PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 149, Number 11, November 2021, Pages 4931-4941
https://doi.org/10.1090/proc/15628

Article electronically published on August 6, 2021

KAHLER IMMERSIONS OF KAHLER-RICCI SOLITONS INTO
DEFINITE OR INDEFINITE COMPLEX SPACE FORMS

ANDREA LOI AND ROBERTO MOSSA

(Communicated by Jia-Ping Wang)

ABSTRACT. Let (g, X) be a Kéhler—Ricci soliton (KRS) on a complex manifold
M. We prove that if the Kahler manifold (M, g) can be Kéhler immersed into
a definite or indefinite complex space form then g is Einstein. Notice that there
is no topological assumptions on the manifold M and the K&hler immersion is
not required to be injective. Our result extends the result obtained in Bedulli
and Gori [Proc. Amer. Math. Soc. 142 (2014), pp. 1777-1781] asserting
that a KRS on a compact Kihler submanifold M C CPY which is a complete
intersection is Kéhler-Einstein (KE).
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1. INTRODUCTION

A Kahler—-Ricci soliton (KRS) on a complex manifold M is a pair (g, X) con-
sisting of a Kahler metric ¢ and a holomorphic vector field X, called the solitonic
vector field, such that

(1) Ricg = Ag+ Lxg

for some A € R, where Ric, is the Ricci tensor of the metric g and Lxg denotes
the Lie derivative of g with respect to X, i.e.

(Lxg)(Y;2) = X (9(Y, 2)) = 9([X, Y], 2) — g(Y, [X, Z]),

for Y and Z vector fields on M. A Kéhler metric g satisfying () gives rise to
special solutions of the Kahler—Ricci flow (see e.g. [9]), namely they evolve under
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biholomorphisms. KRS generalize Kédhler—Einstein (KE) metrics. Indeed any KE
metric g on a complex manifold M gives rise to a trivial KRS by choosing X = 0 or
X Killing with respect to g. Obviously if the automorphism group of M is discrete
then a Kéhler—Ricci soliton (g, X) is nothing but a KE metric g.

The first examples of non-Einstein compact KRS go back to the constructions of
N. Koiso [17] and independently H.-D. Cao [6] of Kéhler metrics on certain CP?-
bundles over CP™. After that, X.-J. Wang and X. Zhu [29] proved the existence of
a KRS on any compact toric Fano manifold, and this result was later generalized by
F. Podesta and A. Spiro [20] to toric bundles over generalized flag manifolds. The
reader is referred to [7], [23], [24] for the existence and uniqueness of K&hler—Ricci
solitons on compact manifolds and to [I1] for the noncompact case.

In this paper we address the problem of studying KRS which can be Kéhler
immersed into a definite or indefinite (finite dimensional) complex space form (5, g..)
of constant holomorphic sectional curvature 2c. The main result of the paper is
Theorem [L.T] which asserts that such a KRS is trivial.

Theorem 1.1. Let (g,X) be a KRS on complex manifold M. If (M,g) can be
Kahler immersed into a definite or indefinite complex space form (S, g.) then g is
KE. Moreover, its Einstein constant is a rational multiple of c.

It is worth pointing out that in our theorem there are no topological assump-
tions on the manifold M and the K&hler immersion is not required to be injective.
Notice also that our result is new even if we are in the realm of algebraic geometry,
namely when one assumes that M is compact, the ambient complex space form is
the complex projective space (equipped with the Fubini-Study metric of constant
holomorphic sectional curvature 4) and that the immersion is an embedding. In-
deed our result thereby extends the result obtained by A. Gori and L. Bedulli [3]
asserting that a KRS on a compact Kéhler submanifold M c CP? which is a com-
plete intersection is KE (and hence by a deep result of Hano [12] M turns out to be
the quadric or a complex projective space totally geodesically embedded in CPY).
The reader is also referred to [4] where the condition on complete intersection is
replaced by the more general assumption that the Kédhler embedding has rational
Gauss map.

