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Abstract

Thermoelectricity (TE) is a promising and sustainable source of energy that man-

age to convert wasted heat into electricity using the Seebeck e�ect. A good ma-

terial for TE application should have with low thermal conductivity (k) and high

Seebeck coe�cient and electrical conductivity, because TE generators e�ciency is

inversely proportional to the �rst property and directly proportional to the other

two properties. Unfortunately, materials with such characteristics are not present

in nature, so as of now TE is not yet a viable form of energy due to its low e�ciency.

In order to increase it, we can modify some pristine materials to decrease its k and

increase its electrical properties. In this thesis is presented a computational study

of the thermal transport property of three materials, two belonging to the class

of TMD (TaS2 and MoS2) and organic molecular crystals (BTBT, DNTT), using

both ab-initio techniques and MD simulations. TMDs have high electrical prop-

erties, making them ideal for TE applications, but showed large k that decreases

their possible use as TEG. Thus, after a detailed study of their thermal proper-

ties, it is shown that their inplane k greatly varies from their 2D and bulk phases,

due to some inter-layer vibrational modes that are suppressed by the distancing

of the layers. Furthermore, it is shown how the correct functionalization further

decreases the k, making the functionalized and distanced system a good material

for thermoelectric applications. While another decrease in k is found in a system

with vacancies, it is observed that under the correct conditions the system showed

1



a super periodicity that restores the original k value. BTBT and DNTT have low

k, but it is shown deviations from the expected k(T) trend because of its high

anharmonic properties. While a BTE-level theory fails to predict it, both Wigner

theory and MD simulations reproduces this deviation correctly, giving credit to

AEMD simulations in highly anharmonic crystals

2



Chapter 1

Introduction

In the present landscape, energy sustainability and the reduction of energy waste

are among the main concerns of current scienti�c research. Although powerful

and sustainable energy sources have already been adopted in many circumstances

with good conversion e�ciency, they have many shortcomings that require further

studies to overcome.

One of those is the waste of energy in the form of heat, that is a major concern

on both new and old sources of energy. Thermoelectricity is a sustainable way to

convert this wasted heat back into electricity, making thermoelectric generators

prime candidates for auxiliary generators on the side of larger power sources [1].

Thermoelectric generators have really interesting characteristics. They o�er ex-

tremely good scalability, noise-free energy generation, absence of moving and me-

chanical parts and great reliability, making thermoelectric energy suitable for a

great variety of applications other than the aforementioned wasted energy recov-

ery, e.g. energy generation in deep space missions and batteries for cardiac pace-

makers.

Despite its really good advantages, thermoelectricity is still in dire need of further
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Introduction

scienti�c studies in order to become a major candidate for solving the aforemen-

tioned problems because of its terrible conversion e�ciency.

The scope of this thesis is to o�er an insight on the current thermoelectric land-

scape and to propose ways to improve the e�ciency of such generators.

1.1 A brief history of thermoelectricity

Thermoelectricity �rst observations can be traced back to XVIII century, thanks

to an experiment performed by the physicist and chemist Alessandro Giuseppe An-

tonio Anastasio Volta [2]. While studying the response of muscles when exposed

to external electricity, Volta observed that if a dead frog's legs were put in a glass

of water and is upper body was put in a di�erent one the frog's muscles had some

violent contractions [3]. He proposed a theory that related such contraction on the

di�erence in temperature between the two glasses, and since previous experiment

proved a correlation between muscles contraction and electricity, he was able to

relate for the �rst time a di�erence in temperature with an electric current [4].

No further discoveries were made in this �eld for another twenty years, until

the German physicist Johann Seebeck proposed a new explanation of the phe-

nomenon with the theory of thermomagnetism. While the thermomagnetism the-

ory was proved false by later studies[5], Seebeck's interpretation gives us the �rst

parametrization of the relation between heat and electric current and the See-

beck's coe�cient that he proposed is still today used in thermoelectric materials

description. Because of this, today the phenomenon of electromotive force induced

by a heat gradient take the name of Seebeck's e�ect and it is controlled by the

Seebeck's coe�cient:

S = −dV

dT
(1.1)
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Introduction

where V is the potential di�erence e T is the temperature [6].

Seebeck's studies, in conjunction with the progress on electromagnetism [7�9],

opened a new �eld of research that aimed to �nd a relation between heat and

electrical currents.

Of particular interest is the studies performed by Peltier in 1834. The French

watchmaker discovered by generating a electrical current in a conductor composed

by two di�erent metal he was able to heat up or to cool down the system depending

on the direction of the current. He explained the phenomenon by means of the

Joule e�ect, but we know now that the two phenomena are in fact distinct and we

call the one discovered by Peltier the Peltier e�ect. Today, we know that when

a current is forced to pass between two di�erent conductors, heat is released or

absorbed by the junction between them [10]. The Peltier coe�cient is often used

to quantify this phenomenon:

π =
Q̇

i
(1.2)

where Q̇ is the heat absorbed or released per unit time in the junction and i is the

electric current �owing in the system.

In 1854, the British physicist Thomson �nally gave an explanation of both Seebeck

and Peltier e�ects in thermodynamic therms. While working on the �rst two

thermodynamic laws, he discovered a new thermoelectric e�ects and was able to

correlate the other two [11]:

τ =
q̇

j · ∇T
(1.3a)

π = S · T (1.3b)

τ = T · dS
dT

(1.3c)

Equation 1.3a is known as Thomson e�ect and is able to correlate the heat ab-

sorbed or released per unit of time and volume (q̇) with the current density (j).

These three equations summarize the three fundamental thermoelectric e�ects and
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Introduction

with them came the idea of using a thermal gradient to induce an electrical cur-

rent.

For the �rst time, in 1885 Rayleigh proposed the Seebeck e�ect as an active method

to create electrical power [12]. While still far from the thermoelectric generation

that we know today, this is the beginning of the research in this �eld, and in

the following years many studies were made in this regard. As result of these

researches, the �rsts thermoelectric generators (TEG) were made [13].

While TEG using the Seebeck attracted a lot of attention and obtained mixed

results, we have to wait until the discovery of semiconductors for the �rsts devices

that actively use the Peltier e�ect, i.e. use electric current to cool the environment,

because of the extremely low conversion e�ciency. Those devices are called Peltier

cells.

In 1909, the German physicist Altenkirch discovered the theoretical maximum ef-

�ciency of a thermoelectric device. He proposed a model that is very similar to the

modern understanding of the phenomenon, correctly suggesting that the thermo-

electric e�ciency is proportional to the one of the Carnot cycle (that is it's upper

limit), and that the e�ciency depends on the material thermoelectric properties:

the Seebeck coe�cient and the electrical and thermal conductivities [14].

After this, research in the thermoelectric scene stopped making progress, and we

have to wait until the 1950s to obtain new developments. Thanks to the devel-

opment on quantum mechanics and statistical dynamics, the American physicist

and chemist Onsager obtained a generalized version of Equation 1.3c, and using

those the Russian physicist Io�e proposed the dimensionless thermocouple �gure

of merit :

ZT̄ =
S2
pn

KR
T̄ (1.4)

where S2
pn is the thermopower of the system, i.e. the squared di�erence between

the Seebeck coe�cient of the of the p and n components of the thermocouple, K
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Introduction

is the thermal parallel conductance, R is the series electrical resistance and T̄ is

the average temperature at which the system operates [15].

Io�e stated that by maximizing ZT̄ one can maximize the e�ciency of the ther-

mocouple. Having that in mind, we can write the e�ciency of a TEG as:

η =
∆T

Th

×
√
1 + ZT̄ − 1√
1 + ZT̄ + Tc

Th

(1.5)

where Th and Tc are the temperatures of the hot and cold part of the system and

∆T is their di�erence [15].

Both Equation 1.4 and Equation 1.5 can be generalized to describe the property

that in the years to come will be referred as the fundamental parameter for a

thermoelectric material, the material dimensionless �gure of merit :

zT =
σS2

κ
(1.6)

This formulation of the �gure of merit depends only on the properties of a single

material that compose the TEG, therefore we can use this zT to compare the ther-

moelectric performances of di�erent materials in a easy and ordered way. More

speci�cally, zT depends linearly on the electrical conductivity σ, quadratically on

the Seebeck's coe�cient of the material S and inversely on the thermal conductiv-

ity κ. The grater the zT value is, the more useful a material is for thermoelectric

applications. Alternately, we can say that a "good" thermoelectric material has

high electrical conductivity, high Seebeck coe�cient and low thermal conductivity.

Moreover, this Equation can be further generalized by considering the dependence

on the temperature of its parameters, in fact σ, S and κ change with temperature,

so we can have a good thermoelectric material that operates at low temperatures

that does not work as well at high temperatures and the reverse can also be true.

The problem that emerges in this formulation is that there are no materials in

nature that meet all the requirements cited above properly.
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Figure 1.1: Value of the �gure of merit zT , Seebeck coe�cient, electrical and thermal conduc-
tivity in function of the free carrier concentration [16].

8



Introduction

As we can see in Figure 1.1, all three properties depends on the free carrier con-

centration of the material and while the electrical and total thermal conductivities

both increase with the number of free carrier, the Seebeck's coe�cient decreases.

This means that in nature there is a �xed limit at which the zT are limited because

of the carrier concentration and this value is extremely low.

This is the main reason why since the earlier years of the studies on thermoelec-

tricity, Io�e himself did not proposed his �ndings using pure materials but he

employed heavily doped semiconductors, in particular the telluride, of bismuth, of

antimony and of lead.

Even if the greater e�ciency obtained was of a meager 5% [17], some early ap-

plications for TEG generators were used in various �elds, e.g. some early cooling

device in the United Kingdom or some devices in the rural part of Russia that

were able to generate electricity even where the main electrical grid didn't extend

[18, 19].

Unfortunately, due to its very low e�ciency (below 5%), thermoelectricity became

a niche �eld of research and was deemed not capable of extensive power genera-

tions. However, TEG o�ered some really interesting advantages that allow to keep

some degree of interest in this area of research. In particular, the fact that they

are solid state generators allow the construction on very reliable devices, with no

moving parts and durable for a long time without the need of maintenance.

Two noticeable application are on deep space mission as main generators for the

electronics of satellites or probes and the use of nuclear thermoelectric batteries as

pacemaker with a long lifetime (recently replace because of concern about nuclear

waste) [20].

Other than this very niche applications, no further development of thermoelec-

tricity was made until the end of the 1990s, were, thanks to the development of

nanotechnology brought in the horizon a new prospective for the thermoelectric
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scene [21]. In fact, nanostructured materials can show di�erent behaviors for dif-

ferent carriers and opened the possibility for materials in which phonons behave

like they were in a glass and the electron have a mobility similar to the one in a

crystalline semiconductor (Slack's phonon-glass electron-crystal concept [22]).

This behavior leaded to another surge of interest in thermoelectricity as a widely

used source of energy and so its �eld of research attracted once again a lot of

attention.

Even with this newer development, the average zTs values do not exceed zT ∼ 1

and, as we can see in Figure 1.2, this value is pretty low compared to zTs of other

types of generators [23, 24].

But the new millennium brought new problems [25], in particular regarding en-

Figure 1.2: Figure of merit for various energy generator types compared with the Carnot cycle
(green line) [1].

ergy issues, and thermoelectricity found a new way to shine in the �eld of auxiliary
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generators. Many modern generators lose some energy in form of heat and the cur-

rent idea in the thermoelectric scenario is to use that heat to fuel a TEG, in order

to maximize energy production. Some examples are the wasted heat from vehicle

engines, from factories or other type of power plants.

Another problem that thermoelectricity is suitable to address is the generation of

energy in modern electronic devices. Since TEG are scalable they could be used in

some micro-devices that still need electrical energy to function, giving rise to the

�eld of research about micro-thermoelectric generators (µTEG). Those systems

are currently developed and used both as primary generators as auxiliary ones

that help some micro-photovoltaic cells to supply energy [26, 27].

Considering all this, today the research on thermoelectric materials is more active

Figure 1.3: Figure of merit for various compounds in function of the year of their synthesis
[28].

than ever, focusing on identifying some novel nano-materials with high zTs that
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can lead to a su�ciently e�cient TEG. As we can see in Figure 1.3, since 2000

till today researchers have made great progress in increasing the zT of materials,

and recently they have found systems that can lead to a zT > 2, more than dou-

bling the results obtained with the earlier studies. There are currently two main

strategies that scientist use to increase the zT: a decrease in the lattice thermal

conductivity and a increase in the carrier mobility [28].

My work is focused on the �rst approach and aims to provide some insight in the

process of the conduction of heat that take place in two particularly interesting

classes of materials, i.e. the two dimensional Transition Metal Dichalcogenides

(2D TMD) and some unique molecular crystals formed by organic molecules .

12
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1.2 Transition Metal Dichalcogenides

Two-dimensional transition-metal dichalcogenides (TMDs) are a class of materi-

als that has attracted great interest in a wide variety of di�erent �eld thanks to

their great properties [29]. Some examples of applications are nanoelectronics,

nanophotonics, sensing and thermoelectricity [1, 30] TMDs have been extensively

studied in the past, but only recently, with the discovery of strong photolumines-

cence in MoS2 mono-layers [31, 32] and the synthesis of the �rst transistor made

with TMDs [33], they become one of the main focuses of modern material science

research.

1.2.1 History of TMDs

Transition-metal dichalcogenides have a long and rich history. In 1923, Linus Paul-

ing determined their crystal structure for the �rst time [34] and by the late 1960s,

roughly 60 TMD compounds were known, about 40 of which exhibit layered struc-

tures [35]. In 1963, Robert Frindt reported using adhesive tape to isolate ultra-thin

MoS2 layers [36], and mono-layer MoS2 suspensions were subsequently obtained in

1986 [37].

During the 1990s, alongside the surge of research on carbon nanotubes and fullerenes,

Reshef Tenne and collaborators pioneered studies of inorganic fullerenes and nan-

otubes, beginning with the discovery of WS2 nanotubes and nested particles [38]

and later synthesizing MoS2 nanotubes and nanoparticles [39].

The rapid growth of graphene research after 2004 further advanced techniques for

working with layered materials [40], opening the door to renewed investigations of

TMDs and their atomically thin �lms [41].

13
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In the present, TMDs are used in a large array of applications, e.g. semicon-

ductor systems, lightweight wearables, and �exible technologies, because of their

mechanical �exibility, optical sensitivity and versatile electronic properties [42].

For example, the TMD MoS2 is well known among the transistors area of research.

In fact, �eld-e�ect transistors and light-emitting transistors are widely utilized

[33], thanks to MoS2 incredible carrier mobility of 200 cm2V−1s−1 [43]. The same

type of devices are made using WS2, obtaining similar results [44].

