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Abstract. Within the framework of the six-parameter nonlinear resultant shell theory
we consider the axially symmetric deformations of a cylindrical shell linked to a circular
plate. The reinforcement in the junction of the shell and the plate is taken into account.
Within the theory the full kinematics is considered. Here we analyzed the compatibility
conditions along the junction and their influence on the deformations and stressed state.

1 INTRODUCTION

Used in the engineering real shell structures usually consist of more than one regular
shell element, therefore it is important to develop proper description of thin elements
connections. Different theoretical, numerical and experimental approaches to modelling,
analyses and design of the multi-fold shell structures with junctions is presented in [1].
Junctions between regular shell elements can be considered as rigid, simply-supported or
deformable, they can also be treated as a reinforcement. In order to model junctions with
reinforcements here we use the non-linear resultant shell theory presented by Libai and
Simmonds [2], where the general, dynamically and kinematically exact six-field theory
of regular shell was formulated with regard to a non-material surface as the shell base
surface. Within the theory the kinematics of the shell is modelled using six degrees of
freedom, so the motion of each point of the shell is described with three translations
and three rotations. Here we consider multi-fold structures reinforced along junctions.
Following [1,3,4] we present the compatibility conditions for junctions with reinforcements,
which constitute the key-point of the problem. Other approaches are also known in the
literature, see, e.g., [5-13].

As an example we consider static axial deformation of an elastic cylindrical shell con-
nected with circular plate reinforced by an elastic ring along the junction. Restricting
ourselves by small deformations we present the analytical solution of the problem. So it
can be also used as a benchmark solution for more complex cases appeared in engineering.
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2 NONLINEAR SHELL EQUILIBRIUM EQUATIONS

Following [1,3,4] we consider a shell as a three-dimensional (3D) solid thin body which
in a reference (undeformed) placement is identified with a region B of the physical space
& having the 3D vector space E as its translation space. Geometry of B is described in
the normal coordinates (6%, &), a = 1,2, where £ = 0 defines the regular shell base surface
M C B,and ¢ € [—h™, h'] is the distance from M, and h = h™+h' is the shell thickness.
In an inertial frame (o, 1), where o € £ and i, € E, k = 1,2, 3, are orthonormal vectors,
the position vector x of an arbitrary point x € B is given by

x(0%,€) = x(6) + En(0%), (1)

where x(0*) = x(0,0) is the position vector of M, n = %mi X & 5 is the unit normal
vector of M, a =det(z o g), and (...) o = 52 (...).
In the deformed placement the shell is represented by the position vector y = x(z) of

the deformed material base surface y(M) with attached three directors (d,, d) such that
y=xx)=z+u, d,=Qx, d=Qn, (2)

where x is the deformation function, u € E is the translation vector of M, and @ € SO(3)
is the proper orthogonal tensor, Q7 = Q', detQ = +1. Defined on M tensor Q repre-
sents the work-averaged gross rotation of the shell cross-sections from their undeformed
shapes.

Figure 1: Deformation of an irregular shell: reference (on the left) and actual (on the right) configura-
tions.

The exact resultant Lagrangian equilibrium conditions for the shell are derived by
performing direct integration across the shell thickness of the 3D global equilibrium con-
ditions of continuum mechanics, see for example [3]. Let f(6*), ¢(6%) be the resultant
surface force and couple vector fields acting on x (M), but measured per unit area of M,
and let n*(s), m*(s) be the resultant 1D boundary force and couple vector fields acting
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along x(OMy), but measured per unit length of dMy. Then the exact, resultant, local
Lagrangian equilibrium conditions are [3]
Div,N +f =0, Div,M +ax(NF' — FN")+¢=0 inM\T, (3)
n*— Nv=0, m'— Mv=0 alongdM;,

where (N, M) € E ® T, M are the surface tangential stress resultant and stress couple
tensors of the first Piola-Kirchhoff type, following from the Cauchy theorem n, = Nv
and m, = Mv of the resultant contact force m, and couple m, vectors, see Fig. 1,
where M = M; U Ms, T is the junction between two parts of the shell. F = Grad,y is the
surface deformation gradient, F' € E ® T, M, ax(...) is the axial vector associated with
the skew tensor (...), v is the surface unit vector externally normal to M, whereas Grad,
and Div, are the surface gradient and divergence operators on M, respectively.

