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This paper is concerned with the attraction—repulsion chemotaxis system with
superlinear logistic degradation,

ut = Au— xV - (uVo) + €V - (uVw) + du — puf, =€ 2, t >0,
0= Av+ au — P, €N, t>0,
0= Aw + yu — dw, T €N, t>0,

under homogeneous Neumann boundary conditions, in a ball 2 C R™ (n > 3), with
constant parameters A € R, k > 1, u, x, &, a, 3,7, > 0. Blow-up phenomena in the
system have been well investigated in the case A = yu = 0, whereas the attraction—
repulsion chemotaxis system with logistic degradation has been not studied. Under
the condition that & > 1 is close to 1, this paper ensures a solution which blows
up in L®-norm and L7-norm with some o > 1 for some nonnegative initial data.
Moreover, a lower bound of blow-up time is derived.

©2021 Elsevier Ltd. All rights reserved.

1. Introduction

Chemotaxis is a property of cells to move in response to the concentration gradient of a chemical

substance produced by the cells. More precisely, it accounts for a process in which cells exhibit in response

to chemoattractant and chemorepellent which are produced by themselves, that is, moving towards higher

concentrations of an attractive signal and keeping away from a repulsive signal. A fully parabolic attraction—

repulsion chemotaxis system was proposed by Painter and Hillen [20] to show the quorum effect in the
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chemotactic process and Luca et al. [12] to describe the aggregation of microglia observed in Alzheimer’s
disease, and can be approximated by a parabolic—elliptic—elliptic system.

In this paper we consider the parabolic—elliptic—elliptic attraction—repulsion chemotaxis system with
superlinear logistic degradation,

up = Au— XV - (uVv) + £V - (uVw) + Au — pu®, € 2, t >0,

0= Av + au — Bv, r e t>0,

0= Aw + yu — dw, re N, t>0, (1.1)
Gu — gv = Jw —, z€0R, t>0,

u(z,0) = up(z), x € 2,

where 2 := Br(0) C R™ (n > 3) is an open ball centered at the origin with radius R > 0; A € R, k > 1
and u, x, &, a, 8,7, 0 are positive constants; a% is the outward normal derivative on 0f2. Moreover, the initial
data ug is supposed to satisfy

ug € C°(12) is radially symmetric and nonnegative. (1.2)

The functions u, v and w represent the cell density, the concentration of attractive and repulsive chemical
substances, respectively.

Blow-up phenomena correspond to the concentration of organisms on chemical substances. Hence it is
important to investigate whether a solution of system (1.1) blows up or not. In this paper we show finite-
time blow-up in L*-norm and L?-norm with some ¢ > 1, and derive a lower bound of blow-up time. Still
more, not only blow-up phenomena but also global existence and boundedness have been studied in many
literatures on chemotaxis systems (see [1,2,9]). Before presenting the main results, we give an overview of
known results about some problems related to (1.1).

We first focus on the chemotaxis system

(1.3)
Ty = Av + au — fu

{ut = Au— xV - (uVv) + g(u),

under homogeneous Neumann boundary conditions, where x, a, 8 are positive constants and ¢ is a function
of logistic type, 7 € {0,1}. The system with g(u) = 0 was proposed by Keller and Segel [10]. Since then,
system (1.3) was extensively investigated as listed below.

e If 7 =1, g(u) =0 and a = 8 = 1, global existence and boundedness as well as finite-time blow-up were
investigated as follows. In the one-dimensional setting, Osaki and Yagi [19] showed that all solutions are
global in time and bounded. In the two-dimensional setting, Nagai et al. [17] established global existence
and boundedness under the condition [, ug(x) dx < 47”. On the other hand, Herrero and Veldzquez [8]
presented existence of radially symmetric solutions which blow up in finite time. Winkler in [28] with

x =1 and n > 3, derived that if |\u0\|L%+E and ||[Vvol|pn+z(g) are small for sufficiently small ¢ > 0,

then a solution is global and bounded. Al(sgz Winkler in [29] proved finite-time blow-up under some
conditions for initial data (ug,vo).

