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Abstract

We study the two-dimensional version of a quartic self-interacting quantum scalar field on a curved and 
noncommutative space (Snyder-de Sitter). We show that the model is renormalizable at the one-loop level 
and compute the beta functions of the related couplings. The renormalization group flow is then studied 
numerically, arriving at the conclusion that noncommutative-curved deformations can yield both relevant 
and irrelevant contributions to the one-loop effective action.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Originally introduced by Snyder in his search for a natural cutoff in Quantum Field Theories 
(QFT) [1], noncommutative geometry has become an important branch in mathematics [2]. More 
important to us is the fact that noncommutative QFT has become one of the main tools in the 
attempt to gather information and experience on possible effects of Quantum Gravity. In few 
words, it carries out the conjecture that spacetime should show a granular behaviour at high 
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enough energies [3]. Since the literature on the field is really vast, we refer the interested reader 
to the reports [4,5] and references therein.

Recently, there has been an increasing interest in the consideration of noncommutative theo-
ries in curved spaces. This is mainly driven by astronomical observations, which indicate that we 
live in a universe that is not flat [6]; see [7] for a recent review on quantum gravity phenomenol-
ogy. The proposals include a curved κ-Minkowski spacetime built from Poisson-Lie algebras 
structures [8,9], a de Sitter fuzzy space group-theoretically constructed [10–12], deformations 
of QFTs in de Sitter using embeddings in higher-dimensional spaces [13], and Snyder curved 
spaces [14–16].

Following the last approach, in [17] we have proposed an action for a scalar self-interacting 
QFT in Snyder-de Sitter space (SdS), employing techniques which were previously developed 
for QFT in Snyder space [18–21]. SdS was first introduced in [14] under the name of triply 
special relativity. One major motivation for considering a QFT on it, is the fact that the modified 
kinetic term develops a harmonic term. Such a term is well-known for its consequences in the 
renormalization properties of the Grosse-Wulkenhaar model [22–24], curing the so-called UV/IR 
mixing problem [25].

The main differences between our model and the Grosse-Wulkenhaar one are given by the 
structure of the noncommutativity, that in our case is of Snyder type, rather than Moyal, and by 
the action, that contains more terms due to the symmetries of our model. A duality invariance 
is present also in our model, but is spoiled by our simplified choice of the action and by the 
approximations introduced in the calculations.

In spite of this similarity, the renormalization flow in SdS is much more complicated. At the 
one-loop level and at first order in the noncommutative and curvature parameters, the effective 
action develops divergences and requires the introduction of new counterterms in the original 
action. Even more relevant is the fact that the theory apparently has no fixed points. Instead, 
similarly to the Grosse-Wulkenhaar model and to the nonlocal, albeit covariant theory in [26,27], 
it admits an asymptotically free regime.

Nevertheless, the proposal remains interesting and deserves further study for three main rea-
sons. First, it provides a natural explanation for the harmonic term, which was introduced by 
hand in the Grosse-Wulkenhaar model and could have a clear geometric/astronomical meaning, 
given its link to the cosmological constant in our model. Second, depending on the values of the 
coupling constants at low energies, the curvature parameter could display a change of sign as a 
consequence of its renormalization flow. Such a change of sign is compatible with observational 
data according to [28,29]. Third, it provides a way to circumvent both the Swampland conjec-
ture as proposed in [30], and (even if not mentioned in [17]) the Gross-Coleman theorem, which 
establishes that there is no scalar asymptotic free theory in D = 4 if Poincaré invariance is taken 
for granted [31].

A toy model that can be useful to disclose some features of the quartic self-interacting scalar 
QFT in SdS is given by its two-dimensional version. We expect, in fact, that the two-dimensional 
model should preserve the main properties of the four-dimensional one while rendering the com-
putations easier, in analogy with the Grosse-Wulkenhaar model. In the present article we will 
show that, in the small-deformations regime (meaning both small noncommutativity and curva-
ture) the D = 2 model is one-loop renormalizable, i.e. no additional term should be added to 
those already present in the action. Moreover, the computed one-loop beta functions show that 
the presence of deformations allows some flows that differ from the usual commutative and flat 
ones.
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The exposition of the article runs as follows. In Sec. 2 we rederive the main properties of 
the scalar self-interacting QFT in Euclidean SdS in arbitrary dimensions. Afterwards, in Sec. 4
we write down the divergent contributions and the beta functions for the two-dimensional case, 
at the order of one-loop. The study of the renormalization flow is explored in Sec. 5 and final 
remarks are made in Sec. 6. App. A is devoted to the expansion of the quartic potential for a 
small noncommutative parameter, while in App. B we obtain a closed form expression for some 
useful integrals involving generalized Laguerre functions.

2. A self-interacting scalar field in curved Snyder space

In this section we will review the main features of the model of a self-interacting scalar field 
in Euclidean SdS, which was originally derived in [17] and used in [32]. Let us recall that in the 
curved Snyder scenario in which we are interested, the momentum and position operators do not 
satisfy the canonical commutation relations, but close instead to a quadratic deformation of the 
algebra [14],

[x̂i , x̂j ] = iβ2Jij , [p̂i , p̂j ] = iα2Jij ,

[x̂i , p̂j ] = i[δij + α2x̂i x̂j + β2p̂j p̂i + αβ(x̂j p̂i + p̂i x̂j )],
(1)

where x̂0 denotes the Euclidean time, x̂1 the only spatial component in D = 2 (we will work with 
arbitrary D for convenience) and we have defined

Jij = 1

2
(x̂i p̂j − x̂j p̂i + p̂j x̂i − p̂i x̂j ). (2)

At this point the reader may conjecture that the form of these commutators is rather arbitrary. 
However, there are two significant symmetries behind them.

First of all, the operators Jij introduced in (2) satisfy the algebra of the Lorentz symmetries, 
even if the momentum and position operators are deformed. Indeed, a direct computation shows 
that the commutators among them are those of the usual Lorentz algebra, and their action on 
position and momentum operators is the one expected for vectors:

[Jij , Jkl] = i(δikJjl − δilJjk − δjkJil + δjlJik),

[Jij , p̂k] = i(δikp̂j − δkj p̂i),

[Jij , x̂k] = i(δikx̂j − δkj x̂i).