1.2.2 Structure of TMDs

The Transition-metal dichalcogenides material class is de�ned by the chemical for-

mula TX2, were T is a transition metal and X a chalcogen atom. Transition metals

are typically atoms that belongs in group IV and V in the periodic table. Some

examples of transition metals are Molybdenum (M), Tungsten (W), Tantalium

(Ta), while some examples of chalcogen atoms are Sulfur (S), Selenium (Se) and

Tellurium (Te).

TMDs have a layered structure with a rather peculiar structural arrangement. In

fact the single layer can be seen as a material with the structure X-M-X, where

a single plane composed by the Transition Metal separates two hexagonal planes

of chalcogen atoms. Typical examples of TMDs are molybdenum and tungsten

diselenide (respectively MSe2 and WSe2) in addition to the aforementioned molyb-

denum disul�de (MoS2) and the tungsten disul�de (WS2). Of course, every combi-

nation of a transition metal and a chalcogen atom are theoretically possible and as

of today more than forty di�erent blends of TMDs are experimentally synthesized

[45].

As can be seen in Figure 1.4, he single TMD layer can be found in di�erent

coordinations of the transition metal atoms, or structural phases. Typically those

14
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Figure 1.4: Typical structure of a generic single layer of TMD, showing the two typical structural
phases 2H and 1T. The lattice vectors, along with the stacking sequence of the atomic planes,
are shown [29].

coordinations are trigonal prismatic (2H) and octahedral (either 1T or its distor-

tion 1T') and they exhibit widely di�erent properties even in structures with the

same atomic components. The 2H coordination can be described as a TMD layer

which has his three atomic planes (chalcogen-metal-chalcogen) organized with an

ABA stacking, i.e. the chalcogen atoms in the lower plane share the same lattice

position as the chalcogen atoms in the upper plane (A) whereas the transition

metal plane is located in a di�erent lattice position (B). On the other hand, the

1T and the 1T' coordinations are characterized by a disposition of its three atomic

layers of ABC, where none of the three atomic layers share the same lattice posi-

tion. Typically, 1T' structures are more stable than the respective 1T one (e.g. in

MoS2 the energy of the 1T structure is found to be 0.29 eV/basic unit cell higher

than the one of the 1T' structure [46]), but in some other TMDs, e.g. TaS2, there

is no evidence of the presence of a distorted 1T' phase [48].

15
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The stable structural coordination that a TMD take is determined by the chalco-

gen atom and the transition metal that composes the material. Typically, a TMD

has one thermodynamically stable phase (either 2H or 1T') and can be synthe-

sized in the second phase as a metastable structure. For example, all the TMD

composed by Molybdenum and a chalcogen atom (i.e. MoS2, MoSe2 and MoTe2)

are stable in the 2H phase, while for the compound with tungsten WS2 and WSe2

are stable in the 2H phase and the WTe2 structure has a stable 1T' phase [47].

When looking at a bulk state TMD, i.e. a TMD composed of multiple atomic

layers, another de�ning structural property is the stacking con�guration of the

layers.

A good example of di�erent stacking is showed in Figure 1.5. There we can

�nd a visual representation of four di�erent structures of the TMD TaS2, where

the gray spheres represent the Tantalum atoms and the yellow ones are the Sulfur

atoms. TaS2 has three possible phases, 1T, that is unstable at room temperature

but becomes stable at T > 1300 K, 2H and the peculiar phase 3R [48]. Moreover,

we can notice a great di�erence between the AB and AA' stacking of the 2H phase.

The most stable phase is the 2H with AA' stacking, with the 2H-AB and 3R at

around the same ground energy and lastly is the 1T phase [48].

Typically, the di�erent layers of a bulk TMD crystal are bonded only by weak van

der Walls forces, giving TMDs the structured of a layered material, but distortions

in either the single layer or the stacking pattern may give rise to systems with lower

periodicity that can generate some metal-metal bonds, on top of some really in-

teresting di�erences in both electronic and phononic structures. A visualization of

the TMDs' layered structure is provided in Figure 1.6.
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Figure 1.5: Di�erent structures of multi-layered TaS2. From the left, we �nd its metastable 1T
phase, its stable 2H phase with two di�erent stacking types (AB and AA') and its more rare 3R
phase. The gray spheres are the Tantalum atoms and the yellow ones are the Sulfur atoms [48].

17



Introduction

Figure 1.6: Schematic representation of the layered structure for a TMD [49].
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1.2.3 Synthesis

In nature, from the currently over 60 known TMDs, only two can be found, specif-

ically the layered crystals of MoS2 and WS2. In fact, the aforementioned �rst

monolayer MoS2 transistor was obtained using crystal of molybdenite found in

nature [33].

In the present, a wide array of synthesis method are used in order to create and

study a wide array of TMDs. The �rst and most used method still today is the

chemical vapor transport (CVT) method, which allow to study bulk crystal of

some interesting TMDs, like MoS2, MoSe2 and WSe2. This method involves the

mixing of the metal and chalcogens reactants (in the case of MoS2 Mo and S) in a

ampoule containing a transport agent (e.g. I2 and Br2). This ampoule is then put

in a multi-zone furnace, heated with a suitable temperature gradient, and TMDs

crystals form in the colder regions of the ampoule [50].

From the crystals forged in such way, it is needed to employ some other method in

order to obtain a single layer TMD, obtaining the 2D material needed for various

applications, such as TMD nanotubes and nanosheets. In Figure 1.7 are shown

the principal methods used for such purpose.

Historically, the �rst method that has been employed is the mechanical exfolia-

tion or cleavage. This technique was proposed by Frindit in 1966 and produced the

�rst MoS2 �akes [51]. This method principal advantages is its ease of application,

in fact it requires only the bulk TMD crystal, an adhesive tape and a selected

substrate like SiO2 or Si [52, 53]. This process involves the use of adhesive tape to

break the weak van der Walls forces that binds the bulk TMD crystal together and

deposit a single MX2 �ake into the substrate. Repetition of this process on the

�akes thus obtained is able to reduce the number of layer in each one ad so after

some iterations it is possible to obtain single-layered TMDs. While this method is

popular due to its ease of application and the quality of the systems produced, it
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Figure 1.7: Synthesis methods of 2D TMD from their relative bulk crystal [40].

has many �aws in its lack of scalability, i.e. the size and shape of the �akes that it

produces, and in the small quantity of uniform material obtainable [54]. Recently,

a modi�cation of this method was proposed by Gracem that aims to prevents the

shortcomings of mechanical exfoliation while retaining its main advantages [55].

This method, called anodic bonding, is able to obtain single-layer materials with

quality similar to the bulk that it originates from, without any chemical remains.

Overall, mechanical exfoliation is a good method to obtain rapidly some 2D TMDs

for preliminary studies, but it is not suitable for extensive research due to its low

yield of �nal product.

A solution of this problem is presented in the form of chemical exfoliation tech-

nique, also called the liquid vapour method. The principles of this technique consist

in placing an intercalator between the MX2 layers using ultrasonication in water

[56, 57]. Typical intercalators are organiometallic compounds like butyl lithium,

naphthyl and sodium. A variation of this method was developed by Zhang which

consist in placing the bulk TMD in a electrochemical setup before the insertion of

the intercalator [58]. While this method solves the problems with the mechanical

cleavage, and the use of organic systems as intercalators make TMDs obtained in
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this way viable for biomedical applications, the process of soni�cation give rise to

defect in the product structure making this method not suitable for large scale

applications.

A more advanced chemical method is the liquid-phase exfoliation. Discovered by

Li and re�ned during the 1970s [59] and 1980s [37], this method allows the pro-

duction of TMD �akes in solution with organic solvents. This method improves in

scalability if confronted with the mechanical cleavage one, but, as demonstrated

by subsequent research for MoS2 2D systems [60], it forces the TMD from its 2H

stable phase to a metastable, metallic 1T phase. Furthermore, the �akes obtained

in this way tend to overlap in a large enough system, leading to a large in-plane

resistance of the �lms [56].

Another highly e�ective method is the Chemical Vapour Deposition (CVD). This

method consist in exposing the precursors to a substrate in an environment with

high temperature and pressure. The precursors chalcogen and TM atoms react

and then they deposit in the substrate. This allows the formation of atomically

thin MX2 layers [61]. This technique was applied in the creation of many 2D pris-

tine TMD, like MoS2 [62], MoSe2 [63] and MoTe2 [64] to name a few, but it can

also be applied to create some modi�ed TMD mono-layers, such as doped layers

[65, 66] or heterostructures [67, 68]. This is a great way to tune the properties of

TMDs in order to �t the application needs. The CVD method is highly e�ective

and it allows to obtain 2D TMDs with a precise structure and with a controlled

purity, but it is limited by its excessive cost and by the di�culty of application.

The most promising synthesis method is the molecular beam epitaxy (MBE). In

Figure 1.8 is shown a schematic representation of this method. The experimental

setup includes an ultrahigh vacuum chamber (pressure below 10−10 mbar) and a

substrate heated at a certain temperature. Then the molecular beams (in the case

of Figure 1.8 containing Ga and Se) are shoot in the substrate and monitored with
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Figure 1.8: Schematic representation of a molecular beam epitaxy [29].

a RHEED camera [50].

Today, MBE is widely use to synthesize 2D TMDs not only in their pristine state

[69], but also in some form of heterostructures [70]. Because of the reliability of

this method in controlling the composition, thickness and structural phase of the

resulting material, MBE is as today the most promising technique used to synthe-

size large-scale 2D TMD samples with high purity, even if it may produce some

small grain sizes.

1.2.4 Electronic properties

The electronic properties of TMDs are the most interesting features of this class

of materials even in their pristine state. As we can see in Figure 1.9, TMDs have a

wide variety of bandgaps, raging from visible to infrared range [71]. Nonetheless,

the most interesting property of TMDs is their capacity to mutate their bandgap

when reducing their dimensionality. In fact, the bulk state typically shows an in-

direct bandgap, while few layered or mono-layered systems show a direct bandgap.

This promising property is most likely due to the variation of the hybridization

of orbitals in both transition metal and chalcogen atoms. Another factor that

contributes to this transition is a possible change in the quantum con�nement of
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Figure 1.9: Bandgaps of some 2D materials [72].

the atoms [50].

While most of TMDs exhibit a semiconductor behavior, especially the systems

formed by group VI transition metals, depending on their chemical composition

some can exhibit superconductors. As shown in some interesting studies, most of

the electric behavior of TMDs is caused by the transition metal part, while the

chalcogen atoms barely contribute to its band broadening [73].

Aside from the transition from bulk to monolayer structure, other method to

changing the bandgap are possible. Some options are doping [74], mechanical de-

formation [75] and defects engineering [76].

Another important properties of TMDs is their relatively high electrical conduc-

tivity, with values that go as high as 200 cm2V−1s−1 in MoS2 [43]. The main

advantages in using TMDs for their electrical conductivity is that this value can

be altered very easily be going from their bulk form to the few or mono layer ones.

Furthermore, their electrical conductivities can be altered by doping, giving the

possibility to explore behavior like semiconducting, metallic, and charge-density
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wave regimes in a low dimensional space [77].

Another consequence of doping is altering the magnetic properties of the pristine

material [78]. By doping a TMDs like MoSe2 or MoTe2 with nonmetal elements

(e.g. H, B or F), is possible to obtain a total magnetic moment that was not

present in their pristine state. For example, the doping of this materials with

H developed a antiferromagnetic coupling between the local magnetic moments.

Considering all that, these properties open the possibility to use TMDs as high

performance electron catalyst.

1.2.5 Optical properties

TMDs optical properties are directly connected to their electrical bandgap. This

means that, as explained above, di�erent TMDs will have a variety of photon

emission or absorption depending on the energy required for the transition, and so

on the chemical composition of the system and on his stacking type. Some TMDs

that have a semiconductor behavior, and so that absorb and emit photons in the

visible range, have really interesting application in optoelectronic devices [79].

Since TMDs are so optically active, it is possible to use a wide variety of meth-

ods to investigate the optical properties. An interesting example is the work of

Lee et al. with their characterization of MoS2 [80]. In their research, they used

photolumiscence and Raman spectrography to investigate the band structure of

the system. They found that the intensity of the photoluminescence spectrum is

inversely proportional to the number of layers of MoS2, proving in a di�erent way

the transition from the direct bandgap in monolayer MoS2 to the indirect one of

its bulk state. Further studies con�rmed in this way that the same phenomenon is

observed in all of TMDs [81]. In Figure 1.10 is shown the electrical band structures

of some TMDs, with the predominant direct and indirect transition highlighted

[82]. Another interesting fact is that at room temperature, excitons become the
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Figure 1.10: Electronic bands of some TMDs, with the principal electronic transition highlighted
[82].

main agent behind TMDs optical response. In the 2D systems, both normal ex-

citons (i.e. the ones that derive from the Coulomb interactions between TM and

chalcogen atoms) and charged excitons (i.e. the ones that derive from the many

body interactions of the system) are present [83, 84].

1.2.6 Thermal properties

While classical thermodynamics expects TMDs to have low thermal conductiv-

ity, due to the high mass of the atoms that composes the systems, experimental

results on pristine TMDs show that this is not always true. While they have in

general extremely low thermal conductivity when considering the passage of heat

from one TX2 layer to the next one, their in-plane conductivity is generically not

as low as expected. Some examples of in-plane thermal conductivity of the most

studied TMDs are: MoS2 (52 Wm−1K−1 [85]), MoSe2 (44 Wm−1K−1 [86]), TaS2

(36 Wm−1K−1 [87]), TaSe2 (16 Wm−1K−1 [88]).
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Those values of thermal conductivity makes them not suitable for thermoelectric

Figure 1.11: Dispersion curves and phonon density of state of MoS2, MoSe2 amd WS2 [89].

applications, because their high values greatly limits the possible zT . On the other

hand, this values are not high enough to be competitive in the heat dissipation

applications. Moreover, in their mono-layer state, phonon surface scattering is a

problem that further reduces their reliability in this type of applications [90].

Typically, TMDs have show linear phonon dispersion at the center of the Brillouin

zone for both the longitudinal and transverse acoustic (LA and TA respectively),
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Figure 1.12: Group velocity of acoustic phonon bands of MoS2 [91].

while the �exural acoustic (ZA) shows a quadratic trend. In Figure 1.11 we can

see some examples of TMDs dispersion curves and their phonon density of state.

In particular, the �gures shown are of MoS2, MoSe2 and WS2 in order [89].

Group velocities have generally high values (with typical values around ∼ 1000

m/s)but still much smaller than the typical 2D material value (e.g. vLA = 5953

m/s for graphene [91]). Another interesting aspect of their group velocities is that

while for both LA and TA exhibit a rapid velocity decrease with the increase in

frequency, the ZA mode typically shows a low value at low values of frequency,

then increase alongside it and after reaching a peak follows the trend of the other

two acoustic branches. En example of this can be seen in Figure 1.12 for MoS2.