o If 7 =1 and g(u) = Au— pu® with \, u > 0, global existence for any k > 1 and stabilization for k& > 27%
were achieved in a generalized solution concept by Winkler [31]. Also, for certain choices of A, 4, Yan and
Fuest in [32], derived global existence of weak solutions under the condition k > min{2 — 2, 2 — -2},
n > 2 and a = § = 1. In particular for n = 2, they showed that taking any k& > 1 suffices to exclude the
possibility of collapse into a persistent Dirac distribution.

eIf 7 =0, gtu) = 0 and f = 1, Nagai in [15] proved global existence and boundedness when n = 1,

orn =2 and [ o Uo(z) dr < i—’;, and finite-time blow-up under some condition for the energy function

2
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and the moment of u when n > 2. Also, in the two-dimensional setting, Nagai in [16] obtained global
existence and boundedness under the condition [, ug(x)dzx < )8727 and finite-time blow-up under the

conditions that o = 1, [, ug(x) da > 87” and that
/ uo(z)|x — xo|” dx is sufficiently small for some z( € £2. (1.4)
2

e If7=0, g(u) < a—pu® witha> 0,1 >0 (n<2), p> 22y (n>3) and a = 8 = 1, Tello and Winkler
in [26] showed global existence and boundedness.

elf r=0and y = a = 3 =1, when g(u) = \u — pu* with A € R, > 0 and k > 1, Winkler in [30]
established finite-time blow-up in L°°-norm under suitable conditions on data; more precisely, the author
asserted that if 2 = Br(0) C R" withn >3, R>0and 1 <k < § (n € {3,4}), 1 <k <1+ 55
(n >5), then system (1.3) admits a solution which blows up in L°-norm at finite time. In [14], Marras

5 and finally obtained a lower bound of

and Vernier derived finite-time blow-up in L?-norm with o >
blow-up time. Moreover, as to system (1.3) with nonlinear dlffusmn, finite-time blow-up in L*°-norm was
obtained by Black et al. in [3] (see also [21,22] for weak chemotactic sensitivity and [13] for finite-time

blow-up in LP-norm to more general chemotaxis system).
We now shift our attention to the attraction—repulsion chemotaxis system

= Au — xV - (uVv) + &V - (uVw) + g(u),
Tv; = Av + au — v, (1.5)
Twy = Aw + yu — dw

under homogeneous Neumann boundary conditions, where x, ¢, a, 8,7v,6 > 0 are constants and 7 € {0,1}.
The system with 7 = 0 and g(u) = Au— pu” coincides with (1.1), whereas the previous works on this system
are collected as follows.

e If 7 =0 and g(u) = 0, existence of solutions which blow up in L°>°-norm at finite time was studied in [24]
and [11]. More precisely, in the two-dimensional setting, Tao and Wang [24] derived finite-time blow-up
under the conditions (1.4) and

(i) xa =&y >0, 6= and [,uo(x)dr>

xoc 67

Also, in the two-dimensional setting, Li and Li [11] extended the above (i) to the following two conditions:

(i) xa =&y >0, >3 and [, up(x dx>Xa =)
(iii) xad =&y >0, 6<pB and [, uo(x )dw>m

e If 7 = 0 and g(u) = 0, Yu et al. [33] replaced xad — £vB with ya — &y in (iii) and filled the gap
between the above (ii) and (iii). In [11,24,33], blow-up phenomena were analyzed by introducing the
linear combination of the solution components v, w such that z := xv — &w (as to the fully parabolic
case T = 1, see [5]).

e If 7 =0 and g(u) = 0, explicit lower bound of blow-up time for system (1.5) was provided under the
condition xa — &y > 0 in the two-dimensional setting (see [27]).

In summary, blow-up phenomena have been well studied in both a parabolic—elliptic Keller—Segel system
and an attraction—repulsion one when logistic sources are missing. However, blow-up with effect of logistic
degradation in a Keller—Segel system has been investigated, while for an attraction—repulsion system it is
still an open problem.