By combining well-known results on KE immersions into the complex projective
space in codimension one and two due to S.-S. Chern [9] and K. Tsukada [25]
respectively, we obtain the following corollary of Theorem [[T1

Corollary 1.2. Let (g,X) be a KRS on a n-dimensional complex manifold M.
If (M, g) can be Kihler immersed into CP™"** with k < 2, then M is either an
open subset of the complex quadric or an open subset of CP™ totally geodesically
embedded in CP"TF,

Since a rotation invariant KE metric on a complex manifold of dimension > 3,
which admits a Kéhler immersion into a complex projective space in such a way that
the codimension is < 3, is forced to be the Fubini-Study metric (see [22] Theorem
1.2] for a proof) we also get:

Corollary 1.3. Let (g, X) be a KRS on a n-dimensional complex manifold M with
n > 3. Assume that g is rotation invariant and that (M, g) can be Kdihler immersed
into CP™* with k < 3. Then (M, g) is an open subset of CP™ totally geodesically
embedded in CP™TF,
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Theorem [[1] also yields the following result which can be deduced by D. Hulin’s
theorem [15, Prop. 4.5] on the extension of germs of KE projectively induced
metrics.

Corollary 1.4. Let (g,X) be a projectively induced shrinking KRS (i.e. X > 0 in
@) on a complex manifold M. Then g extends to a projectively induced KE metric
g, with positive and rational Einstein constant \, on a compact complex manifold
M.

Notice that D. Hulin [I6] shows that all the compact KE submanifolds of the
complex projective space have necessary positive (rational) Einstein constant and
it is conjecturally true (see e.g. [I8]) that all such manifolds are flag manifolds.

By combining Theorem [[.T] with M. Umehara [27] results on KE manifolds im-
mersed into the flat or complex hyperbolic space we get:

Corollary 1.5. Let (g,X) be a KRS on a complex manifold M. A Kdihler im-
mersion of (M, g) into a definite complex space form of nonpositive holomorphic
sectional curvature is totally geodesic.

As a special case of the last part of Theorem [[.T] in the indefinite case we get:

Corollary 1.6. The Finstein constant of a KE submanifold of an indefinite com-
plex space form (S, g.) is a rational multiple of c.

When the ambient space is the indefinite complex projective space this corollary
can be considered an extension of D. Hulin result [I5, Prop. 5.1] on the rationality
of the Einstein constant of a projectively induced KE metric. Moreover, to the best
of authors’ knowledge, the classification of the KE submanifolds of the indefinite
complex hyperbolic space is missing. Even in the codimension one case (where
such classification is known ([2I, Theorem 3.2.4]) Umehara’s theorem does not
hold (there exists non totally geodesic KE submanifolds of the indefinite complex
hyperbolic space). Thus, Corollary seems to be a novelty also in the case of KE
submanifolds of the indefinite complex hyperbolic space.

The proof of Theorem [[1] is based on Theorem 2] (see next section) which
describes some properties of Umehara algebra and its field of fractions. Section [3]
is dedicated to the proof of Theorem [I11

2. UMEHARA ALGEBRA AND ITS FIELD OF FRACTIONS

Let M be a complex manifold. Fix a point p € M and let O, be the algebra of
germs of holomorphic functions around p. Denote by R,, the germs of real numbers.
The Umehara algebra (see [28]) is defined to be the R-algebra A, generated by the
elements of the form hk+hk, for h, k € Op. Umehara algebra has been an important
tool in the study of relatives Kahler manifolds (see [8[10,26H28]).

Let

@p:{a:(al,...,am) | aj € Op,a(p)=0,Vj=1,...,m,m>1}.
For a = (a1, ..., ) € O, and £ € N such that ¢ < |a| := m we set

||

l
(a, a)e(2) = Z ()P = > Jar(2)]*.

k=0+1
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Since hk + hk = |h + k|? — |h|> — |k|? it is not hard to see (see [28] for details) that
each f € A, can be written as

f=h+h+{a,a)

for some h € O, a = (a1,...,qp) € @p, ¢ < |a] and such that aq,...,q,, are
linearly independent over C.
Consider the R-algebra A, C A, given by

(2) Apz{a—i—(a,a)ﬂaE]Rp,ae@p,€§|a|}.