In Figure 1.13 s shown the relaxation time and the mean free path fo MoS2 as

reported by [91] Here we can see the typical TMD behavior for such properties.

Generally, TMDs exhibit short mean free path that decrease as a function of the

frequency. Between the acoustic modes, LA has the longest mean free patch at

high frequency.
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Figure 1.13: Relaxation time and mean free patch in MoS2 [91].

In conclusion, Transition metal dichalcogenides are a really interesting class of

materials because of its high mechanical �exibility, electrical and thermal conduc-

tivity and their ability to occupy di�erent roles in a complex system depending on

the number of layers. Unfortunately, their zT values are too low for extensive use

in any thermoelectric applications, thus in the following chapters I will illustrate

some methods to reduce their thermal conductivity values along with some expla-

nation of their thermal transport properties.
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1.3 Organic molecular crystal

Organic Molecular Crystals are large crystalline structures composed by a multi-

tude of discrete molecular units bonded by weak forces. The nature of these bonds

range from van der Waals interactions, π−π stacking to H-bonds, with some more

peculiar interactions like halogen bonds or synthons [92�94].

This bonds give rise to really interesting solids, with properties that strongly de-

pends on the structures. In fact, small variation on the packing or some small

polymor�sm can lead to large variations in all the properties of the molecule, in-

cluding optic, electronic, thermal and mechanical properties [95].

Thanks to this variable chemical nature, organic molecular crystals have attracted

great attention in the scienti�c scene for a wide variety of applications, some

examples are optoelectronic devices, thermo- or photo- active actuators and ther-

moelectric generators. Moreover, organic materials are more convenient compared

to inorganic ones for a variety of reasons. First of all, they are not toxic and so

are viable for bio-medical applications, second organic materials are cheaper to

synthesize than inorganic ones, both in term of cost and energy needed for its

production [96, 97].

1.3.1 Synthesis

As mentioned above, the properties of organic molecular crystals strongly depends

on their structural properties. Molecular packing and polymor�sm are linked with

the growing condition of the crystal, so understanding the synthesis methods is a

crucial step to understand the properties of these materials.

One of the most used technique is the physical vapour transport method. This

technique is similar to the chemical vapour method described above, the only
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di�erence being that the physical method does not involves chemical reactions,

while the chemical one does. A schematic representation of a physical vapour

transport method is shown in Figure 1.14A [98]. The physical vapour transport

Figure 1.14: Physical vapour transport method (PVT) apparatus and some examples of mate-
rials obtained with it [98]. Panel A shows a schematic representation of a PVT apparatus [99].
Panel B shows the diagram of a PVT device based on α-TiOPc and β-TiOPc [100]. Panel C
shows the SEM images that highlight the di�erences on the morphology of pentacene crystals
depending on the temperature [101].

method consist in heating the precursors until they reach the vapour state, then

letting them �ow into a chamber with low temperature by a gas and the condensate

into a substrate. This method allow high control over the resulting crystal thanks

to the many factors that control the technique. Some of such parameters are

the gas �ow rate, the temperature of both the precursors (TP ) and the substrate

(TS). The general rule is that low deposition rate (i.e. low gas �ow rate) and

high TS means molecules that stand on the substrate (edge-on orientation) and

large domains, due to the high energy that allows the molecule to overcome the

substrate forces, while a even lower deposition rate allow the molecules the time to

rearrange themselves and the results is an high ordered packed crystal [102, 103].

In Figure 1.14B is reported an example of the di�erent morphology depending

on the di�erent interaction precursor-substrate, since β-TiOPc exhibits electronic

coupling perpendicular to the current direction, the carrier mobility is as low as
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0.1 cm2V −1s−1, while α-TiOPc is 26.8 cm2V −1s−1 [100]. Figure 1.14C shows the

di�erence in pentacene depending of the temperature [101].

Unfortunately, the physical vapour transport method fails in certain circumstances,

i.e. when the resulting crystals will have poor thermal stability or when they are

formed by large molecules with high molecular weight. In those cases a good

alternative are the solution processing methods [104, 105].

Solution processing methods collectively refer to the techniques derived by the

recrystalization method and are generally summarized in three di�erent approaches

[106]:

1. slow evaporation of solvents;

2. changing the temperature slowly in order to adjust the solubility of organic

solvents;

3. slow introduction of poor solvent into a solution in order to obtain crystals

with high quality.

In this type of method there are a number of factors that work together to shape

the �nal results: the nature of the solvent used, the evaporation rate, the temper-

ature and the pressure at which the process take place, the concentration of the

solvent. A wide variety of techniques follows under the term of solution processing

methods, some examples are drop-casting and dip-coating.

The drop-casting method has the peculiarity of not involving any external force.

Therefore, the main variable of this process is the solvent. For example, a sol-

vent with high solubility is more likely to produce polycristals, while one with low

solubility leads to small crystals. The main disadvantages of this method is the

unpredictability of the direction of the growth, while it's main advantage is the

simplicity of the process [98].

Instead, the dip-coating method uses external force to facilitate the growth. In
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a solution, the substrate with the molecule is �rst submerged in a solution, then

pulled out slowly by the external force. This process results in the production

of thin �lms that generally follow the direction of the force [107]. In addition to

the factors described for the drop-casting method, dip-coating technique has addi-

tional important variables, such as the entity of the external force (that determines

the number of layers in the thin �lm) and the evaporation rate of the solvent [108].

The main disadvantage of this method is that the introduction of the external

force, while it determine the direction of the molecule, may reduce the quality of

the crystals that it produces [106].

1.3.2 Structural properties

As stated above, the morphology of the organic molecular crystal directly impacts

on its properties, it follows that structural properties are a matter of study of great

importance.

In contrast with inorganic structures, in these crystals not only are present interac-

tions between atoms, but even interactions between molecules. These interactions

take the shape of bonds weaker than the covalent ones that bound the atoms of

the single molecules, i.e. van der Waals forces, hydrogen bonds,π − π interactions

and halogen bonds [109].

Hydrogen bonds Hydrogen bonds are one of the more common type of inter-

actions in organic systems. Identi�ed with the formula X −H · · ·A, it is a stable

and directional bond with an electrostatic nature that depends on the electroneg-

ativity of X and A [110].
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π−π interactions π−π interactions are bonds that involves the π orbitals of a

system. These interactions are controlled by the electrostatic interactions between

aromatic rings and have an quadrupole moment associated with them [111]. How-

ever, usually the orientation of the molecules in the crystal is determined by the

much stronger hydrogen bonds [112].

Halogen bonds The halogen bond is an interaction between an electrophilic

region of an halogen atom X and a nucleophilic region of a molecule Y-Z, result-

ing in a bond identi�ed as R − X · · ·Y − Z, where R is the rest of the halogen

molecule. This type of bond in similar to the hydrogen one, both in force and in

the directionability, but is hydrophobic [113].

The type of interaction that bond the molecules that compose the crystal is the

primary responsible for the packing type of the organic molecular crystal. As can

be seen in Figure 1.15, there are four principal stacking arrangements [114].

In Figure 1.15, panel A represents the herringbone packing arrangement that

is the pattern typical of crystals dominated by hydrogen bonds. This arrangement

usually is associated with 2D systems. Panel B represents the motif called cofacial

herringbone, typical of crystal with a almost equal presence of both hydrogen and

π−π bonds. This pattern can be either 1D or 2D depending on the ratio between

the two types of bonds. The pattern in panel C is called one-dimensional slipped

stacking and is typical of systems dominated by π − π interactions. Lastly, panel

D represents the two-dimensional brickwork motif, a pattern that is observed in

systems dominated by π − π interactions and by substituent e�ects [114].

Not only the packing arrangement, but even the molecular orientation has a not

trivial impact on the properties of the crystal. As we can see in Figure 1.16, there
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Figure 1.15: Typical stacking arrangements of organic molecular crystal. Panel A shows the
herringbone packing arrangement. Panel B shows the called cofacial herringbone arrangement.
Panel C shows the one-dimensional slipped stacking. Panel D shows two-dimensional brickwork
motif [114].

Figure 1.16: Molecular orientation of organic molecular crystal. The �rst orientation is called
face-on, the second edge-on [115].

are two typical orientations: the face-on and the edge-on. Typically, face-on crys-

tals have higher carrier mobility and are employed in the �eld of green energy like

photovoltaic, while edge-on crystals is employed in parallel charge transport like

in transistors.
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1.3.3 Electric properties

Thanks to their weak bonds, the organic molecular crystals have electronic prop-

erties heavily linked with the structure of their precursors. In fact, the main

contribution on electronic properties is the delocalized electrons that originate

from the carbon-carbon bonds. Those electrons in a large systems typically form

a conducting π energy band and a second anti-bonding band π∗, limited by the

highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular

orbital (LUMO). Usually the band gap is de�ned by the gap between the π and π∗

bands and it depends on the lenght of the molecule components. A representation

of this can be found in Figure 1.17, where is shown both the band gap in function

of the length and its changes after the introduction of dopants. Usual values of

the band gaps are between 1.5 to 3.0 eV [1]. As we can see in Figure 1.17, band

Figure 1.17: Dependence on the molecule length and on the presence of doping of the band gap
in molecular organic systems [1].
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gap and so electrical condictivity can be greatly changed by the introduction of

doping. In contrast with inorganic materials, an important factor in the doping

of organic molecular crystals is the miscibility value, a factor that quanti�es the

molecular contact between dopant and organic molecule [116]. Doping can in-

crease electrical conductivity by orders of magnitude, reaching values as high as

sigma > 100Scm−1 (PEDOT:Tos [117]).

1.3.4 Optical properties

Since the forces that bond together the molecules in organic molecular crystals are

generally much weaker than the covalent forces that bond inorganic materials, the

large solids resulting of this bonding typically retains the same optical properties

than the molecules that composes them [118].

Typically, in organic systems, the optical absorption spectra re�ects the coupling

between exciton and vibrational modes of the molecules that compose the system

[119].

1.3.5 Thermal properties

Thermal properties are a matter of great importance on the study of organic molec-

ular crystals. In fact, most of the systems that are part of this category have small

free energy di�erence between polymorphs, so a variation in the temperature can

change the phase at which the crystal is stable [120]. The cause of this variations

in free energy are almost entirely dependent on the anharmonirc properties of the

crystals, on the di�erence in the van der Waals forces due to temperature and in

a small part by the thermal expansion coe�cient [121].
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Aside from that, organic molecular crystals typically shows low thermal conductiv-

ities, a trait that is a huge advantage in applications like thermoelectricity. Typical

values of lattice thermal conductivity in this class of material range between 0.2

and 0.5 Wm−1K−1, while the electronic part is often negligible [27].

In contrast to their charge transport properties, most organic molecular crys-

tals show low anisotropy in their thermal transport behavior. For example, the

[1]benzothieno[3,2-b][1]benzothiophene (BTBT) and 2,7-dioctyl[1]benzothieno[3,2-

b][1]benzothiophene (C8-BTBT-C8) systems show respectively anisotropy factors

below 1.8 (BTBT) and 2.8 (C8-BTBT-C8) [122].

An interesting strategy to reduce the thermal conductivity of this type of materials

is the functionalization with inorganic side chains to the aromatic rings. In fact,

upon functionalization, the aforementioned BTBT system (now C8-BTBT-C8)

halves its thermal conductivity, when looking at both its isotropic approximation

and at the single directions [122]. Interestingly enough, this phenomenon is not

dependent on the single side chain, since similar reductions are observed in Cn-

BTBT-Cn systems, with n = 8,10,12 [123]. Similar results are obtained for the

dinaphtho[2,3-b:2′,3′-f]thieno[3,2-b]thiophene (DNTT) system and its deritavies

[124].

In contrast, in poly(3,4-ethylenedioxythiophene) (PEDOT), another class of ma-

terial belonging to the category of molecular organic crystals, the thermal con-

ductivity is found to be extremely direction dependent, with its main contribution

derived from the direction of the chains, while the contributions of the perpendic-

ular directions are signi�cantly lower [125].

Moreover, in some PEDOT was found that after a controlled polymerization of

the material leads to a shift in its Raman bands, suggesting an increase in its

mean chain length and mean molecular weight. These factors have been proven

bene�cial to thermoelectric properties, suggesting controlled polymerization as a
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viable strategy to increase the zT of this type of systems [126, 127]. Indeed, studies

have reported a dependence of thermal conductivity on the length of the polymer

chains: the longer are the polymer chains, the larger the system thermal conduc-

tivity [128], making a PEDOT formed only by monomers the compound of this

category with the lowest thermal conductivity possible [125].

Additionally, using the proper polymerization techniques it is possible to obtain

compounds where amorphous and crystalline regions coexist. In such materials,

the charge transport is enhanced while the thermal conductivity is reduced, further

increasing its thermoelectric performance [129]. In fact, the crystalline PEDOT

have signi�cantly higher thermal conductivity than the amorphous ones, by al-

most two orders of magnitude, making a mixed compound the perfect candidate

for thermoelectric applications [128].

Another strategy to control the thermal conductivity of a PEDOT is to reduce

its dimensionality. A recent study demonstrated how a one dimensional PEDOT

possesses characteristic of superdi�usive thermal transport, greatly increasing its

thermal conductivity value in comparison to its three dimensional counterpart,

which did not show any anomalous behavior [130].

In conclusion, Organic molecular are a really interesting class of material for

thermoelectric applications, thanks to their high �exibility, low thermal conduc-

tivity and high electrical conductivity especially in doped systems. However much

of the properties regarding thermal transport remains up to debate, in particular

when considering all the factors that can change with the rising of the temperature

from 0 K.

In the following chapters of this thesis I will provide through two di�erent exam-

ples (BTBT and DNTT) a description of such termal transport properties in order

to shred some light in the Organic Molecular Crystal discourse and provide some

insights about their use as thermoelectric generators.
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Chapter 2

Methods

In order to understand ad predict the thermal behavior of thermoelectric systems,

�rst-principle simulations based on density functional theory (DFT) and molecular

dynamics (MD) have become necessary tools.

These methods enable the investigation of fundamental quantities such as the elec-

tronic band structure, phonon dispersion, and thermal transport, with atomistic

precision, providing direct insight into the mechanisms that govern heat transport

in materials.

This chapter describes the main theoretical concepts behind the study of thermal

transport in crystalline materials, alongside a brief description of the main com-

putational frameworks employed throughout this work.

In the �rst two sections o�er a brief review on the phonon theory and its ap-

plication on the calculation of thermal transport properties. Subsequently, the

theoretical foundations of density functional theory, molecular dynamics simula-

tions, and related techniques are introduced.
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2.1 Lattice dynamics

In order to understand the thermal properties of a material, is imperative the

study of the collective motion of the atoms in the solid. This subject is what we

refer to lattice dynamics.

