the 

peak value of the magnetic flux density (B̂) and of the Steinmetz coefficients ke, a and b.  

The values obtained by applying the IGSE model thus represent the loss density of each 

point (W/m3). Consequently, the losses of the mesh element can be computed by the 

product between the loss density of each point and the corresponding element volume. 

The total losses are finally obtained by the sum of all element losses. 

Once the overall losses have been determined, the MaGT efficiency can be achieved 

as: 

1 100loss

n

P

P


 
   
 

 (V.53) 

in which Pn is the rated power of the MaGT. 

III.5.3 MaGT optimization results 

Referring to the double-stage ferrite-based MaGT presented in section III.6 (first case 

in the following), the analytical and numerical formulations described in the previous 

sections have been employed for optimizing its design (second case in the following). In 

particular, based on both Figure III.31 and Figure III.32, the values of the parameters αi, 

αo and β have been set optimally, as shown in Table III.5. Figure III.33 highlights the 

comparison between the two cases in terms of per unit harmonic spectra of the radial 

component of the magnetic flux density in the inner and outer air gaps of the MaGT S1, 

which are computed by 2D FEA using the FEMM software. The figure shows that, in the 

second case, the 10th harmonic component completely disappears and the amplitude of 

the 6th and 27th harmonic components are reduced by more than 10% and 25% 

respectively compared to the first case. Furthermore, the amplitude of the fundamental 

harmonic components (the 2nd in the inner air gap and the 9th in the outer air gap) presents 

a value fairly close to that achieved in the first case, thus guaranteeing similar 

performances in terms of maximum torque capability. Furthermore, also the amplitudes 

of the 13th, 14th, 17th and 20th harmonic components are decreased in the second case 

compared to the first. 
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III.5.3.1 Iron losses results 

The evolution of the estimated iron losses with the outer rotor speed in the different 

iron parts achieved for the second case are shown in Figure III.34, which are computed 

according to the method described in subsection III.5.2. These losses are evaluated at 

rated torque (12.7 Nm) and for different speeds of the outer rotor. Regarding the iron 

material, the Silicon laminated steel M235-35A manufactured by Sura has been selected 

because of its very low specific losses at different frequencies. The main properties of 

this material are reported in Table III.6. It can be seen in Figure III.34 that the losses 

increase highly with the rotor speed, especially in the outer iron yoke and in the pole 

pieces of the MaGT S1, in which the frequency is very high (up to 1 kHz). Furthermore, 

the S2 of the MaGT presents much lower losses than the S1 due to its lower frequency, 

as expected. By comparing the results presented in Table III.7 to each other, it can be 

noticed that the second case exhibits lower overall losses (–16%) than the first case, thus 

guaranteeing improved efficiency, as shown in Figure III.35. 

Table III.5 - MaGT geometric parameters 

Description Value 

Parameter Symbol 1st case 2nd case 

Inner rotor pole arc-pitch ratio αi 1 0.8 

Outer rotor pole arc-pitch ratio αo 1 0.7 

Pole pieces pole arc-pitch ratio β 0.5 0.6 

Table III.6 - M235-35A main technical data 

Description Unit Value 

Mass density kg/m3 7600 

a (Steinmetz parameter) - 1.53 

b (Steinmetz parameter) - 2.02 

ke (Steinmetz parameter) W/kg 0.0018 
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Figure III.33 - Harmonic spectra of the radial component of the magnetic flux density in the inner 
air gap (top) and outer air gap (bottom) of the S1 of the preliminary and improved double-stage 
ferrite-based MaGT configurations. 

 

Figure III.34 - Evolution of the iron losses in the iron parts with the outer rotor speed for the 
double-stage ferrite-based MaGT (second case). 