The purpose of this paper is to solve the above open problem. Namely, we examine finite-time blow-up in
the attraction—repulsion system (1.1) and we achieve a lower bound of the blow-up time. This paper shows

3
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that logistic degradation does not necessarily rule out blow-up in the system (1.1), while there are some
related works studying whether signal consumption suppresses blow-up, see e.g., [23,25] for (1.3) and [6,7]
for (1.5), in which both systems have the second equation vy = Av — uv. These literatures prove that signal
consumption prevents blow-up in some special cases. However, whether this is true or not is still open in
general.

We now state main theorems. The first one asserts finite-time blow-up in L*°-norm. The statement reads
as follows.

Theorem 1.1 (Finite-time Blow-up in L*°-norm). Let 2 = Br(0) C R", n > 3 and R > 0, and let X € R,
w>0,x&a,B,v,0 > 0. Assume that k > 1 satisfies

k<{g if ne{3,4}

. (1.6)
1—|—ﬁ if n>5,

and x,&, o,y > 0 fulfill xao — &y > 0. Then, for all L > 0, m > 0 and mg € (0,m) one can find
ro =71o(R,\, p, k, L,m, mg) € (0, R) with the property that whenever ug satisfies (1.2) and is such that

up(z) < Llz| ™™™V for all z € 2 (1.7)
as well as
/ ug(x)dx <m  but / uo(z) dz > myo,
Q Br(0)
there exist Tax € (0,00) and a classical solution (u,v,w) of system (1.1), uniquely determined by

u € Co(ﬁ X [0, Trnax)) N 02’1(§ X (0, Trax)),
v,w € [ CO[0, Tinas); WY (2)) N C*H (12 % (0, Trnaxe),
I>n
which blows up at t = Thax in the sense that

lim sup [[u(-, t)|| Loo (2) = 00. (1.8)

Tmax

We next state a result which guarantees a solution blows up in L?-norm at the blow-up time in L°°-norm.
The theorem is the following.

Theorem 1.2 (Finite-time Blow-up in L?-norm). Let 2 = Bg(0) C R", n > 3 and R > 0. Then, a classical
solution (u,v,w) fort € (0, Tmax), provided by Theorem 1.1, is such that for all o > %,

limsup [[u(,t)]| 1o (o) = oo (1.9)
t/(Tn]aX

Define for all ¢ > 1 the energy function
1 " . 1 o
v (t) = ;Hu('vt)HLU(Q) with ¥ :== ¥(0) = ;HUOHLU(Q)'
The third theorem provides a lower bound of blow-up time. The result reads as follows.
Theorem 1.3 (Lower Bound of Blow-up Time). Let 2 = Br(0) C R™, n > 3 and R > 0. Then, for all

o > 5 there exist By > 0, Bo, B3 > 0, depending on \, p, o, n, such that for all ug fulfilling the same
conditions as in Theorem 1.1, the blow-up time Tiax in (1.9) satisfies the estimate

Tinax = , 1.10
/q,O Bin + Bant + Ban2 (1.10)
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Theorems 1.2 and 1.3 provide additional information about blow-up in the system (1.1), which cannot be
found for the attraction—repulsion chemotaxis system with/without logistic source.

One of the difficulties in the proofs of the above theorems is that the transformation z := xyv — w does
not work to reduce (1.1) to the Keller-Segel system in the case 8 # ¢, in contrast to the case 8 = § which
ensures the simplification of (1.1) as

u = Au—V - (uVz) +  u — puk, €0, t>0,
0=A4z+ (xa —&y)u — Bz, x e, t>0,

which has already been studied in [14,30]. To overcome the difficulty, we carry out the arguments in the
literatures without using the above transformation z.

This paper is organized as follows. In Section 2 we give preliminary results on local existence of classical
solutions to (1.1) and some basic and useful facts. In Sections 3 and 4 we prove finite-time blow-up in L>°-
norm and LZ-norm (Theorems 1.1 and 1.2), respectively. Section 5 is devoted to the derivation of a lower
bound of blow-up time (Theorem 1.3).

2. Preliminaries

We start with the following lemma on local existence of classical solutions to (1.1). This lemma can be
proved by a standard fixed point argument (see e.g., [26]).