While the approximation of static lattice is useful to describe a crystal structure,

if we want to understand more complex phenomena we have to abandon it by

introducing some factors.

First of all, we have to go beyond the assumption that ions (i.e. the nucleus of

the atom and the core electrons) have �xed positions. Only if we assume the ions

capable of moving from their lattice position we can explain common properties

such as thermal expansion, sound propagation, thermal conductivity and more.

So it is pivotal to develop a theory that help us explain the movement of the ions.

Secondly, we have to introduce a �nite mass for the ion, that is assumed in�nite

in the static lattice approximation. In order to implement that, remembering the

principle of quantum mechanics that links a mass with a mean square momentum

even a T = 0K, we call R1 the mean position of an ion in a Bravais lattice.

In order to develop a theory that explains lattice dynamics, we can make some

assumption. The �rst is to consider a many-body potential energy U(R) that is

associated with the motion of the atoms and includes both the Coulomb interaction

between di�erent ions and the kinetic energy of the single ion.

The second approximation is to consider that the motion of the ions is small

compared to the lattice spacing, so that the displacement produced by the motion

does not in�uence the lattice structure. This approximation may seem large, but

there are many experimental data that con�rms it.

Using this assumption, we can use a power series to expand the potential energy
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U = U(R):

U =
∑
lb,i

∂U

∂ui(lb)

∣∣∣∣
0
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1
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∑
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∂2U
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∣∣∣∣
0

ui1(lb)ui2(l
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=
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n!

∑
i1,i2,...,in

l1b1,l2b2,...,lnbn

Ui1,i2,...,in(l1b1, l2b2, ..., lnbn)ui1(l1b1)ui2(l2b2) . . . uin(lnbn)

where :
∂nU

∂ui1(l1b1)ui2(l2b2) . . . uin(lnbn)

∣∣∣∣
0

= Ui1,i2,...,in(l1b1, l2b2, ..., lnbn).

(2.1)

Since we are considering only small displacements from the equilibrium position

u(lb), we can stop our expansion at the �rst non-zero term:

Uharmonical
classical =

1

2

∑
l1b1,i1
l2b2,i2

Ui1i2(l1b1, l2b2)ui1(l1b1)ui2(l2b2). (2.2)

This approximation is often referred as harmonic approximation because this po-

tential energy is equivalent to a system composed by n harmonic oscillators with

Ui1,i2,...,in(l1b1, l2b2, ..., lnbn) as their force constants.

These force constants must be chosen in order to satisfy the following conditions

for U :

1. invariance under rigid body translactions or rotations,

2. invariance under symmetry operation of the crystal.

The �rst condition implies that:

∑
l1b1,l2b2,...,lnbn

Ui1,i2,...,in(l1b1, l2b2, ..., lnbn) = 0, (2.3)

while the second allow us the used of group theory to determine which element of

the matrix composed by the force constants of any given order are non-zero.
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2.1.1 The harmonic linear chain

The simplest representation of a solid with the properties discussed above is the

monoatomic linear chain with harmonic approximation. In this representation, we

consider a one-dimensional Bravais crystal as a series of N identical ion with mass

M and connected by a force in the form of a harmonic spring, as discussed above.

Using Born-Von Karman boundary conditions, we can write the ion position as

Rl = la, where a is the lattice parameter and l = 0,1,2, ..., N − 1. A visualization

of such system can be found in Figure 2.1. With this representation, we can see

Figure 2.1: On the left a monoatomic linear chain in which the atoms are bonded with a spring,
the unit call is highlighted in blue and the lattice constant is a. On the right the same chain with
Born-Von Karman boundary conditions [131].

a longitudial vibration as a displacement patter in which the ions move in the

direction of the chain. Indicating the force constant of the e�ective spring a γ(L),

we can use the classical equation of motion:

Mül = γ(L)(ui+1 + ui−1 − 2ui). (2.4)

Using simple mechanics, we can use the typical solution for a vibrating wire. This

solution should have a form similar to:

ul =
1√
NM

|Aq| cos[qRl − ω(q)t+ φ(q)]. (2.5)
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In this equation, 1√
NM

is a normalizing factor, q is the wave-number of the wave,

Aq is the amplitude, φq is the initial phase and ω(q) is the angular frequency.

By using in Equation 2.4 the solution presented in Equation 2.5, we obtain the

dispersion relation:

Mω2(q) = 2γ(L)[1− cos(qa)] = 4γ(L) sin2(
1

2
qa). (2.6)

Since the crystal has transnational invariance, we can consider only a small portion

of all the possible solution, i.e. we will consider only the results obtained by q

inside the �rst Brillouin zone, or q ∈ [−π/a,+π/a]. A visual representation os

the dispersion relations obtained in this way can be seen in Figure 2.2 Using the

boundary conditions, we can further reduce the number of allowed values of q by

imposing that u0 = un:

q =
2π

a

ε

N
(2.7)

with ε = 0,1,2, ..., N − 1. This means that only N independent wave-vectors are

possible in a monoatomic linear chain.

The group velocity of these waves can be obtained as vg = dω(q)/dq. In the limit

q → 0, the Equation 2.6 reduces to ω(q) = [γ(L)/M ]
1
2 qa and his group velocity is

vg =
√

γ(L)/Ma. This description is equivalent to the description of a longitudinal

sound wave, as such we can call ω = ω(L) acoustic dispersion.

The same reasoning can be applied to transverse oscillations. In this case, we use

the transverse force constants γ(T ) instead of the longitudinal ones γ(L), and the

results are equivalent. Typically, γ(T ) < γ(L). In linear monoatomic chains there

are two transverse direction that have the same force constants and degenerate

dispersion relations.

Using Equation 2.7, we can now substitute in Equation 2.5 in order to obtain the

expression for the lth ion's displacements:

ul =
1√
NM

∑
q

|Aq| cos[qRl − ω(q)t+ φ(q)]. (2.8)
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Figure 2.2: Dispersion relation ω = ω(q) for the longitudinal vibrations in the �rst Brillouin
zone of a monoatomic chain [131].

In summary, using this approximation, we can see how each ion oscillate around

its equilibrium position in the same way that an harmonic oscillator and that the

entire chain can be represented as by N distinct normal vibrational modes.

We can now introduce some complexity in this model by adding a di�erent ion in

the chain. In this situation, we have the �rst atom in position Rl,1 = Rl + R1,

mass M1 and e�ective spring γ(L), and the other in position Rl,2 = Rl +R2, mass

M2 and e�ective spring ξ(L), where Rl is the position of the lth unit cell and R1

and R2 are the position of the two ions inside the cell. A representation of this

system is shown in Figure 2.3.

By generalizing Equation 2.4, we obtain a set of two di�erential equations:M1ül,1 = γ(L)(ul,2 − ul,1) + ξ(L)(ul−1,2 − ul,1)

M2ül,2 = ξ(L)(ul+1,1 − ul,2) + γ(L)(ul,1 − ul,2)

. (2.9)

Since we want solutions with a similar form to Equation 2.8, we can write:

ui =
1√
NMi

∑
q

|Aq||ai(q)| cos[qRi − ω(q)t+ φ(q) + ϕi(q)]. (2.10)
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Figure 2.3: A biatomic linear chain in which the atoms are bonded with a spring, the unit call
is highlighted in blue and the lattice constant is a [131].

Here we did some change in nomenclature: in both amplitude and phase we have

separated the part that depends on boundary condition (|Aq| and φ(q)) and the

part that is determined by the equation of motion (|ai(q)| and ϕi(q)) and the index

i is referring to the ion in the basis.

With this in mind, we can use these solutions to solve Equation 2.9, obtaining: D11 D12

D21 D22

 a1

a2

 = ω2

 a1

a2

 , (2.11)

This is a Hermitean matrix called dynamical matrix D(q) whose elements Dij whit

i = 1 and j = 2 are:

D11 =
γ(L) + ξ(L)

M1

(2.12)

D12 = − γ(L)

√
M1M2

exp[iq(Rl,2 −Rl,1)]−
ξ(L)√
M1M2

exp[iq(Rl−1, 2 −Rl,1)], (2.13)

D21 = − γ(L)

√
M1M2

exp[iq(Rl,1 −Rl,2)]−
ξ(L)√
M1M2

exp[iq(Rl+1, 1 −Rl,2)], (2.14)

D22 =
γ(L) + ξ(L)

M2

. (2.15)

By solving the Equation 2.11, we obtain the two eigenvalues ω = ω±(q) that are

the dispersion relations for the chain and the eigenvectors are related to the ionic

displacements. The quantities ai(q) are called polarization vectors.

This highlight a very important feature: in the diatomic chain, two vibrational
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frequencies ω±(q) are associated with each wave-number q.

By inserting the values of ω±(q) in Equation 2.11 is possible to show that is im-

possible to obtain numerical values for the eigenvectors a±1 (q) and a±2 (q) but we

can determine only their ratio. By using some simpli�cations (namely M1 = M2

and |a±1 (q)|2 + |a±2 (q)|2 = 1), we can prove that:

a+1 (q)

a+2 (q)
= − A(q)

|A(q)|
= −a−1 (q)

a−2 (q)
. (2.16)

Here we can see that with these limitations, in the lower branch the unit cell

always oscillate in phase while in the upper branch it always oscillate in phase

opposition. This a�rmation can be generalized to ions within the same unit cell

vibrate in-phase for the lower modes and in phase opposition for upper modes.

In ionic crystals, vibrations with long wavelength in the upper branch generate

a �uctuating electric dipole because the ions have opposite charge. This newly

generated dipole can interact with electromagnetic radiation, thus generating an

optical response. For this fact, the upper branch is also referred as optical branch.

Here we can see how the lower dispersion ω− is very reminiscent of the dispersion

of the monoatomic chain, for this reason we call this dispersion acoustic branch.

The new �gure obtained for the biatomic chain is shown in Figure 2.4.

As for the monoatomic chain, here too the transverse modes are present and for

each q wi will have two degenerate transverse modes. In total, six dispersion rela-

tions are present in this case.

2.1.2 3D crystals

Starting from the solutions developed in above, we can obtain the equation for the

dynamics in a 3D crystal via a process of generalization.

Since now we have a crystal with Natom atoms per unit cell, we will have 3Natom
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Figure 2.4: Dispersion relation ω = ω±(q) for the longitudinal vibrations in the �rst Brillouin
zone of a biatomic chain.[131].

ionic degrees of freedom and so we will have the same number of dispersion rela-

tions. Of the 3Natom dispersion relations, 3 are associated with acoustic branches

and the remaining with optical ones.

We can now generalize Equation 2.10 to obtain the equation of motion for a 3D

crystal

Mbüi(lb) = −
∑
jl′b′

Uij(lb, l
′b′)uj(l

′b′), (2.17)

and so we want solution for a generic bth atom of this form:

ui(lb) =
ai(b|q)√

Mb

eiq·Rle−iωt, (2.18)

where q is the wave-vector of the vibrational wave and ai(b|q its corresponding

amplitude.
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Continuing with the generalization, we can obtain a new version for Equation 2.11:

∑
jb′

Dij(bb
′|q)aj(b′|q) = ω2ai(b|q). (2.19)

Dij(bb
′|q) are the elements of the new dynamical matrix and can be calculated

using:

Dij(bb
′|q) = 1√

MbMb′

∑
l′

Uij(lb, l
′b′)eiq·(Rl−Rl′ ). (2.20)

Uij(lb, l
′b′) are the force constants of the crystal and in case of a ideal crystal it

does not depend on the absolute values of l and l′ but only on their di�erence, for

this reason we can use a single summation over the index l′.

As for the biatomic case, even in a generic 3D crystal the diagonal matrix is Her-

mitean. Thus, the solution of the lattice dynamics of a 3D crystal is equivalent to

the diagonalization of its dynamical matrix.

In conclusion, if we have a crystal with Ncell cells, the number of independent

vibrational modes goes to Ncell × 3Natom. Each mode will be named by using the

indexes s and q, where s is the branch index and q is the wave-vector.

2.1.3 Quantum lattice dynamics

Lastly, in order to describe a realistic system, we have to introduce quantum dy-

namics calculation in our description of the 3D crystal. Experimental �ndings

highlight the shortcomings of a classical description, such as the experimental

proof of a reduction in the speci�c heat along with the temperature, that in the

classical description should be independent of the temperature (Dulong-Petit law).

The general concept for introducing quantum dynamics in the theory developed

above is to replace the description of springs characterized by elastic constant γ

with one-dimensional quantum harmonic oscillators. Each of this oscillators have
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energy values of (nsq + 1/2)ℏωs(q) where nsq = 0,1,2, ... is the vibrational quan-

tum number and ωs(q) is the dispersion relation obtained by solving Equation 2.19.

The states with energy level of these harmonic oscillators can be seen as composed

by nsq energy quanta of value ℏωs(q) called phonons.

With this notation, we can describe both dynamical and thermal properties of a

crystal using the characteristics of a gas of the pseudo-particles called phonons.

Similarly to other pseudo-particles, like photos, phonons do not have any mass,

have an associated energy of ℏωs(q) and have a momentum ℏq. They are delo-

calised since their momentum is known exactly and so, as stated by the uncertainty

principle, their position cannot be determine. Often phonon momentum is also re-

ferred as crystal momentum. In fact, we know from the section above that in the

classical description that the vibration is transnational invariant (ω(q) = ω(q)+G

with G a reciprocal lattice vector.). Since this property must be valid even in the

quantum description, we can notice that the same phonon can be describe by ei-

ther ℏq and ℏq +G.

Furthermore, phonons can be created or annihilated, since the total number of

phonons is not conserved. The average number of phonons in a crystal can be

obtained with the Bose-Einstein statistics:

nBE(sq, T ) =
1

exp
[
ℏωs(q)
kBT

]
− 1

, (2.21)

proving that phonons are bosons.

With this in mind, we can write the quantum vibrational energy of an harmonic

crystal as:

⟨U⟩ = U quantum
harmonic =

∑
sq

[nBE(sq, T ) + 1/2]ℏωs(q). (2.22)

This description allow us to quickly demonstrate the crystalline zero point energy:

for T → 0 U quantum
harmonic = 1/2

∑
sq ℏωs(q) /= 0.
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2.1.4 Vibrational density of states

Another important property associated with phonons is the vibrational density

of states (vDOS or simply DOS) G(ω). This property represents the number of

phonons with a frequency comprehended in the in�nitesimal interval [ω, ω + dω].

In order to develop the formalism needed, we will consider �rst a model crystal,

composed of only one atomic species. By using Born-von Karman periodic bound-

ary conditions and setting the nearest neighbors distance to a, we obtain with this

model a 3D generalization of the monoatomic chain discussed above.

Using this logic, we can derive the phonon wave-vectors q by generalizing Equa-

tion 2.7: qi = 2πϵi/L with L = na, i = x, y, z and ϵi = 0,1,2, ..., (Natom − 1).

