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Abstract Mechanical behaviour of particle composite materials is grow-

ing of interest to engineering applications. A computational homogeniza-

tion procedure in conjunction with a statistical approach have been suc-

cessfully adopted for the definition of theRepresentative VolumeElement

(RVE) size, that in random media is an unknown of the problem, and of
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the related equivalent elastic moduli. Drawback of such a statistical ap-

proach tohomogenization is thehigh computational cost,whichprevents

the possibility to perform series of parametric analyses. In this work, we

proposea so-calledFast StatisticalHomogenizationProcedure (FSHP)de-

veloped within an integrated framework that automates all the steps to

perform. Furthermore within the FSHP, we adopt the numerical frame-

work of the Virtual Element Method (VEM) for numerical simulations to

reduce the computational burden. The computational strategies and the

discretization adopted allow us to efficiently solve the series (hundreds)

of simulations and to rapidly converge to the RVE size detection.

KeywordsStatisticalHomogenization;RepresentativeVolumeElement;

Virtual ElementMethod; RandomComposites.

1 Introduction

Particle-basedcomposites,used inmanyengineeringapplicationsorpresent

in nature, exhibit a microstructure made of randomly distributed inclu-

sions (particles) embedded into a continuous matrix; examples of such

materials are polymer, ceramic, metalmatrix composites, but also granu-

larmaterials, concrete,masonrymadeofcrushedstonescasuallyarranged

in themortar andevenporous rocks. A key aspect, recently investigatedby

many researchers, is the evaluation of appropriatemechanical properties

to be adopted for the study of their behaviour (Ostoja-Starzewski, 1998,

2007; Sadowski andMarsavina, 2011; Sadowski and Pankowski, 2016; Dje-
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bara et al, 2016), also with the purpose of designing innovative smart ma-

terials (Matsuda et al, 2003; Filipovic, 2016).

Homogenization procedures have beenwidely adopted for the defini-

tion at the macroscale of material properties emerging from the internal

periodicmicrostructure (Anthoine, 1995; Cecchi and Sab, 2002; Lourenço

et al, 2007; Capecchi et al, 2011), that provided significant results also in

the frameworkof non–classical continuumtheories (Forest andSab, 1998;

Trovalusci andAugusti, 1998; Bouyge et al, 2001; Sansalone et al, 2006; Ste-

fanou et al, 2008; Trovalusci et al, 2017).

In the case of materials with randommicrostructure, the lack of peri-

odicity in the particle dispositionmakes it difficult to perform thehomog-

enization process, with particular reference to the possibility of identify-

ing a Representative Volume Element (RVE) and proper boundary condi-

tions to apply at theREVboundary. Sincemany years in the literature a va-

rietyof approachesaimedatdefiningand implement theeffectiveproper-

tiesofnon–uniformcompositemicrostructureshavebeenproposed (Kanit

et al, 2003;DuandOstoja-Starzewski, 2006;Ostoja-Starzewski, 2006;Khisaeva

andOstoja-Starzewski, 2006;Gitmanetal, 2007;ZemanandSejnoha, 2007;

RanganathanandOstoja-Starzewski, 2008, 2009;Bouaouneetal, 2016;Ghosh

and Kubair, 2016; Kubair et al, 2018), also referred to non–classical con-

tinua (Trovalusci et al, 2014, 2015; Reccia et al, 2018). Among these mod-

els, we focus our attention on the possiblity of approaching the RVE us-

ing finite–size scaling of intermediate control volume elements, named
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Statistical Volume Elements (SVEs), and proceed to homogenization (e.g.

Ostoja-Starzewski (2006)).

Here a homogenization procedure, consistent with the Hill–Mandel

condition (Hill, 1963), is adopted in conjunction with a statistical proce-

dure, by which scale–dependent bounds on classicalmoduli are obtained

usingDirichlet andNeumannboundaryconditions (BCs) for solvingbound-

ary value problems (BVPs). The statistically–based homogenization pro-

cedure is suitable to determine the effective elasticmoduli of randompar-

ticles composite. The procedure here developed and implemented, intro-

duced in (Trovalusci et al, 2015), is focusedonthestudyof thescale–dependent

effective responseofaheterogeneous randommaterialdescribedasa two-

phase composite.

This procedure has provided significant results (Trovalusci et al, 2014,

2015, 2016), with particular reference to the debated problem of the con-

vergence in the presence of materials with very low (or very high) con-

trast, definedas the ratiobetween theelasticmoduli of inclusionsandma-

trix (Ostoja-Starzewski, 2006; Ranganathan and Ostoja-Starzewski, 2008;

Salmi et al, 2012). The limits of the procedure are essentially ascribable to

the huge number of simulations needed to define the RVE size, that com-

promises the applicability of themethod (Reccia et al, 2018).