Lemma 2.1. Let 2 = Br(0) CR*, n>3and R >0, andlet \ e R, un >0, k > 1, x,§,«,3,7,6 > 0.
Then for all nonnegative uy € C°(82) there exists Tiay € (0,00] such that (1.1) possesses a unique classical
solution (u,v,w) such that

ue C%R2 x [0, Tmax)) N C? (12 % (0, Tiax))
v, w E ﬂ C[0, Timax); WH?(2)) N C*1 (12 % (0, Timax)),

I>n
and
u>0, v>0, w>0 forallte€ (0,Tmax)
Moreover,
if Tmax < 00, then limsup [Ju(-,t)|| oo (o) = o0. (2.1)
t/(Tmax

Remark 2.1. We can use lim; 7, [[u(-, )|z (o) instead of limsup, 7, [lu(:,t)| oo (@) in the blow-up
criterion (2.1), because we can construct a classical solution on [0, 7] with some positive time T" depending
only on |lug| e (p) and discuss the extension of the classical solution in a neighborhood of its maximal
existence time Tiax, if Tmax < 00.

We next give some properties of the Neumann heat semigroup which will be used later. For the proof,
see [4, Lemma 2.1] and [28, Lemma 1.3].

Lemma 2.2. Suppose (em)tzo is the Neumann heat semigroup in {2, and let p; > 0 denote the first non
zero eigenvalue of —A in 2 under Neumann boundary conditions. Then there exist ki, ke > 0 which only
depend on 2 and have the following properties:

(i) if 1 <q<p< oo, then

ncl 1
ezl Logay < kat™ 2 |2l|Laa), V>0 (22)

holds for all z € L(12).

(@) T W N~

© 0

10
11
12

13

14
15

16
17

18
19

20
21
22
23

24
25

26
27
28

29
30

31



—_

10

11
12
13
14
15

16

17
18
19

20

21

NA: 112550

Y. Chiyo, M. Marras, Y. Tanaka et al. Nonlinear Analysis zzz (vrzz) zzx

(i) If 1 < ¢ <p < oo, then

1

HetAV .z HLP(Q) < k2(1 +t_%_%(%_5))e_ﬂlt“z ||Lq(Q), Vt>0 (23)

is valid for any z € (L1(2))", where eV - is the extension of the operator e!AV - on (C§°(£2))" to
(Lo(2))".

In Section 5 we will use the following lemma which is obtained by a minor adjustment of the power of
the Gagliardo—Nirenberg inequality.

Lemma 2.3. Let 2 be a bounded and smooth domain of R™ withn > 1. Letr>1,0<qg<p <o0,s>0.
Then there exists a constant Can > 0 such that

17125 ) < Can (VA% ) 1 £ 150 + 1 155(c) (2.4)
1_1
for all f € L9(82) with V f € (L'(£2))", and a = T 1r>1 € [0,1].
q n r

Proof. Following from the Gagliardo—Nirenberg inequality (see [18] for more details):

_ p
171200y < [ean (IV 1Syl Iiatay + 1 lascy) ]
with some cgn > 0, and then from the inequality
(a+b)* <2%@a“+b") foranya,b>0, a>0,

we arrive to (2.4) with Cagn = 2Pcy. O
3. Finite-time blow-up in L°°-norm

Throughout the sequel, we suppose that 2 = Br(0) C R" (n > 3) with R > 0 and w satisfies condition
(I.2) aswellas A e R, u >0, k > 1, x,&, «, 8,7,0 > 0. Then we denote by (u,v,w) = (u(r,t),v(r,t),w(r,t))
the local classical solution of (1.1) given in Lemma 2.1 and by Tiax € (0,00) its maximal existence time.

The goal of this section is to prove finite-time blow-up in L°°-norm. To this end, noting that ug is radially
symmetric and so are u, v, w, we first define the functions

1

U(s,t) = / 0" tu(p,t)dp, s€[0,R"], t € [0, Tmax),
0

3=

S
V(s,t) ::/ p”_lv(p, t)ydp, s€[0,R"], t €0, Tmax),
0

3=

W (s,t) ::/ " tw(p,t)dp, s €[0,R"], t €0, Tmax)-
0

Then we prove the following lemma.