(3)

Second, there exists a duality symmetry under the exchange of position with momentum op-
erators, which can be written as

αx̂i ↔ βp̂i . (4)

This symmetry, originally proposed by Born as the reciprocity principle [33], has been more 
recently studied by Langman and Szabo [34], and exploited by Grosse and Wulkenhaar to obtain 
an all-order renormalizable and constructable noncommutative QFT [23].

Turning back to (1), one can readily notice that this algebra has two obvious limits: the limit 
α → 0 corresponds to Snyder space (a noncommutative space or, equivalently, a curved mo-
mentum space), while β → 0 corresponds to de Sitter space (a curved space). By combining 
noncommutativity and curvature, we are led to deform also the commutation between positions 
and momenta as in (1), in order to satisfy the Jacobi identities.
3
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To construct our theory, we will define an action principle in SdS. We will therefore consider, 
as customary, an action for the real scalar field,

S = SK + SI , (5)

given by the sum of a kinetic term, SK , and a term of self-interaction, SI , which we describe in 
the following.

2.1. The kinetic term

Let us begin by considering the kinetic term. A natural choice is to employ the square of the 
momentum operator acting on the scalar; in D dimensions we write

SK = 1

2

∫
dDx ϕ
[
(p̂(p̂ ϕ)

]+ m2ϕ2 . (6)

The key point in the following is that, as can be guessed from (1), p̂ will not simply act as 
a derivative. Notably, the operator p̂2 is Lorentz invariant, which follows from the algebraic 
properties in Eq. (3). Moreover, we will see that p̂ will be Hermitian, meaning that p̂2 will be 
positive. A further discussion on this choice (and a clarification of the meaning of the brackets) 
will be left to Sec. 2.3, after we have discussed the interaction term.

To analyze Eq. (6), we will employ a fundamental fact of SdS: by using a nonunitary, linear 
and evidently noncanonical transformation, we can transform the algebra to that of Snyder space. 
In [35,16] it has been shown that defining new position X and momentum P operators as

x̂i =: Xi + t
β

α
Pi, p̂i =: (1 − t)Pi − α

β
Xi, (7)

one obtains the usual Snyder algebra in the form

[Xi,Xj ] = iβ2Jij , [Pi,Pj ] = 0, [Xi,Pj ] = i(δij + β2PiPj ), (8)

for any arbitrary value of the parameter t . There is a subtle point with this step: as we will see 
later, the fact that this transformation is singular for small β (and α if t is nonvanishing), prevents 
the commutative and flat limit. Choosing t = 0, we can conserve a smooth flat limit; the price 
that we have to pay is the fact that we won’t be able to recover the curved commutative limit, but 
only the commutative flat one. An interesting question is whether these singularities are related 
to the existence of quantum phases, i.e. related to singular transitions in the properties of the 
associated group, or are just a consequence of the chosen change of variables [36,37].

Another negative point is the fact that the Born principle does not hold for the variables P
and X, and the duality gets hidden. Even if these two disadvantages are not minor ones, working 
in Snyder space greatly simplifies the subsequent computations. Given that (7) is the only linear 
transformation that accomplishes this job without introducing further dimensional parameters, 
we will use it. Alternatively, as a consequence of the duality (4), one could consider a transfor-
mation that goes from SdS to de Sitter space, corresponding to t = 1.

Starting from (7), we can define a non-linear realization for the operators in Snyder space, in 
terms of canonical operators x and1 p

Pi =: pi = −i∂i, Xi =: xi + β2xjp
jpi = xi − β2xj ∂j ∂i . (9)

1 We use Einstein’s convention of sum.
4
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Since the operators Xi defined in this way are non-hermitian, we need to apply a symmetrization 
as described in [18],

Xi → Xi = x̂i = xi + β2

2
(xjp

jpi + pip
jxj ). (10)

In this way we obtain a simple expression for the momentum:

p̂i = pi − α

β
xi − αβ

2
(xjp

jpi + pip
jxj ). (11)

On physical grounds, we expect both α and β to be small, at least at small energies scales, since 
they are to be associated with the cosmological constant and the noncommutativity. However, 
their quotient may be of order unity. Taking this into account, we insert eq. (11) into (6); up to 
order α2 and β2 we get

SK ≈ 1

2

∫
dDx ϕ

(
p2 + α2

β2 x2 + 2α2xjp
jpixi + m2

eff

)
ϕ, (12)

with an effective mass given by2

m2
eff : = m2 − α2

2
D(D + 1). (13)

Some remarks are now in order. At the end of this procedure, the kinetic term has developed 
a harmonic contribution which is proportional to the quotient of the curvature and the noncom-
mutativity. This observation, which is similar to the one made in [38], could be a crucial concept 
in the understanding of the Grosse-Wulkenhaar model [23]. Indeed, such a term was originally 
introduced by hand in [23] in the so-called vulcanization of the λφ4

� model in Moyal plane, which 
has been proved to be all-order perturbatively renormalizable.

Additionally, the action (12) displays many common features that arise in commutative curved 
spaces. First, it is not strange to encounter infrared divergences like the ones that could produce 
a negative mass as in expression (13). In the commutative de Sitter space, one encounters similar 
problems arising from the representations of the isometry group SO(D, 1) [39]; radiative prob-
lems for small masses are believed to be caused by a breaking of the perturbative expansion [40]. 
Moreover, terms involving both momentum and coordinates, such as the dilation-type operator 
x · p, arise directly from the Laplacian in curved space.

2.2. The self-interaction term

As interaction term, we choose a quartic potential for the scalar field ϕ:

SI = λ

4!
∫

dDx ϕ(x̂)
[
ϕ(x̂)
(
ϕ2(x̂)
)]

. (14)

As a consequence of the coordinate operators’ noncommutativity, this expression is not easy to 
handle. In order to simplify the computations, we can make use of the noncommutative as well 
as nonassociative star product derived in [18] for the realization in Eqs. (10) and (11),

2 Notice that in the published version of [17] there are two mistakes: the effective mass appears in the action S and not 
in its second variation, and the relevant factor is different by a factor five. In spite of these modifications, the qualitative 
conclusions derived in [17] are still valid.
5
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eik·x � eiq·x := eiD(k,q)·x

(1 − β2k · q)(D+1)/2
, (15)

where the vector Dμ is given by

Dμ(k, q) := 1

1 − β2k · q

[(
1 − β2k · q

1 +√1 + β2k2

)
kμ +
√

1 + β2k2qμ

]
. (16)

Although the nonassociativity of the product means that the gathering of the different fields in 
(14) is not unique, at first order in β2 all the different possible associations lead to the same 
result. This affirmation is valid at the level of the action, so it does not depend on the choice of 
the kinetic term.