Thus, the number density in the reciprocal space is given by V/(2π)3. In order

to obtain the DOS in the frequency range between ω, ω + dω, we need only to

simply consider the product of this number density with the in�nitesimal volume

of the spherical shell in reciprocal space 4πq2dq comprised between two surfaces

with constant frequency ω and ω + dω. This statement is correct only in the ap-

proximation of phonon properties that do not depend on their direction. Using

this simpli�cation, we can write the DOS as:

G(ω)dω =
V

(2π)3
4πq2dq. (2.23)

This is a important assumption greatly simpli�es the formalism, but it fails in

many situation and as such must be removed.

To do so, we need to introduce the branch DOS as G(ω) =
∑

sGs(ω). This branch

DOS then can be described using the same principle as before, i.e. as the product

between the number density of the phonons and the in�nitesimal volume dq. Since

now we are taking in consideration the direction of phonons, the two surfaces that

we used before to delimit the volume are not spherical anymore and theoretically
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can be of any shape. Thus we can de�ne the element of volume as:

dq =

∫
sωs

dSωsdq⊥(q) (2.24)

where dq⊥(q) is the distance between the surface with ωs(q) = constant and the

one with ωs(q) + dω = constant that can change for every q value and dSωs is

an element of the �rst surface. Since we can write dω = |∇qω(q)|dq⊥(q), we can

further generalize the expression as:

dq = dω

∫
sωs

dSωs

|∇qωs(q)|
. (2.25)

Using this expression, we can obtain the total DOS as:

G(ω) =
∑
s

Gs(ω) =
V

(2π)3

∑
s

∫
sωs

dSωs

|∇qωs(q)|
. (2.26)

With this description an important phenomenon is revealed: since the gradient

of ωs(q) is the group velocity of the associated phonon, we have that when such

velocity is zero (e.g. when we have a �at phonon branch) there is a singularity

in the DOS called van Hove singularity. Furthermore, when we work in a small

frequency range, from Equation 2.26 we can deduce that G(ω) ∼ ω2.

Equation 2.26 is the most general formulation for the DOS, but can be di�cult

to apply in practice, even with the computational techniques used in this thesis.

Therefore, we use the more practical formulation:

G(ω) =
V

(2π)3

∑
s

∫
δ(ω − ωs(q))dq, (2.27)

where the integral is over all the �rst Brillouin Zone.

Finally, it is important to remind that all of this description of lattice dynamics

relies upon the harmonic approximation, that allow us the truncation of the Taylor

expansion in Equation 2.1. While for the description of lattice dynamics is suf-

�cient, plenty of other important e�ects are only described by overcoming it and
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using a description that is referred as anharmonic, i.e. that includes other terms

of the Taylor expansion. Many experimental evidences support the anharmonic

description, some examples are:

1. when we apply some strain in a crystalline crystal, it produces a di�erent

variation in the volume depending on the direction of the strain, suggest-

ing that the ions are not con�ned in their lattice position by an harmonic

potential;

2. if we use an harmonic potential, the mean ion-ion distance would be con-

stant even with the increase in temperature and this contradicts thermal

expansion;

3. there would be not dampening in the phonons produced by the material,

leading to in�nite lattice thermal conductivity.

Therefore, even if harmonic approximation give us a good description of lattice

dynamics, it fails in predicting some of the most important thermal behaviors of

a crystal.

2.2 Thermal transport

In this section we will analyze the thermal transport in a crystal, both using a more

classical approach and by expanding the phonon description developed above with

some anharmonic e�ects.
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2.2.1 Fourier Law

The �rst description of heat transport is the classical Fourier Law. This phe-

nomenological description of the phenomenon was proven to be su�ciently accu-

rate by numerous experimental results and it si still useful in various theoretical

scenarios.

In order to discuss thermal transport, let us consider the system presented in Fig-

ure 2.5. Here we have an homogeneous crystal that is subjected to an heat gradient

in the x direction dT/dx. This heat gradient is generated by two thermostats in

the left and right extremities of the crystal, the �rst heated to a temperature Thot

and the second Tcold, with Thot > Tcold. After some time, the system will evolve

to a steady state with a temperature pro�le shown with the white line. In this

Figure 2.5: Homogeneous crystal with two thermostats in its extremities, heated at two di�erent
temperatures Thot > Tcold. The white line represents the thermal gradient in the steady state
[131].

situation, we can de�ne the amount of thermal energy that crosses an unit of area

normal to the x direction per unit of time as the heat �ux Jh,x along the x axis
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using the Fourier Law:

Jh,x = −κx
dT

dx
. (2.28)

Here we can see that there is a proportionality constant between the thermal gra-

dient and the heat �ux. This constant is called thermal conductivity and it is the

determining factor in heat conduction: high thermal conductivity allow e�cient

thermal dissipation and characterize a good thermal conductor, while low thermal

conductivity is the characteristic properties of a thermal insulator.

While the Fourier Law can predict surprisingly well the values of thermal conduc-

tivity in most material, it does not give a satisfying description on the thermal

conduction mechanism of a crystal. For this reason, the Fourier Law is often

referred as a macroscopic description of thermal transport. In some cases, this

description is enough to give all the information needed for a particular study, but

in most of other cases we want to develop a microscopical description of thermal

transport.

2.2.2 Boltzmann Transport Equation

In a microscopical view of thermal transport, we have to identify the mechanism

which are involved in the phenomenon. The �rst and most general heat carriers

are the lattice vibrations that we can treat with the phonon formalism. The

second type of carriers are the conducting electrons, active especially in electric

conductors. Using this approach, we have to divide the thermal conductivity in

two contributions, κlattice is the one associated with the lattice vibrations and κele

is the one dependent on the conduction electrons. We can say that:

κ = κlattice + κele (2.29)
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In this section we will focus on the calculation of κlattice.

Using the phonon theory, we can describe the heat �ux in Figure 2.5 as:

Jh,x =
1

V

∑
s,q

ℏωs(q)n(sq, T )vg,x(sq). (2.30)

Here we see that the heat �ux is normalized using the volume crossed by the ther-

mal �ux (v) and by a sum over all phonons of their properties, in particular: the

energy carried by the single phonon ℏωs(q), their group velocity vg,x(sq) and the

phonon population n(sq, T ).

In Equation 2.30 we can see that the phonon population is not given by the Bose-

Einstein distribution like it was in Equation 2.22, but is a generic population

n(sq, T ). The Bose-Einstein distribution is a correct representation for system at

an equilibrium situation while we are currently discussing a steady state. There-

fore, we have to develop a theory to understand the relation between the two.

To do so, we use another simpli�cation, called the single mode relaxation time

approximation (SM-RTA). This means that we consider each phonon population

relaxes independently to all the other phonon populations. With this approxima-

tion, we are able to de�ne the relation in this way:

∂n(sq, T )

∂t
= −n(sq, T )− nBE(sq, T )

τsq
. (2.31)

In this equation is present the therm τsq that is the single-mode relaxation time

that is coincident with the phonon lifetime. As stated above, in the harmonic

approximation phonons do not dampen in a crystal, so the lifetime of a phonon

should be in�nite. Therefore, we need to extend our previous phonon description

with some anharmonic properties. This will be done later in this section.

In order to continue our explanation of thermal transport, we use again the situ-

ation described in Figure 2.5. If we look at the volume element identi�ed by the

dotted line, we can write a continuity equation for the thermal current:

1

V

∂U

∂t
=

∂Jh,x
∂x

, (2.32)
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where U is the enrgy of the system as written in Equation 2.22, with the correction

nBE(sq, T ) → n(sq, T ) in order to consider the non-equilibrium situation.

Using this expression for the potential energy and Equation 2.30, we can obtain

from Equation 2.32 the following expression:

∂n(sq, T )

∂t
− vg,x(sq)

∂n(sq, T )

∂T

∂T

∂x
= 0 (2.33)

Now, assuming that the temperature dependence of the new population n(sq, T )

and the one obtained with the Bose-Einstein distribution are the same and insert-

ing the Equation 2.31 in this last expression we can obtain a explicit relation for

the non-equilibrium population:

n(sq, T ) = nBE(sq, T )− τsqvg,x(sq)
∂nBE(sq, T )

∂T

∂T

∂x
(2.34)

This expression is called the linearised Boltzmann Transport Equation (BTE) and

was introduced in the early work of Peierls in 1929[132].

Using this, we can �nally write an expression for the heat �ux that uses only known

quantities:

Jh,x =
1

V

∑
s,q

ℏωs(q)nBE(sq, T )vg,x(sq)−
1

V

∑
s,q

ℏωs(q)τsqv
2
g,x(sq)

∂nBE(sq, T )

∂T

∂T

∂x
.

(2.35)

Here we see that the heat �ux depend on two separate term, the �rst one (
∑

s,q ℏωs

(q)nBE(sq, T )vg,x(sq)) is compose by only equilibrium properties, thus cannot

contribute to thermal currents, and the second term only depends on the non

equilibrium properties.

By comparing this with the Fourier Law in Equation 2.28, we can derive the

expression for the thermal conductivity:

κx(T ) =
1

V

∑
s,q

ℏωs(q)τsqv
2
g,x(sq)

∂nBE(sq, T )

∂T
. (2.36)

This expression for the thermal conductivity is the one most commonly used in

calculation, and will be used in some of the work presented here as well.
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As we can see, this in contrast with the constant term obtained with Fourier Law,

the BTE thermal conductivity has a strong dependence with the temperature. By

studying this equation, we can detect three separate trends:

1. very low temperature: κx(T ) ∼ T 3, since the temperature is too low to have

a important population in the vibrational modes, the thermal conductivity

is dominated by the increasing creation rate of phonons and by the speci�c

heat;

2. intermediate temperature: κx(T ) ∼ exp[(1/b)TD/T ], here the annihilation of

phonons due to the scattering begin to lower the thermal conductivity but it

is balanced by phonon creation, TD is the Debye temperature of the system

and 2 < b < 3 for most materials;

3. high temperatures: κx(T ) ∼ T−d, in this regime phonon annihilation is

prevalent, for most materials 1 < d < 2.

In Figure 2.6 we can �nd the thermal conductivity of crystalline silicon calcu-

lated with the help of the code QUANTUM ESPRESSO with this theory and can see a

representation of its three trends.

2.2.3 Anharmonic properties of phonons

As stated above, the harmonic description of phonons is not su�cient to describe

thermal transport properties, but we have to expand our description introducing

some hanarmonic properties.

In a physical view, anharmonicity can be seen as the interaction between di�erent

phonons. However, the strength of such interactions is much weaker than the inter-

actions that are treated in the harmonic representation, therefore we can treat the

anharmonicity as a perturbation of the harmonic methodology. Experimentally,
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Figure 2.6: Blue line: thermal conductivity of crystalline silicon calculated using the SM-RTA-
BTE approach with the help of QUANTUM ESPRESSO [131]. The red dots are the experimental
data [133].

we see that the fully harmonic characterization of a material can well reproduce

the experimental phonon spectra, but only by introducing anharmonicity we can

describe the transition between di�erent harmonic eigenstates of the quantum os-

cillator.

As a general rule, we can view the nth order of anarmonicity (i.e. the nth order

of the Taylor expansion in Equation 2.1 when n > 3) as the potential energy asso-

ciated with the interaction among n phonons. During these n-phonons scattering

events, since phonons are bosons, and hence they do not conserve their total num-

ber, we can assist to phenomena of annihilation and creation.

In order to discuss more in detail of these events, let us take the example of 3

phonons scattering events. During these, only the three modes (s1, q1), (s2, q2)

and (s3, q3) play an active part in the interaction. These three modes can interact
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in two possible ways, the phonon generation event:
ns1,q1 → ns1,q1 − 1

ns2,q2 → ns2,q2 + 1

ns3,q3 → ns3,q3 + 1

(2.37)

and phonon annihilation event:
ns1,q1 → ns1,q1 − 1

ns2,q2 → ns2,q2 − 1

ns3,q3 → ns3,q3 + 1

. (2.38)

We can use the Fermi golden rule to predict the rate of such events:

P
(3)
i→f =

2π

ℏ
| ⟨f |V̂3|i⟩ |2δ(ℏωs1,q1 ∓ ℏωs2,q2 − ℏωs3,q3), (2.39)

where V̂3 is te quantum operator that describes the anharmonic perturbation. ⟨i|

represents the initial state of the system, i.e. the state (ns1,q1 , ns2,q2 , ns3,q3), while

|f⟩ is the �nal state of the system, i.e. (ns1,q1 − 1, ns2,q2 ± 1, ns3,q3 + 1).

Furthermore, the δ term implies that the total energy of the phonon system is

always conserved, limiting the possible type of three phonons events. In Figure 2.7

the possible and impossible events are shown. Another important property of the

scattering events is that they conserve the total crystal momentum. As stated

above, the same phonon can be described by both ℏq and ℏq +G, where G is a

reciprocal lattice vector. Because of this, the conservation of crystal momentum

can be written as:

ℏq1 = ℏq2 + ℏq3 ± ℏG for phonon creation

ℏq1 + ℏq2 = ℏq3 ± ℏG for phonon annihilation.
(2.40)

Thanks to this description, we can observe that there are two types of phonon-

phonon interactions:
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Figure 2.7: Schematic representation of permitted (left) and forbidden (right) three phonons
scattering events [131].

1. normal processes: events with G = 0;

2. Umklapp processes: events with G /= 0, in this type of process the true

momentum is not conserved.

Finally, there are two other important properties of phonons that are derive from

the anharmonic description.

The �rst is a slight shift in their harmonic frequencies, ωs(q) → ωs(q) + ∆sq.

Usually the di�erence in frequency ∆sq is negligible, but in crystals with strong

anharmonicity can have a major impact.

The second is the dampening in amplitude. By developing the version of Equa-

tion 2.39 that describes an annihilation process, is possible to derive a �nite phonon

lifetime τsq(3) . This phonon lifetime is obtained considering only phonon-phonon

annihilation events, but other types of annihilation can be observed in crystals,

such as interaction with impurities or defects, thus is important to de�ne a phonon

lifetime that takes into account all types of annihilation events. By calling τ
(n)
sq the

annihilation event of the n-type, we can use the Matthiessen rule to obtain the
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total relaxation time τsq:
1

τsq
=

∑
n

1

τ
(n)
sq

. (2.41)

This approximation is proven correct in many circumstances, so its use is justi�ed.

All the reasoning used in the description of third order anharmonicity is applicable

even to terms with an higher level of anharmonicity. Thus, the higher the order

m, the more complex the quantum operator V̂m will be and minor the e�ect on

the description of the system will be.

2.3 Density functional theory

The Density Functional Theory (DFT) [134] is a theoretical framework based on

the assumption that a many-electron system can be uniquely described through

its electronic density, n(r).

