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Abstract

In this paper we study a class of generalized Kakutani’s sequences of partitions of [0, 1], con-
structed by using the technique of successive p—refinements. Our main focus is to derive bounds
for the discrepancy of these sequences. The approach that we use is based on a tree represen-
tation of the sequence of partitions which is precisely the parsing tree generated by Khodak’s
coding algorithm. With the help of this technique we derive (partly up to a logarithmic factors)
optimal upper bound in the so-called rational case. The upper bounds in the irrational case
that we obtain are weaker, since they depend heavily on Diophantine approximation properties
of a certain irrational number. Finally, we present an application of these results to a class of
fractals.

1 Introduction

In this paper we will study uniformly distributed sequences of partitions of [0,1], a concept
which has been introduced in 1976 by Kakutani, [13].

Definition 1.1. Let {m,} be a sequence of interval partitions of [0, 1] represented by m,, = {[t(n) t(n)] :

i—17 "

1 <i<k(n)}, where 0 = t(()n) < tgn) << t](;a) = 1. The sequence {m,} is said to be uniformly

distributed (u.d.) if for any continuous function f on [0,1] we have

Equivalently, {m,} is u.d. if the sequence of discrepancies

D, = sup
0<a<b<1

1 k)
(n)
m ; X[a,b[(xi )—(b—a) (1)
tends to 0 as n — oo (for more details on the theory of uniform distribution see [17] or [9]; xas
denotes the characteristic function of the set M).
Kakutani’s sequence of partitions is defined in the following way. Let a €]0,1[ be given and

start with the unit interval I = [0, 1]. In the first step this interval is divided into the two intervals



[0, a], [a, 1] of lengths o and 1 — a. In the second step the larger interval is partitioned into two
subintervals of lengths proportional to v and 1 — « respectively. For example, if a = % then the
15

interval [$,1] is split into [3,3],[3,1]. In this way one proceeds further. Note that one always

considers all intervals of maximal lengths at once.
Definition 1.2. If a €]0,1[ and m = {[ti—1,t:] : 1 < i < k} is any interval partition of 0, 1], then
Kakutani’s a-refinement of m (which will be denoted by ar ) is obtained by splitting all the intervals

of m having maximal length in two parts, proportional to o and 1 — « respectively.

Kakutani’s sequence of partitions k,, can be then written as x, = aw, where w = {[0,1]}. His
observation was that for every a €]0, 1], the sequence of partitions {x,} of [0, 1] is u.d. ([13]).

In a recent paper [19], Kakutani’s splitting procedure has been generalized by splitting the
longest intervals of a partition 7 into a finite number of parts homothetically to a given finite
interval partition p of [0,1]. The resulting interval partition pr is called p-refinement of 7. As for
the a-refinement (that corresponds to p = {[0, o], [, 1 — a]}) the following result holds (cf. [19]):

Theorem 1.3. The sequence {p"w} of successive p-refinements of the trivial partition w = {[0,1]}

s u.d.

A natural problem which is interesting for possible applications, posed in [19], is to estimate
the behaviour of the discrepancy as n tends to infinity. The only known discrepancy bounds for
sequences of this kind have been obtained by Carbone [4] by a direct and elementary approach,
who considered so-called LS-sequences that evolve from partitions p with L subintervals of [0, 1] of
length o and S subintervals of length a? (where « is given by the equation Lo + Sa? = 1).

In this paper, we analyze this problem with a new approach that is based on a parsing tree
(related to the Khodak coding algorithm [15]) that represents the successive p-refinements. In
particular we will use refinements of the results obtained in [8] about Khodak’s algorithm to give
an estimate of the discrepancy for a class of sequences of partitions constructed by successive
p—refinements. Suppose that p consists of m subintervals of lengths py,...,pm. In the so-called
rational case (which means that all fractions (log p;)/(log p;) are rational, see Definition 2.1) we will
provide very precise bounds for the discrepancy. Note that LS-sequences are rational, therefore we
generalize the results of [4]. However, we are also able to cover several irrational cases (which means
that at least one of the fractions (log p;)/(logp;) is irrational).

Let us give a brief outline of the structure of the paper. In Section 2 we introduce Khodak’s
algorithm and analyze the correspondence between subintervals of [0, 1] and nodes of the parsing
tree. Moreover, we extend an asymptotic result from [8]. In Section 3 we present our main results

in the rational case. In particular, we obtain an upper bound of the form
Dy = 0 ((1og k(n) k() ") 2)

where 7 is a positive constant < 1 and d > 0 an integer (both values are explicit). Furthermore,

this upper bound is best possible (despite a logarithmic factor in a special case).



In Section 4 we discuss some instances in the irrationally related case for m = 2. They are much
more involved than in the rational case.

Finally, in Section 5 we give some examples and applications including LS-sequences and u.d.
sequences of partitions on a class of fractals. Some auxiliary results that are used in Section 2 are

collected in Section 6.

2 p-refinements and Khodak algorithm

From now on, consider a partition p of [0, 1] consisting of m intervals of lengths p1, ..., p,, and
the sequence of p-refinements of the trivial partition w = {[0,1]}.

Our goal is to construct recursively an m-ary tree T. An m-ary tree is an ordered rooted tree,
where each node has either m (ordered) successors (we call such a node internal node) or it is a
leaf with no successors (which we call also external node). The numbers py, ..., py, induce a natural
labelling on the nodes. Suppose that the unique path from the root to a node x at level [ is encoded
by the sequence (ji,J2,...,71), 1 < ji < m, then we set P(x) = pj,pj, ---pj,- This can be also
considered as the probability of reaching the node x with a random walk that starts at the root and
moves away from it according to the probabilities p1, ..., pm. For completeness the root r is labelled
with P(r) = 1. If T is a finite m-ary tree then the labels of the external nodes sum up to 1 (which
follows easyly by induction). Hence, the shape of an m-ary tree (together with p1, ..., py,) gives rise
of a probability distribution. Note that if we have j internal nodes then there are M = (m—1)j+1
external ones.