 

Figure III.35 - Evolution of the efficiency with the outer rotor speed for the double-stage ferrite-
based MaGT: first case (red) and second case (blue). 
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Table III.7 - Losses comparison at the outer rotor maximum speed 

Description Losses [W] 

Parameter Symbol 1st case 2nd case 

Inner yoke Ploss_in 15 8 

Middle yoke Ploss_m 1723 1384 

Outer yoke Ploss_o 448 442 

Pole pieces S1 Ploss_pp_S1 847 692 

Pole pieces S2 Ploss_pp_S2 48 39 

Total Ploss 3081 2565 

III.5.3.2 Thermal analysis results 

The distribution of temperature in each part of the double-stage ferrite-based MaGT 

for both the first and second case have been computed and compared to each other in 

order to validate the optimization of the double-stage ferrite-based MaGT proposed in the 

previous section. The same boundary conditions are used in both cases in order to enable 

a consistent comparison. In this regard, the natural and forced convection coefficients in 

the simulations are set at 10 W/(m2K) and 100 W/(m2K), respectively. Furthermore, the 

thermal conductivity coefficients for the different materials used in the simulations are 

set according to Table III.8, while the environmental temperature is set at 25 °C. 

The simulations are carried out at the maximum torque (12.7 Nm) and at the inner 

rotor speed of 30 krpm by considering the power losses listed in Table III.7. Considering 

both Figure III.36 and Figure III.37, it is worth noting that the inner air gap of each case 

presents a higher thickness compared to the outer air gap due to the presence of a carbon 

fibre sleeve. These figures show that the main sources of heat for both cases are localized 

in the middle yoke and in the pole pieces of the S1. The maximum temperature is reached 

in the inner pole pieces and its value is approximately 115 °C for the first case and 95 °C 

for the second case. Such a large difference is mainly due to the lower losses 

characterizing the second case. In addition, the reduction of pole arc to pitch ratio of the 

PMs implemented in the second case means more iron yoke subject to air forced 

convection, which increases the heat dissipation in this part of MaGT, thus further 

decreasing the overall temperature. 
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Figure III.36 - Temperature distribution achieved for the double-stage ferrite-based MaGT 
configuration at maximum torque and rated speed (first case). 

 

Figure III.37 - Temperature distribution achieved for the double-stage ferrite-based MaGT 
configuration at maximum torque and rated speed (second case). 

Table III.8 - Material properties for thermal simulations 

Material Thermal Conductivity [W/(mK)] 

Iron Steel 30  

Ferrite Magnet 3  
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In order to investigate the performance of the HS-EPS designed in this thesis, it has 

been modelled and simulated in MATLAB-Simulink using the SimDriveline Library, as 

already done for the other EPS configurations considered in Chapter 1. The HS-EPS 

consists of the HS-PMSM designed in Chapter 2, which is coupled with the optimised 

double-stage ferrite-based MaGT designed in Chapter 3; HS-PMSM and MaGT main 

parameters are reported in Table III.9 and Table III.10 respectively. Furthermore, vehicle 

main parameters are summarized again in Table III.11, which are the same already 

considered for all the cases analysed in Chapter 1. Similarly, the EPS overall efficiency 

has still been computed by means of (III.5), which is reported also in the following: 

EPS b c m t      (III.5) 

where ηb, ηc, ηm and ηt are the efficiencies of ESS, power electronic converters, EM and 

TS respectively. It is worth reminding that both ηb and ηc in (III.5) are assumed constant 

at 0.9, which should represent a reasonable and precautionary estimation. Furthermore, 

ηm is determined in accordance with suitable look-up tables, which have been computed 

by considering advanced modelling and vector control strategies of Permanent Magnet 

Brushless DC machine that guarantee an appropriate MTPA operation [61], [62]. In this 

regard, two different vector control approaches have been followed, which refer to 

different synchronous reference frames; one is developed in the ft reference frame [61], 

[63], which guarantees constant torque operation but a limited CPSR due to a relatively 

high voltage demand (Case 4a). The second approach refers instead to the φτ reference 

frame [61], which guarantees a much wider CPSR but at the cost of some torque ripple 

(Case 4b). In both these cases, core losses have been modelled in accordance with the 

suggestions made for Permanent Magnet Brushless AC machine [64], namely by 

introducing suitable equivalent resistances in parallel with the back-emf voltage sources 

and whose values have been set in accordance with the core losses estimations achieved 

by FEA. 