Notice that the germ of the real part of a nonconstant holomorphic function h € O,
belongs to A, but not to /NXp.

The key element in the proof of Theorem [[.Tlis the following Theorem 2. whose
proof is inspired by the work X. Huang and Y. Yuan [I3] (see also [30]).

Theorem 2.1. Let f(p be the field of fractions of ]\p. Let p be a real number and

b+(8, ﬁ)q
9= e EK then

3) ¢’ ¢ MKy \ Ry
where ]\gf(p = {f“h | feh,, he f(p}.

Remark 1. Theorem 2] extends [8, Theorem 2.1, part (ii)] which asserts that
e ¢ K, \ Ry, for g € A,. Moreover [8, Theorem 2.1, part (iii)] shows that if f*
belongs to K \ R,, for some real number a and f € Ap, then « is rational. This
result will be used to prove the rationality of the Einstein constant in Theorem [[11

Lemma is a key ingredient in the proof of Theorem 211

Lemma 2.2 ([I4] Lemma 2.2]). Let V C C* be a connected open set. Let Hy
(&1, 38k), ooy, Hi (&1,...,&) and H (&1,...,&x) be holomorphic Nash algebraic

functions on V. Assume that

K
expH €1t — H(Hk (€1,... &))" €€V

for certain real numbers py, ..., ux. Then H (&1,...,&x) is constant.

Proof of Theorem 21l Assume that there exists f = a + (a,a) € A, and h =
d+(09)u ¢ K such that

et (ee)y
@) e = HEFEHE = ) = [0+ (ol @l Sy e

By renaming the functions involved in (@) we can write

S = {apl,...,cps} = {al,...,a|a|,ﬂl,...,Bw,...,61,...,6‘4}.
Let D be an open neighborhood of the origin of C™ on which each ¢; is defined.
Consider the field R of rational function on D and its field extension § = R (S),
namely, the smallest subfield of the field of the meromorphic functions on D, con-
taining rational functions and the elements of S. Let [ be the transcendence degree
of the field extension /9. If [ = 0, then each element in S is holomorphic Nash
algebraic and hence g is forced to be constant by Lemma Assume then that
[ > 0. Without loss of generality we can assume that G = {¢1,...,¢;} C Sis a
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maximal algebraic independent subset over SR. Then there exist minimal polyno-
mials P; (2, X,Y), X = (X1,...,X;), such that

Pj (qu)(z)ij(z)) EO, V] = 1,"'asa

where ®(2) = (p1(2),...,¢1(2)).
Moreover, by the definition of minimal polynomial

0P; (2, XY .

% (z,®(2),9i(2)) 0, Vj=1,...,s
on D. Thus, by the algebraic version of the existence and uniqueness part of
the implicit function theorem, there exist a connected open subset U C D Yvith
p € U and Nash algebraic functions $;(z, X), defined in a neighborhood U of
{(2,®(2)) | 2 € U} C C™ x C, such that

0i(2) = ¢j (2,@(2), Vi=1,....s,
for any z € U. Denoting ¢(z, X) = (¢1(z, X),. ..,<ps(z X)) we can write
(@

(5) p(2) = ¢ (2,2(2)) = (@(z,0(2)) ..., €(2,2(2))),

where ¢ = (¢1,...,9s) and &(z, X),...,é(z X) are vector-valued holomorphic

Nash algebraic functions on U such that a( )=3a(z,2(2)),...,€e(z) = é(z,P(2)).
Consider the function

b+ (B2, X),Bw))q ol N o d+ (3(2,X),86(w))u
e 3z X). (W) plogla + (a(z, X), a(w))|—log e e X) el |

('h)