The start of our iteration is a tree that only consists of the root which is then an external
node (with probability 1). In the first step the root is replaced by an internal node together
with m (ordered) successing leaves that are given the probability distribution pi,...,pm,. At each
further iteration we select all leaves y with largest label P(y) and grow m children out of each
of them. This procedure describes the construction of the parsing trees of the Tunstall code [§]
(the words (j1, o, ---,J;) that encode the paths from the root to the leaves are the phrases of the
dictionary). Actually this construction corresponds precisely to the p-refinement procedure of the
sequence Kk, = p"w. The leaves of the tree correspond to the intervals and the labels of the leaved
to the lengths of the intervals.

There is a second way to describe this tree evolution process, namely by Khodak’s algorithm
[15]. Fix a real number r €]0, pmin[, where pyin = min{p1, ..., pn}, and consider all nodes z among
in an infinte m-ary tree with P(z) > r. Let us denote these nodes by Z(r). Of course, if P(x) > r
then all nodes y on the path from the root to x satisfy P(y) > r, too. Hence, these nodes of
Z(r) constitute a finite subtree. These nodes will be the internal nodes of Khodak’s construction.
Finally, we append to these internal nodes all successor nodes d. By construction all these nodes
satisfy pminr < P(d) < r and we denote them by £(r). These nodes are the external nodes of

Khodak’s construction. We denote by M, = |£(r)| the number of external nodes. Obviously we



have got a finite m-ary tree 7 (r) = Z(r) U £(r) and it is clear that these trees grow when r
decreases. For certain values r, precisely the external nodes y of largest value P(y) = r turn into
internal nodes and all their successors become new external nodes. Actually, the tree 7 (r) grows
in correspondence to a decreasing sequence of values {r;}. When r €]r;,r;_1] the tree remains the
same, i.e T(rj—1) =T (r).

In our correspondence between Khodak’s algorithm and the procedure of successive p—refinements
the values r; correspond to the partition p’Hlw. Consequently, the number of external nodes in
E(r;) equals the number of points defining the partition p/*lw, i.e. M,; = k(j +1). Moreover, if
r €]rj,rj—1] then M, = M,,_, = k(j).

In the following we denote by H the entropy of the probability distribution p1,...,pm , which

1 1
H =plog () + -+ ppy log <>
P Pm

Definition 2.1. We say that log (p%) ,. .., log (ﬁ) are rationally related if there exists a positive

is defined as

real number A such that log (p%) ..., log (i) are integer multiples of A, that is

1
log <) =n;A\, withn; €Z forj=1,...,m.
pj

Without loss of generality we can assume that A is as large as possible which is equivalent to assume
that ged(na, ..., nm) = 1. Equivalently, all fractions (logp;)/(logp;) are rational.
Stmilarly we say that log (p%) ,o. ., log i are irrationally related if they are mot rationally

related.

One of main result from [8] provides asymptotic information on the numbers M, of external nodes
in Khodak’s construction. Actually these relations can be used to prove Theorem 1.3. However, in
order to obtain bounds for the discrepancy we need more precise information on the error terms.

Therefore we have extend the analysis of [8].

Theorem 2.2. Let M, be the number of the external nodes generated at the step corresponding to

the parameter r in Khodak’s construction, that is, the number of nodes in E(r).

1. Iflog (p%) ,...,log (i) are rationally related, let A > 0 be the largest real number for which

log (p% is an integer multiple of A (for j =1,...,m). Then there exists a real number n > 0

and an integer d > 0 such that

M, = (771[—{1)@ <1og (i)) +0 ((1ogr)dr*<1*n>) , (3)

where

Q1(x) %6_/\{%}

:1*67

and {y} is the fractional part of the real number y. Furthermore, the error term is optimal.



2. Iflog (p%) ,...,log ([i) are 1rrationally related, then

=2 (). )

rH r

In particular, if m =2 and v = (logp1)/(logp2) is badly approximable then

(m—1) (loglog 1/r)'/4
M, = 140 | —="—+— : 5
" rH * (log 1/r)1/4 (5)
and if p1 and py are algebraic then there exists an effectively computable constant k > 0 with

Proof. Set v = % and denote by A(v) the number of internal nodes in Khodak’s construction with

parameter r = 1/v, that is,

x:P(:c)>%

Hence, the number of external nodes generated at the step corresponding to the parameter r is
M, =(m—1)A(v) + 1. (7)

The key relation is that that A(v) satisfies the following recurrence, (see Lemma 2, [8]):

0 v <1
Alv) = { LEYT Ape) 01 ®

For the asymptotic analysis of A(v) (and consequently that of M, ) we distinguish between the
rational and the irrational case. If the log(1/p;) are rationally related then A(v) is constant for
v € [eM, M (for every integer n). Hence, it suffices to study the behaviour of the sequence
G(n) = A(e) which satisfies the recurrence

m
G(n) =14 G(n—ny)
j=1
with initial conditions G(n) = 0 for n < 0. The generating function g(z) = 5, G(n)z" is then

given by
1

9(2) = ——7

(1—2)f(2)
where f(z) = 1—2™ +4-..— 2", By Definition 2.1, it follows that e~ is a positive real root of f and
it is proved in [5] that if we denote by wy, ..., wy, all the other (different) roots (with multiplicities



i) of f then |w;| > e A fori=1,...,h. (Here we use the assumption that ny, ..., n,, are coprime).
Hence, it follows that
1

AeAn h
G(n) = T —e ™) + ;Pi(n)% 1

where P; are polynomials of degree smaller than ;. Obviously this implies the representation (3)
of Theorem 2.2 for some 1 > 0. Note that in view of (7) the constant term —1/(m — 1) disappears
when we translate the asymptotics of G(n) to M.