Regarding ηt, it has been estimated by considering the double stage MaGT efficiency 

evaluation obtained in previous subsection and reported in Figure III.35. It worth noting 

that the MaGT efficiency has been assumed constant and equal to 0.98 for the Case 3 

analysed and discussed in Chapter 1 (HS-PMSM with wide CPSR coupled with MaGT  
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Table III.9 - Designed HS-PMSM rated and maximum values 

 Symbol Unit Value 

Rated Power Pn kW 40 

Rated Torque Tn Nm 12.7 

Rated Speed ωm,n krpm 30 

Maximum Speed ωm,max krpm 100 

Table III.10 – Designed Double Stage ferrite-based MaGT parameters 

Parameter Symbol Unit Value 

MaGT ratio τMaGT - 20.5 

Final ratio τSGT - 4.2 

MaGT efficiency 𝜂MaGT % 0.99÷0.90 

Table III.11 - Vehicle main parameters 

Parameter Symbol Unit Value 

Base speed Vb km/h 36.5 

Design maximum speed Vmax km/h 125 

Maximum gradeability (@ Vb) αmax  30 

Vehicle mass mv kg 1130 

Frontal area Af m2 2.06 

Drag coefficient Cd - 0.29 

Friction coefficient Croll - 0.006 

Wheel radius rw m 0.28 

and SGT), whereas it has been assumed more appropriately variable with the rotational 

speed in these new cases. 

Simulation results achieved in Case 4a are presented in Figure III.38, which show the 

operating points of the designed HS-PMSM on the (ωm,Tm) plane over each driving cycle. 

Furthermore, the overall energy consumptions are shown in Table III.12, while the HS-

EPS overall losses are summarized in Table III.13. In particular, the results obtained for 

this new Case 4a has been compared with Case 1 (LS-PMSM with wide CPSR and SGT) 

and Case 3 (HS-PMSM with wide CPSR coupled with MaGT and SGT), both already 

analysed in Chapter 1. In this regard, the Case 1 has still been assumed the reference case,  
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Figure III.38 – Operating points achieved over NEDC (up), ArtUrban (middle), ArtRoad 
(bottom), together with the HS-PMSM efficiency map (colormap) achieved for Case 4a. 

as done in Chapter 1, while Case 3 is the only one that concerns a HS-EPS. For these 

reasons, Case 2 has not been considered further for this final comparison. In addition, 

Figure III.38 shows that the maximum operating speed of the designed EM has been 

limited to 45 krpm; this is because the CPSR of the designed HS-PMSM achievable in 

Case 4a goes from 30 krpm (ωm,n) to 45 krpm. Consequently, due to such a narrow CPSR, 
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an additional SGT with a gear ratio of 1.8 is needed in order to guarantee the designed 

maximum speed of the vehicle reported in Table III.11. 

Table III.12 - Overall energy consumption 

Cycle  Case 1 (Wh) Case 3 (Wh) Case 4a (Wh) 

NEDC 

Overall energy 1247 1197 1093 

Total Losses 260 220 180 

Cycle 

Efficiency 
79% 81% 83.5% 

ArtUrban 

Overall energy 750 742 674 

Total Losses 94 88 62 

Cycle 

Efficiency 
87% 88% 91% 

ArtRoad 

Overall energy 2125 2061 1966 

Total Losses 350 295 258 

Cycle 

Efficiency 
84% 86% 87% 

Table III.13 - EPS losses 

Cycle & Case 
EM losses 

[Wh] 

TS 

Losses 

[Wh] 

Total losses 

[Wh] 