Lemma 3.1. Under the above notation, we have

Us(s,1) = n5® 7 Uss(s, 1) + nxal (s, Ui (s, 1) — nxBV (s, )Us(s, )
—né€yU(s,t)Us(s,t) + nEOW (s,t)Us(s, t)

+ AU (s,t) —nk_lu/o UF(o,t)do (3.1)

for all s € (0, R™), t € (0, Trax)-
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Proof. By the definitions of U, V, W, we obtain

1 1 1 1
Us(s,t) = - (sn t), Uss(s,t)= ST L, (s7,t),

1 1 1_q 1
Vi(s,t) = - (sn t), Vis(s,t) = " vp(smt),

1 1 1 a1 1
Wi(s,t) = Ew(sﬁ,t), Wis(s,t) = ﬁsﬁ L, (s7 1),

for all s € (0, R™), t € (0, Tinax)- Since u, v, w are radially symmetric functions, we see from the second and
third equations in (1.1) that

1
rnfl

1
Mﬁ(r”_lwr(r7 t))r = —yu(r,t) + dw(r,t),

(r"tu.(r, 1)), = —au(r,t) + fo(r,t),

from which we obtain

" on(r,t) = —aU (" 1) + BV (", 1),

n—1

" rwe(r,t) = =AU (r™ t) + W (r™ 1)

—
w N
= =

for all r € (0, R), t € (0, Tinax). Moreover, rewriting the first equation in (1.1) in the radial coordinates as
1 n—1 1 n—1
ug(r,t) = o (r"up(ryt), — X (u(r, t)r"  op(r, 1)),

+e T%(u(n )" wy (1) (3.4)
+ Au(r, t) — ,uuk (r,t)

and integrating it with respect to r over [0, 8%], we have
U(s,t) = n2s2 Uss(s,t) — nxU (s, t)slf%vr(s%,t)
+nEU(s,t)s'™ mw sn ,t)
+ AU (s,t) —nF / UF(o,t)d
for all s € (0, R"), t € (0, Tinax)- Thanks to (3.2) and (3.3), we arrive at (3.1). O

Given p € (0,1), sg € (0, R™), we next derive a differential inequality for the moment-type function @
defined as

é(t) = /OSO s7P(sg — s)U(s,t)ds, t€ [0, Timax)-

Lemma 3.2. Let A€ R, u >0, x,& a,8,7,0 >0 and let xao — &y > 0. Assume that k > 1 satisfies (1.6).
Then there isp € (1 — %, 1) with the following property: For all m > 0 and L > 0 there exist s, € (0, R™)
and Cq > 0 such that whenever ug fulfills (1.2), (1.7) and fQ uo(z) de < m, for any sg € (0, s.) the function
@ satisfies

2,1
P(t) > —sP 202 (t) — Cysf TP (3.5)

forallt € (O,fmax) where Tmax = min{1, Tynax } - Moreover, for all mg € (0, m) one can find sp € (0,s,) and
ro =1o(R, A\, u, k, L,m,mg) € (0, R) such that if fBro uo(z) dz > mo and Thax > L. then for allt € (0, 3),

@' (t) > Cosh 2 d2(1), (3.6)

where Cy is a positive constant.

(=)
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Proof. By the definition of ¢ and Eq. (3.1), we have

Pd'(t) = /SO s P(so — s)Us(s,t) ds
0

_n2 [ R s — ) U(s ) d
n /0 s (sgo $)Uss(s,t) ds
+n(xa — 57)/ s7P(sg — s)U(s,t)Us(s,t) ds

0

—nxp /SO s7P(sg — )V (s, t)Us(s,t) ds
+ n@/@o (so — s)W(s,t)Us(s,t) ds

+ )\/0 s7P(sg — s)U(s,t)ds — nk_lu/oso s7P(sg — 3) [/03 U¥(o,t) do} ds. (3.7)