In thispaper, an improvementof theabovedescribedprocedure ispro-

posed, limited for the sake of simplicity to the classical continuum ho-

mogenization. This allows us to perform series of parametric analyses to
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compute the effective moduli of random composites. The improvement

regards both the statistical homogenization procedure itself and the com-

putational tools adopted.

On the onehand, all the steps of the procedure have been automatized

and integrated in a completely in house specifically developed code. This

allows performing, quickly and efficiently, a high number of parametric

analyses,making the adoption of the procedure attractive for engineering

applications. The automated procedure has been named ‘Fast Statistical

Homogenization Procedure’ (FSHP).

On the other hand, an innovative computational method, such as the

Virtual Element Method (VEM) (Beirão Da Veiga et al, 2013a,b), has been

adopted to improve the computational efficiency. The application of this

approach to theproblemsof structuralmechanics is gettingmoreandmore

interesting (Wriggers et al, 2016, 2017; Artioli et al, 2017; De Bellis et al,

2018).

The VEM methodology has many computational advantages such as

robust stiffness matrix (that can be exactly computed in precision ma-

chine) andaccuracy versus thenumberof degrees of freedom(DOFs). The

admissible VEMelements are polygons of any shapewithn–nodes, in par-

ticular it is possible to use elements with internal inclusion, concave ele-

ments andalignednodes (hangingnodes). Thanks to their characteristics,

the adoption of VEM entails a significant reduction of the computational

burden: a single virtual element is used for each inclusion, while the ma-
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trix is meshed with finite elements according to a standard Delaunay tri-

angulation. This aspect plays a relevant role in materials with very high

(or very low) contrast, for which large windows are needed to determine

theRVE.Using standard FEMcodes, in fact, the number ofDOFsbecomes

high and the computational cost significantly increases. The adoption of

a single virtual element for each inclusion, instead, strongly reduces the

DOFs.

The results obtained by adopting the FSHP, inclusive of a combined

VEM-FEM methodology, are here compared with the results previously

obtained by some of the authors (Trovalusci et al, 2015; Reccia et al, 2018)

using a standard commercial FEMcode. Several simulations are then per-

formed bymodifying thematerial contrast: the size of the RVE and the ef-

fectivemoduli of various kind of two–phases random composites – either

with inclusions stiffer or softer than thematrix – are determined.

The outline of the paper is as follows. In Section 2 the homogeniza-

tion approach adopted and the FSHPdeveloped are described indetail. In

Subsection 2.1 the constitutive model is defined, while in Subsection 2.2

the attention is focused on both the automation of the procedure and the

mixed VEM-FEM model adopted. In Section 3 basic assumption of VEM

and the weak formulation of the elastic problem are reported. Section 4

provides the results of parametric analyses onmaterials with stiff and soft

inclusions and increasing or decreasing the material contrast. Moreover,

in order to evaluate the improvement in terms of computational costs, a



Title Suppressed Due to Excessive Length 7

comparison between analyses performed adopting virtual elements for

the inclusions andfinite elements for thematrix versus finite elements for

both matrix and inclusions is proposed. In Section 5 some final remarks

are presentedhighlighting the expected advantages byparametric studies

performedby varying thematerial contrast, representing series of particle

composites materials.

2 Homogenization Procedure

2.1 Constitutive model

Thehomogenizationprocedure for defining the constitutive responseof a

non–periodic heterogeneousmaterial requires the definitionof the size of

a Representative Volume Element (RVE) larger than the microscale char-

acteristic length, corresponding to the diameter of inclusions, d . A scale

parameter, δ= L/d , L being the side of a square testwindow, is introduced.

According to theapproachpresented inTrovalusci et al (2015), aswell as in

(Du andOstoja-Starzewski, 2006; Ostoja-Starzewski, 2007), the presented

procedure requires the statistical definition of a number of realizations

called Statistical Volume Elements (SVEs), of the possiblemicrostructure,

sampled in aMonteCarlo sense,whichallowsdetermining series of scale–

dependent upper and lower bounds for the overall elastic moduli and to

approach the RVE size, δRV E , using a statistical criterion to stop the proce-

dure.
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Atboth themacroscopicandmicroscopic scaleaclassical two–dimensional

continuum is adopted. The analysis is developed within a kinematic lin-

earised framework. The governing equations are formally the same of the

ones defined at the microscopic level, except for the constitutive law that

is not ‘a priori’ defined at the macroscopic level, but directly descends

from the lower level as result of the homogenization procedure. In the fol-

lowing, lower case letters always refer to the microscale while upper case

letters to the macroscale. We assume that at the lower level each mate-

rial phase is characterized by linear elastic isotropic behaviour with the

stress–strain relations written as:

σi j =λεkk δi j +2µεi j , (1)

where εi j , σi j (i , j ,k = 1,2) are the components of themicrostrain andmi-

crostress tensors, and λ and µ are the Lamé constants, with δi j the Kro-

necker symbol.