In this way, the original problem, which involves calculating 3N variables, is re-

duced to a problem depending only on three variables. Moreover, the computa-

tional cost is drastically reduced when using DFT-based codes.

The �rst steps toward this theory were made in 1927 with the Thomas�Fermi

model. However, the modern formulation of DFT has its origins in a later devel-

opment, which took shape following the publication and proof of the two Hohen-

berg�Kohn theorems [135], which, for the sake of clarity, are reported below.

First theorem For every system of interacting particles in an external poten-

tial Vext(r), the potential Vext(r) is uniquely determined, up to an additive

constant, by the ground state electron density n0(r).

Second theorem an universal energy functional E[n] can be de�ned in terms

of the electron density n(r), valid for any external potential Vext(r). for a

particular Vext, the ground-state energy of the system corresponds to the
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minimum value of this functional, and the density n(r) that minimizes it is

the ground-state density n0(r).

Thanks to these theorems, an exact formalism for DFT can be developed.

Having demonstrated that the electronic density uniquely characterizes the ground-

state wave-function, which in turn has a one-to-one correspondence with the ex-

ternal potential Vext(r), Hohenberg and Kohn argued that the knowledge o fn(r)

implies the knowledge of all terms of the Hamiltonian operator.

To apply these concepts to practical calculations, they introduced two functionals.

The �rst is a universal functional, F [n(r)], which does not depend on the external

potential and can be written as F [n(r)] = ⟨ΨN |T + Vee|ΨN⟩.

The second is the energy functional, E[n(r), Vext(r)] which can be obtained from

the �rst as follows:

E[n(r), Vext(r)] =

∫
dr

[
Vext(r) + F [n(r)]

]
. (2.42)

Hohenberg and Kohn also demonstrated that the minimum of this energy func-

tional corresponds to the ground-state energy of the system:

E0 = min
n(r)

E[n(r), Vext(r)]. (2.43)

In order to determine the ground-state energy of the system, it is therefore nec-

essary to �nd an explicit form of the energy functional, but in many cases this is

not straightforward.

To address this problem, in 1965 Kohn and Sham decomposed the functional

F[n(r)] expressing it in the following form:

F [n(r)] = TS[n(r)] +
1

2

∫
n(r)Φ(r)dr+ EXC [n(r)]. (2.44)

Where TS is the kinetic energy that the system would have within the independent-

electron approximation, Φ(r) is the classical Coulomb potential, and EXC [n(r)] is
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the exchange�correlation energy (XCE), also referred as exchange�correlation func-

tional.

If all these terms could be determined exactly, Equation 2.44 would be an exact

relation, since the exchange�correlation term would account for all quantum ex-

change and correlation e�ects.

Unfortunately, however, an exact expression for this term has not yet been found,

so it is necessary to use approximations to estimate its value.

It can be shown that the system's energy can be expressed in terms of the ex-

change�correlation energy alone and the energy the system would have in the case

of non-interacting particles (ϵi):

E =
N∑
i=1

ϵi + EXC [n(r)]−
∫

Vxc(r)n(r')dr'+
1

2

∫
n(r)n(r')

|r− r'|
drdr'. (2.45)

Furthermore, it can also be shown that the electronic density can be obtained as

a combination of wave-functions for the non-interacting system (ϕi):

n(r) =
N∑
i=1

|fiϕi(r)|2, fi = 0,1 (2.46)

where fi are the occupation numbers of the ith state.

Using this formalism, it is possible to solve the many-body problem by solving the

Schrödinger equation for the associated system of non-interacting electrons:[
− ℏ2

2m
∇2 + V (r)

]
ϕi(r) = ϵiϕi(r), i = 1,2, ..., N. (2.47)

This system of equation is called Kohn and Sham equations and usually they

are solved by means of self-consistent approaches [136]. Using these equation in

combination with a correct correlation energy, the many-body electronic problem

can, in principle, be solved exactly.

In summary, DFT is an exact theory that allows the determination, in a relatively

simple way, all the relevant properties of the system under investigation, although

it is based on a functional that is, in practice, unknown.
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2.3.1 The exchange�correlation energy

As stated above, in order to use the DFT methodology it is imperative to chose a

representation for the exchange�correlation energy.

The simplest functional is the based on the Local Density Approximation (LDA),

in which the system is considered as an homogeneous electron gas with a density

equal to n(r). Using this approximation, the exchange-correlation energy of a

single electron eXC can be obtained analytically. It is possible to write eXC as the

sum of two terms, one representing the exchange energy eX and the second the

correlation one eC , eXC = eX + eC . Then, we can analytically determine the two

terms by [137]:

ex(n) = −0.458

rs(n)
(2.48a)

ec(n) =
0.44

rs(n) + 7.8
(2.48b)

rs(n) =

(
3

4πn

) 1
3

(2.48c)

where rs is the radius of a sphere that, on average, is occupied by one electron in

the homogeneous electron gas (HEG) approximation.

Once the eXC expression is found, the exchange�correlation energy can be calcu-

lated by integrating eXC :

ELDA
XC [n(r)] =

∫
eXC(r, [n(r)])n(r)dr. (2.49)

The LDA is accurate for small systems composed by few atoms, but shows its

limitations when performing calculations on larger systems.

Therefore, using the LDA as a starting point, there are a number of new functional

that try to overcome the LDA limitations. For example, a great shortcoming of

the LDA is not accounting for the variations of electron density, that it has been

resolved with a slightly more complex functional called Generalized Gradient Ap-

proximation (GGA) [138].
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In the GGA approach, the exchange-correlation functional depends not only on

the electron density but even from its gradient eXC [n(r),∇n(r)]. The terms of

Equation 2.48 are then changed accordingly and the total EXC of the system is

obtained through Equation 2.49 once again.

The GGA scheme provides better results than the LDA one. However, in most

systems the required level of accuracy is still not achieved.

A possible improvement is o�ered by the so-called meta-GGA functionals, that

are functionals similar to GGA but they include higher-order derivatives of the

electron density. The DFT meta-GGA schemes yield reasonably accurate results,

which can be further improved through the use of hybrid functionals. The idea

behind this class of functionals is to compute part of the exchange functional ex-

actly, using the Hartree�Fock method, while the remaining part is approximated

through one of the approaches described above (LDA, GGA, etc.).

Unfortunately, the more complex the representation of the EXC , the higher the

computational cost associated with the calculations becomes. Fort this reason, the

choice of representation is a non-trivial problem that must be considered depend-

ing on the systems under study.

In thi thesis, the optimal balance between accuracy and computational cost was

achieved by the use of the PBESOL representation, an in-between approximation

that is more complex of the GGA but still in a lower level than meta-GGA [139].

2.4 Molecular dynamics

In this section, a brief summary of the Molecular Dynamics (MD) simulation

methodology will be presented.

Molecular dynamics is a methodology of computational simulations that allows
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the numerical solution of the classical Newtonian equation of motion:

mr̈ = fi fi = − ∂

∂ri
U (2.50)

where fi is the forces acting on the atoms, rN = (r1, r2, ..., rN) is the set of 3N

atomic coordinates and U(RN) is the potential energy.

U(RN) is usually split in two components: the bonding potential energy Ub and

the non-bonding potential energy Unb. In order to compute the forces from the

Newton equations and thus the atomic trajectories, it is necessary to give a form

of this two components. The non-bonding part of the potential energy, also called

interatomic potential, can be considered as the sum of energies derived from various

types of interactions:

U[nb] =
∑
i

u(ri) +
∑
i

∑
j>i

v(rirj) + ... (2.51)

where u(ri) is a potential derived from external forces and usually can be ne-

glected, v(rirj) is the potential derived from the two body interactions. There are

more terms derived from three-body, four-body and so on interaction that we are

choosing to neglect.

Therefore, it is necessary to give an explicit formulation of the two-body term. The

simplest representation is the Lennard-Jones potential, that despite its simplicity

is able to give great results in certain materials such as liquid argon, and can be

used as a testing potential even in more complex system. The representation of

such potential can be written as:

vLJ(r) = 4ϵ

[(σ
r

)12

−
(σ
r

)6
]

(2.52)

where σ is the diameter and ϵ is the well depth.

The bonding part of the potential usually is a complex function that relies upon a

parametrization that depends on the speci�c simulated system. The set of param-

eters that are used to determine the bonding potential energy is called a force-�eld
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and choosing the correct representation is often pivotal to obtain accurate results

from the simulation. Usually, these parameters include: bond distancing, bend and

torsion angles, dihedral angle and some cross-terms such as stretch-bend forces.

Typically, these potentials are modeled after experimental parameters or ab-initio

simulations.

After the complete potential energy is given, the MD algorithms proceed to solve

the equations of motion, using a numerical integration algorithm. The LAMMPS

package [140], which is the code that will be used in the analysis what will be

presented in the next chapters, use the Velocity-Verlet integration method [141].

This algorithm has great advantages for MD simulation: it is time reversible, it

is symplectic, it allows the usage of long timesteps and it has low computational

cost. Of course, the timestep of the simulation must be chose accordingly to the

properties under analysis.

Then, once the simulation setup is ready, a simulation cell must be provided.

Firstly, if not explicitly wanted, surface e�ects need to be addressed by utilizing

Periodic Boundary Conditions (PBC). Even in a large simulation cell, a great per-

centage of atoms would be on the outer faces of the simulation cell, and these will

have a large e�ect on all the calculated properties. Using the PBC aims to prevent

this by surrounding the simulations cell with image of itself and making the sur-

face atoms interact with the atoms from the nearest images. This methodology is

called the minimum image convection and is a good approximation in most cases.

Finally, an ensemble must be chosen. Worth mentioning are: the canonical one

(also referred as the NVT ensemble), in which the number of particles (N), the vol-

ume of the simulation cell (V) and the Temperature (T) are considered constants

and do not change during the simulation; the microcanonical ensemble (NVE) in

which the number of particles (N), the volume of the simulation cell (V) and the

energy of the system (E) are considered constants.
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In summary, molecular dynamics is one of the classical main simulation methodol-

ogy that solves the Newtonian equation of motion for a large number of simulated

atoms or molecules. It is a method with low computational cost and, when used

alongside a good representation of the parameter of the system, it can give accu-

rate estimation of a large array of macroscopic properties.

2.5 Frozen phonon

The frozen phonon methodology(often referred as �nite displacements method is

a simulation technique that allow us to calculate the thermal properties of a crys-

talline structure using the phonon formalism that is explained above. This tech-

nique needs large simulation cells, often referred as supercells, in order to give

results that are good approximation of experimental data. Generally, a supercell

is composed by a number of repetitions of the unit cell of the crystal, so it is

common practice to de�ne the simulation cell as a n ×m × o supercell, where n

is the number of replicas in the x direction, m is the number of replicas in the y

direction and o is the number of replicas in the z direction.

2.5.1 Interatomic force constants

In order to develop the formalism needed to understand this methodology, we

must start from the Taylor expanded potential in Equation 2.1, as we can use this

method to calculate the force constants Ui1,i2,...,in(l1b1, l2b2, ..., lnbn).

Using the properties of translational and/or rotational invariance, we can identify

a set of N irreducible force constants {Ui} and their column vector Φ. Using this
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formalism, Equation 2.1 become:

UTEP = bTΦ, (2.53)

where for clarity we have change the notation of the potential energy into UTEP

(Taylor Expanded Potential). b is a row vector de�ned as b = ∂U/∂Φ.

By deriving the potential energy UTEP we can of course obtain the atomic force:

FTEP (u) = −∂UTEP

∂u
= −∂bT

∂u
Φ = A(u)Φ. (2.54)

In this equation we have introduced the matrix A(u) ∈ R3NS×N where NS is the

number of atoms in the supercell and the matrix u, with uT = (ux
1 , u

y
1, u

z
1, u

x
2 , u

y
2,

uz
2, ..., u

x
NS

, uy
NS

, uz
NS

, ), that is the matrix composed by the 3NS atomic displace-

ments. Notice how both A and FTEP explicitly depend on the displacements

matrix.

The problem now is to obtain a suitable description for Φ. At �rst, it is conve-

nient to use a brute force method in form of a linear regression. We generate Nd

displacement patterns and, with a su�ciently large Nd, we obtain a system of Nd

equations each in the form of Equation 2.54 from which we can obtain the full

Φ vector. We can call un the nth displacement vector (1 ⩽ n ⩽ Nd), FT
TEP =

[F T
TEP (u1),F

T
TEP (u2), ...,F

T
TEP (uNd

)] and AT = [AT (u1),A
T (u2), ...,A

T (uNd
)]

the matrices composed by the forces and A for every displacement pattern. Us-

ing this formalism, we can write a generalized expression that combine all the Nd

equations for every pattern:

FTEP = AΦ (2.55)

This method, while giving a good base, must be further re�ne in order to give

results usable in a scienti�c research. To do so, we need to adopt some statistical

methods and then confront those with the linear regression results. In a way, we

can see this process as: we use the linear regression force constants as a validation
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for the ones calculated with more re�ned statistic methods.

There are primarily three type of statistic methods that we can adopt: ordinary

least square, elastic-net regression and adaptive LASSO. In the work presented in

this thesis, only the �rst methodology is used.

In the ordinary least square methodology, we obtain an estimation of the force con-

stant matrix ΦOLS by the minimization of the residual sum of squares between the

forces obtained with the linear regression method and the ones obtained through

simulations:

ΦOLS = argmin
Φ

(
1

2Nd

||FSIM − FTEP ||22
)

= argmin
Φ

(
1

2Nd

||FSIM − AΦ||22
)
.

(2.56)

From this we can obtain the �tting error by:

σ =

√
||FSIM − AΦ||22

||FSIM ||22
(2.57)

Notice that in order to solve Equation 2.56 obtaining all elements ofΦOLS uniquely,

we need ATA to be full rank.

FSIM can be obtained through every type of numerical simulation, e.g. DFT or

MD simulations.

2.5.2 Phonon properties

Using the force constant obtained above, we can now calculate the dynamical

matrix of the crystal using Equation 2.20.

From the dynamical matrix we can then obtain the thermal properties of interest,

depending on the level of approximation (harmonic, 3rd order anharmonic, etc...).

The phonon frequency can be derived using:

ωs(q) = [e∗
s(q)]

TD(q)es(q), (2.58)
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where es(q) is the atomic polarization vector.

From the phonon frequency we can easily derive the phonon group velocity for the

ith direction:

vgi(sq) =
∂ωs(q)

∂q
∼ ωs(q +∆sq)− ωs(q −∆sq)

2∆q

(2.59)

The second term is the exact equation to obtain the group velocity, the third is

the relation that is actually used for the numerical calculations.