Next we study the error term (without the constant term —1/(m — 1)) in more detail. W.lLo.g.
we can assume that wi,...,w; (with & < h) are those roots of f(z) with smallest modulus |w;| =
e~ M=) (with some 7 > 0) such that P; # 0, 1 < i < k, and where the degrees of P; are maximal
and all equal to d > 0. This means that the difference between G(n) and the asymptotic leading
term is bounded by
Aehn 1

< d_A(1-n)n
H(1—eA) +m—1‘ < One

5(n) = ‘G(n) -

for some constant C' > 0. More precisely §(n) can be written as

k
n E C; wi—n
=1

where ¢; # 0, 1 < ¢ < k. Since all roots of f(z) are either real or appear in conjugate pairs of

d(n) = +0 (ndileA(I*”)"> :

. k- _
complex numbers we can rewrite the sum » ;¢ w; " to

k,/
nlert—mn Z ¢ cos(2ml;in + o)
i=1
with real numbers ¢, # 0. By Lemma 6.1 it follows that there exists 6 > 0 and infinitely many n
such that | Zf;l ¢, cos(2mO;n + ;)| > 6. This shows that

5(7’1) > Clnde/\(lfn)n

for infinitely many n with some constant C’ > 0. This means that the error term in (8) is optimal.
The analysis in the irrationally related case is much more involved. Instead of using power series

we use the Mellin transform

A*(s) = /0 h A(v)v* dv.

By using the fact that the Mellin transform of A(av) is a=*A*(s), a simple analysis of recurrence
(8) reveals that the Mellin transform A*(s) of A(v) is given by

A%(s) = -

= ) R(s) < —1.
s M



In order to find asymptotics of A(v) as v — oo one can directly use the Tauberian theorem (for
the Mellin transform) by Wiener-Tkehara [16, Theorem 4.1]. For this purpose we have to check
that sp = —1 is the only (polar) singularity on the line %(s) = —1 and that (s + 1)A*(s) can be
analytically extended to a region that contains the line ®(s) = —1. However, in the irrationally
related case this is granted a lemma of Schachinger [18]. In particular, one finds A(v) ~ v/H but
this (simple) procedure does not provide any information about the error term.

In order to make our presentation as simple as possible we will restrict ourselves to the case
m = 2 and we will also assume certain conditions on the Diophantine properties of the irrational

number

_ log p1
~logpy’
We use the simplified notation p = p; and ¢ = pa.
The principle idea to obtain error terms for A(v) is to use the formula for the inverse Mellin

transfrom '
o+iT

.. ¥[8 _
A = g i [ A o<, o

and to shift the line of integration to the right. Of course, all polar singularities of A*(s) (which
are given by the solutions of the equation p™° + ¢~™® = 1 and s = 0) give rise to a polar singularity.
Unfortunately, the order of magnitude of A*(s) is just of order O(1/s). Hence the integral in (9)

is not absolutely convergent It is therefore convenient to smooth the problem and to study the

function A;(v) = [ A(w) dw which is given by
1 o+100 ’U_S+1 1 o+100 1
Ai(v) = — A* ds = — —stl s, < —1.
) =55 /a_m TSP =50 ) ss— D)1 —p—>—q—)" $ 0

s

By [18] we know that all zeros of the equation p~* 4+ ¢~° = 1 that are different from —1 satisfy

—1 < R(s) < g¢ for some og. Furthermore there is x > 0 such that in each box of the form

={seC:-1<R(s)<op, 2k —1)7 <J(s) < (2k+ 1)1}, keZ\{0},

—S

there is precisely one zero of p~° + ¢=° = 1 that we denote by s Hence, by shifting the line of

integration to the right and by collecting all residues we obtain (for some o1 > max{og + 1,1})

1
A1(v) 74_ Z v B —
keZN (0} sk ( k_l H(sy) 1—-p~ —q
N 1 o1+1i00 1
270 Joyioo S(s D)1 —p = —q =)

where H(s) = p~*log(1/p) + ¢ *log(1/q). Clearly the integral can be estimated by

—s+1 ds
)

i 0'1+i00 1 /U_S+1 ds _ O (v_o_l_,’_l) )
27y 01—100 8(8 - 1)(1 —pF - q—s)




Hence we just have to deal with the sum of residues ) v** /(sp(sy — 1)H(sg)). First it is an easy
exercise to show that there exists § > 0 such that |H(sg)| > 0 for all k € Z\ {0}. Thus, we do not
have to care about this factor.