At themacroscopic level, the general anisotropic 2D stress–strain rela-

tions, read:

Σi j =Ci j hk Ehk , (2)

whereEi j ,Σi j (i , j = 1,2) are thecomponentsof themacrostrainandmacrostress

tensors and Ci j hk are the equivalent moduli, components of the macro-

scopic elastic tensor. They are obtained via a homogenization procedure

based on the Hill’s macrohomogeneity condition (Hill, 1963):

Σi j Ei j = 1

Aδ

∫
Bδ

σi jεi j d A , (3)
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whichstates theequivalencebetween thestressdensitypower in themacro-

scopic model and the mean power, that is evaluated at the microscopic

level within a domain (window),Bδ, occupying a region of area Aδ.

The set ofDirichlet andNeumannboundary conditions (BCs) to apply,

at the microscale, on the boundary ∂Bδ, for the solution of the BVPs, di-

rectly derive from the fulfilment of the macrohomogeneity condition (3).

The Dirichlet BCs are:

ui = Ei j x j , on ∂Bδ , (4)

ui being the components of the displacement vector and x j (i , j = 1,2) j -

th coordinate of the generic point on the boundary, ∂Bδ, with respect to

a reference system with origin in the geometric center of the windowBδ;

while the Neumann BCs are:

ti =Σi j n j , on ∂Bδ , (5)

where ti are the components of the traction vector and n j of the outward

normal to ∂Bδ (i , j = 1,2).

2.2 Fast Statistical Homogenization Procedure

Theprocedurehasbeen implemented inan integratedcomputational code

which allows us to automatically perform all the steps.

The estimationof the average of an effectivemodulusCi j hkδ, (i , j ,h,k =

1,2), for a given scale parameter δ, is reached performing a series of ‘mov-

ingwindow ’ simulations using a control windowBδ of size δ. It coincides
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to simulate various representations of the microstructure, obtained fol-

lowing a Poisson point process (Trovalusci et al, 2015). When the value of

this modulus falls within an interval corresponding at a confidence level

set at 95% over a normal standard distribution, the estimation is obtained.

Moreprecisely,fixinga tolerancevalueTol dependingon thematerialdata

dispersion, the minimum number of simulations necessary to stop the

procedure is obtained as reported below. In other words, we stop the sim-

ulationswhen the results in termsof average elasticmoduli donot change

within the selected tolerance interval.

The simulations are repeated for increasing values of the window size,

δ, and the convergence to the RVE size is finally achieved at a value, δRV E ,

for which N mi n is less than a convenient small value. The effectivemoduli

are thenestimatedas themeanvaluebetween the twoconvergencevalues

obtained by applying to the control windowBδRV E the Dirichlet and Neu-

mann boundary conditions. Note that the Dirichlet and Neumann values

respectively provide upper and lower bounds for the solution as schemat-

ically shown in Figure 1.

As the homogenized elastic tensor has mainly found to be isotropic,

we focus our attention to the bulk modulus as a representative material

parameter, that for the 2Dmaterial writes: K = 2C1122 +C1212.

Themesh corresponding to each realizationof theprocedurehas been

optimized using a mixed VEM/FEM discretization: with a single virtual

element for the inclusions and triangular finite elements for the matrix,
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Figure 1 Shematic rappresentation of the convergence trend for the upper and

lower bounds of an elastic modulus

determined using a code for generating random mesh of Dealunay type

(Triangle, (Shewchuk,2002)), perfectly linkedwith the implementedsoft-

ware. TheDelaunay triangulationhas beenproperly created: finenear the

inclusions and coarse away from the inclusions; this allowed us to refine

the so–called hard core regions, where the stress gradients are high.

The adopted procedure also permits the automatic cutting of the in-

clusions over the limit of thewindows’ edges, accounting for the presence

of inclusions that randomly cross the windows’ edges – as required by the

randomness of the medium – and refinements in the ‘hard core regions’,

where the stress gradients are high (Figure 2(b)). It is worth noting that to

neglect thepresenceof inclusions that intersect thewindows’ edges, a less

realistic hypotesis widely used in literature (Sab and Nedjar, 2005), pro-

vides results significantly different from the results obtained taking into

account cut inclusions at the windows’ edges (Trovalusci et al, 2014). An
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example of realization of the miscrostructure and the related generated

mesh is shown in Figure 2(a) and 2(b), respectively.

(a) (b)

Figure 2 Random realization of themicrostructure (a) and relative mesh (b)

All thestepsofFSHParecompletely integrated inaspecifically in–house

developedPythoncode.Theentirecomputational stochastichomogeniza-

tion procedure is structured as follows and resumed in the Flow-Chart 4.