One other relevant property of the star product defined in expression (15) is that the product 
of two functions, under the integral sign, is given by the usual (commutative) product [18], i.e.∫

dDxf (x) � g(x) =
∫

dDxf (x)g(x). (17)

We can now replace the position operators in (14) by star products to finally obtain the equiv-
alent expression

SI = λ

4!
∫

dDx ϕ(x) �
[
ϕ(x) �
(
ϕ(x) � ϕ(x)

)]
= λ

4!
∫

dDx
[
ϕ4 + β2 ϕ4

(1) +O(β4)
]
,

(18)

in terms of the first noncommutative correction

ϕ4
(1) : = 2

3
ϕ3
(
(D + 2) + 2xμ∂μ

)
∂2ϕ. (19)

Notice that this expansion involves the Laplacian as well as a dilation operator acting on ϕ. 
On one side, the Laplacian is a semi-negative defined operator; on the other side, the involved 
dilation operator is not Hermitian. Actually, the operator 2xμ∂μ + D is anti-Hermitian when 
acting on a complex field, and could thus prompt a unitarity problem. However, acting on a 
real field gives a real result. This fact entails a possible loss of positivity in the Lagrangian 
once the noncommutative corrections become big enough or, in other words, opens the door to 
possible instabilities and phases. Apparently, this issue has passed unnoticed in the literature 
[41,17,19,20]; instead, the positivity of the effective potential can be checked [20]. We will not 
deal with it in the present article, leaving it for a future presentation.

2.3. More on the kinetic term

In the last part of this section, we revisit some aspects of the kinetic term that are worth 
discussing.

The first one is related to the �-product introduced for the interaction term. One could wonder 
if such product may have a role in the construction of the kinetic term. The answer is that Eq. 
(11) already takes it implicitly into account. Indeed, remembering the property (17), one can 
show that

SK = 1

2

∫
dDx ϕ �

[
(p̂ � (p̂ � ϕ)

]+ m2ϕ � ϕ +O(γ 4), (20)
6
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where we denote with γ the scale of either β and α. Additionally, given that we are explicitly 
including the star product, the replacement p̂i → pi − α

β
xi should be understood (cf. Eq. (7) with 

t ≡ 0).
This is of course not the only possibility, since one could gather the terms differently and 

obtain distinct kinetic operators. However, they won’t satisfy the properties of positivity and 
Lorentz invariance. In order to prove this, notice first of all that if we want to reproduce the 
commutative results (via the α → 0 and subsequent β → 0 limits), the ordering with a p̂ on 
the right should be discarded (the derivative will act trivially on a constant factor). Additionally, 
from all the �-products inside the action, the last (the more external one) can be removed because 
of property (17); for this reason the �-product in the mass term is irrelevant so in the rest of this 
section we will set m = 0. We are thus left with a small number of possibilities that can be 
analyzed case by case.

A straightforward computation shows that, following the steps of Sec. 2.1, we have

S
(2)
K : = 1

2

∫
dDx ϕ
[
(p̂ � p̂) � ϕ

]
= SK − iαβ

∫
dDx ϕp2ϕ +O(γ 4).

(21)

This kinetic term is complex at first order in the deformation parameters and therefore we discard 
it. Another possibility, trying to mimic the commutative case, is given by

S
(3)
K : = −1

2

∫
dDx
(
p̂ � ϕ
) (

p̂ � ϕ
)

= −1

2

∫
dDx

[(
pi − α

β
xi − αβ

2
(xkp

kpi + pipkx
k)

)
ϕ

]

×
[(

pi − α

β
xi − αβ

2
(xjp

jpi + pip
jxj )

)
ϕ

]
.

(22)

In this case, the problem can be seen integrating by parts to obtain an operator acting on just one 
field: there is a change of sign in the pi term but not in the others, so that this choice is different 
from SK . The difference can be proved to be

�SK ∝
∫

dDx ϕ

(
−α2

β2 x2 − 2α2xipip
jxj + α2 D(D+1)

2 + i
αβ

2
p2 + i

α

β

D

2

)
ϕ + · · · ,

(23)

where the dots denote higher orders in α and β . This term is not real, and is thus also discarded.
A second important comment, is that the action (6) is Lorentz invariant but not fully (A)dS-

invariant. The construction of an (A)dS-invariant action is rather involved and will be studied in 
subsequent publications.

The third remark regards the t parameter that was introduced in Eq. (7) and afterwards set to 
zero. If this choice is not made, the fields become formal functions of Xi and Pi , with an (at least 
apparent) all-order dependence in t , given that β/α is not necessarily small. Although it would 
be desirable to show that the t dependence drops out since it is not a parameter of our algebra, 
we currently have no proof at our disposal.

Lastly, in this article we consider an Euclidean action, for which the kinetic operator is pos-
itive. Working directly with the Minkowskian version seems not feasible, since in that case the 
kinetic operator has no definite sign. Formally, one can try to perform a Wick rotation at the end 
7
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of the computations; one should keep in mind the validity of this process would probably be not 
devoid of subtleties, as is the case in Minkowski Moyal QFT [42] and in usual QFT in curved 
spaces [43] (see also [44] for recent results on analytic continuation of QFT in dS spacetime).

3. General aspects of the free theory

Before studying the interacting theory, we will consider in this section the free theory with a 
modified kinetic term defined as in Eq. (12).