In the general theory of shells the strain and bending tensors E and K in the spatial
representation are defined by the formulae

1
E=¢e,®a"% K=K,8a% e,=Y,— da, n:§d’xQ,aQTdi, (4)

where (a®, 1) and (d’) are the base reciprocal to (z o,1) and (d., d), respectively.
The referential shell stress and couple stress tensors as well as the referential shell strain
measures are defined by the relations

N=Q'N, M=Q"M, E=Q"E, K=Q'K. (5)

For an isotropic elastic shell we consider the following form of the surface strain energy
density W

W= atr’Ey + aotrEj + astr(E{ Ey) + ayn - EE"q (6)
+ Aitr’Ky + SotrKi + Sstr(KK)) + Sam - KK,
where
E=E-E'p, K;,=K-K'n,

denote the projections of E and K on the tangent space T,M ® T,,M to M at x € M,
and ay, Ok are stiffness parameters, k = 1,2, 3,4. The stiffness parameters are given by

ap=Cv, ay=0, az=C(1—-v), o4=a,C(l-r),

Blszv 52207 53:D(1_V)7 54:atD(1_V>7 (7)
Eh En?
0_1—1/2’ D_12(1—y2)’

where F and v are the Young modulus and Poisson ratio of the bulk material, respectively,
as and oy are dimensionless coefficients, which play a role of shear correction factors, and
h is the shell thickness.

W generates the following constitutive equations for N and M
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M,

oM,

Figure 2: Geometry in the vicinity of the junction

N = OzlAtl"E” + OégEﬁ + Oé3E|| +am ET’n, (8)
M = g AtrK| + 52K|C|F + 33K+ Bum ® K'n,

where A=1-n®mn,n-An =0, while1l € F® F and A € T, M ® T, M are metric
tensors of the 3D space and of the undeformed base surface, respectively.

Let us consider the compatibility conditions along the junctions, see two folds connected
along curve I' in Fig. 2. We treat the junction as a elastic reinforcement with additional
linear strain energy and stress measures n and m. We model the reinforcement using the
elastic Cosserat curve, that is 1D elastic continuum with additional constitutive relations,
see, e.g., [4] and the reference therein. The compatibility conditions along I' are given by

n+[Nv]=0, m'+yrxn+[Mv]=0. 9)

Here yr = x(xr) is the position of I" in the actual configuration, n and m are the stress
resultant and stress couple vectors defined on I', the double square brackets denote a
discontinuity jump across I', the and the prime stands for the derivative with respect to
the arc-length s along I'. Eqgs. (9) can be derived from the virtual work principle, see [4]
for details. Let us note that the Cosserat curve model is kinematically consistent with
the six-parameter shell theory. In particular, one can describe the stretching, bending
and torsion of the reinforcement together with the deformations of the shell. The similar
model of reinforcements was also used in [7].

For small deformations, we simplify expressions of the strain measures (4) into the
forms

Ea=Ua—PXTo, Ka=®P,, (10)

4



Violetta Konopinska-Zmystowska and Victor A. Eremeyev

where ¢ is the infinitesimal rotation vector such that @ ~1—¢ x 1 if ||¢|| < 1, and 1 is
the 3D identity tensor. In such a case we approximately have N =N, M =M, E = E,
K =K.

In what follows we consider small axially symmetric deformations of a cylindrical shell

connected to a plate, see Fig.3. The typical junction and the related free body diagram
are shown in Fig. 4.

Figure 3: Connection: cylindrical shell — circular plate

3 AXITALLY SYMMETRIC DEFORMATIONS OF A CYLINDRICAL SHELL

Let us consider a thin circular cylindrical elastic shell of length L and of radius R.
An axisymmetric loading acting on shell structure produces an axisymmetric deformation
state of the form

u=u(z)e. +w(z)e,, @ = pl()es (11)

where e, = cosgi; + singis, ey = —singi; 4 cos¢is, e, = iz are the unit base vectors of the
cylindrical system of coordinates. By applying (11) the linearized strain measures take
the form

E=Gradszu —px A=ve,®e,+ (v —ple,Qe, + %e(b ® ey, (12)
K = Grad,p = ¢'e, ® e, — %er ® ey,
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where (...) = Z(...).
The surface stress measures N and M of the axisymmetric stress state are given by

N=N.,.e, ®eZ+N¢¢e¢®e¢>+erer ® e, (13>
M = M¢ze¢ ®e,+ qubez X ey + quber X €.

The equilibrium conditions (3) transform into the simple form

N, M,
N;ZZO, N;z_%:(h Mé)z_‘_?(b“‘er:Oa (14>

From (14); it immediately follows that N,, = P = const. The latter equations take the
form of the following five ODEs

o _ E—I/E w/_NTZ_'_ ’ M¢>Z
—o "R YT TY YT DA )
N,
Ny, = %, N¢¢=VP+C(1—V2)%, (15)
M, 17
M, = -2 N.. My=—pi=.
¢z R 9 (o) 54R

For brevity we omitted here the general form of the solution of (15), let us only underline
that here we have five integration constants, in general.