Next assume that «y is a badly approximable irrational number which means that v has a bounded
continued fraction representation. Here Lemma 6.2 shows that all zeros s # —1 of the equation
p~* 4+ q° = 1 satisfy R(sg) > —1 + ¢/S(sg)? for some constant ¢ > 0. Hence it follows that

R(sp) > —1 + c1/k? for some constant ¢; > 0 and we can estimate the sum of residues by

vk vk

2 <| 2 +Y
wezgop SRk = DH(se) | = S ose(sk = DH(sk)| | 2= se(sk — 1) H(sk)
1 1
SO YT St Y
0<|k|<K |k|>K

1
< Cq0? (vcl/KQ + K) )

By choosing K = /c;(logv)/(loglog v) we, thus, obtain the upper bound

Z vk _0 <v2 loglogv>
sk(sg — 1)H(sg) Viogwv

keZ\{0}

Finally by an application of Lemma 6.5 this implies

v log log v)1/4
Aw) =+ (H((igf)l)/‘i)

and consequently

Similarly we can deal with the case if we know that all solutions of the equation p™® + ¢7° =1
(that are different from —1) satisfy R(sy) > —1+ D/3(s;,)%C for some positive constants C, D (this

is satisfied if p and ¢ are algebraic, see with Lemma 6.3). Then we obtain (as above)

v5k 20 1
Z < Oy’ <U_C2K + ) .
KEZ\ {0} sk(sk — 1)H(8k) K

Hence, if we choose K = (co(logv)/(loglogv))/?¢) we obtain (after a second application of

Lemma 6.5
1/(4C)
Alw) = LN (loglog v) .
H (log v)/(4€)
This completes the proof of Theorem 2.2. O



3 Discrepancy bounds in the rational case

In this section, we are going to consider a partition p of [0, 1] consisting of m intervals of lengths
D1, - - -, Pm such that log (p%) ,. .., log (i) are rationally related.
By Theorem 2.2 we know that M, is asymptotically given by

/
Mrn = Ti +0 ((log Tn)drrz(l_n)> , T'=Tn= e—An’ (10)

n
for some 7 > 0 and some integer d > 0, where ¢/ = (m — 1)A/(H(1 — e*)) and the error term is
optimal. Recall also that k(n) = M,, , which gives an asmyptotic expansion for k(n) of the form

m—1)A
k(n) ~ I(-I(eA _)1) e,

Theorem 3.1. Suppose that the lengths of the intervals of a partition p are p1,...,pm and suppose
that log (p%) ,-..,log (%) are rationally related. Furthermore let n > 0 and d > 0 be given as in
Theorem 2.2.

Then the discrepancy of the sequence of partitions {p"w} is bouded by

O ((log k(n))? ( )7 f0<n<1,
Dy ={ O ((logk(n))™'k(n)=") ifn=1, (11)
O(k() 1) ifn>1.

Furthermore there ezists § > 0 and infinitely many n such that

§ (log k(n))?k(n)™ if0<n<1,
1

Dp > < 6 (logk(n))k(n)=! ifn=1, (12)
Sk(n)~! ifn > 1.
Proof. For notational convenience we set
k(n—1)
7| & e ke

Then we have D,, < 2A,,41/k(n).

Fix a step in the algorithm corresponding to a certain parameter r of the form r = e="? for
some integer n > 0, and consider an interval A = [0, y[C [0,1]. We want to estimate the number of
elementary intervals belonging to & (r) which are contained in A.

For this purpose, let us fix another parameter 7, of the form 7 = e~ ™ with an integer 0 < 7@ < n,
corresponding to a previous step in Khodak’s construction. At this previous step, we have Mz
intervals I; generated by the construction. If we denote by I(/;) the lengths of the intervals I;, then
we have that

PminT < l(IJ> <7, for j=1,..., Mz (13)



(since the lengths of I € &(T) correspond to the values P(d) of the external nodes in E(F)).
Suppose that precisely the first h of these intervals I; are contained in A, soU = I1U...UI}, C A.
Now, we want to estimate the number of elementary intervals in &(r) contained in ;. Khodak’s

construction shows that this equals precisely the number of external nodes in the subtree of the

node x that is related to the interval I;. An important feature of Khodak’s construction is that
subtrees of 7(r) rooted at an internal node x € Z(r) are parts of a self-similar infinite tree and

therefore they are constructed in the same way as the whole tree. So, one just has to replace r by

P&). Hence, by using this remark in (10), the number Ny, of subintervals of I; (corresponding to

the value r) equals

Nij =M = il(Ij) +0 ((logr)dl(ﬁ)_lnn> :
Therefore, we have that the number Ny of elementary intervals in &(r) contained in U is
¢ [ log |7
N =N Ny = )+ 000 +0 | DS

By using (13) and the fact that A < Mz = O(1/7) we obtain

/

Ny = C;(z(n) +. 1)+ O <(1°g7">d:1_—nn)>>

Since the total number of intervals equals M, = ¢//r + O(]logr)|%r~1+7) it follows that
7(=n) 7(=n)

Ny — Ml(U) = O [ (logr)?L— | + O(|log )|~ 1+7) = O | |logr[¢—— | .
7“(1*77) r( —n)

Since Na — M,l(A) = (Ny — M:l(U)) + (Ngov — M:I(A\ U)) it remains to study the difference

(A\NU
Nypv — MA(A\U) = Naw — Mr/l(lh+1)l((jh\+1))
(A\NU

) (T )

The second term can be directly estimated by

’M Z(A\U)MTZ(A\U)‘ <|logr|d M)

r/1(Iny1) I(Ini1) 1-n)

whereas the first term is bounded by

I(A\U)
‘NA\U - Mr/l(fhﬂ)m‘ < An-m

Summing up and taking the supremum over all sets A = [0, y[ we obtain the recurrence relation

e
Ay, <Ap_z+0O|[|logr| ) (14)

10



We now set 7 = 1 and recall that 7 = e™*" (and also 7 = e ™" = ¢=*). Thus, we get

Ap <A, 1+0 (ndeA"(k”)) . (15)

We distinguish between three cases.