3.1. On the operator defining the kinetic term

One way to better understand the kinetic term is by computing the eigenfunctions and eigen-
values of the operator involved in its definition:

K :=
(

− ∂2 + ω2x2 + 2α2xjp
jpixi

)
. (24)

Since we are interested in a small α, we can proceed with a perturbative computation. We will 
set D = 2 for convenience. The unperturbed operator corresponds thus to a harmonic oscillator 
in a plane. In polar coordinates,3 its normalized eigenfunctions can be shown to be proportional 
to the generalized Laguerre polynomials L(k)

n (x) [45],

φn,l(ρ,ϕ) :=
√

n!
π(n + |l|)!ω

|l|+1e−ωρ2/2ρ|l|L(|l|)
n (ωρ2)eilϕ, n = 0, 1 · · · , l ∈ Z, (25)

while the corresponding eigenvalues are

λn,l = (2n + |l| + 1)ω. (26)

The spectrum of K differs from the one in the undeformed case, which was continuous. In the 
present case the eigenvalues are integral multiples of the frequency ω = α/β , so that the limit of 
continuous spectrum is approached by taking α → 0 with β fixed.

To proceed to first order in perturbations, notice that

(p · x)f (ρ,ϕ) = − i

ρ
∂ρ(ρ2f (ρ,ϕ)),

(x · p)f (ρ,ϕ) = −iρ∂ρf (ρ,ϕ)),

(27)

so that the perturbing operator xjp
jpixi commutes with the angular momentum operator. This 

means that we can safely compute the shifts in the eigenvalues with standard non-degenerate 
perturbation theory, i.e.

�λ
(α2)
nl : = 2α2

∫
d2x φn,l(x · p)(p · x)φn,l

= 2α2
∫

d2x |(p · x)φn,l |2.
(28)

Employing the well-known formula for the derivatives of generalized Laguerre polynomials,

3 The radial distance and angle respectively correspond to ρ and ϕ.
8
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dk

dxk
L(l)

n = (−1)kL
(l+k)
n−k , if k ≤ n, (29)

we obtain the following formula for the integrand in Eq. (28) (valid for n > 0; the n = 0 case 
should be considered separately):

(p · x)φn,l = −i

√
n!

π(n + |l|)!ω
|l|+1eilφe− 1

2

(
ρ2ω
)
ρ|l|

×
((

|l| − ρ2ω + 2
)

L|l|
n

(
ρ2ω
)

− 2ρ2ωL
|l|+1
n−1

(
ρ2ω
))

.

(30)

Performing an appropriate change of variables, the calculation of the first perturbative correction 
has been thus reduced to the computation of integrals involving a product of two generalized La-
guerre polynomials, the corresponding exponential measure and powers of its argument. In spite 
of the existence of some general results [46], they are not directly applicable to our computation. 
We leave to App. B the explanation of how to compute those integrals; employing Eq. (64), we 
can express the first-order contribution to the eigenvalues as

�λ
(α2)
nl = 2α2

[
(2n + 1) |l| + 2

(
n2 + n + 1

)]
. (31)

This formula deserves some comments. First, notice that Eq. (31) provides an explicit quan-

titative proof that the kinetic operator is positive, since �λ
(α2)
nl ≥ 4α2 and therefore always 

compensates the term in the effective mass proportional to α2, cf. Eq. (13).
Secondly, the corrections increase with n and |l|; hence, the contribution of the potential can 

be considered small only for a finite number of eigenfunctions. Heuristically, this can be under-
stood from the functional dependence of the potential: if the expectation values of p or x become 
large (which is what happens when n or |l| increase), then the potential will naturally get larger. 
Coming back to the field theory, the term containing the operator xjp

jpixi will intuitively be-
come large for configurations that have sizeable momentum components or space extensions. 
However, in our Euclidean setup they are suppressed by the kinetic term, so the small-α expan-
sion of the quantum theory is expected to be well-defined.

3.2. The propagator at tree level

As we have seen in the previous section, the peculiarities of the model are already displayed 
at the level of the kinetic term. This implies that also the propagator is intrinsically modified at 
the tree level with respect to the standard case. We can define it as

Gα : = (−∂2 + ω2x2 + m2 + 2α2(x · p)(p · x))−1

= G0 + α2G(1)
α + · · · ,

G0 : = (−∂2 + ω2x2 + m2)−1,

G(1)
α : = −2G0(x · p)(p · x)G0,

(32)

where G0 denotes the unperturbed propagator, i.e. the one corresponding to α = 0, and, as pre-
viously done with other physical quantities, we have performed a perturbative expansion in α.

A direct computation of the propagator in terms of its eigenfunctions using the results of the 
previous section seems rather involved. Instead, one simple way to compute it is to recall the 
relation between the inverse A−1 of an operator and its heat-kernel KA,
9
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A−1(x, x′) =
∞∫

0

dβKA(x, x′;β), (33)

which can be easily proved. In Cartesian coordinates, the oscillator-like operator G0 can be 
divided into a sum of operators involving one single coordinate; this translates at the heat-kernel 
level into a product of heat-kernels. Recalling the well-known result by Mehler [47] for the heat-
kernel with harmonic terms, we find in D dimensions

G0(x, x′) =
∞∫

0

dβ

(
ω

2π sinh 2ωβ

)D/2

e−βm2
e
− ω

2 sinh 2ωβ

{
(x2+x′2) cosh 2ωβ−2x·x′}

. (34)

Notice that one can also write Mehler’s kernel as a function of x± := (x ± x′)/2,

G0(x, x′) =
∞∫

0

dβ

(
ω

2π sinh 2ωβ

)D/2

e−βm2
e− 1

4 x2+ω tanh(βω)− 1
4 x2−ω coth(βω) , (35)

so that one can readily see the divergence of the propagator arising at coinciding points x = x′.
According to Eq. (32), the first perturbative correction to the propagator is given by the con-

tribution

G(1)
α (x, x′) = 2

∫
dDx′′

∞∫
0

dβ1dβ2

(
b1b2

π2

)D/2

e−(β1+β2)m
2

× e−a1(x
2+x′′2)+2b1x·x′′

(x′′ · ∂x′′)(∂x′′ · x′′)e−a2(x
′′2+x′2)+2b2x

′′·x′
,

(36)

where we have abbreviated

ai : = ω

2
coth 2ωβi, (37)

bi : = ω

2 sinh 2ωβi

. (38)

Notice that the integral in x′′ is Gaussian and thus computable; a straightforward calculation 
gives:
10
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Fig. 1. The first correction to the tree propagator, G(1)
α (x, x′), computed numerically in D = 2 as a function of x =

(0, x1). We set all quantities in units of the mass and x′
0 = 0. We choose (ω = 1, x′

1 = 0), (ω = 0.1, x′
1 = 0) and 

(ω = 1, x′
1 = 1.) for the blue, orange and green line respectively.