Since Us(s,t) = %u(s% ,t) > 0 and hence the fourth term on the right-hand side of (3.7) is nonnegative, we
obtain

P'(t) >n? /SO 82_%_p(80 — 5)Uss(s,t) ds
0 .
—l—n(xoz—fv)/ s7P(sg — s)U(s,t)Us(s,t) ds
0
- nxﬁ/ ’ s7P(sg — 8)V (s, t)Us(s,t) ds
A —s)U(s,t)ds —n*~1 (s — sUf,dd
+ / P(sg—8)U(s,t)ds —n u/o s7P(so s)[/ (o,t) a} s

0

for all t € (0, Tinax)- Since xya — &y > 0 by assumption, following the steps in [30, (4.3)], we can derive the

differential inequalities (3.5) and (3.6); note that, in the assumption Tonax > 1 for (3.6) the value 3 can be

replaced with other positive values less than 1. [
Now, we can prove Theorem 1.1.
Proof of Theorem 1.1. Thanks to Lemma 3.2, in particular, from (3.6), we can see that T.x < oo.

Therefore, from blow-up criterion (2.1), we conclude that the finite-time blow-up in L®-norm occurs.
Namely, (1.8) is proved. O

4. Finite-time blow-up in L?-norm

In these next sections we will assume the conditions contained in Theorem 1.1. In order to prove
Theorem 1.2, first we state the following lemmas.

Lemma 4.1. Let 2 C R", n > 3 be a bounded and smooth domain, and A € R, u > 0, k > 1. Then for a
classical solution (u,v,w) of (1.1) we have

A _INET
/ wdr < m, = max{/ U de, (—ﬂmk 1>k 1} for allt € (0, Tmax), (4.1)
7] 2 K

where Ay := max{0, \}.
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Proof. Integrating the first equation in (1.1) and applying the divergence theorem and boundary conditions
of (1.1), we obtain

k
i/ udx:/\/udm—u/ukdaz§/\+/udx—u|(2|1_k</ udw) , (4.2)
dt Jo 2 2 2 Q

k=1
where in the last term we used Hélder’s inequality: [,u < [2] F ([, uk)% From (4.2) we deduce that
y = [, udz fulfills

y/(t) < )‘+y(t) - ﬁyk(t)7 no= ,U/|*Q‘1_k for all t € (Ovaax)a
y(0) =0, yo:= [, uodz.

Upon an ODE comparison argument this implies that y(¢t) < m, for all ¢ € (0,Timax). The lemma is
proved. [

We next prove the following lemma which plays an important role in the proof of Theorem 1.2.

Lemma 4.2. Let 2 CR"™ n > 3 be a bounded and smooth domain. Let (u,v,w) be a classical solution of
system (1.1). If for some og > 5 there exists C > 0 such that

[u( D)ooy £ C forallt € (0, Timax),

then, for some C > 0,

~

[u( D) ooy £ C forallt € (0, Tiax). (4.3)

Proof. Forany z € 2, t € (0, Tiax), We set to := max{0,t — 1} and we consider the representation formula

for w:
t
u(-,t) = et Ay (- 1) — X/ =AY . (u(-, 5)Vo(-, 5)) ds
t
e / OBV a8Vl s ds + [ I8 Dl s) - ()] ds
to
t) +ua(t) +us(-,t) + ugl-, 1)
and
0 <u(,t) < flur(, O)llnoe(a) + llua(s DllLoo(2) + llus (s t) Lo (@) + uals, t). (4.4)
We have
Jur (- )| oo (@) < max{||uol|Loo (@), msk1} =: Cs, (4.5)

with k1 > 0 and m. defined in (4.1). In fact, if ¢ <1, then t; = 0 and hence the maximum principle yields
uy (- t) < lugllpoo(y- If t > 1, then t —to = 1 and from (2.2) with p = oo and ¢ = 1, we deduce from (4.1)
that [|ui(-,2)| ooy < ka1(t — t0)7%||u(-,t0)||L1(Q) < m,ki. We next use (2.3) with p = oo, which leads to

t 1 n
[ua (-, )| oo () < kzx/ (1+ (t—s)"27 % )e "= ||u(-, 5)Vu(-, 8)| La(o) ds. (4.6)