U(z, X,w) =

where, for a(z) = (a1(2),...,am(z)) and corresponding &(z, X) = (é&1(z, X), ...,
Gim (2, X)) we mean

||

¢
(6(z, X), :Zd z, X))o, (W) — Z G (z, X)ag ()

k=0+1

(and similarly with the other terms). By shrinking U if necessary we can assume
U(z, X,w) is defined on U x U. We claim that ¥(z, X, w) vanishes identically on
this set. Since ¢;(p) = 0 for all j = 1,...,s and p € U, it follows by (@) that
U(z,X,0) = 0. Hence, in order to prove the claim, it is enough to show that
(0w¥)(z, X,w) =0 for all w € U. Assume, by contradiction, that there exists wg €
U such that (9, %)(z, X, wp) £ 0. Since (9, ¥)(z, X, wp) is Nash algebraic in (z, X)
there exists a holomorphic polynomial P(z, X,t) = Ag(z, X)t? + .-+ + Ag(z, X)
with Ag(z, X) # 0 such that P(z, X, (0,%)(z, X,wg)) = 0. Since, by @) and ({)
we have U(z, ®(z),w) = 0 we get (0,¥)(2, (), w) = 0. Thus Ay(z, P(z)) = 0
which contradicts the fact that p1(2),...,¢;(2) are algebraic independent over .
Hence (0, 7)(z, X, wp) = 0 and the claim is proved.
Therefore
b+H(B(z,X),8(w))g

eFEEXT@ = [a+ (d(z, X), a(w))]"

d + (0(2,X), (w))u
e+ (é(z, X), e(w))y |

for every (z, X,w) € U x U. By fixing w € U and applying Lemma we deduce

that W% is constant in (z, X). Thus, by evaluating at X = ®(z) one
briB2)-BCE)a 1 he

obtains that % is constant for fixed w forcing g(z) = R o 3 e 9

constant for all z. The proof of the theorem is complete.
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3. PrROOF oF THEOREM [I.1]

In the proof of Theorem [[.T] we also need the concept of diastasis function and
Bochner’s coordinates briefly recalled below. The reader is referred either to the
celebrated work of Calabi [5] or to [19] for details.

Given a complex manifold M endowed with a real analytic Kahler metric g (no-
tice that a Kéhler metric induced by a complex space form is real analytic), Calabi
introduced, in a neighborhood of a point p € M, a very special Ké&hler potential
Dy for the metric g, which he christened diastasis. Among all the potentials the

diastasis is characterized by the fact that in every coordinate system {z1,...,2,}
centered in p
Dg (2,2) Z a; kzj
|71,1%|=0

with ajo = ag; = 0 for all multi-indices j. One of the main feature of Calabi’s
diastasis function is its hereditary property: if ¢ : M — S is a Kdhler immersion
from a Kaihler manifolds (M, g) into a definite or indefinite complex space form
(S, gc) of constant holomorphic sectional curvature 2c, then D = (Dic(p ) for all
pe M.

More generally, in the rest of the paper we say that a real analytic function
defined on a neighborhood U of a point p of a complex manifold M is of diastasis-
type if in one (and hence any) coordinate system {zi,...,z,} centered at p its
expansion in z and Z does not contains nonconstant purely holomorphic or anti-
holomorphic terms (i.e. of the form 27 or z/ with j > 0). The following simple
remarks will be used in the proof of Theorem [I11

Remark 2. The following facts holds true.

(a) A real-analytic function g is of diastasis-type if and only if €9 is of diastasis-
type. ~ ~

(b) A function f € A, (resp. K) belong to A, (resp. Kj) if and only if f is of
diastasis-type, where K is the field of fractions of the algebra A defined

by @).

In a neighborhood of p € M one can find local (complex) coordinates such that

Di(z,2) = 2>+ Z b2l 28

|3]:1 k=2

where Df is the diastasis relative to p. These coordinates, uniquely defined up to a
unitary transformation, are called the Bochner or normal coordinates with respect
to the point p (cfr. [IL2LH]).