G(1)
α (x, x′) =

∞∫
0

dβ1dβ2

(
b1b2

π(a1 + a2)

)D/2

e−(β1+β2)m
2
e−a1x

2−a2x
′2 e

(b2x′+b1x)2

a1+a2

(a1 + a2)4

×
[
Da2(a1 + a2)

2(−(3 + D)a1 + (1 + D)a2
)

+ 2b1
2x2a2

(
4b1

2x2a2 − (a1 + a2)
(
(3 + D)a1 − (5 + 3D)a2

))
+ 2b2

2x′2a1
(
4b2

2x′2a1 + 3a2
1 + Da2

1 − 8b1
2x2a2

− 2a1a2 − 2Da1a2 − 5a2
2 − 3Da2

2 + 8b1b2(a1 − a2)x
′ · x)

− 2b1b2x
′ · x
(

8b1
2x2(a1 − a2)a2

− (a1 + a2)
(
(1 + D)a2

1 − 4(3 + D)a1a2 + 3(1 + D)a2
2

)
− 4b1b2(a1 − a2)

2x′ · x
)]

.

(39)

This expression can be studied numerically in D = 2. In Fig. 1 we have plotted the propagator 
as a function of x for different values of ω and x′, employing the mass as unit. To further simplify, 
we have set x0 ≡ x′

0 ≡ 0. On the one hand, if x′
1 = 0, the function is symmetric with respect to 

the x1 = 0 line, as happens for the blue (ω = 1) and orange (ω = 0.1) cases. As ω decreases, the 
peaks of G(1)

α get larger since we approach the usual commutative situation where the internal 
propagators should be UV-regularized.

On the other hand, the x′
1 = 0 case is more involved; see for example the green line, which 

corresponds to (ω = 1, x′
1 = 1). In this case the plot is not symmetric: the bump on the left 

(right) gets larger for x′
1 smaller (bigger) than zero. Moreover, the function develops a logarithmic 

divergence at x1 = x′
1. This fact can be analytically derived from Eq. (39). Indeed, notice that the 

divergence for small propertimes βi is tamed only by an exponential term that depends on x2−, as 
happens in the commutative case; expanding carefully for small x− we then have
11
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G(1)
α (x, x′)

∣∣
x−→0 →

∞∫
0

dβ1dβ2 e
− x2−

4(β1+β2)

[
− x2+

32π(β1 + β2)2

+ 32β1(3β1 − 5β2) + x2+(4m2 + ω2x2+)(β1 + β2)
2

128π(β1 + β2)3

]
+ · · ·

= x2+ log(x2−)

32π
+ · · · ,

(40)

where the dots denote regular terms in the coinciding point limit. This is the same divergence 
present in the commutative situation, meaning that, at the perturbative level, the UV region is not 
strongly modified.

4. One-loop contribution to the effective action

4.1. The worldline formalism

Our focus will be centred on the computation of the divergent one-loop contributions arising 
for the SdS model, cf. eq. (6), from which the running of the coupling constants in the Modi-
fied Minimal Subtraction scheme can be read. One economic way to do so is by employing the 
Worldline Formalism, which is closely related to heat-kernel techniques. Some recent applica-
tions include the computation of transition amplitudes in curved spacetimes [48], the calculation 
of fermion propagators in electromagnetic backgrounds [49] and the consideration of vacuum 
energies with generalized boundary conditions [50]. The noncommutative version of this tech-
nique [51] has been extended to consider all-order harmonic contributions in the study of the 
Grosse-Wulkenhaar model [21]; it has also proven helpful even in presence of terms with higher 
momentum powers in the action [41].

In the present case, the computation goes at follows. One introduces first the classical (or 
mean) field φ; for example, in a path integral approach we define

φ(x) :=
∫
Dϕ e−S[ϕ]+∫ dx J (x)ϕ(x)ϕ(x)∫
Dϕ e−S[ϕ]+∫ dx J (x)ϕ(x)

. (41)

The one-loop contribution to the effective action can be written in terms of it as

�1−loop[φ] = S[φ] − 1

2

∞∫
0

dT

T
Tr
(
e−T δ2S

)
, (42)

where the kernel of the operator δ2S is the second variation of the action evaluated at the classical 
field φ:

δ2Sf (x) :=
∫

dy
δ2S

δϕ(x)δϕ(y)
[φ]f (y). (43)

Because of the nonlocality encoded in the star product of the interaction term, this operator will 
involve an infinite number of derivatives, rendering the computation highly nontrivial.

The situation becomes more tractable once we expand to first order in the deforming parameter 
β2. In this case the operator can be written as a local differential operator of second order, whose 
coefficients depend on the classical field φ. The explicit expressions read
12
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δ2SIf (x) = − λ

4!
1

2

∫
dq1

(2π)D

dq2

(2π)D
φ̃1φ̃2e

ix(q1+q2)

×
[
4! + β
(
aij (x)(−i∂i)(−i∂j ) + bj (x)(−i∂j ) + c(x)

)]
f (x),

δ2SKf (x) =
(

− ∂2 + α2

β2 x2 − 2α2xj ∂
j ∂ixi + m2

eff

)
f (x),

(44)

where δ2SI and δ2SK correspond respectively to the contributions of the interaction and kinetic 
term. In this expression we have defined the Fourier transform φ̃i := φ̃(qi) as

φ(x) =:
∫

dqi

(2π)D
eixqi φ̃(qi), (45)

and the tensorial coefficients are given by

aij (x) : = 8i(s1 + s2)
(
2xi(q1 + q2)j + (q1 + q2) · xδij

)
,

bj (x) : = 8i(s1 + s2)
(
xi(q1 + q2)

2 + 2(q1 + q2) · x (q1 + q2)j

)
+ 8(2 + D)(s1 + s2)(q1 + q2)j ,

c(x) : = 8i(s1 + s2)
(
(q1 · x)(2q1 · q2 + q2

2 ) + (q2 · x)(2q1 · q2 + q2
1 )
)

+ 8(2 + D)(s1 + s2)q1 · q2.