In order to calculate the phonon DOS, we have to make some adjustments to the

Equation 2.27. Namely, we have to �nd some way to computationally resolve the

integral, thus the basic idea is to convert
∫

→
∑
. After some calculations, we

obtain:

G(ω) =
1

Nq

∑
q,s

δ(ω − ωs(q)) (2.60)

Since we want to apply the thermal conductivity using the SM-RTA-BTE theory,

we need to apply Equation 2.36. We have already discussed how to obtain all

parameters except for τsq. As we have already discussed, in order to obtain the

phonon lifetime we have to introduce anharmonic terms in our discussion.

As stated in Equation 2.41, there are many quantities that contribute to the total

phonon lifetime and in this discussion we will focus only on two: the one connected

to the cubic self-energy and the one derive from isotope scattering. Having this in

mind, we can rewrite Equation 2.41 as:

1

τ
(T ) = 2(Γanh

qs (T ) + Γiso
qs ), (2.61)

where Γanh
qs (T ) is the phonon line-width associated with the anharmonic self-energy

and Γiso
qs is the one associated with the isotope scattering.

Let us discuss the self-energy term �rst.

We can obtain the phonon line-with Γanh
qs (T ) as the imaginary part of the phonon
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self-energy, which value is given by the following expression:

Σqs(iωm) =
1

2ℏ2
∑
q1s1

∑
q2s2

∣∣∣V (3)
−qs, q1s1, q2s2

∣∣∣2
×
[

n1 + n2 + 1

iωm + ω1 + ω2

− n1 + n2 + 1

iωm − ω1 − ω2

+
n1 − n2

iωm − ω1 + ω2

− n1 − n2

iωm + ω1 − ω2

]
,

(2.62)

where V
(3)
−qs,q1s1,q2s2 is the matrix element of the operator V̂3 that we discussed in

Equation 2.39. We can de�ne this matrix element as:

V
(3)
qs, q′s′, q′′s′′ =

(
ℏ

2Nq

)3
2 1
√
ωqs ωq′s′ ωq′′s′′

∑
ℓ,ℓ′,ℓ′′

exp [i(q · r(ℓ) + q′ · r(ℓ′) + q′′ · r(ℓ′′))]

∑
b,b′,b′′

1√
MbMb′Mb′′

∑
µ,ν,λ

Φµνλ(bℓ; b
′ℓ′; b′′ℓ′′) eµ(b; qs) eν(b

′; q′s′) eλ(b
′′; q′′s′′),

(2.63)

Combining these two equation, we can �nally de�ne the phonon line-width using

the analytic continuation to the real axis (iωm → ω + i0+):

Γanh
qj (ω) =

π

2ℏ2
∑
q1s1

∑
q2s2

∣∣∣V (3)
−qs, q1s1, q2s2

∣∣∣2
×
[
− (n1 + n2 + 1) δ(ω + ω1 + ω2) + (n1 + n2 + 1) δ(ω − ω1 − ω2)

−(n1 − n2) δ(ω − ω1 + ω2) + (n1 − n2) δ(ω + ω1 − ω2)
]
.

(2.64)

For the isotope scattering we will use the description given in [142], that allow us

to write the isotope linewidth as:

Γiso
qs (ω) =

π

4Nq

ω2
qs

∑
q1s1

δ(ω − ωq1s1)
∑
b

g2(b) |e∗(b; q1s1) · e(b; qs)|2 , (2.65)

where g2(b) is a dimensionless factor given by:

g2(b) =
∑
i

fi(b)

(
1− mi(b)

Mb

)2

, (2.66)

where fi(b) is the fraction of the ith isotope pf an element having mass mi and

Mk =
∑

i fimi(b). Typically, the calculation of both line-width is the most com-

putational heavy process of the calculation of thermal conductivity.
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After obtaining the phonon lifetimes, we can proceed in using Equation 2.36 to

calculate the thermal conductivity.

An important remark about thermal conductivity is that it depends on both tem-

perature and direction, thus the result of this calculation will be a thermal conduc-

tivity tensor. We can rewrite Equation 2.36 in order to empathize this property

as:

κµν(T ) =
1

V Nq

∑
q,s

cqs(T )v
µ
qsv

ν
qsτqs(T ), (2.67)

where we used the speci�c heat expression cqs(T ) = ℏω(qs)∂nBE(sq, T )/∂T .

We can de�ne another interesting property from this de�nition of thermal conduc-

tivity:

κµν
sp (ω) =

1

V Nq

∑
q,s

cqs(T )v
µ
qsv

ν
qsτqs(T )δ(ω − ω(q)), (2.68)

called thermal conductivity spectrum. This value tall us how much every phonon

with the given frequency ω contribute to the total thermal conductivity. Of course

we have that:

κµν =

∫ ∞

0

κµν
sp (ω)dω. (2.69)

The methodology presented this far refers to an 3rd order anharmonicity, but in

theory can be extendable to any order. [143] showed the use of �nite displacement

in some calculation with 4th order anharmonicity obtaining results in great accord

to experimental data, were calculation with the 3rd order where shown to fail. Of

course, the increase anharmonicity order leads to an increase in computational cost.

This type of theory will be adopted in the studies presented in this thesis using

the package ALAMODE [144].
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2.6 Approach to Equilibrium Molecular Dynamics

In the previous section of this chapter we mainly discussed thermal properties

in function of the phonon description and the Boltzmann Transport Equation.

However, that formalism relies heavily on the crystallity of the system, failing

with more complex material like doped or defected systems. Henceforth we will

now discuss an alternative method to calculate thermal conductivity based on the

approach to equilibrium molecular dynamics (AEMD) [145].

In order to develop this methodology, let us begin from the general heat equation

Figure 2.8: Representation of a generic simulation cell used in AEMD simulations, with periodic
boundary condition. The two region are initially set in order to have T1(0) > T2(0) [145].

that describe thermal transport along the z axis of a system de�ned in an interval

with 0 ≤ z ≤ Lz (see Figure 2.8):

∂T

∂t
= κ̄

∂2T

∂z2
(2.70)

where κ̄ is the thermal di�usivity. If we have a system characterized by density ρ

and heat capacity cv, we can de�ne the thermal conductivity as:

κ = κ̄ρcv =
κ̄Cv

V
. (2.71)
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If the system is at a temperature above its Debye temperature ΘD, the speci�c

heat can be easily obtained as

Cv = 3NkB, (2.72)

while for T < ΘD quantum correction are necessary.

In order to solve Equation 2.70, we can use the method of separation of variables

by introducing a function that only depends on the temperature and one that only

depends on the direction z:

T (z, t) = H(z)T (t) (2.73)

We now have to �nd a suitable expression for both functions. H(z) can be easly

found by setting the boundaries condition of the problem. Since we want to use

this methodology along with MD simulations, it is convenient to use a step-like

temperature pro�le with periodic boundary conditions (i.e. T (0, t) = T (Lz, t)).

This situation is showed in Figure 2.8 and is represented by the system:

H(z) =

T1 for 0 < z < Lz/2

T2 for Lz/2 < z < Lz

(2.74)

The most general solution for Equation 2.73 can be written as:

T (z, t) =
∞∑
n=1

[An cos(αnz) +Bn sin(αnz)] e
−α2

nκ̄t (2.75)

where α = 2πn/Lz,

An =
1

Lz

∫ Lz

0

cos(αnz)H(z) dz (2.76)

and

Bn =
1

Lz

∫ Lz

0

sin(αnz)H(z) dz (2.77)

are two parameters connected with the H(z) function. Using Equation 2.74, we

can write an explicit expression for these tow parameters:
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An =


1
Lz

∫ Lz

0
H(z) dz = T1+T2

2
(n = 0)

1
Lz

∫ Lz

0
cos(αnz)H(z) dz = 0 (n /= 0)

(2.78)

and

Bn =
1

Lz

∫ Lz

0

sin(αnz)H(z) dz

=
T1 − T2

αnLz

[cos(αnLz)− 1] .

(2.79)

Using these expression, we can write the general solution for Equation 2.70 as:

T (z, t) = A0 +
∞∑
n=1

Bn sin(αnz)e
−α2

nκ̄t. (2.80)

Equation 2.74 refers to the situation at t = 0, then we can use a microcanonical

MD simulation to let the system evolve for t > 0. We can see how the initial

step-like con�guration is progressively smoothed. A visual representation of this

phenomenon is provided in Figure 2.9. It is useful to de�ne the average tempera-

ture of the two region of the system as:

⟨T1⟩ =
1

Lz

∫ Lz/2

0

T (z, t) dz, (2.81) ⟨T2⟩ =
1

Lz

∫ Lz

Lz/2

T (z, t) dz. (2.82)

This allow us to �nd an analytic expression for the di�erence in temperature

of the two regions ∆T (t) = ⟨T1⟩ − ⟨T2⟩. Since the system will go to thermal

equilibrium after a large enough amount of time, ∆T (t) → 0. If we combine this

information with the discussion above, we obtain:

∆T (t) = ⟨T1⟩ − ⟨T2⟩ =
∞∑
n=1

Cne
−α2

nκ̄t (2.83)

where

Cn = 8(T1 − T2)

[
cos

(
αnLz

2

)
− 1

]2
α2
nL

2
z

. (2.84)
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Figure 2.9: Time pro�le in function of time in a c-Si sampl. The black lines represent the
analytical solution of Equation 2.70, while the colored lines are obtained trough AEMD simula-
tions[145].

Equation 2.83 is the equation that will allow us to obtain the thermal conductivity.

In fact, the simulation protocol using this method is quite simple:

1. we prepare our simulation cell similarly to Figure 2.8, with an initial tem-

perature pro�le determined by Equation 2.74,

2. through a microcanonical MD simulation the system is evolve for enough

time to reach thermal equilibrium and the values of ∆T (t) is generated,

3. by �tting the values of ∆T (t) obtained above with Equation 2.83 we obtain
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the thermal di�usivity

Then, we can simply use Equation 2.71 to obtain the thermal conductivity.

Unfortunately, there are some nuisance when this method is used in the calculation

of κ. [145] report a in depth analysis on these problems and here we will just focus

on the results.

While not apparent from Equation 2.83, if we repeat the MD simulations for

systems composed by the same material and length Lz we can see a dependence

on the cross-section S = Lx×Ly of the thermal conductivity. This is probably due

to the di�erence in the number atoms: fewer atoms means worse statistics in the

calculation of Equation 2.81 and Equation 2.82. This hypothesis is also supported

by the observed large number of oscillation in∆T (t) in the samples with less atoms.

However, it is shown that after a large enough S is provided, this dependence dims

until the value of κ converges. Therefore, it is of the utmost importance to check

the convergence of the cross-section before starting any investigation using AEMD.

More apparent is the dependence of κ from the sample length Lz. As discussed in

[146], we can rewrite Equation 2.83 in a way that explicitly states this dependence:

κ(Lz) =
1

NqV

∑
q,s

cq,sv
2
q,sτ∞,q,s

[
1 +

2|vq,s|τ∞,q,s

Lz

]−1

. (2.85)

From this we can observe that 1/κ = f(1/Lz) and is thus possible to de�ne a

function 1/k∞ where Lz is large enough to be representative of a macroscopic

sample. In these conditions, we can use the Taylor expansion to study the function

1/k∞:
1

κ∞
= f(0)− f ′(0)

Lz

+
f ′′(0)

2L2
z

+ . . . (2.86)

Since Lz → ∞, and so 1/Lz → 0, we can truncate the expansion at the �rst term.

In this way, we can expect that by plotting 1/κ versus 1/Lz we will �nd a linear

trend, from which we can obtain the true thermal conductivity κ∞ by a �tting pro-

cedure. In order to apply this method, we have to chose Lz values accordingly, and
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thus we have to understand the physical meaning behind the dependence of κ on

Lz. In general, every phonon have a mean free path λ related to its lifetime shown

in Equation 2.41 simply by λ = τ sq × vg,i. If we take a Lz < λ we are e�ectively

excluding from our calculation every phonon with λ > Lz, underestimating κ in

the process. Therefore, in order to apply the �tting procedure discussed above, we

must have multiple simulation sample each with increasing Lz, with min(Lz) ≥ λ.

In summary, while the use of AEMD does not give any information about phonon

behavior, it bypasses all the approximations used to obtain the SM-RTA-BTE,

allowing the estimation of thermal conductivity at any order of anharmonicity,

particularly useful in crystal with strong anharmonicity or for non crystalline ma-

terials, e.g. doped system or defected one.

2.7 Thermal transport in the Wigner formalism

As stated above, the phonon formalism give us an understanding of the microscop-

ical behavior of the solid. However, The Boltzmann Transport Equation described

above fails to predict the properties of non-crystalline solids. Historically, two

fundamentally di�erent pictures have coexisted:

� In crystalline solids, heat is carried by well-de�ned phonon quasiparticles.

These phonons propagate with a group velocity vqs and scatter via anhar-

monic interactions or impurities. Their dynamics is successfully captured by

the Boltzmann transport equation (BTE)[132].

� In amorphous solids and glasses, phonons cannot be described as long-

lived wave packets. Instead, heat di�uses through wave-like tunneling pro-

cesses between quasi-degenerate vibrational eigenstates, as described by Allen

and Feldman [147].
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For decades, these two regimes were treated as fundamentally distinct. How-

ever, many materials of technological interest, including complex crystals, ther-

moelectrics, and halide perovskites, do not �t neatly into either category. Their

thermal conductivity is too low to be explained by the BTE, yet their crystalline

order prevents a description solely in terms of the Allen-Feldman model. This

long-standing gap motivated the development of a more general framework: the

Wigner transport equation (WTE) [148].

In order to develop this uni�ed theory, we have to rewrite Equation 2.33 in a way

that explicitly incorporates anharmonicity:

∂nqs

∂t
+ vqs · ∇rnqs =

∂nqs

∂t

∣∣∣∣
scatt.

, (2.87)

where nqs is the non-equilibrium population of a phonon with wavevector q and

branch index s, vqs = ∇qωqs is its group velocity, and the right-hand side describes

scattering processes. According to this new notation, the thermal conductivity

derived from this equation can be written as

κBTEαβ =
1

NV

∑
qs

Cqsv
α
qsv

β
qsτqs, (2.88)

with Cqs the mode heat capacity and τqs the phonon lifetime.

This formulation is extremely successful for simple crystals, where phonon in-

terband spacings are much larger than line-widths. However, when line-widths

become comparable to or larger than interband separations, the quasiparticle pic-

ture breaks down. In such cases the BTE overestimates κ by orders of magnitude

[148, 149].

The idea behind the Wigner formalism is to overcome this limitation by start-

ing from the quantum Liouville equation for the density operator ρ̂ and applying

the Weyl quantization procedure [150]. The central object becomes the Wigner

distribution, which naturally includes both phonon populations (s = s′) and o�-

diagonal coherences (s /= s′). The resulting Wigner transport equation (WTE)
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reads:

∂

∂t
nss′(q, t) + i

(
ωqs − ωqs′

)
nss′(q, t) +

1

2

{
v(q),∇rn(q, t)

}
ss′

=
∂

∂t
nss′(q, t)

∣∣∣∣
scatt.