1. 0 < n < 1. In this case we get

A, =0 Z kleM-n 1 = 0 <ndeA"(1_77)>
k<n
which implies D,, = O ((log k(n))?k(n)™").
2. 7= 1. In this case we get A, = O(n?*1) and consequently D,, = O ((log k(n))*k(n)~1).
3. n> 1. Here we have

Ap=0 (Y Klem0=1 1 =0 (1)
k<n
which rewrites to D,, = O (k(n)™1).
In order to give a lower bound of the discrepancy it is sufficient to handle the case 0 < n < 1.
If n > 1 we just use the trivial lower bound D,, > 1/k(n) which meets the upper bound. For the
remaining case 0 < n < 1 we consider the interval A = [0,p1]. We also recall that we can write M,

—An)

(forr=r,=¢ as

M, =¢ e Ons
where J, has an representation of the form
k
8, = nietn(1=m) Z ¢ cos(2mlin + a;) + O (nd_leLn(l_")> .

i=1

Similarly to the above we obtain
NA - MTZ(A) = Mr/p1 - Mrpl
= 5n—n1 - plén

k k
= ndeAnl-n) (Z ¢ cos(2ml;n + a; — 2mhiny) — p1 Z ci cos(2ml;n + ai))
i=1 i=1

+0 (ndfleAn(lfn)> )
By applying Lemma 6.1 it follows that there exists § > 0 and infinitely many n with
|Ng — Mpl(A)| > dndelri=—m),

Consequently
1
Dy > —|Nag — MyI(A)| > §'nde=Amn
M,
for some ¢ > 0. This proves completes the proof of the lower bound (12). O

11



4 The irrational case

As mentioned above, the case where log (p%) ..., log (p%) are rationally related is much more
difficult to handle, since the error term in the asymptotic expansion for M, is not that explicit in
general, see Theorem 2.2. Nevertheless, we can provide upper bounds in some cases of interest.

Suppose that m = 2, set p = p; and ¢ = p2 and v = (logp)/(logq). It is an easy exercise to

show that the number of intervals k(n) is given asymptotically by

m—1 1 1
k(n) ~ exp( 2nlog — log > .
(n) ~ —5 \/ o loe

This follows from the fact that the equation klogp + £log g = x has at most one solution in integer

pairs (k,¢). Hence, if we fix r in Khodak’s construction then the corresponding number n of steps

equals the number of non-negative integral lattice points (k, ¢) with klogp+ ¢log g > logr which is

log 1)?
—W-FO(lOgi)-

B 210g}l7 log%

given by

We have considered the case when « is badly approximable, that is, the continued fractional

expansion of 7 is bounded, and the case where p and ¢ are algebraic.

Theorem 4.1. If v ¢ Q and it is badly approzimable, then the discrepancy is estimated by

o (loglos (k)
D"‘O<< ) ) |

Furthermore, if p and q are algebraic and v ¢ Q then

5o(()) e

where k > 0 is an effectively computable constant.

Note that the upper bounds for the discrepancy we obtained are worse than k(n)™? for any
B > 0. Actually it seems that we cannot do really better in the irrationally related cases. This
is due to the fact that liminf,.oR(sy) = —1 where si, k # 0, runs through all the zeros of the

5 = 1 different from sy = —1 . Actually it seems that the continued fraction

equation p~% 4+ ¢~
expansion of v = (logp)/(logq) could be used to obtain more explicit upper bounds. However,
since they are all rather poor it is probably not worth working them out in detail. The case m > 2

is even more involved, compare with the discussion of [10].

Proof. We use a procedure similar to that of the proof of Theorem 3.1. However, we have to use

the asymptotic expansion



with ¢ = (m — 1)/H and with a suitable £ > 0.
First it follows that

Ny = M) = (U0) + ..+ 11) + O (1 (mg> )

—\ K
_0 é loglog;g '
rT log£

For the remaining interval A\ U we use the (trivial) bounds Ny < M, yg,,,) = O(7/r) and
[(In41) = O(T) to end up with the upper bound

Hence, by choosing

we finally obtain

/
loglog 1
D, =0 og log -
log
This completes the proof of Theorem 4.1. O
5 Applications
5.1 LS-sequences
We recall that LS-sequences of partitions are iterative p-refinements of w = [0, 1], where p

consists of L subintervals of [0, 1] of length o and S subintervals of length o and « is given by the

equation Lo + Sa? = 1.

For instance, if L = S = 1 then a = \/52*1 and we obtain the so-called Kakutani-Fibonacci

sequence. Here we have p; = o and py = 1 — o = o and consequently

1 1
log () =niA and log <2> = noA.
@ «

for A = —loga, ny = 1 and ny = 2. Since the roots of the equation 1 — z — 22 = 0 are given by
2= % —a=e"and 2 = # it follows that d = 0 and

—v5—1
p=1y 82l os | =3 —2
SO AT (1)
—log<‘[2 )
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This shows that the discrepancy is of the order of 1/k(n) (and therefore it is optimal).

In the general case set L +S5 = m. Of course we are in the rational case since p; = a  or p; = a?.
More precisely we have A = log(1/«) and n; € {1,2} corresponding to p; = a™. The zeros of the
equation

1—Lz—S22=0

are given by z; = —LEVL7+4S VQEHS = o and zg = —L=YLTH4S 55“‘5. Hence,
I — 2 2
10g‘ L=yL +4S‘ log (Aiy%§jé§>
n=1+ 7 =1+ 7 (16)

Consequently we have 1 < 1 if and only if ZHvL+45 VQL;HS <lorifS> L+ 1. Similarly we have n =1
if and only if S =L+ 1 and n > 1 if and only if S < L 4+ 1. This is in perfect accordance with the

results of Carbone [4]. The discrepancy bounds are (or course) also of the same kind.