Proposition 3], interesting on its own sake, will be used in the proof of Theorem

T

Proposition 3.1. Let (M, g) be a Kdihler manifold which can be Kdhler immersed
into an N-dimensional definite or indefinite complez space form (S, g.) of constant
holomorphic sectional curvature 2c. Let p € M and {z1,...,z,} Bochner’s coor-
dinates in a neighborhood U of a point p € M where the diastasis Dy is defined.
Then

32Dg _
(6) det 9207 € K,,
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(7) DY ey, ifc=0
and
(8) esPi e A, ifc#0.

In the proof of the proposition we need the following result.

Lemma 3.2 ([27, Lemma 2.2]). Let M be an n-dimensional complex manifold and
p € M. For any f in the Umehara algebra A, and for any system of complex
coordinates {z1,...z,} around p one has:

n+1 82 10g f

A —1.....n
7adz, < V=1 m

Proof of Proposition Bl Let ¢ : M — S be a Kéhler immersion into (5, ¢.), i.e. ¢
is holomorphic and p*g. = g. If one assumes that (S, g.) is complete and simply-
connected one has the corresponding three cases, depending on the sign of c:

-for ¢ =0, 8 = CN and g is the flat metric with associated Kihler form

) o = SO0,
where we set
l2ls = 121l 4zl = 2 [P = = fan]?, 0< s <N

- for ¢ >0, S = CPY is the open submanifold

{[Zo,...,ZS,ZSH,...,ZN] €CPY |1 Zo]> + -+ |Zo)> = |Zer|* — - — |Zn] > o}
of CPV and g. is the metric with associated Kihler form w. given in the affine
chart Uy = {[Zo, ..., Zn] | Zo # 0} with coordinates z; = g—g as:
(10) We = éaglog(l + |2|%);

- for ¢ < 0, S = CHY is open subset of CV given by {z € CV | |z|; < 1} with
the metric g. with associated Kahler form

(11) we = é@élog(l —2]2).

Let
o :U— cN, 2= (z1y. .- 2n) = (p1(2), ..., oNn(2)),
where ¢; € O, and ¢;(p) = 0, j = 1,...,N, be the local expression of ¢ in
Bochner’s coordinates {z1, ..., 2}
In order to prove (@) we first consider the case ¢ = 0. By the hereditary property
of the diastasis function and (@) we have

N

2

(12) Dg=3 loils.
i=1

. 2’DI 7 . . . .

Thus the function det [%] is finitely generated by holomorphic or anti-
a0z

holomorphic functions around 0. Furthermore it is real valued, since the matrix

8D, . . 2°DY
5. s Hermitian. We conclude that det | -—=2
20023 024078

€ A,. It is easy to check
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. . . 9°D9 7 . . .
that in Bochner’s coordinates the function det [ﬁ] is of diastasis-type. Thus
a B

2D ~ ~
det {82 RE ] €A, C K.

Let us now consider the case ¢ # 0. Again by the hereditary property of the
diastasis and by (I0) and ([l we can write

(13) Dg:%log<l+—2|% )

It follows by Lemma applied to

<1+ |Z\4pz >€APCAP

tol’n

that

2(C 1) n 2 1)
(Mt 5 D7 Jet [8 (2Dg)] = (g) e(MT1)ED] Jat [ o"D3 €A,

0z, 855 62’(1(925

and hence

9*Dyg
det 020025 € K,.