\/
A

e Tue-

Figure 4: Junction and its free body diagram

4 CIRCULAR PLATE UNDER AXISYMMETRIC LOAD

Let us consider the axisymmetric deformation of elastic circular plate under the action
of tensile forces p, see Fig. 3. We again assume that strains and deformations are small.
The axisymmetric deformation of the plate is described by

E=Gradsu —px1=1ve, e, + (v —ple. e, + %% ® ey, (16)

K = Grad,p = ¢'e, ® e, — fer ® ey,
r
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where (...)" denotes now the derivative with respect to r. The stress measures N and M
take the form

N = Nrre¢®er+N¢¢e¢®e¢+Nzrez®e7‘7 (17>
M = M¢re¢ X e, + Mwer X €y

From (8) and (16) it follows that
Ny = oq (v + %) +agu’, Ny =ag(u' + %) + ag% . Na=as(w' =), (18)
My, = Bs¢’, M,y = —ﬁ?é-

Equilibrium equations (3) reduce here to three ordinary differential equations

1 1
Ny + =(Now = Nog) =0, N, + =N, =0, (19)
r r
1
Mg, + — (Mo + Mr) = 0.
where we assumed that f = ¢ = 0. As a result, NV, is given by
C1
N, = —, 20
2 (20)

where c; is the integration constant.

Substituting (18) into (19) we obtain three 2nd-order relations for u, w and ¢
2

d
w:w0+clTr+021m’, u=dyr+ —, <p:clr+2, (21)
T T

where c1, ¢, dyi, dy and wpare integration constant.
The boundary conditions for the plate are given by the relations

Ny =p, My =0 (22)

at the external boundary of the plate.

In the considered case the reinforcement coincides with an elastic circle which undergoes
stretching and torsion. Combining solutions for the shell and plate one can obtain the
system of linear algebraic equations for the integration constants. Note that the torsion
plays here an important role and leads to the bending of the both plates and shells. The
detailed discussion of the solutions for various boundary conditions preserving axially
symmetric deformations will be presented during the conference.

5 CONCLUSIONS

In the paper we discuss the benchmark solution for an elastic cylindrical shell con-
nected to a circular plate considering also an reinforcement along the junction. Using the
six-parameter shell theory and the Cosserat curve model of reinforcement we obtain an
analytical solution for the problem for various boundary conditions. We discuss in brief
the peculiarities of the problem. In particular, within the considered shell theory we have
a bending due to stretching of the plate which was not not present in solution given in [7].

Acknowledgements: The first author was supported by the National Centre of Sci-
ence of Poland with the grant DEC-2012/05/D/ST8/02298.

7



Violetta Konopinska-Zmystowska and Victor A. Eremeyev

REFERENCES

1]

2]

[10]

[11]

[12]

[13]

Pietraszkiewicz, W. and Konopiniska, V. Junctions in shell structures: A review.
Thin-Walled Structures. (2015) 95: 310-334.

Libai, A. and Simmonds, J.G. The Nonlinear Theory of Elastic Shells. 2th Edition,
University Press, Cambridge, 1998.

Konopinska, V. and Pietraszkiewicz, W. Exact resultant equilibrium conditions in
the non-linear theory of branching and self-intersecting shells. International Journal
of Solids and Structures. (2007) 44: 352-369.

Pietraszkiewicz, W., Eremeyev, V. and Konopinska, V. Extended non-linear relations
of elastic shells undergoing phase transitions. ZAMM. (2007) 87(2): 150-159.

Filippov, S.B. Buckling and optimal design of ring-stiffened thin cylindrical shell. In
W. Pietraszkiewicz, W. Witkowski (Eds.) Shell Structures: Theory and Applications
Volume 4, Taylor & Francis Group, London, pp. 219-222, 2018.

Abrosimov, N.A. Numerical modelling of nonlinear deformation and buckling of com-
posite plate-shell structures under pulsed loading. Mech. Compos. Mater. (1999)
35(6): 495-506.

Novozhilov, V.V, Chernykh, K.F. and Mikhailovskii, E.I. Linear Theory of Thin
Shells. Polytekhnika, Leningrad, 1991 (in Russian).

Redekop, D. and Schroeder, J. Further three-dimensional stress analysis of an inter-
section of a cylindrical shell with a plate. Nuclear Engineering and Design. (1977)
44: 61-73.

Tso, Y.K. and Hansen, C.H. Wave propagation through cylinder/plate junctions.
Journal of Sound and Vibration. (1995) 186(3): 447-461.

Zeman, J.L. Ratcheting limit of flat end cylindrical shell connections under internal
pressure. International Journal of Pressure Vessels and Piping. (1996) 68: 293-298.

Preiss, R. Stress concentration factors of flat end to cylindrical shell connection with
a fillet or stress relief groove subjected to internal pressure. International Journal of
Pressure Vessels and Piping. (1997) 73: 183-190.

Preiss, R., Rauscher, F.,Vazda, D., Zeman, J.L.. The flat end to cylindrical shell
connection-limit load and creep design. International Journal of Pressure Vessels
and Piping. (1998) 75: 715-726.

Chen, M., Xie, K., Jia, W., Xu, K. Free and forced vibration of ring-stiffened conical-
cylindrical shells with arbitrary boundary conditions. Ocean Engineering. (2015) 108:
241-256.