5.2 Sequences Related to Pisot Numbers

A Pisot number £ is an algebraic integer (larger than 1) with the property that all its conjugates
have modulus smaller than 1. A prominent example of Pisot numbers are the real roots of a
polynomial of the form

a2

e —ap =0, (17)

where a; are positive integers with a; > as > -+ > ay, see [3]|. In this case the polynomial in (17)
is also irreducible over the rationals.

Suppose now that p is a partition of m = a1 + az + - - - + a;, intervals, where a; intervals have
length o/, 1 < j < k, where a = 1/ and f3 is the Pisot number related to the polynomial (17).
Note that we have

aro+ asa® + -+ apa = 1.

Since all conjugates of a have now modulus largen than 1 it follows that n > 1. This means that
the order of magnitude of the discrepancy is optimal, namely 1/k(n). LS-sequences are a special
instance for k=1, a; = L and ay = S with L > S.

5.3 Multiple Zeros

In the Pisot case all zeros of the polynomial are simple, since the polynomial is irreducible.
However, this is not necessarily true in less restrictive cases. For example, let o = 1/5 and consider
one interval of length o = 1/5, 16 intervals of lengths a®> = 1/25 and 20 intervals of lengths
a® = 1/125. Since a + 16a2 + 20a® = 1 we have a proper partition p. Here the roots of the
polynomial z + 1622 + 2023 = 1 are 21 = a = 1/5 and 29 = 23 = —1/2 (which is a double root).
Hence, we obtain n = 1 — (log2)/(log5) = 0.56932... < 1 and d = 1. Consequently the discrepancy
is bouded by

Dy = O((log k(n)) k(n) ™),

14



and this upper bound is optimal.

5.4 The rational case on fractals

The same procedure of p-refinements could be used also to construct u.d. sequences of partitions
on fractals generated by an iterated function system (IFS) satisfying the Open Set Condition (OSC).
This class of fractals has been already considered in [12], where the authors introduced a general
algorithm to produce u.d. sequences of partitions and of points on fractals generated by an IFS
consisting of similarities which have the same ratio and which satisfy the OSC.

Now we can extend these results eliminating the restriction that the similarities have the same
ratio. In fact, we can get the same results as obtained on [0, 1] in Section 3 by introducing a new
correspondence between nodes and subsets of the fractal.

Let © = {p1,...,0m} be a system of m similarities on R¢ having ratios ci,...,cn € ]0,1[
respectively and satisfying the Open Set Condition (OSC). Let F' be the attractor of ¢ and let S
be its Hausdorfl dimension. Moreover, we will consider the normalized S-dimensional Hausdorff

measure P on the fractal F', that is,

_ H(4)
- HS(F)

P(A)

for any Borel set A C F;

recall that P is a regular probability measure.

Start with a tree having a root node of probability 1, which corresponds to the fractal F', and
m leaves corresponding to the m imagines of F' through the m similarities, i.e. ¢1(F),...,om(F).
The probability of each node is given by the probability P of the corresponding subset, that is,
pi = P(pi(F)) = ¢?. At each iteration we select the leaves having the highest probability and
grow m children out of each of them. On the fractal, this corresponds to apply successively the m
similarities only to those subsets having the highest probability at this certain step. By iterating
this procedure, we obtain a parsing tree associated to the sequence of partitions on the fractal F'.

Let us denote by {m,} the sequence of partitions of F' generated in this way, such that

T = {¢jk(n)¢j(k(n)—1) ce T,ZJJI(F) Y T ajk(n) S {1, R ,m}}

where k(n) is the number of sets constructed at the step n.

Let us denote by &, the collection of the k(n) sets E" belonging to the partition m, and by &
the union of the families &;,, by varying n. The sets of the class & are called elementary sets.

In [12], it is proved that the class & is determining and consists of P-continuity sets. Now, if

)

we choose a point tl(.n in each E}' € &,, we can consider the elementary discrepancy of this set of

points on the fractal, i.e.

K(n)
1
D = sup |-~ Y xp(t") - P(E)|.

15



By using a procedure similar to the one used in the proof of the Theorem 3.1 we get the following
estimates for the elementary discrepancy if log (p%) ..., log <p%> are rationally related:

Dé — O ((log k(n))%k(n)™™) if0<n<1, (18)
" O (k(n)™) ifn>1.

Furthermore, both upper bounds are best possible. We just have to observe that the number N gl)

of elementary sets in &, that are contained in an elementary set E is given by M,/ p(g) which implies

/

N = SP(E) +0 (logr|!r*1P(E)' 7). (19)

This proves (18) directly for n < 1 and also shows that this bound is optimal. If n > 1 then we
argue recursively. The elementary interval E is either contained in &1 = {p1(F), ..., on(F)}, which
means that we can use (19) for P(E) € {p1,...,pn}, or it is part of ¢;(F) for some j. In the latter
case we rewrite Ng — k(n)P(E) to

N — k(n)P(E) = (NE k- 1) LE) ) + ( C k(n)P(E))
which leads to a recurrence of the form

AS = sup Nén) - k(n)P(E)‘ <AL +O (nde)‘"(l_")> .
Ee&
Hence A% = O(1) and consequently D¢ = O(1/k(n)) (which is also optimal).

In particular it follows that the sequence of partitions {m,} is u.d. with respect to P. Actually,
this remains true in the irrationally related case, too. However, we can only derive effective upper
bounds for the discrepancy in very specific cases.