(46)

Notice that the derivatives are intended to act on every function on the right.
In the Worldline Formalism one rewrites the heat-kernel in Eq. (42) as a path integral in a first 

quantization of an auxiliary particle. The action of this auxiliary particle can be immediately read 
from the Weyl-ordered expression of the operator δ2S, which we will denote using a subscript4

W . After the Weyl-ordering, the positions xi and derivatives ∂i in the symmetrized expressions 
are replaced respectively by position (xi) and momentum (pi) variables, which are the variables 
of the corresponding path integral [52]:

Tr
(
e−T δ2S

)
=
∫

PBC

DxDp e− ∫ T0 dt δ2SW (p(t),x(t)). (47)

In this expression, the subscript PBC denotes periodic boundary conditions in the position vari-
ables, which is a consequence of considering the trace of the heat-kernel. If we were interested 
in the local elements of the heat-kernel, we would instead impose local boundary conditions.

For a quartic potential in SdS, a master equation has been obtained in [17], considering a first-
order expansion in the noncommutative parameter β2 and the curvature α2. Let us recall that the 
Weyl-ordered expression for the second variation of S is given by

δ2SW = p2 + ω2x2 + α2(xix
jpjp

i)S + m2 + V I
W . (48)

Notice that we have defined ω2 := α2/β2 and the Weyl-ordered potential V I
W reads

4 The Weyl-ordering of a polynomial expression consists in obtaining its totally symmetric expression by performing 
the necessary commutations. As a simple example, if we have A = px with p ≡ −i∂ , its Weyl-ordered expression is 
given by AW = px+xp

2 − i/2 = (xp)S − i/2, where the subscript S means symmetrized. For further information see 
[52].
13
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V I
W : = −1

2

λ

4!
∫

dDq1dDq2

(2π)2D
eix(q1+q2)

[
4! + β2

(
α′

ijp
ipj + β ′

jp
j + γ ′)] φ̃1φ̃2, (49)

in terms of the tensorial coefficients αij , βj and γ reported in App. A. These coefficients are 
functions5 of the momenta q1, q2 and derivatives acting on φ̃i=1,2. Importantly, although the full 
potential term is nonlocal in the classical field φ, it becomes a local operator at the order in which 
we are working.

4.2. The divergent terms of the effective action

Recall that we are interested in the first contributions in the deformation parameters α and β
to the effective action. According to the discussion before Eq. (12), the frequency of the oscillator 
is not necessarily small; therefore, we can perform a perturbative expansion around a quadratic 
action which includes the oscillator potential. Performing an appropriate rescaling in the internal 
times and the phase space coordinates, we may take thus

S0[k, j ] : =
1∫

0

dt
[
p2(t) + ω2x2(t) − ip(t)q̇(t) + k(t)p(t) + j (t)q(t)

]
(50)

as the undeformed action of the worldline particle. We have included sources j (t) and k(t) for 
positions and momenta anticipating the fact that we will be interested in the computation of the 
particle’s partition function, from which mean values of quantities depending on the phase space 
coordinates may be obtained as variations in the sources. A straightforward computation [21]
shows that the partition function is given by

Zper[k, j ] : =
∫

PBC DxDp e−S0[k,j ]∫
PBC DxDp e−S0[0,0]

= exp

⎧⎨
⎩

1∫
0

1∫
0

dtdt ′
(
k(t) j (t)

)
G(per)(t − t ′)

(
k(t ′)
j (t ′)

)⎫⎬
⎭ ,

(51)

in terms of the matrix-valued Green function

G(per)(�) : = 1

4 sinhωT

(
G

(per)
pp G

(per)
px

G
(per)
xp G

(per)
xx

)
, (52)

whose components are

G
(per)
pp : = ωT cosh [ωT (2|�| − 1)],

G
(per)
px : = i ε(�) sinh [ωT (2|�| − 1)],

G
(per)
xp : = −i ε(�) sinh [ωT (2|�| − 1)],

G
(per)
xx : = 1

ωT
cosh [ωT (2|�| − 1)].

(53)

5 The tensorial coefficients, αij and βj , should not be confused with the curvature and noncommutative parameters, α
and β .
14
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Turning back to our model, a perturbative expansion of the one-loop effective action in terms 
of the deformation parameters can be written as

�1−loop[φ] = −1

2

∞∑
n=1

1

n!
1∫

0

· · ·
1∫

0

n∏
i=1

dtiVW (δji
, δki

)×

×
∞∫

0

dT
T n−1

(2 sinhωT )D
e−T m2

Zper[k(t)/
√

T ,
√

T j (t)] , (54)

where we have employed the abbreviation δji
:= δ

δj (ti )
for the variation with respect to sources 

at a given time ti (analogous definition is valid for k). In that expression, VW includes the terms 
coming from the interaction V I

W , as well as the one proportional to α2 in Eq. (48), i.e.

VW(x,p) : = V I
W + V α

W , (55)

V α
W : = −2α2xix

jpjp
i. (56)

To isolate the UV divergences in (54), one should notice that they come from the small-
propertime T behaviour of the integrand; these divergences are adequately regulated in dimen-
sional regularization. Additionally, as happens in the commutative case, each potential term 
contributes a power of T , rendering the integral more convergent at higher orders in the po-
tential. However, in this case also inverse powers of T are generated because of the dependence 
of the potential on the momenta; this can be readily seen from expression (54): the partition 
function is evaluated at k(t)/

√
T .

In our noncommutative case, the number of divergent terms turns out to be finite. Defining 
D =: 2 − ε and retaining only the divergent contributions for ε → 0, a direct albeit lengthy 
computation gives

�div
1−loop = λ

24πε

∫
d2x

[
6α2m2

ω2 + 4β2m2 + 3 + x2
(

9α2 + 8β2ω2
)]

φ2(x)

+ λ2

48πε

∫
d2x

[
3α2

ω2 + 2β2
]

φ4(x),

(57)

telling us that in order to have a well-defined theory we should renormalize just the mass m, the 
frequency ω and the coupling constant λ by introducing appropriate counterterms.

In particular, this means that in two dimensions the theory is renormalizable at the one-loop 
level. This result is non-trivial, since a power counting argument would say that the theory is 
non-renormalizable or, analogously, that some operators are classically relevant in the UV. This 
is in contrast with the four-dimensional case [17], where we had to perform a renormalization of 
the noncommutative parameter and of the curvature, and even to introduce some additional terms 
in the original action.