. . . . . 8*D9 7 .
Also in this case it not hard to see that in Bochner’s coordinates det [ 5 ggﬂ} is of

diastasis-type and hence (@) readily follows.
Finally, the proofs of (@) and (&) follow by ([I2)) and ([I3]). O

Proof of Theorem [[Il Let us start to write down equation () in local complex
coordinates {z1,...,2,} in a neighborhood U of a point p € M where the diastasis
D3 for the metric g is defined. Since the solitonic vector field X can be assumed to
be the real part of a holomorphic vector field, we can write

= 0 = 0
x =3 (g, +hiag)
Jj=1

for some holomorphic functions f;,7 =1,...,n, on U.
Thus, by the definition of Lie derivative, after a straightforward computation we
can write on U

(14) Lyw= %85]“;(,
where w is the Kéhler form associated to g and

g 78D9
(15) fx—ZfJa Hige

Notice that equation () is equivalent to
(16) Po = Aw + Lxw,

where p,, the Ricci form of w.
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- — 2 D9
Since, w = 599D3 and p,, = —i00 log det [ia—g’;ﬁ} on U, the local expression of
the KRS equation (I8 is
2Dg

82,162’/3

—i00log det l 1 = )\ 88Dg + 38fx,

and by the 90-Lemma one has

2 DY _
(17) det [ 0Dy ] = 673D57f§+h+h,

8za8Zg

for a holomorphic function h on U.
We treat the two cases ¢ = 0 and ¢ # 0 separately. If ¢ = 0, combining (@), (I2)
and (I5) we get that

A f
g1 = —§D§i =

By (@) in Proposition Bl det |:8z g: } € K’p and hence (7)) gives e9* € f{p. In

particular e9* and so, by (a) of Remark Bl g1 is of diastasis-type. It follows then
by (b) of Remark 2l that g1 € A,. Thus Theorem 2] (with 1 = 0) forces g; to be

o°Dg 7 . C o
a constant. Hence det [m] is a constant and so ¢ is Ricci flat.

If ¢ # 0, by combining (I3)) and (7)) one easily sees that

+h+heA,.

go 1= — fX +h+hekK,.
By (@), () and ([I7) one deduces that
cpol® Dy | o - A
18 7 = [e3P5] * det P | e AR, p=12.
(18) € ez € 024075 € Aphp, 1 c

On the one hand (I8) shows that €92 and hence (by (a) of Remark [2]) g5 is of
diastasis-type and so, by (b) of Remark B g» € K,. On the other hand (IS)
together with Theorem [Z.J] force go to be a constant and so fx is the real part of
a holomorphic function. Therefore, by (I4]) and (16 the metric g is KE. Moreover
% is forced to be rational by the second part of Remark [I] completing the proof of
Theorem [L11 O

ACKNOWLEDGMENT

We would like to thank Yuan Yuan for his interest in our work and for stimulating
discussions about Umehara’s algebra.

REFERENCES

[1] C. Arezzo and A. Loi, A note on Kdhler-FEinstein metrics and Bochner’s coordinates, Abh.
Math. Sem. Univ. Hamburg 74 (2004), 49-55, DOI 10.1007/BF02941524. MR2112820

[2] S. Bochner, Curvature in Hermitian metric, Bull. Amer. Math. Soc. 53 (1947), 179-195, DOI
10.1090/50002-9904-1947-08778-4. MR 19983

[3] Lucio Bedulli and Anna Gori, Isometric embeddings of Kdhler-Ricci solitons in the complex
projective space, Proc. Amer. Math. Soc. 142 (2014), no. 5, 1777-1781, DOI 10.1090/S0002-
9939-2014-12028-4. MR:3168483

[4] Lucio Bedulli and Anna Gori, Remarks on Kdhler-Ricci solitons, Adv. Geom. 15 (2015),
no. 2, 167-172, DOI 10.1515/advgeom-2015-0009. MR3334022

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=2112820
https://www.ams.org/mathscinet-getitem?mr=19983
https://www.ams.org/mathscinet-getitem?mr=3168483
https://www.ams.org/mathscinet-getitem?mr=3334022