There are few papers devoted to uniformly distributed sequences on fractals and to estimates of
the discrepancy, see [7, 6, 11]. The various types of discrepancy considered depend very much on
the geometric features of the fractal. Moreover, the only kind of discrepancy which makes sense for
all the fractals generated by IFS and satisfying the OSC is the so-called elementary discrepancy. A
unifying approach has been proposed by Albrecher, Matousek and Tichy in [1], but it concerns the

average discrepancy.

6 Auxiliary Results

In this section we collect some auxiliary results that are used in the proof of Theorem 2.2 (see
Section 2).
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6.1 Trigonometric Sums

Lemma 6.1. Let f(n) = Zf 1 Gicos(2mlin + o), ¢, i, 0; € R be defined for non-negative integers

n and suppose that f is not identically zero. Then there exists 6 > 0 such that |f(n)] > § for

infinitely many non-negative integers n.
Proof. We have to distinguish two cases:

Case 1 0y,...,0; are rationally related.
There exist A € R\ {0} and k; € Z such that §; = Ak;. In this case, we can rewrite the

function as follows
k k
fln) = Z cicos(2mAnk; + a;) = Z cicos(2m{An}tk; + «;),
i=1 =1
where {x} denotes is the fractional part of x.
Hence, f(n) = g({An}) where g(x) = Zle ¢i cos(2mk;x 4+ «;) is a periodic non-zero function

of period 1.

Case 1.1 If A € Q, then A = g for some coprime integers p,q € Z and the sequence f(n)

attains periodically the set of values

“C'({T}) n=0,....q—1

Since they are not all equal to zero there exists § > 0 such that |f(n)| = |[g({An})| > 0
for infinitely many n. In particular we can use a linear subsequence gn + r for which
[f(gn+7)] = 0.

Case 1.2 If A ¢ Q, then the sequence {An} is u.d. modulo 1 and consequently dense in [0, 1].
Hence, there (again) exists § > 0 such that |f(n)| = |g({An})| > § for infinitely many n.

Case 2 01,...,0; are irrationally related.
Here we divide the 6; in groups which are rationally related. Assume that we have s groups

{0; i€ I}, j=1,...,s, and in each group we write
0;, = Ajk’i, 1€ Ij
with k; € Z and some Aj; € R\ {0}.

In this case, we distinguish between three different sub-cases:

Case 2.1 1,Aq,..., A, are linearly independent over Q (and consequently Aj,...,As; ¢ Q).

We set f;(z) = Zielj c; cos(2mxk; + ;) (where we assume w.l.o.g. that f; is non-zero)
and g(z1,...,2,) =327 fj(x;) Then

Fn) =) fi{nd;}) = g ({nds},... {nA,}) .
j=1

17



By Kronecher’s Theorem, the sequence ({nAi},...,{nAs}) is dense in the cube [0, 1]*.
Thus, it follows (as above) that there exists § > 0 such that |f(n)| > J for infinitely
many n.

Note that by same reasoning it follows that for every ¢ > 0 we have |f(n)| < e for
infinitely many n. (Here we also use that fact that f has zero mean.) This observation
will be used in Case 2.3.

Case 2.2 1,Aq,...,A; are linearly dependent over Q and Ay, ..., As ¢ Q.
In this case there exist q,pi1,...,ps € Z such that ¢ = p1A1 + ... + psAs. Suppose
(w.l.o.g.) that p; > 0 and consider the subsequence of integers (pin):

floin) = > fi(nA;py)
j=1

= fi(n(g—Aapa — - = Asps)) + Y fi(nA;pr).
j=2
By using the addition theorem for cos and rewriting the sum accordingly we obtain a

representation of the form

s
floin) =) > filnd;p;),
j=2i€el;
where f] are certain trigonometric polynomials. This means that we have eliminated A;.
In this way we can proceed further. If 1,paAo, ..., psAg are linearly independent over Q
then we argue as in Case 2.1. However, if 1,psAs, ..., psAs are linearly dependent over
Q then we repeat the elimination procedure etc. Note that this elimination procedure

terminates, since we assume that Aj,...,As; ¢ Q. Hence, we always end up in Case 2.1.

Case 2.3 Aq,..., A, are not all irrationals.

Here we represent f(n) = hi(n) + ha(n), where

hin)= > filn) and ho(n)= D fi(n).
je{i:A;€Q} je{s:A;€Q}

If hy is non-zero then we can argue as in Case 1.1. All appearing 6; are rational and
consequently there exits a linear subsequence gn + r such that |hi(gn + )| > 6 for some
d > 0. Next we reduce the sum hy(gn +7) to a sum of the form that is discussed in Case
2.1. (possibly we have to eliminate several terms as discussed in Case 2.2.). Consequently
it follows that there exists infinitely many n such that |ho(gn+7)| < 6/2. Hence we have
|f(n)| > /2 for infinitely many n.

If hy is zero for all non-negative integers we just have to consider ho. But this case is

precisely that of Case 2.2.

18



6.2 Zerofree Regions

S S

_q_ —
0 (where p, ¢ are positive numbers with p+ ¢ = 1). It is clear that s = —1 is a solution and that all

The purpose of the next two lemmas is to discuss zero-free regions of the equation 1 —p~

solutions have to satisfy R(s) > —1. (Otherwise, we would have [p~*| + |¢~*| < 1.) Furthermore, it
is easy to verify that there are no solutions (other than s = —1) of the line R(s) = —1 if and only
if the ratio v = (logp)/(logq) is irrational, compare also with [18]. Furthermore it is known that

there exist og and k > 0 such that in each box of the form

By ={seC:-1<R(s) <ogg, 2k—1)7 <S(s) < 2k+ 1)1}, keZ)\ {0},

% =1, and there are no other zeros.

there is precisely one zero of p=° + ¢~

However, the positions of the zeros in By is by no means clear. Nevertheless, with the help
of the continued fraction expansion of v it is possible to construct (infinitely many) zeros s of the
above equation with R(s) < —1 + ¢ (for every € > 0). Therefore it is natural to ask for zero-free
regions of this equation. Actually one has to assume some Diophantine condition on 7 to get precise

information.