It is now straightforward to introduce the necessary counterterms and compute the beta 
functions for the dimensionful couplings. Introducing the renormalization scale μ and defining 
βx = ∂x

∂ logμ
, we are led to6

6 We are still working at O(α2, β2).
15



S.A. Franchino-Viñas and S. Mignemi Nuclear Physics B 981 (2022) 115871
βω2 = − λ

12π

(
9α2 + 8β2ω2

)
,

βm2
eff

= − λ

12π

(
6α2m2

ω2 + 4β2m2 + 3

)
,

βλ = −λ2

π

[
3α2

ω2 + 2β2
]

,

ββ2 = 0,

βα2 = 0.

(58)

In any case remember that, when we consider the Callan-Symanzik equation [53], we need to 
add a contribution proportional to the classical dimension of the coupling in each differential 
equation in (58).

5. Analysis of the beta functions

First of all, let us look for fixed points (FPs) of the system at the one-loop level, which are 
obtained by equating to zero the system of eqs. (58) with the addition of the classical dimensions. 
Since α and β have no contribution from anomalous dimensions to compensate their classical 
dimensions, the only solution for them is the trivial one. Replacing these values in the remaining 
equations, we get just one solution, namely the trivial Gaussian FP. There is however a subtlety: 
as a consequence of our exact computation in ω, the beta functions contain inverse powers of the 
frequency. This means that the FP can only be obtained dynamically, i.e. we can not just set our 
parameters to the values of the FP, since at that point the expressions are not well-defined. Hence, 
our one-loop computation should be trusted only if the evolution is given in a certain region of 
the flow in the (α, ω) plane, where the quotient α

ω
remains bounded.

In order to study the system of coupled differential equations, we will tackle the nontriv-
ial ones numerically. In the following the vector vi = (ω2

i , m
2
i , α

2
i , β

2
i , λi) will label the initial 

conditions at a scale μ = 1 in arbitrary units.
First of all, let us recall the commutative and flat result in D = 2 without harmonic term, 

remembering that one should take the α → 0 limit before the ω → 0. In this case, the only 
nontrivial running corresponds to the mass. It is easy to see that the Gaussian FP is actually an 
attractor in the UV, so that the theory is asymptotically safe. Instead, if one trusts these one-
loop results, the theory would be strongly coupled in the IR. The addition of a harmonic term 
introduces no new effect.

On the other side, the introduction of the noncommutativity involves an operator which at 
first glance, given the trivial scaling of β , is relevant in the UV. However, the coupling involved 
in the noncommutative contribution to the potential is λβ2; thus, there exists a dispute between 
the respectively decreasing and increasing behaviour of λ and β . One can numerically see that 
the product in which we are interested tends to zero for large energies. As an example, choosing 
v1 := (0.5, 1, 0, 10−3, 1.), we have plotted both λβ2 (in green solid line) and λ (in purple dashed 
line) in the left panel of Fig. 2. According to this plot, the theory is asymptotically free, even if 
the noncommutative contribution becomes more important.

The situation becomes unstable if instead of considering Snyder space we analyze a change 
of sign in β2, i.e. we consider anti-Snyder space. This happens even in the case of a small 
noncommutativity. We depict this setting in the right panel of Fig. 2, with the choice v2 =
(0.5, 1, 0, −10−3, 1.). Under these circumstances the anomalous dimension of λ, even if not 
big enough to counteract the classical dimension, generates a growth in the absolute value of 
16
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Fig. 2. The product λβ2 (green continuous line) and the coupling constant λ (purple dashed line) as a function of the 
energy μ in arbitrary units. The plot on the left corresponds to the choice of parameters v1 = (0.5, 1, 0, 10−3, 1.), while 
the plot on the right belongs to v2 = (0.5, 1, 0, −10−3, 1.).

Fig. 3. The product λβ2 (green continuous line) and the coupling constant λ (purple dashed line) as a function of the 
energy μ in arbitrary units, corresponding to the parameters v3 = (0.1, 1, −0.005, 0.01, 1).

λβ2. In other words, the operator associated with the noncommutative sector of the interaction 
will become relevant in the UV if we are allowed to extrapolate this one-loop computation.

Let us now come to the full noncommutative and curved theory. Although the consideration 
of a curvature α of the same positive sign7 as β leads always to a vanishing coupling λ at high 
energies, once we consider a negative curvature or noncommutativity the situation is more in-
volved. This can be already seen from eq. (58), where the sign of the derivative depends on the 
relative magnitude of α and β , with an effect of the curvature parameter that could be enhanced 
by the frequency. To be explicit, consider the Snyder-anti-de Sitter case, where the initial values 
of α and β are not so small, viz. v3 := (0.1, 1, −0.005, 0.01, 1). This case yields the situation 
depicted in Fig. 3, with an asymptotically free commutative contribution to the potential, and a 
noncommutative contribution that is relevant in the UV if the one-loop is trustable enough.

Finally, let us mention an interesting alternative possibility related to the study of the beta 
functions, cf. (58). Following the results in [23] we could define dimensionless couplings that 
scale either with the curvature or the noncommutative parameter. This is natural, at least at the 

7 Recall that α2 > 0 should be associated with a de Sitter geometry, while α2 < 0 corresponds to an anti-de Sitter one.
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one-loop level, since they have no anomalous dimension. This will not imply a change in the 
results obtained; it just renders the comparison with [23,24] simpler.

Perhaps the most natural rescaling would be ω → α
β
ω̃, rendering the frequency parameter 

dimensionless. Afterwards, some of the resulting beta functions could be made to vanish for some 
values of the parameters, if the relative sign of ω with respect to α and β is chosen appropriately. 
In any case, this will allow a vanishing beta function for the mass and for either the frequency 
or the coupling (but never for both ω and λ). Consequently, the fixed point structure in [24]
will not be totally reproduced. Indeed, in [24] both the beta functions for the coupling and the 
dimensionless frequency vanish at the dual point, while the beta function for the mass remains 
non-null.

6. Conclusions

We have shown that in two dimensions the SdS QFT is renormalizable at the one-loop level, 
contrary to what happens in the four-dimensional case. Indeed, we have seen that one needs to 
renormalize only the frequency, the mass and the coupling constant, without the introduction of 
new terms in the action.