NEDC 

1 196 (75.3 %) 64 (24.7 %) 260 

3 139 (62.5 %) 83 (37.5 %) 222 

4a 101 (56.1%) 79 (43.9%) 180 

ArtUrban 

1 75 (79.9 %) 19 (20.1 %) 94 

3 54 (61.4 %) 34 (38.6 %) 88 

4a 26 (41.9%) 36 (58.1%) 62 

ArtRoad 

1 281 (80.3 %) 69 (19.7 %) 350 

3 191 (64.7 %) 104 (35.3 %) 295 

4a 123 (47.6%) 135 (52.4%) 258 
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Focusing on the NEDC cycle at first, it can be seen that Case 4a exhibits very good 

performance in terms of energy consumption compared to the other cases. This is due to 

the optimal trade-off between EM and TS losses. In particular, high performances are 

guaranteed due to the location of the HS-PMSM operating points, which corresponds to 

very high efficiency values, thus guaranteeing much lower EM losses, especially 

compared to Case 1. 

Similar considerations apply to ArtUrban and ArtRoad driving cycle, which are 

characterized by rapid accelerations and braking. In particular, very good performance 

are achieved in Case 4a also over these driving cycles, which shows the competitiveness 

of the designed HS-EPS, especially if compared to Case 1 (LS-PMSM with wide CPSR 

and SGT). Regarding MaGT, slightly higher losses are achieved in Case 4a compared to 

Case 3; however, it is worth reminding that Case 3 is characterized by an MaGT with a 

constant and very high efficiency values (0.98), whereas the proposed HS-EPS refers to 

the more accurate MaGT losses assessment presented in the previous sections. 

However, due to the narrow CPSR achieved, the choice of the single gear transmission 

system (MaGT + SGT) adopted in Case 4a presents some issues. In particular, a 

maximum gradeability of 13% is achieved to guarantee the designed vehicle maximum 

speed of 125 km/h, which is too low compared to the designed maximum gradeability of 

30% at the base speed (Table III.11). This issues can be addressed by using a different 

vector control strategies of Permanent Magnet Brushless DC machine that refers to a 

different synchronous reference frame (φτ instead of ft), leading to much wider CPSR 

(Case 4b) The results obtained for this new case are shown in Figure III.39, which 

highlights the operating points of the designed HS-PMSM on the (ωm,Tm) plane over each 

driving cycle. It can be seen that, in this new case, the designed HS-PMSM presents a 

wide CPSR (beyond 90 krpm), which guarantee a very wide speed range of the vehicle. 

However, the maximum operating speed of the HS-PMSM has been limited to 60 krpm 

in accordance with the maximum operating speed achieved for the designed MaGT 

(Figure III.15). As a result, Case 4b guarantees higher vehicle performance than Case4a, 

especially in terms of maximum acceleration and gradeability. 

In conclusion, a comparison between the overall energy consumptions and losses 

achieved in Case 4a and Case 4b over the considered driving cycle is reported in Table 

III.14 and Table III.15. It can be seen that the overall energy consumption for the two  
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Figure III.39 – Operating points achieved over NEDC (up), ArtUrban (middle), ArtRoad 
(bottom), together with the HS-PMSM efficiency map (colormap) achieved for Case 4b. 

cases is similar, as well as the HS-EPS losses, thus guaranteeing similar overall 

efficiency. However, it can be noticed that Case 4b presents slightly higher TS losses 

over all the driving cycles; this is due to the higher HS-PMSM average operating speeds 

of Case 4b, which determine higher losses in the MaGT, as shown in Figure III.34. On 

the other hand, HS-PMSM losses for the two cases are very similar to each other over all 

the driving cycles due to the very large HS-PMSM operating region characterized by a 
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very high efficiency value. As a result, although Case 4b presents a slightly worse 

performance than Case 4a in terms of efficiency, they are still superior than those 

achieved in Case 1 and Case 3. Furthermore, since Case 4b addresses the issue of limited 

gradeability properly, it represents the most suitable choice among the different EPS 

solutions considered for this final comparison. 