Step 1 Set the nominal volume fraction of the medium (ρ ≤ 40%) as the ratio

between the total area of the inclusions and the area of a test window.

The particles are disk–shaped inclusions, with diameter d , randomly

distributedon thebaseof aPoissonpointfieldprocesswith ‘hard-core’

distance, s, between the particles, fixed in order to avoid very narrow

necks between inclusions. Define the dimensionless scale factor δ =

L/d . Fix the mechanical parameters of each phase: Young modulus of

inclusionsandmatrix,Ei andEm ; Poissoncoefficient,νi andνm . Set the
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minimum number of simulations for convergence, N l i m , and a toler-

ance parameter, Tol , based on data dispersion, as defined above.

Step 2 Initialize the window size L = L0 and number of simulations N = N0.

Step 3 For each window size determine the number of inclusions (Poisson

randomvariable) via simulationsbymeansofKnuth’salgorithm,where

thePoisson’sdistribution is characterizedby theparameterpδ = (ρL2)/[π(d/2+

s/2)2]. Then simulate random dispositions of disks’ centres, according

to a uniform distribution, that is the realizations SVEs of portions of

the randommedium. Each realization is supposed independent from

any previous one (Figure 3(a)).

(a) (b)

Figure 3 Realizations of the microstructure. (a) ’Moving window’ at fixed δ; (b)

Size increase

Step 4 For each SVEs, generate the relative mesh (Figure 2(a)) and solve both

theDirichlet (Equation4)and theNeumann(Equations5)BVP, sketched

in Tables (1),(2), and compute the homogenized constitutive parame-

ters.
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Table 1 (Top) Dirichlet boundary conditions; (Bottom) deformed configurations.

Extension Extension Angular Deformation

Step 5 Compute theaveragebulkmodulus,Kδ, the relative standarddeviation

σ(Kδ)andvariationcoefficientCV (Kδ). ThencomputeN mi n
i = (1.96σ(Kδ)/(K δTol )2,

whichensures that theconfidence intervalof theaveragehomogenized

constitutive parameter set at 95%, evaluated over the normal standard

distribution, is within the tolerance allowed (depending on data dis-

persion of themedium). Repeat Steps 3-4 until N mi n
i < N .

Step 6 If the number of realizations necessary for ensuring the requirement

at Step 5 is small enough, stop the procedure. Otherwise choose an in-

creased value of δ and go to Step 3 (Figure 3).
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Table 2 (Top) Neumann boundary conditions; (Bottom) deformed configura-

tions.

Tension Tension Shear

The fulfilment of the requirement at Step6means that the values of the

homogenized constitutive coefficients are distributed around their aver-

ageswithavanishingvariationcoefficient, and that theRVEsize isachieved.

The effective constitutivemoduli are finally estimated as themean values

between the Dirichlet (upper) and Neumann (lower) bounds at the con-

vergence window (RVE), as sketched in Figure 1. The adopted statistical

criterion allows us to detect the RVE (Trovalusci et al, 2015) size also when

the Dirichlet and Neumann solutions do not tend to the same value. The

computational strategies and the discretization adopted allow us to very

efficiently solve the series (hundred) of BVPs and to rapidly converge to

the RVE solution.
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Figure 4 Fast Statistical Homogenization Procedure (FSHP). Flow chart
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3 Virtual Element Discretization

In this section we briefly recall the weak formulation of the classical lin-

ear elastic problemand describe the related virtual element space (Beirão

Da Veiga et al, 2013a,b) as well as the construction of the bilinear form re-

sulting form theweak form. In the followingweuse the vectorial notation,

suited to the proposed formulation.

3.1 The linear elastic problem

Let Ω be a two-dimensional domain, and let Γ be its boundary. We con-

sider the deformation problem of a linearly elastic body subjected to the

volume force, representedby thevectorf ∈ (
L2(Ω)

)
2 (the standardLebesgue

space), and given boundary conditions, under the hypothesis of small de-

formations.WeusehomogeneousDirichletboundaryconditionsandcon-

sider the Sobolev space, V , of the admissible displacements fields, repre-

sented by the vector v. The weak form of the linear elastostatic problem,

provided by the virtual work principle, reads:
Find u ∈V such that :

a(u,v) =F (v) ∀v ∈V
(6)

where:

V := (
H 1

0 (Ω)
)2 with ∥ v ∥2

V :=∥∇v ∥(L2(Ω))4 ∀v ∈V . (7)

In (6) the continuous bilinear form a(·, ·) :V ×V →R reads:

a(u,v) =
∫
Ω
Cε(u) : ε(v)dΩ , (8)
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and the linear functionalF (·) :V →R, reads:

F (v) =
∫
Ω
f ·vdΩ , (9)

where ε(u) := (∇u+∇uT)
/2 is the linearised strain tensor and C is the elas-

tic tensor, R being the set of the real numbers.