Lemma 6.2. If v is badly approximable then for every solution s # —1 of the equation
1-p7—¢ =0

we have that
R(s) > ————= —1 (20)

for some positive constant c.

Proof. We recall that an irrational number « is badly approximable if its continued fractional

expansion y = [ag; ay; .. .| is bounded, that is, there exist a positive constant D such that mgf{(aj) <
J>

D. Equivalently we have the property that there exists a constant d > 0 such that

k d
_ 2> = 21
for all non-zero integers k, 1, see [14].
In order to make the presentation of the proof more transparent we make a shift by 1 and
consider the equation

P =1 (22)

and show that all non-zero solutions satisfy R(s) > ¢/3J(s)? for some positive constant ¢ that
depends on 7.
Suppose that s = o + 7 is a zero of (22) with ¢ > 0. Furthermore, we assume that o < ¢,

where ¢ is a sufficiently small constant (that will be fixed in a moment). Since p +¢ = 1 and
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Ip!=%| = p'=7 = p(1+0O(¢g)) > p and |¢'~%| = ¢* =7 = q(1+ O(¢)) > q we can only have a solution if
the arguments of p! =% and ¢!~ are small. (Actually they have to be of order O(y/¢) if € is chosen

sufficiently small). W.l.o.g. we write

arg(plfs) =1log(1l/p) =27k +m and arg(qlfs) = 1log(1l/q) = 2wl — 19

for some integers k, [ and certain positive numbers 71, 12 (which are of order O(1/€)). More precisely,

by doing a local expansion in (22) we obtain

q
Ny = 5771 +0(n}) and o= T+ 0().

L n
2qH
Furthermore we have

Tlog%

7 log %
2rk +m

27Tl—772

k1 (1 kp
_E L <l . lgq) m(1+0(m/1)).

This means that k/1 is close to v and by applying (21) it follows that
m 2
g

for some constant d’ > 0. Consequently we obtain o > d”/I? (for some constant d” > 0) which

translates directly to o > ¢/72 for some positive constant c. O

Next we consider the case of algebraic number p and ¢ with the property that log(p)/log(q) is

irrational.

Lemma 6.3. If p,q €]0,1] are positive algebraic numbers with p + q = 1 and the property that
log(p)/log(q) is irrational. Then for every solution s # —1 of the equation

1—=p7=¢7>=0

we have
D

with effectively computable positive constants C, D.

The classical theorem of Gelfond-Schneider says that v = log(p)/log(q) is irrational for algebraic
numbers p and ¢ then ~ is transcendental. Baker’s Theorem ([2]) gives also effective bounds for
Diophantine approximation of v that will be used in the subsequent proof of Lemma 6.3. (Recall
that the height of an algebraic number is the maximum of the absolute values of the relatively
prime integer coefficients in its minimal defining polynomial, while its degree is the degree of this

polynomial.)
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Theorem 6.4 (Baker’s Theorem [2]). Let 71, ...,7v, be non-zero algebraic numbers with degrees at
most d and heights at most A. Further, By, 01, ..., Bn are algebraic numbers with degree at most d
and heights at most B (> 2). Then for

A= B+ Bilogm + ...+ By log v,

we have either A = 0 or |[A| > B~C, where C is an effectively computable number depending only

onn,d, and A.

Proof. (Lemma 6.3) We apply Theorem 6.4 for the algebraic number v; = p and ;3 = ¢ and the
integers By = 0, B1 =, and f = —k. Then B = max{|k|, |l|}. W.l.o.g. we may assume that p > ¢

which assures that we only have to consider cases with |k| < |l|. Thus

lllogp — klogq| > B~¢

logp k 1 B¢ 1 1
- 24
log g l'> <10gQ> e <10gQ> e’ (29

where C' is effectively computable.

and consequently

By using (24) instead of (21) in the proof of Lemma 6.2 we complete the proof of Lemma 6.3
easily. O
6.3 Differentiating Asymptotic Expansions

Lemma 6.5. Suppose that f(v) is a non-negative increasing function for v > 0. Assume that

Py = [ " flw)duw

has the asymptotic expansion

v)\Jrl

(A+1)

F(v) = (1+0(g(v))) as v— o0,

where X > —1 and g(v) is a decreasing function that tends to zero as v — oo. Then

fv) = (1 +0 (g(v)%)> as v — 0.

Proof.
By the assumption we have that there exist vg, ¢ > 0 such that for all v > vy we have
A+1 A+1
v v
Fv)— —| < clg(v .
PO - | < Al

Now, set h = |g(v)|%v. By monotonicity, for v > vy we get

v B v v+h vth
F( +h})L F( ):i/v f(w)dw>1/u fw)dw = f(v)




and so

F(v+h) — F(v)

fw) < ;
1 (U + h))\Jrl U)\Jrl 1 (U 4 h))\Jrl U/\Jrl
< 3 (S i)+ (e e el )
1 A+l A A—172 A+l v
< HYITO’ + (A + D)o h+ 0@ 1h2) — v )+00ﬂw\h>

)
_ M+0@Wﬂﬁ+o<mmﬁjﬁ
(

1 oA
= 40 (M g)[E0) + O ( [g(v)|———

lg(v)[zv

Similarly we obtain a corresponding lower bound.
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