Table III.14 - Overall energy consumption 

Cycle  Case 4a (Wh) Case 4b (Wh) 

NEDC 

Overall energy 1093 1129 

Total Losses 180 192 

Cycle Efficiency 83.5% 83% 

ArtUrban 

Overall energy 674 676 

Total Losses 62 63 

Cycle Efficiency 91% 90.6% 

ArtRoad 

Overall energy 1966 1990 

Total Losses 258 270 

Cycle Efficiency 87% 86% 

Table III.15 - EPS losses 

Cycle & Case 
EM losses 

[Wh] 

TS 

Losses 

[Wh] 

Total losses 

[Wh] 

NEDC 
4a 101 (56.1%) 79 (43.9%) 180 

4b 104 (54%) 88 (46%) 192 

ArtUrban 
4a 26 (41.9%) 36 (58.1%) 62 

4b 24 (38%) 39 (62%) 63 

ArtRoad 
4a 123 (47.6%) 135 (52.4%) 258 

4b 123 (45.5%) 147 (54.5%) 270 
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This PhD dissertation has presented the modelling and design of a novel High-Speed 

Electric Propulsion System (HS-EPS) for a light-duty vehicle. In particular, a comparison 

among different EPS configurations has been presented in Chapter I in order to 

investigate the competitiveness of HS-EPS for automotive applications. All the EPS 

solutions considered in that chapter have been tested by means of a simulation study, 

which is performed in MATLAB-Simulink. Particularly, an efficiency assessment has 

been carried out by referring to three driving cycles in order to highlight the most suitable 

EPS configuration over different driving conditions. The analysis has shown that a HS-

EPS consisting of a High-Speed Permanent Magnet Synchronous Machine (HS-PMSM) 

with a wide constant-power speed range coupled with a Magnetic Gear Transmission 

(MaGT) is a competitive solution, especially if compared with low-speed PMSM. Its 

competitiveness could be even higher if weight reduction related to the employment of 

HS-PMSM is considered, which has not been addressed in this dissertation. 

Based on this outcome, the design of a novel ferrite-based HS-PMSM suitable for 

automotive application has been carried out, which is presented and discussed in Chapter 

II. A mechanical and electromagnetic modelling has been considered at first, based on 

which a novel multi-parameter analytical design procedure has been developed with the 

aim of achieving a preliminary machine design that takes into account both design targets 

and constraints. The proposed design approach has been validated through extensive 

simulation studies, which have been performed by Finite Element Analyses (FEAs) that 

regard both mechanical and electromagnetic aspects. The comparison between analytical 
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and FEA results reveals a very good agreement between them, although some minor 

differences occur; these are related mainly to the assumptions made for achieving a 

simplified electromagnetic model of the HS-PMSM. However, these differences do not 

impair the effectiveness of the proposed procedure, which aims at achieving a rapid 

preliminary HS-PMSM design. 

Subsequently, in order to couple the designed HS-PMSM to vehicle wheels properly, 

the design and optimization of novel configurations of MaGT suitable for this specific 

application has been addressed, which is presented and discussed in Chapter III. Starting 

from mechanical and magnetic modelling, a single-stage ferrite-based MaGT is design at 

first through a multi-parameter analytical design procedure similar to that used for the 

HS-PMSM design. However, this MaGT does not fulfil all the design targets imposed by 

the HS-PMSM, especially in terms of maximum speed. Consequently, the design of two 

double-stage MaGTs have been considered, which are characterized by different PM 

materials. These are able to achieve greater maximum speed values, resulting in more 

suitable solutions for coupling the HS-PMSM with vehicle wheels. Additionally, an 

optimization analysis aimed at reducing the harmonic content of the magnetic flux density 

occurring in the designed Ferrite based double-stage MaGT has been carried out, together 

with the computational of both iron core losses and temperature distribution in each part 

of the designed MaGT. The results obtained through the analytical models have been 

validated by means of accurate FEAs by using the Solidworks and FEMM software. A 

number of comparisons among the designed MaGTs have been also performed and 

reported in detail, which highlight the effectiveness of all the proposed design solutions. 