Byusing the linear elastic constitutive law it is possible to rearrange the

Equation (8) as follows:

a(u,v) := 2µ
∫
Ω
ε(u) : ε(v)dΩ+λ

∫
Ω
div udiv vdΩ

:= 2µaµ(u,v)+λaλ(u,v) ,

(10)

where λ and µ are the Lamé coefficients and, div is the divergence opera-

tor.

The bilinear form a(·, ·) is symmetric, continuous and coercive onV so

that problem (6) is well posed.

3.2 Virtual element formulation

In this subsection we introduce the virtual element discretization used in

the following simulations.

In order to approximate the solution of the problem (6) we consider a

decomposition Th of the domain Ω into non overlapping polygonal ele-

ments E (such as in Figure 6). In the following, we denote by e the straight

edges of the mesh Th and, for all e ∈ ∂E , ni (i = 1,2) denotes the outward

unit normal vector to e pointing outward to ∂E (Figure 5(a)). The symbol

n represents the number of the edges of the polygon E .
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(a) (b)

Figure 5 Example of VEM element, E , with the relative nodes and edges numera-

tion (a) and degrees of freedom of the VEM of degree 1 (b).

Figure 6 Example of Voronoi tessellation

Let k bean integer≥ 1. Let usdenotebyPk (Ω) the spaceofpolynomials,

living on the setΩ⊆R2, of degree less than or equal to k.

By thediscretization introduced, it ispossible towrite thebilinear form

(10) as:

a(u,v) = ∑
E∈Th

aE (u,v) ∀v ∈V . (11)

The discrete virtual element space, Vh , is:

Vh := {
v ∈V : v |E∈Vh|E ∀E ∈Th

}
, (12)
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where the local space, Vh|E , is defined as:

Vh|E :=
{
vh ∈ (

H 1(E)
)2 ∩ (

C 0(E)
)2

: Aλ,µvh ∈ (Pk−2(E))2 ,

vh |e∈ (Pk (e))2 ∀e ∈ ∂E
} (13)

with

Aλ,µu=−

 2µ
(
u1,xx + 1

2 (u1,y y +u2,x y )
)+λ(u1,xx +u2,y x )

2µ
( 1

2 (u1,y x +u2,xx )+u2,y y
)+λ(u1,x y +u2,y y )

 , (14)

where u(·),(·) denotes the partial derivative of the components u(·) with re-

spect to the (·)-coordinate. Aλ,µu is the elliptic operator associated to the

bilinear form a(·, ·).

Wecanobserve that, incontrast to thestandardfiniteelementapproach,

the local space Vh|E is not fully explicit and vh has the following features:

- vh is a polynomial of degree ≤ k on each edge e of E ;

- vh is globally continuous on ∂E ;

- div (Cε(vh)) is a polynomial of degree ≤ k −2 in E .

The problem (6) restricted to the discrete space Vh becomes:
Find uh ∈Vh such that

ah(uh ,vh) =F (vh) ∀vh ∈Vh ,

(15)

where:

ah(uh ,vh) = ∑
E∈Th

aE
h (uh ,vh) ∀uh , vh ∈Vh , (16)

is thediscrete bilinear formapproximating the continuous form a(·, ·) and,

F (vh) is the term approximating the virtual work of the body forces, that

in this case is null.
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By the above definition of the local space (13) the following important

observations can bemade:

- the functions vh ∈Vh|E are explicitly known on ∂E ;

- the functions vh ∈Vh|E are not explicitly known inside the element E ;

- (Pk (E))2 ⊆Vh|E .

The related degrees of freedom for the space Vh|E are:

- 2n point–wise values vh(υi ) at corner of E , i = 1,2, . . . ,n;

- 2n(k−1)point–wise valuesvh(ye
j ),where

{
ye

j

}
, j = 1, . . . ,k−1are theedge

internal nodes;

- k(k−1) scalarmomentsof theunknownfieldover theelement (i.e. 1
|E |

∫
E vh ,

where | E | is the area of the element), not associated with a specific lo-

cation over E .

The dimension of the space Vh|E then is:

m =dim(Vh|E ) = 2nk +k(k −1) . (17)

It canbenoticed that virtual element of degree k = 1 are uniquely iden-

tified by the vertices of the polygon E (Figure 5(b)) and contains linear

polynomials (P1(E))2 ⊂Vh|E .