to

Here, we may assume that % < oo < n, and then we can fix ¢ > n such that 1 — (";i)q > 0, which enables

us to pick 6 € (1,00) fulfilling % <1- w that is, q—e < 220 Then by Holder’s inequality, we can

nog 6—1 n—oq
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estimate

[ul- 8)Vo(, s)llagay < lluls 8)l[pao o) [[VO(C )l a0

L7-1(0)
< C6Hu('75)||L‘19(Q)va('75)” 190 for all s € (OaTmax)a

with some Cg > 0. The Sobolev embedding theorem and elliptic regularity theory applied to the second
equation in (1.1) tell us that ||v(-,s)|| , oo < Crllv(s s)llw200 () < Cs with some C7,Cs > 0. Thus
‘n—oq

again by Hoélder’s inequality and (4.1), we obtain
[u(-, $)Vo(,8) | agay < Collul, )|l Las 2y < Crollul-, )| ooy for all s € (0, Tinax),

with some 6 € (0,1), Cy := CsCs and Cyg == C’gmi’g. Hence, combining this estimate and (4.6), we infer

t
_l_n s) 9
lluz (-, )| Loo (2) §C10/€2X/ (14 (t—s)"2720)e =y, )||9Loo(,rz) ds.

to
Now fix any T € (0, Tinax)- Then, since t — to < 1, we have

t
_1l1_n )
[uz ()| zoe () SClokQX/ 1+ (t—s)"2 20e 0N ds - sup [Ju(-, )% (q)

to t€[0,T)
< Cix sup [lu(-,t)|70 (0, (4.7)
te[0,T]
where C11 := Choka( 1+,u fo 3735 dr) > 0 is finite, because —%—% > —1. Similarly, we conclude
l[us (- )|l Loe (@) < Cnéts[up ] [, ) 1700 (- (4.8)
€10,

We next prove that there exists a constant Cy2 > 0 such that uy(-,¢) < Cyo. To this end, we observe that
h(u) == \u — pu® < h(u,) = Cia,

1
with u, = (i‘t—’;)m We have

t

ug(-t) = /te@S)A (-, 8) — pu®(, )] ds < 012/ ds < Cha. (4.9)

to to

Plugging (4.5), (4.7), (4.8) and (4.9) into (4.4), we see that

0<u(z,t) <Cs+Crz+ Cru(x +¢) sup. (-, 1)1 0 )
te[0,T

which implies

6
sup ||u(-,t)||zoo() < Ciz + C14< bup [, )HLOO(Q)) for all T € (0, Trax),
te[0,T] t€[0,T'

with C13 := C5 + C12 and Oy == C11(x + €). From this inequality with € (0,1), we arrive at (4.3). O
Proof of Theorem 1.2. Since Theorem 1.1 holds, the unique local classical solution of (1.1) blows up at

t = Timax in the sense limsup, 7, . |[u(-, )|z (2) = oo (i.e., (1.8)). By contradiction, we prove that it blows
up also in L7-norm. In fact, if there exist oo > § and C' > 0 such that

u(-,t)||Loo(2y < C for all t € (0, Tiax),
then, from Lemma 4.2, there exists C > 0 such that
(-, 8)|| oo () < C for all t € (0, Trnax),
which contradicts (1.8), so that, if u blows up in L*-norm, then u blows up in L7-norm for all o > %. 0O

10
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5. A lower bound for T},.x, the proof of Theorem 1.3

Let us consider ¥(t) = 1 L [, u’(x,t) dz, u(z,t) the first component of solutions to (1.1) and we prove
that ¥ satisfies a first order differential inequality.
In the proof of Theorem 1.3 we need an estimate for |, P u®tdx. To this end, we use the Gagliardo—