The last section of Chapter III presents a performance comparison among the designed 

HS-EPS and the solutions already considered and analysed in Chapter I. The 

corresponding results highlight the competitiveness of the designed EPS solution, 

especially in terms of efficiency. As a result, it can be stated that the research activities 

carried out during the PhD studies and reported in this dissertation reveals HS-EPS as a 

very promising solution for electric vehicles. However, some aspects should be 

investigated further, particularly an accurate cost assessment should be performed that 

must account for all the auxiliary components required by high-speed operations 

(magnetic bearings, containments, etc.).
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In subsection (II.1.1) and (III.2.2) a mechanical model has been introduced in order to 

determine both radial σr and tangential σθ stresses acting on the rotor in the HS-PSMS 

and in the MaGT. This model has been developed considering each rotor layer as a 

pressured rotating cylinder, which represents the base geometric structure of the rotor. 

The corresponding mathematical formulation based on the mechanical-elastic theory is 

reported in the following, which accounts for cylindrical symmetry and assumes a relative 

short axial length; consequently, the stress tensor acting on the rotor structure consists of 

just radial and tangential components (σr and σθ respectively) because the axial 

component (σz) can be considered negligible in the analytical mechanical model [32], 

[65]. 

A.1 Mechanical stress on generic cylinder 

Referring to the schematic representation of a generic cylinder shown in Figure A.1, 

it could be assumed pressurized at r = ri and r = ro, which represent the inner and outer 

radius of the cylinder, and rotating at the rotational speed ω: both these assumptions mean 

that the cylinder is subjected to internal stress. Equation Chapter  1 Section 1 

In this regard, it is assumed that the shear stresses can be neglected due to symmetry; 

therefore, the internal stress consists of radial and tangential components only.  
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Figure A.1 - Representation of the rotating cylinder and of an its infinitesimal portion 

Considering a generic infinitesimal portion of the cylinder, like the one shown in 

Figure A.1, the Hooke’s Law for an orthotropic material can be expressed as: 

 21r
r r r

du
k E T

dr E   


          (A.1) 

 21r
r r

u
k E T

r E   


          (A.2) 

where εr and εθ are the tangential and radial strains due to the radial displacement ur. 

Furthermore, σr and σθ denote the radial and tangential stresses, Er and Eθ are the Young’s 

modulus in the radial and tangential directions of the material, and υr and υθ are and 

Poisson’s ratio in the radial and tangential directions respectively. Still referring to (A.1) 

and (A.2), αr and αθ are the thermal expansion coefficients in the radial and tangential 

direction of the material, which may determine additional strains depending on the 

difference between actual and environmental temperatures (ΔT). Furthermore, the 

parameter k occurring in (A.1) and (A.2) is expressed by: 

r

E
k

E
 . (A.3) 

Considering the volume of the infinitesimal portion of the cylinder (r·dθ·dr·dz), with 

a mass density ρ and constant rotating speed ω, the equation of motion in radial direction 

can be achieved as 

  2 2 2
r rF ma r d dr dz r r d dr dz              . (A.4) 
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In addition, by multiplying the stress by their respective area, the forces in the radial 

direction can be obtained as: 

   2 sin
2r r r r

d
F d r dr d dz rd dz drdz

          . (A.5) 

By combining (A.4) with (A.5) the following equation is obtained: 

2 2r
r

d
r r

dr
      (A.6) 

in which the high-order term dσr·dr·dθ·dz of (A.5) is neglected and sin(dθ/2) is 

approximated by dθ/2 because dθ is infinitesimal. Differentiation of (A.6) with respect to 

r results in: 

2
2

2
2 2r rd d d

r r
dr dr dr

      . (A.7) 