3.3 Projection operator and local stiffness matrix

As shown in Subsection 3.2 the space Vh is not explicitly known and the

bilinear forms aE
h cannot be evaluated in the standard way by adopting
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finite element method (Gauss integration). The VEM proceeds by intro-

ducing the local projector operator Π∇
E : Vh(E) → (Pk (E))2 solution of the

problem:

aE (
Π∇

Evh ,q
)= aE (vh ,q) ∀q ∈ (Pk (E))2 . (18)

The condition (18) defines Π∇
Evh only up to the constant values (Beirão

Da Veiga et al, 2014). These are fixed by prescribing a projection operator

onto constant P0 :Vh(E) → (P0(E))2 and by requiring:

P0
(
Π∇

Evh −vh
)= 0 . (19)

Possible choices of P0vh are:

P0vh := 1

n

n∑
i=1

vh(υi ) for k = 1 ,

P0vh := 1

| E |
∫

E
vh for k ≥ 2 .

(20)

We can show thatΠ∇
E is computable from the degrees of freedomof the

local space Vh(E).

The construction of the global form a(uh ,vh) is based on the construc-

tion of local forms aE
h (uh ,vh) :Vh(E)×Vh(E) →R defined as:

aE
h (uh ,vh) =2µ

∫
E
ε
(
Π∇

Euh
)

: ε
(
Π∇

Evh
)
dΩ

+λ
∫

E
divΠ∇

EuhdivΠ∇
Evh dΩ

+SE ,∇ (
uh −Π∇

Euh ,vh −Π∇
Evh

)
,

(21)

where the bilinear form SE ,∇ is a suitable stabilization termwith the same

scaling properties of the sum of the first and second terms and needed

to preserve the coercivity of the system. The first two terms of the right-

hand side of Equation 21 represent the consistency term, that is explicitly
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defined by the definition of the projector Π∇
E . For more details about the

constructionof the consistent and stabilization terms, seeBeirãoDaVeiga

et al (2013b) and Artioli et al (2017).

The main advantages of the adoption of the virtual element method

are:

- very efficient computation of the stiffness matrix – do not use Gauss

points and compute the stiffness matrix inmachine precision;

- possibility of usingpolygonal element –meshingwith a single element

the inclusions;

- robustness to distortion of the elements;

- perfectly coupling between virtual elements and finite elements.

In this work, we use the lower virtual elements with degree k = 1, in which

the projection of the strain and the stress are constant over the elements.

When the virtual element is a triangle with degree k = 1 the element is

equivalent to a Constant Stress Triangle (CST) finite element. In order to

performthehomogenizationof theparticle compositeasdescribed inSec-

tion 2.1, that is a the result of an average process, it is not essential to ex-

actly know how stresses and strains vary over the inclusions. However, in

order to check the accuracy in the estimation of the solution, authors are

working to implement high order virtual elements.
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4 Numerical simulations

In this section, parametric analyses performed on two-dimensional pat-

ternsof randomparticlesmaterials areprovided,using thedescribedcom-

putational Fast Statistical Homogenization Procedure (FSHP) in conjunc-

tion with VEM. The analyses are performed by varying the material con-

trast between the constituents (inclusions/matrix), defined as the ratio

between the elasticmoduli of inclusions, Ei , andmatrix, Em , , respectively.

Two material cases are studied: A stiff inclusions in a softer matrix and B

soft inclusions in a stiffermatrix, with increasing and decreasing contrast,

respectively.

4.1 VEM/FEM vs FEM/FEM discretization

A preliminary comparison between analyses performed by adopting vir-

tual elementsdiscretization for the inclusionsandfiniteelementsdiscretiza-

tion for the matrix versus finite elements for both matrix and inclusions

has been proposed (as stated in Section 3, triangular virtual elements of

degree 1 are equivalent to CSTfinite elements). Our purpose is to evaluate

the improvement globally provided by FSHP in combination with VEM,

and as first step, to estimate the computational costs gained by the adop-

tion of VEM.

Two examples of meshes obtained for a test window of size δ= 15, are

reported in Figure 7. In the first case each inclusion ismodelledwith a sin-

gle polygonal virtual element (Figure 7(a)), while the matrix is modelled
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Table 3 DOFs for different windows size δ and number of inclusions.

δ 15 20 25 30 35 40 45 50

ni ncl 110 165 264 381 503 667 805 1017

V E M/F E M 6486 10838 16742 24400 32698 42838 53046 66260

F E M/F E M 7776 12856 19924 28946 38710 50644 62644 78412

by a standard Delaunay triangular mesh of finite elements. In the second

case, standard Delaunay triangular finite elements are used both for ma-

trix and inclusions (Figure 7(b)).

(a) VEM/FEM (b) FEM/FEM

Figure 7 Example of adoptedmeshes.

Bymodelling each inclusionwith a single polygonal element the num-

ber of degrees of freedom reduces. For an assumed density of particles of

40%, and considering each inclusion modelled by a polygonal element of

20 sides, the reductionon termofDOFs is around 16%. InTable 3 thenum-
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ber of degrees of freedom (DOFs) is shown for different values of the win-

dow size, δ, and the relative number of inclusions. The improvement in

terms of computational time by adopting virtual elements for the inclu-

sions is reported in Figure 8 where the time machine in seconds needed

for a single analysis is plotted for increasing window sizes δ.