Additionally, we have computed the beta functions of all the involved couplings. The fre-
quency, the mass, the coupling constant λ and α generically tend to zero as the energy increases. 
Instead, the operator corresponding to the noncommutative deformation of the potential, i.e. the 
term proportional to β2, can be either relevant or irrelevant depending on the initial conditions.

The analysis also shows that the system possesses no fixed points. Although one can introduce 
by hand the relative scale of one of the parameters, for example by replacing ω → α

β
ω̃, and 

then study the running of the dimensionless parameter ω̃, one would need to introduce also 
an additional relative sign in order to allow the vanishing of some beta functions. In any case, 
the fixed-point pattern of the Grosse-Wulkenhaar model [24] is never attained. Related to the 
renormalizability of the model, recently some numerical simulations have pointed out that the 
absence of a so-called stripe phase could be behind the renormalization properties of the Grosse-
Wulkenhaar model [54,55]. It could be thus worth to numerically analyze the nonperturbative 
phase structure of the SdS model both in D = 2 and D = 4, where they could be compared with 
our perturbative analytic computations.

One possibility that has not yet been studied in SdS is a reformulation in terms of a matrix 
model, which was one of the keys of the success in [23]. This could render the renormalization 
properties more explicit. Another interesting idea could be to consider an associative realization 
of the model, following [56]. This would however require an additional compactification of the 
extra dimensions.

More generally, our model is intended to be an effective field theory in a noncommutative 
and curved space. One of the main features of any effective field theory regards the identification 
of its underlying symmetries, in order to include in the action every possible term compatible 
with it. In our case, more focus should be made in the future on Born duality [33], which is 
patent in our starting algebra (1) and lost in the building of the theory. Although, as can be 
seen from (12), the kinetic term in the SdS action develops several terms that treat p and x
on equal footing, the potential term does not satisfy such a symmetry, at least in this small-
deformations expansion. We believe that this is an important point on which one should focus, 
since it is a related symmetry, Langmann-Szabo’s symmetry [34], that is behind the properties of 
the celebrated Grosse-Wulkenhaar model [23]. To achieve this end, one should presumably figure 
out a method that does not rely on the transformations (7). Such issue is currently investigated.
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Appendix A. Coefficients in the expansion of the potential VW

The tensorial coefficients α′
μν , β ′

μ and γ ′, which are used in eq. (49), have been derived for 
the first time in [41]. As a matter of completion, we write them explicitly, omitting the factors of 
the Fourier-transformed fields φ̃i , which were taken out as overall factors in (49):

α′
ij = −8(s1 + s2)

(
2(q1 + q2)

j ∂qi
1
+ (q1 + q2) · ∂q1δij + (D + 2)δij

)
,

β ′
j = 0 ,

γ ′ = −2(s1 + s2)
[
4(2q1 · q2 + q2

2 )(q1 · ∂q1) + 4(2q1 · q2 + q2
1 )(q2 · ∂q1)

− 3(q1 + q2)
2(q1 + q2) · ∂q1 − (2 + D)(q2

1 − 2q1q2 − 3q2
2 )
]
.

(59)

In these expressions, the derivatives are intended to apply solely to the right, what in our case 
means only on the φ̃ factors.

Appendix B. Integrals involving a product of generalized Laguerre functions

In Sec. 3.1 we need to compute integrals involving the product of two generalized Laguerre 
functions, the corresponding exponential measure and powers of its argument,

Im,n(a,α,β) : =
∞∫

0

dx e−xxaL(α)
m (x)L(β)

n (x). (60)

This type of integrals has already been investigated in the literature; for example, the authors of 
[46] find the expression
19
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Im,n(a,α,β) = �(a + 1)�(n + β + 1)�(m + α − a)

m!n!�(α − a)�(β + 1)

× 3F2(−n,a + 1, a − α + 1;β + 1, a + 1 − α − m;1)

(61)

in terms of the generalized hypergeometric function 3F2, which is valid as long as no singularity 
arises.

Unfortunately, the expressions that we need in Sec. 3.1 correspond to singular limits of this 
result. To circumvent this inconvenient, notice that, for fixed indices of the Laguerre polynomials, 
the result should be an analytic function of the power a. We can thus obtain the desired results 
by using (61) with an arbitrary power a of the variable x (for fixed n and m) and performing an 
analytic continuation.

Let us be more concrete considering an example. If we want to compute In−1,n(|l| + 1, |l| +
1, |l|), we may introduce an auxiliary variable s so that

In−1,n(|l| + 1, |l| + 1, |l|) =
∞∫

0

dz e−zz|l|+s+1L
|l|+1
n−1 (z)L|l|

n (z)

∣∣∣
s=0

= �(n − s − 1)�(n + |l| + 1)�(s + |l| + 2)

(n − 1)!n!�(−s)�(|l| + 1)

× 3F2(−n, s + 1, s + |l| + 2;−n + s + 2, |l| + 1;1)

∣∣∣
s=0

.

(62)

If one naively takes the limit s → 0, then the divergent �(−s) in front of the expression generates 
a vanishing result. However, if n is a fixed positive integer, the hypergeometric function has a 
hidden simple pole as a function of s. Indeed, by definition we have

3F2(−n, s + 1, s + |l| + 2;−n + s + 2, |l| + 1;1) =
n∑

i=0

(−n)i(s + 1)i(s + |l| + 2)i

(−n + s + 2)i(|l| + 1)i

1

i! ,
(63)

where (·)i denotes the Pochhammer symbol (or generalized factorial). The singular behaviour 
comes from the factor (−n)i

(−n+s+2)i
, which displays a pole in s for i = (n − 1), n. These are the 

only terms that will contribute to Eq. (62), so that we can isolate them and obtain the correct 
result.

In this way we compute the necessary integrals:

In−1,n(|l| + 1, |l| + 1, |l|) = −�(n + |l| + 1)

�(n)
,

In−1,n(|l| + 2, |l| + 1, |l|) = − (3n + 2 |l| + 1)�(n + |l| + 1)

�(n)
,

In,n(|l| + 1, |l| , |l|) = (2n + |l| + 1)�(n + |l| + 1)

�(n + 1)
,

In,n(|l| + 2, |l| , |l|) = (6n(n + 1) + |l| (6n + |l| + 3) + 2)�(n + |l| + 1)

�(n + 1)
.

(64)
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