4940 ANDREA LOI AND ROBERTO MOSSA

[5] Eugenio Calabi, Isometric imbedding of complex manifolds, Ann. of Math. (2) 58 (1953),
1-23, DOI 10.2307/1969817. MR57000
[6] Huai-Dong Cao, Existence of gradient Kdhler-Ricci solitons, Elliptic and parabolic methods
in geometry (Minneapolis, MN, 1994), A K Peters, Wellesley, MA, 1996, pp. 1-16. MR1417944
[7] Huai-Dong Cao, Gang Tian, and Xiaohua Zhu, Kdihler-Ricci solitons on compact com-
plex manifolds with C1(M) > 0, Geom. Funct. Anal. 15 (2005), no. 3, 697-719, DOI
10.1007/s00039-005-0522-y. MR2221147
[8] Xiaoliang Cheng, Antonio J. Di Scala, and Yuan Yuan, Kdhler submanifolds and the Umehara
algebra, Internat. J. Math. 28 (2017), no. 4, 1750027, 13, DOI 10.1142/50129167X17500276.
MR3639045
[9] Shiing-shen Chern, Einstein hypersurfaces in a Kdhlerian manifold of constant holomorphic
curvature (German), J. Differential Geometry 1 (1967), no. 1, 21-31. MR219013
[10] Antonio J. Di Scala and Andrea Loi, Kdhler manifolds and their relatives, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 9 (2010), no. 3, 495-501. MR2722652
[11] Mikhail Feldman, Tom Ilmanen, and Dan Knopf, Rotationally symmetric shrinking and
expanding gradient Kdhler-Ricci solitons, J. Differential Geom. 65 (2003), no. 2, 169-209.
MR2058261
[12] Jun-ichi Hano, Einstein complete intersections in complex projective space, Math. Ann. 216
(1975), no. 3, 197-208, DOI 10.1007/BF01430959. MR382704
[13] Xiaojun Huang and Yuan Yuan, Holomorphic isometry from a Kdhler manifold into a prod-
uct of complex projective manifolds, Geom. Funct. Anal. 24 (2014), no. 3, 854-886, DOI
10.1007/s00039-014-0278-3. MR3213831
[14] Xiaojun Huang and Yuan Yuan, Submanifolds of Hermitian symmetric spaces, Analysis and
geometry, Springer Proc. Math. Stat., vol. 127, Springer, Cham, 2015, pp. 197-206, DOI
10.1007/978-3-319-17443-3.10. MR3445521
[15] Dominique Hulin, Sous-variétés complexes d’Finstein de l’espace projectif (French, with Eng-
lish and French summaries), Bull. Soc. Math. France 124 (1996), no. 2, 277-298. MR1414540
[16] Dominique Hulin, Kdhler-Einstein metrics and projective embeddings, J. Geom. Anal. 10
(2000), no. 3, 525-528, DOI 10.1007/BF02921947. MR1794575
[17] Norihito Koiso, On rotationally symmetric Hamilton’s equation for Kdhler-FEinstein metrics,
Recent topics in differential and analytic geometry, Adv. Stud. Pure Math., vol. 18, Academic
Press, Boston, MA, 1990, pp. 327-337, DOI 10.2969/aspm/01810327. MR1145263
[18] Andrea Loi and Michela Zedda, Kdhler-Einstein submanifolds of the infinite dimensional
projective space, Math. Ann. 350 (2011), no. 1, 145-154, DOI 10.1007/s00208-010-0554-y.
MR2785765
[19] Andrea Loi and Michela Zedda, Kahler immersions of Kahler manifolds into complex space
forms, Lecture Notes of the Unione Matematica Italiana, vol. 23, Springer, Cham; Unione
Matematica Italiana, [Bologna], 2018, DOI 10.1007/978-3-319-99483-3. MR3838438
[20] Fabio Podesta and Andrea Spiro, Kdhler-Ricci solitons on homogeneous toric bundles, J.
Reine Angew. Math. 642 (2010), 109-127, DOI 10.1515/CRELLE.2010.038. MR2658183
[21] Alfonso Romero and Young Jin Suh, Differential geometry of indefinite complex submanifolds
in indefinite complex space forms, Extracta Math. 19 (2004), no. 3, 339-398. MR2135831
[22] Filippo Salis, Projectively induced rotation invariant Kdhler metrics, Arch. Math. (Basel)
109 (2017), no. 3, 285-292, DOI 10.1007/s00013-017-1055-y. MR3687872
[23] Gang Tian and Xiaohua Zhu, A new holomorphic invariant and uniqueness of Kdahler-Ricci
solitons, Comment. Math. Helv. 77 (2002), no. 2, 297-325, DOI 10.1007/s00014-002-8341-3.
MR1915043
[24] Gang Tian and Xiaohua Zhu, Uniqueness of Kdhler-Ricci solitons, Acta Math. 184 (2000),
no. 2, 271-305, DOI 10.1007/BF02392630. MR1768112
[25] Kazumi Tsukada, Einstein Kdhler submanifolds with codimension 2 in a complex space form,
Math. Ann. 274 (1986), no. 3, 503-516, DOI 10.1007/BF01457231. MR842628
[26] Masaaki Umehara, Kaehler submanifolds of complex space forms, Tokyo J. Math. 10 (1987),
no. 1, 203-214, DOI 10.3836/tjm/1270141804. MR899484
[27] Masaaki Umehara, Einstein Kaehler submanifolds of a complex linear or hyperbolic space,
Tohoku Math. J. (2) 39 (1987), no. 3, 385-389, DOI 10.2748/tmj/1178228285. MR902577
[28] Masaaki Umehara, Diastases and real analytic functions on complex manifolds, J. Math. Soc.
Japan 40 (1988), no. 3, 519-539, DOI 10.2969/jmsj/04030519. MR945350