Nirenberg inequality (2.4) with f = wu%, p = @, r =249 = 2 s = 2 Since 0 > 3, we
have
o 2(o+1)
| wttde =t
2 L= (Q)
)9 (1 2] ) e 2(o+1)
< C’GNHV,LL2 ||L2(.Q) OHU‘ ||L2(Q) ’ + C'GNH’U’2 ||L2FQ)
o 2 7o, TH (1-60) e
= Can (/ [Vuz?| da:) (/ u’ dx) + Can (/ u’ dx)
Q Q Q
62 5o (0+1)(1-60)
S CGNalﬂo/ |Vu7| dxr + CGN51 1=Fo (1 — ﬂo) (/ u® d.%') o(1=Fo)
o) 2
o+l
-‘rCGN(/ ugdx) 7
Q
5 2(;«&»1)771, o+1
:cl(el)/ |Vu? | dm+02(€1)</ u”da:) o —|—C3(/ u"dx) 7 (5.1)
Q Q Q
with 1 > 0, 6y := ﬁ € (0,1) and By = "T‘HGO = 5= € (0,1). Now, we derive a differential inequality of
the first order for ¥(t
v(t) = / u” "t Aude — X/ u” IV - (uVv) dr —1—5/ u” IV - (uVw) d
2 Q Q
+)\/ u"dx—/,t/ w Pl dg
Q Q
= Il +IQ+1-3 —|—I4 —|—I5 (52)
We have:
I, = / u”t Aude = —(o — 1)/ u’ 2| Vul? dx
2 Q
4(c -1 a
- Ao D / IVt [ da, (53)
o 2
and
Iy = —X/ IV - (uVo) dr = - Vudz
Q
-1
= fxa / u’ Av dx
o 2
-1 -1
= g / u’vdr + ona / u’t dx
o o o Q
-1
< xaZ / u’t da (5.4)
g o

11
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as well as

I3 = g/ u” "tV - (uVw) d
2

—1 —1
= 560 / wwde — ex7 / u’t dx
g 0 g 0
-1 75T Eans -1
< §6U (/ uott dm) - (/ wott dx) A f’ya / wttdx
o Q o o o

—1 -1
g / wtde — g / wtldx
0] 17

—0, (5.5)
where the last inequality holds from ([, ‘7+1)T < ([ umth) T established by standard testing
procedures in the equation for w. We now use (5.1) in (5.4) to obtain

2(c+1)—n o+1

I §E1(51)/ |Vu%|2 dx—l—gg(sl)(/ u? dx) 20-n +53(/ u dl‘)T’ (5.6)
2 2 2

with ¢1(e1) == xaZ2ci(e1), Ga(e1) = xaZ2tea(e1), T3 = xaZltcs. Also, using Hélder’s inequality, we see

that

Tya+1Is = )\/ u? dx — u/ w1 gy
Q Q
1—k L’lj_l
S)\+/ u”da:—,u|Q|T(/ u”dx) . (5.7)
Q o
Substituting (5.3), (5.5), (5.6) and (5.7) in (5.2) we get
2(ct1)—n a+k 1

U < ByW+ By W5 4 BaW T — Bw T

+(’51(51)4("U;1))/9w‘2’| d, (5.8)

2(o+1)—n 1k gyk1
with By :== Ao, By = G30 = , By :=Ca(e1)o" 20=n | By:=p|f2] 7 o o . In (5.8) we choose ¢; such

that & () — 2252

<0 and neglectmg the negative terms, we obtain

2(c+1)—n

U < B U+ ByW%e 4 ByW Zo=n (5.9)

Integrating (5.9) from 0 to Tiax, we arrive to (1.10). O

Remark 5.1. Since u blows up in L7 ({2)-norm at finite time Tp,.y, then there exists a time t; € [0, Tinax ),
where ¥(t;) = ¥y. As a consequence, ¥(t) > Wy, t € [t1, Tmax) S0 that ¥* < @272 for some p < 7o.

Moreover, taking into account that 1 < ZH < % = 7o, it follows that

U< AU in (ty, Thax), (5.10)

2 —__n_
with 4 == B1 ¥, " + By ¥, c@e=n) 4 Bs. Integrating (5.10) from t; t0 Thax, we derive the following
explicit lower bound of the blow-up time Ty,.y:
1

Tmax > VN
Ay, — 1) 932

12
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