By solving equation (A.2) with respect to ur and differentiating the result yields: 

2 21r r
r r r

ddu d d T
r rk k E T rE

dr E dr dr dr


    


               
 

. (A.8) 

By combining (A.1) and (A.8), the following relationship is achieved: 

2 2

2   0

r
r r r

r r

d d
r rk k

dr dr
d T

rE k E T E T
dr


  

    

      

   

    


      

. (A.9) 

Then, by substituting (A.6) and (A.7) in (A.9) yields: 

   

 

2
2 2 2 2

2

2 2

3 1

     3 0

r r
r r r

r

d d
r k r k k

dr dr
d T

r E r T T
dr

 

   

     

    

      

         
 

. (A.10) 

In conclusion, considering the following relationship: 

r

rE E





  (A.11) 

the following differential equation is achieved: 
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r

d d
r r k r
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      
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 

. (A.12) 

In order to solve (A.12), the evolution of the temperature with radial displacement 

must be imposed. Therefore, a linear temperature distribution within the cylinder is 

assumed, as depicted in Figure A.2 and pointed out by the following equation: 

  0T r t tr    (A.13) 

where t0 and t are defined as: 

0 ;  o i o i
o o

o i o i

T T T T
t t T r

r r r r

   
   

 
 (A.14) 

in which ΔTo and ΔTi are the difference between actual and reference temperatures in the 

inner and outer surface, respectively. 

According to the superposition law, the general solution of (A.12) is the sum of the 

general solution σr_0 and of a particular solution σr_1: 

  _ 0 _ 1r r rr    . (A.15) 

In particular, σr_0 is: 

  1 1
_ 0 1 2

k k
r r c r c r      (A.16) 

while σr_1 can be achieved as: 

       2 2
0

_1 2 2 2

3 2

9 4 1
r r

r

r E t E t
r r

k k k
         


  

  
  

. (A.17) 

 

Figure A.2 - The cylinder temperature distribution. 
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Substituting (A.16) and (A.17) in (A.15), the distribution of radial stress in the 

cylinder is obtained:  

   

   

2 2
1 1

1 2 2

0
2 2

3

9

2
                    

4 1
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r
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 
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. (A.18) 

Differentiating (A.18) and substituting the result and (A.18) in (A.6), the distribution 

of tangential stress in the cylinder is achieved: 
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 (A.19) 

in which c1 and c2 are arbitrary constants. The expressions of c1 and c2 can be obtained 

by imposing the following boundaries conditions: 
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 

r i i
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
 (A.20) 

where pi and po represent the internal and external pressure acting on the cylinder inner 

and outer surface, respectively. Substituting (A.20) in (A.19) results in: 
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Solving the linear system expressed by (A.21) yields: 
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In conclusion, similar considerations can be made by considering an isotropic material. 

In this case, the following relationships can be used: 
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and the radial and tangential stress equation (A.18) and (A.19) become: 
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in which the constant c1 and c2 are: 
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Equation Chapter  2 Section 1 

 

In subsection (III.2.1) a magnetic model has been introduced in order to compute the 

magnetic flux density distribution and torque in the MaGT. This model is based on the 

resolution of the Laplace and Poisson’s equations in each subdomain of the MaGT in 

order to determine the distribution of the magnetic potential vector in two-dimensional 

polar coordinate plane in each subdomain using appropriate boundary conditions, as 

detailed in the following. 

B.1 Problem description and assumptions 

Considering the schematic representation of a Coaxial Magnetic Gear shown in Figure 

B.1, it consists of five different subdomains: the permanent magnet (PM) subdomains 

(Region I and V), the air-gap subdomains (Region II and IV) and the slot subdomain 

(Region III_j). The regions I, II, IV and V present a ring shape, while the region III_j 

present the shape shown in Figure B.1. 