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=57000
https://www.ams.org/mathscinet-getitem?mr=1417944
https://www.ams.org/mathscinet-getitem?mr=2221147
https://www.ams.org/mathscinet-getitem?mr=3639045
https://www.ams.org/mathscinet-getitem?mr=219013
https://www.ams.org/mathscinet-getitem?mr=2722652
https://www.ams.org/mathscinet-getitem?mr=2058261
https://www.ams.org/mathscinet-getitem?mr=382704
https://www.ams.org/mathscinet-getitem?mr=3213831
https://www.ams.org/mathscinet-getitem?mr=3445521
https://www.ams.org/mathscinet-getitem?mr=1414540
https://www.ams.org/mathscinet-getitem?mr=1794575
https://www.ams.org/mathscinet-getitem?mr=1145263
https://www.ams.org/mathscinet-getitem?mr=2785765
https://www.ams.org/mathscinet-getitem?mr=3838438
https://www.ams.org/mathscinet-getitem?mr=2658183
https://www.ams.org/mathscinet-getitem?mr=2135831
https://www.ams.org/mathscinet-getitem?mr=3687872
https://www.ams.org/mathscinet-getitem?mr=1915043
https://www.ams.org/mathscinet-getitem?mr=1768112
https://www.ams.org/mathscinet-getitem?mr=842628
https://www.ams.org/mathscinet-getitem?mr=899484
https://www.ams.org/mathscinet-getitem?mr=902577
https://www.ams.org/mathscinet-getitem?mr=945350

KAHLER IMMERSIONS OF KRS 4941

[29] Xu-Jia Wang and Xiaohua Zhu, Kdhler-Ricci solitons on toric manifolds with positive
first Chern class, Adv. Math. 188 (2004), no. 1, 87-103, DOI 10.1016/j.aim.2003.09.009.
MR2084775

[30] Yuan Yuan, Local holomorphic isometries, old and new results, Proceedings of the Seventh
International Congress of Chinese Mathematicians. Vol. I, Adv. Lect. Math. (ALM), vol. 44,
Int. Press, Somerville, MA, 2019, pp. 409-419. MR3971911

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI CAGLIARI, ITALY
Email address: 1loi@unica.it

INSTITUTO DE MATEMATICA E ESTATISTICA, UNIVERSIDADE DE SAO PAULO, BRASIL
Email address: robertom@ime.usp.br

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=2084775
https://www.ams.org/mathscinet-getitem?mr=3971911