Figure 8 Timemachine in secondsneeded for a single analysis for increasingwin-

dow size δ.

4.2 Parametric numerical analyses

Homogenization of random particle composite materials requires a very

high number of realizations to detect the convergence trend of the overall

elastic moduli and the size of RVE. In particular, for high or low material

contrasts it may be necessary to performmore than hundreds of simula-

tions considering windows of large size (Reccia et al, 2018). Asmentioned
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in the Introduction 1, this really compromises the applicability of the pro-

cedure. With the FSHP instead we can circumvent this obstacle and per-

form in real time all the simulations needed for the convergence to the

RVE size.

In this paragraph the results obtained using FSHPwith the formulated

and implemented in house computer code, that includes the VEM formu-

lationdescribed in Section 3, are comparedwith the results previously ob-

tained by some of the authors (Trovalusci et al, 2015; Reccia et al, 2018),

using a commercial code (COMSOLMultiphysics R©). In particular, a stan-

dardFEMdiscretizationhasbeenused,withunstructuredmeshesofquadratic

Lagrangian triangular elements.

As an example, twomaterial cases of type A andB, defined above, have

been considered:materials A6 and B6, with contrast equal to 6 and 1/6 re-

spectively, in order to refer to results in thework (Trovalusci et al, 2015). In

Figures 9(a) and 9(b), the values of the average of the homogenized bulk

modulus, K , obtained for increasing window size, δ, are reported. In the

figures, blue dashed lines are referred to the solution of Neumann BVP,

while the red solid lines to the solution of Dirichlet BVP. The results of the

two approaches are in a good agreement, however it is possible to notice

that the results obtained for thematerial B6 are closer to the results of the

approach in (Trovalusci et al, 2015) with respect to the ones of material

A6. The results obtained formaterial B6 (soft inclusions in a stiffermatrix)

converge faster than the ones provided in (Trovalusci et al, 2015), high-
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lighting the reliability of the proposed FSHP with VEM. Instead, in mate-

rial A6 (stiff inclusions in a softer matrix), the stiffness is concentrated in

the inclusions. As the inclusions are modelled by a single virtual element

of degree one, the stress and the strain are constant over the element and

this provokes an underestimation of the solution of the BVP. This aspect

is more evident in the results provided by Neumann BCs. Authors believe

that anadoptionofhighorder virtual elements for the inclusionsmaypro-

videmore accurate results also for materials of type A.

(a) Material A6 (b) Material B6

Figure 9 Convergence trend of average bulk modulus, K , vs window size, δ= L/d .

Dirichlet (D)/Neumann (N) boundary conditions: (a)material of type A; (b)mate-

rial of type B.

In order to exploit the opportunities provided by FSHP, several para-

metric numerical analyses are performed, with the purpose of extending
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Table 4 Classification by material contrast. E , Young modulus, ν, Poisson coeffi-

cient (i-inclusion, m-matrix).

Hard inclusions (A) Material type Ei /Em νi /νm

A10

A100

A1000

10

100

1000

2.667

2.667

2.667

Soft inclusions (B) Material type Ei /Em νi /νm

B10

B100

B1000

1/10

1/100

1/1000

0.375

0.375

0.375

the results obtained in (Reccia et al, 2018). Bothmaterials of type A and B

with varying contrast are considered, as reported in Table 4.

The statistical procedure described in Section 2.1 is applied in order

to perform analysis aimed at identifying the appropriate RVE size, δRV E ,

for the materials of type A and B and the corresponding elastic moduli

defined in Equation 3. The constitutive behaviour of the constituents, for

bothmaterials of type A and B is assumed linear elastic and isotropic. The

adoption of FSHP allowed us to analyse of any size windows and perform

a high number of simulations in a faster way. The results of parametric

analyses performed are reported in the following figures. In the figures,
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blue solid lines are always referred to the solution of Neumann BVP, while

the red dashed lines to the solution of Dirichlet BVP.

Figure 10 provides the average value of the effective bulk modulus, K ,

obtained for materials of type A and B (normalized to the convergence

value, K RV E ), versus the number of simulations performed for different

values of the window size, δ, under the Neumann or Dirichlet boundary

conditions. With regards to the average bulk modulus both the Dirichlet

and theNeumann solutions converge to an average value K δ, as indicated

in Section 2.1. The appropriate value ofK RV E is then chosen by taking into

account the larger δRV E between Dirichlet and Neumann solutions.