In order to compute the magnetic flux density distribution within all the regions 

previously defined, a magnetic potential vector in 2D polar coordinate system is taken 

into account. The following assumptions are considered: 

 end effects are neglect; 

 permeability of the iron is infinite; 

 unity relative recoil permeability of the permanent magnets. 

According to these assumptions, the magnetic potential vector A presents only the z-

axis component and it depends on the polar coordinates r and θ. Hence, the following 

notations are used: 
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 

 
 
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 

 

 
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 (B.1) 
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Figure B.1 - Coaxial Magnetic Gear general configuration. 

where ez represents the unity z-axis vector. Therefore, considering each subdomain, the 

solution of a partial differential equation must be obtained in order to achieve the 

corresponding A distribution, which also requires setting the boundary conditions 

properly. By using the variables separation method, the solution of Laplace’s equation 

can be considered for slot and air gap subdomains, while the Poisson’s equation is taken 

into account for the PM subdomains. The following notations is adopted in the following 

section for the sake of clarity: 

( , )

( , )

w w

w

w w

w

u v
P u v

v u

u v
E u v

v u

       
   

       
   

. (B.2) 

B.2 Inner and outer PM Subdomains (Region I and V) 

For the PM subdomains, reference is made to the Poisson’s equation: 

2 2 ,
, , , 0

2 2 2

1 1 I V
I V I V I V r

A A A M

r r r r r


 

   
  

   
 (B.3) 

where μ0 is the permeability of vacuum and Mr is the PM radial magnetization. The latter 

can be further expressed as a Fourier series: 
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in which n represents the harmonic order and φi,o is the angular displacement of the PM 

inner/outer polar axis referred to the reference position, as shown in Figure III.5. 

Furthermore, Br is the residual magnetic flux density of the PMs and pi,o is the number of 

inner/outer rotor pole pairs. 

Additionally, the following boundary conditions are considered: 

1 6
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r r
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. (B.5) 

According to the superposition law, the general solution of (B.3) is the sum of the 

general solution and of a particular solution, as pointed out in the following: 
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where 
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Considering both (B.7) and (B.8), n is a positive integer, αi,o is the pole arc to pole 

pitch ratio of the inner and outer PM rotor, respectively. Furthermore, the coefficients 

AI,IV
n and CI,IV

n are determined by a Fourier series expansion of AII,IV(R2,5, θ) within the 

interval [0, 2π]: 
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B.3 Inner and outer air gap subdomains (Region II and IV) 

For the air gap subdomains, the magnetic potential vector can be computed by using 

the Laplace’s equation: 
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For these subdomains the continuity of the tangential component of the magnetic field 

is taken into account: 

2 2 5 5
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In addition, the following boundary conditions are considered: 
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in which: 
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Considering (B.13), AIII_j(r,θ) is the magnetic potential vector in the j-th slot and θj is 

the angular position of the j-th slot, which is defined by: 
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where θ0 is the initial angular position of the pole-pieces ring, β is the slot opening angle 

and Q the number of slots. 

The general solution of (B.10) is obtained by the Sturm-Liouville problem in an ring 

and it can be written as: 
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Furthermore, the coefficient AII,IV
n, BII,IV

n, CII,IV
n and DII,IV

n are determined by a Fourier 

series expansion of AI,V(R2,5, θ) and fi,o(θ) within the interval [0, 2π]: 
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B.4 The i-th slot subdomain (Region III_j) 

For the j-th slot subdomain the problem of finding the magnetic vector potential 

distribution can be solved using the Laplace’s equation: 
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For this subdomain, the continuity of the radial component of the magnetic flux density 

between the j-th slot and the air gap subdomains is taken into account: 
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In addition, the following boundary condition is considered: 
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According to the superposition law, the general solution of (B.17) can be written as: 
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in which k is a positive coefficient, while the coefficients AIII_j
0, BIII_j

0, AIII_j
k, and BIII_j

k 

are determined referring to a Fourier series expansion of AII(R3, θ) and AIV(R4, θ) within 

the interval [θj, θj+β]: 
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