(a) Material of type A (b) Material of type B

Figure 10 Convergence trend of average bulk modulus, K δ (normalized to

the convergence value, K RV E ), versus the window size, δ = L/d . Neumann

(N)/Dirichlet (D) BCs: (a) material of type A; (b) material of type B.
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The adopted statistical convergence criterion is based on the number

of simulations, N, needed to obtain average values of the bulk modulus

that fallswithin thedefined tolerance interval (Section2.1) foranywindow

size, δ: Figure 11 provides this number of simulations vs the window size

for thematerials of typeAandB.As expected, lower valuesofN areneeded

as the windows size increases, and larger values of N are needed as the

material contrast increases.

(a) Material of type A (b) Material of type B

Figure 11 Number of simulations needed to reach convergence,N, vs thewindow

size δ, for variousmaterial contrasts. Neumann (N)/Dirichlet (D) BCs: (a)material

of type A; (b) material of type B.

Figure 12 provides the coefficient of variation CV (K ) versus the win-

dow size, δ, for materials of type A and B, under Neumann and Dirichlet

boundary conditions. It is worth noting that the trend of graphs of Figures
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11 and 12 are similar: this confirms that the criterion adopted, based onN

is suitable to catch the effective convergence.

(a) Material of type A (b) Material of type B

Figure 12 Coefficient of variation, CV (K ), vs window size, δ = L/d , for different

material contrasts. Neumann (N)/Dirichlet (D) BCs: (a)material of type A; (b)ma-

terial of type B.

Finally, the results in terms of RVE size, δRV E , are synthesized and re-

ported in Figure 13(a), where the values of δ= δRV E are plotted versus the

differentmaterial contrasts considered, and inFigure13(b),where thenum-

ber of simulations, NREV , needed to define the RVE size are plotted always

versus thematerial contrasts. It can be observed that as thematerial con-

trast differs from the value 1, that is the contrast of homogeneous media,

the δRV E , as weel as the relative NREV needed, increase: the adoption of

larger δ is needed in order to identify the appropriate RVE. These graphs
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provide a synthetic response that can be used for knowing the RVE size for

any kind of two-phases particle materials.

(a) (b)

Figure 13 Size of RVE, δRV E , (a) and number of simulations,NRV E , at δRV E , (b), vs

material contrast.

5 Conclusions

In this work, a fast statistical homogenization procedure (FSHP) has been

proposed for the homogenization of particle composites, made of disk

shaped inclusions randomly distributedwithin a basematrix. As reported

in earlier works (Trovalusci et al, 2014, 2015, 2017; Reccia et al, 2018), the

homogenization of this typology of material requires a high number of

simulations. In fact, as the Representative Volume Element (RVE) is an

unknown of the problem, hundreds of boundary value problems (BVPs)

have to be solved, adopting both Dirichlet and Neumann BCs, for several
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realizations of the microstructure represented by ‘moving test windows’

of increasing size (Statistical Volume Elemants, SVEs). The estimation of

the effective constitutive parameters is obtained when, after performing

few number of simulations, the results in terms of average elastic moduli

do not change within a selected tolerance value. The main limits of the

mentioned statistical procedure consist in the heavy computational bur-

den that makes it inapplicable, especially when the contrast between the

elastic moduli of the material constituents is very far from the unit value

(homogeneous case). Theaimsof thiswork areboth theautomationof the

homogenizationprocedure previously describedboth the the adoption of

an innovative computational tools such as the Virtual Element Method

(VEM) for further reduce the computational burden. The fully automated

fast statisticalhomogenizationprocedure (FSHP)heredevelopedprovides

improvements that allows us to perform several simulations with a low

computational cost. The analyses were limited to the Cauchy continuum

and the extension to other generalize continua are under study. Several

material cases have been considered: onewith stiff inclusions (referred in

the paper asmaterial A) and the other with soft inclusions (referred in the

paper as material B).

Some final remarks may be drawn:

– All the steps of the procedure – from the simulations of each random

realization of themicrostructure (SVEs) to the solutions of the bound-

ary value problems for the SVEs, up to the evaluation of the final size
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of theRVE for the homogenization of the randommedium–have been

automatized and integrated in a completely in house specifically de-

veloped code;

– The adoption of Virtual Elements (VEM) for modelling the inclusions

in combination with Finite Elements (FEM) for thematrix makes pos-

sible to both reduce the computational costs and to analyze larger test

windows;

– FSHP allows us to quickly and efficiently perform several parametric

analyses,making theadoptionof theprocedureattractive forengineer-

ing applications;

– The statistical convergence criterion adopted, based on the control of

the minimum number of simulations, allows us to determine the ap-

propriate RVE size to be used for performing homogenization, also at

sensitive varying of the contrast.

Next step of this research is to improve the accuracy of the results by

adopting higher degrees for VEM.Moreover, the proposedmethodwill be

implemented in order to: consider high order continua, such as Couple-

StressandCosserat; thathavebeenshowntobetterdescribe thebehaviour

of micro-structured material, such as random composites with particles

of different shape and orientation (Trovalusci et al, 2017).
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