.

(2.89)

Here:

� The diagonal terms (s = s′) reduce to the BTE description of phonon

populations.

� The o�-diagonal terms (s /= s′) describe wave-like tunneling between

bands, a mechanism absent from the BTE.

2.7.1 Energy density and heat �ux

The Wigner approach allows us to de�ne a well-posed local vibrational energy

density:

U(R, t) =
1

(2π)3

∑
ss′

∫
BZ

d3q ℏωqs nss′(R, q, t) δss′ , (2.90)

and the associated harmonic heat �ux:

J(R, t) =
ℏ

(2π)3

∑
ss′

∫
BZ

d3q
ωqs + ωqs′

2
vss′(q)nss′(R, q, t). (2.91)

The crucial insight is that the heat �ux is not carried exclusively by particle-like

phonons, but also by coherent superpositions of phonon states. This reconciles the

particle-like and wave-like views of thermal transport.

2.7.2 Thermal conductivity in the Wigner framework

Solving the WTE in steady state yields the general expression for the conductiv-

ity [151]:

81



Methods

καβ = κP
αβ +

1

(2π)3

∫
BZ

d3q
∑
s/=s′

ωqs + ωqs′

4

(
Cqs

ωqs

+
Cqs′

ωqs′

)

× vαss′(q) v
β
s′s(q)

(ωqs − ωqs′)2 +
[
Γqs+Γqs′

2

]2 , (2.92)

where Γqs are phonon line-widths. The �rst term κP corresponds to the particle-like

Boltzmann contribution, while the second term represents the additional wave-like

tunneling channel.

Furthermore, the Wigner formalism introduces a natural timescale, foten referred

as the Wigner time limit:

τω =
1

∆ω
, (2.93)

where ∆ω is the average phonon interband spacing.

Therefore, we can identify two di�erent regimes, depending on the relation between

τ and τω. In details, we have that:

� if τ ≫ τω, phonons behave as well-de�ned quasiparticles and transport is

Boltzmann-like.

� if τ ≲ τω, coherences dominate and wave-like conduction emerges.

This condition is directly connected to the well-known Io�e-Regel limit, where

the phonon mean free path approaches the interatomic distance [148].

Thanks to this mixing of particle-like and wave-like descriptions, the predictive

power of the WTE has been demonstrated in several classes of materials for which

the normal BTE as been proved to fail:

� In thermoelectric skutterudites, �ller atoms (�rattlers�) such as Yb re-

duce phonon lifetimes down to the Wigner limit, leading to a crossover from

82



Methods

Boltzmann to Wigner transport. At operating temperatures, particle-like

and wave-like contributions become comparable, explaining the exception-

ally low conductivity and high thermoelectric performance [151].

� In complex oxides and halide perovskites, the WTE captures ultralow

thermal conductivity that the BTE fails to describe [148].

� In glasses, the WTE reduces analytically to the Allen�Feldman theory, val-

idating its generality.

To summarize, the Wigner transport equation provides a uni�ed quantum frame-

work for lattice thermal transport. It manage to unify the particle-like Boltzmann

and the wave-like Allen-Feldman descriptions, explains the microscopic origin of ul-

tralow thermal conductivity and introduces new physically motivated microscopic

descriptors such as the Wigner time limit. Beyond its conceptual importance, it

o�ers practical tools for materials discovery, enabling rational design of thermoelec-

tric and thermal-barrier materials where both particle-like and wave-like phonon

transport mechanisms are crucial. On the downside, it increases the already long

computational cost of microscopical thermal conductivity calculations, such as the

�nite displacement method described above, since we have to separately calculate

the BTE term and the additional contribution in Equation 2.92.

2.8 Mode decomposition technique

Both BTE and Wigner based approaches shows their limitations when the crystal

under study shows strong anharmonicity. In some cases, even fourth order an-

harmonicity may not be enough to adequately characterize the system, leading to

false prediction on properties like thermal expansion, Raman and infrared spectra,

phonon lifetimes and thermal conductivity. For this reason, a new approach to
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calculate the anharmonic force constants is needed.

A novel method that helps resolving this issue is the normal mode decomposition

technique [152]. This method is based on molecular dynamics and allow us to

extract anharmonic properties from the atomic trajectories, thus accounting for

anharmonicity to all orders. Unfortunately, this technique have two large limita-

tions:

� high computational cost due to long molecular dynamics simulations with

large simulation cells required to achieve convergence;

� need of very accurate force �elds that account for high anharmonic behavior.

Although, since the computational cost is inferior to the one of a fourth order DFT

based methodology, thereby in systems that exhibit strong anharmonic behavior

this technique is very helpful.

In details, the normal mode decomposition technique enables the extraction of both

temperature-dependent vibrational frequencies and phonon lifetimes by calculating

the power spectrum of atomic velocities projected onto phonon eigenvectors:

Gqs(ω) = 2

∫ ∞

−∞
⟨vqs ∗ (0)|vqs(t)⟩eiωt dt ≈

〈
|vqs(t)|2

〉
1
2
Γqsπ

(
1 +

(
ω−ω̃qs
1
2
Γqs

)2
) (2.94)

where ω̃qs is the temperature-dependent phonon frequency.

This power spectrum is then �tted to a Lorentzian function. By calculating its peak

position it is possible to estimate the ω̃qs and by its full width at half maximum it

is possible to obtain the line-width Γqs.

The combination of this power spectrum and their Lorentzian �t can be considered

as spectral energy density that yields important information. If a purely harmonic

system is considered, the resulting Lorentzian spectrum would be composed only

by distinct and de�ned peaks, while in systems with strong anharmonicity, where
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phonon mixing is present, the peaks would appear as blurred and overlapping.

The spectral energy density can therefore serve as a practical tool for analyzing

phonon mixing.

Furthermore, this methodology can be used as an alternative way to obtain the

factors for calculating thermal conductivity, both in the BTE approximation and

with the Wigner approach.

The code that was used for the analysis that employed the mode decomposition

technique is the DynaPhoPy code, that allow the estimation of phonon line-widths

and frequency shifts from molecular dynamics trajectories after their projection

onto a series of harmonic phonon modes obtained by Phonopy [153, 154]. The

power spectrum is then calculated by means of Fourier transform and Lorentzian

functions are employed for the calculation of the peaks, in order to extract the

anharmonic properties [155].

Unfortunately, the spectral energy density obtained via Equation 2.94 gives only

qualitative indication of phonon mixing, thus must be re�ned in order to obtain a

quantitative measure of it.

A possibility is to use the cross correlation as a tool to study quantitatively phonon

mixing. This approach consists in calculating the power spectrum of the cross-

correlation of atomic velocities projected onto two di�erent phonon modes:

Gqiqjs(ω) = 2

∫ ∞

−∞
⟨vqis ∗ (0)|vqjs(t)⟩eiωt dt (2.95)

where qi and qj are two wave-vectors. By calculating the Gqiqjs(ω) for every qi and

qj it is possible to create the correlation matrix G(ω) where the diagonal terms will

be called auto-correlation terms (for i = j, Gqiqis(ω)) and the o�-diagonal terms

will be called cross-correlation terms (for i /= j, Gqiqjs(ω)). The cross-correlation

terms are correspondent to the overlapping of peaks found in Equation 2.94 and

thus can provide a quantitative measurement of phonon mixing.

In summary, an purely harmonic crystal will be characterized by Gqiqjs(ω) = 0 for
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i /= j, while the stronger the anharmonicity, the higher this value will be.
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Chapter 3

Thermal transport of pristine and

functionalized TaS
2

TaS2 is a material that belong to the class of transition metal dichalcogenoid

discussed above. Typically, it is synthesized using the Chemical deposit method

[156] in both its 2D mono-layer and 3D bulk con�gurations. TaS2 has 4 di�erent

stable and metastable stacking types, as shown in Figure 1.5, the stable phase

being the 2H-AB and the metastable ones the 1T, 2H-AA' and 3R [48].

In its pristine bulk state, it shows an high electrical conductivity and Seebeck

coe�cient, but it also have a really high in-plane thermal conductivity. Combining

this, the �gure of merit calculated using Equation 1.6 is unfortunately very low.

In fact, at room temperature, the TaS2 2H σ ∼ 3000S cm−1, S ∼ −7.6 V K−1

and κ ∼ 36 W m−1K−1 for a total �gure of merit zT300K ∼ 5 × 10−5. At higher

T, its Seebeck coe�cient drastically increase (S440K ∼ −30 µV K−1) while both

electrical and thermal conductivities lightly decrease, leading to an higher �gure

of merit value of zT440K ∼ 3 × 10−3, a value much higher than the one at room

temperature but still far from ideal for thermoelectric applications [87].

A solution for making TaS2 a competitive material in the thermoelectric scenario
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was proposed by [87]. In their work, the manage to create a covalent bond between

the TaS2 and an organic molecule, the tert-Butyl isocyanate (C5H9NO), obtaining

a stable system with interesting properties. In details, the managed to force the

covalent bond between a C atom of the tert-Butyl isocyanate and an S atom from

the TaS2, leading to a positioning of the molecule in the inter-layer space. Similar

strategies were already employed in other types of material, e.g, some organic

crystals [96, 124], and these modi�cation have all shown signi�cant in�uence on

thermal transport properties.

Since the TaS2 have no dangling bonds, the crystal typically do not react with

other substances. Thus, they had to employ a sophisticated strategy to bond the

two systems. Firstly, they used an electrochemical reduction to charge the TaS2

crystal, then they used an electron doping e�ect to enhance the electron cloud

density of S atoms and �nally they immerse the system in a solution of tert-

Butyl isocyanate at room temperature to form the bonded structure. A visual

representation of this technique can be found in Figure 3.1. The results showed in

Figure 3.1: Representation of the synthesis method of the hybrid structure TaS2 + tert-Butyl
isocyanate [87].

this experimental work are encouraging:

� the electrical conductivity showed an overall increase at all temperatures

with a peak at room temperature of double the original value;

� the Seebeck coe�cient is practically unchanged;

88



Thermal transport of pristine and functionalized TaS2

� the thermal conductivity is reduced by almost two orders of magnitude at

all temperatures;

� the �gure of merit is largely increase overall, with a peak at 440 K of ∼ 0.04.

While this value is still not ideal for thermoelectric applications, the increase in

the �gure of merit, especially at high temperature, is remarkable. Although the

experimental results give ample characterization of the macroscopic properties of

the material, they do not give any insight of the microscopic ones, especially in

the thermal transport properties.

My work aims to reproduce computationally these results, in particular the ones

regarding thermal transport, in order to obtain a theoretical explanation of the

reduction in thermal conductivity. Once we understand the mechanism of this

change, we would be able to use this mechanism in other systems. To achieve this,

a full atomistic investigation was performed [157].

3.1 Computational details

All calculations presented in this chapter rely on the Density Functional Theory

(DFT) with periodic boundaries condition. To perform the calculation, the Quan-

tum espresso package was employed [158].

In all calculations I used the corrected generalized gradient approximation of

Perdew, Burke and Ernzehof [159], PBEsol [139], with Projector-Augmented Wave

(PAW) pseudopotentials [160] and a plane-wave basis set.

In all calculations, a plane-wave kinetic energy cuto� of 60 Ry and a charge-density

cuto� of 480 Ry were employed. The convergence thresholds for forces and total

energy were set to 10−12 RyÅ−1 and 10−15 Ry, respectively. For each of the three
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systems considered, the k-point mesh was generated with a reciprocal-space sam-

pling density corresponding to 0.1 Å−1.

The estimation of thermal properties was performed using the �nite displacements

method presented in section 2.5, using the code ALAMODE [144]. The anhar-

monicity was calculated to the 3rd order.

To evaluate the harmonic force constants, a supercell containing 96 atom was used

for the pristine system and one with 232 atoms was used for the functionalized

system, corresponding to a 4 × 4 × 2 replica of the unit cell of both systems. In

these calculations, no interatomic interactions cuto� was imposed.

Since the computational cost for the anharmonic calculations is exponentially

greater, a smaller number of replicas were employed for the 3rd order force con-

stants calculations, i.e. a 2 × 2 × 2 supercell, corresponding to 24 atoms in the

pristine system and 58 in the functionalized one. Furthermore, while for the pris-

tine system no interatomic interactions cuto� was imposed, for the functionalized

system a cuto� corresponding to the distance between �rst-neighbor atoms was

introduced, to further reduce the computational cost.

To ensure the validity of this method, A size-e�ect assessment was conducted for

the bulk TaS2 system and no appreciable variations in the calculated properties

were found between the 4× 4× 2 and 2× 2× 2 supercells.

After comparing the results obtained with this methodology to the experiment,

this level of theory was deemed su�cient to fully describe the system, without the

need to further extend the order of anharmonicity with 4th order and beyond or

to use the Wigner formalism.

90



Thermal transport of pristine and functionalized TaS2

3.2 Systems under study

The introduction of the organic side chain has two important structural e�ects.

The �rst is an increase of the inter-layer separation, from 6.03 Åto 10.36 Å. The

second is the e�ect of the covalent bond between the sulfur atoms of TaS2 and the

C of the isocyanate group of thert-Butyl isocyanate molecules. In order to investi-

gate the reduction in thermal conductivity, three di�erent systems are taken into

account in order to see the e�ect of both modi�cation interdependently.

The �rst system is the pristine bulk TaS2 (Figure 3.2, left). In order to recreate

the experimental setup, we chose the 2H-AA' stacking con�guration. After a very

accurate geometry optimization, the inter-layer distance was found to be 6.02 Å,

very similar to the experimental value of 6.03 Å, and the cell angle to be 90°, as

was in the experimental setup.

The second system is the pristine TaS2 with the increased inter-layer distance due

to the introduction of the molecule, but without the explicit molecule (Figure 3.2,

center). The inter-layer distance used in this elongated system is the one obtained

after the accurate optimization of the system with the molecule and not the ex-

perimental distance.

The third system is the TaS2 with the explicit introduction of organic side chains

(Figure 3.2, right). As stated above, the procedure to obtain this covalent bond

is rather complex and it is out-of-reach of the theoretical methodology adopted in

this investigation, furthermore it would be overwhelmingly computational heavy

to reproduce using ab-initio techniques. Thus, an alternative method was adopted.

At �rst, the tert-Butyl isocyanate molecules were introduced between the pristine

bulk TaS2 obtained before, with a C-S distance of 3 Å. Then, the oxygen atom

in the isocyanate group was fuctionalized by adding an extra hydrogen atom,

obtaining a reduction of the double bond C=O. This leaves the C atom with the
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(a) TaS2 pristine

6.02 Å

(b) TaS2 elongated

10.96 Å

TOP VIEW

SIDE VIEW

(c) TaS2 + C5H9NO

10.96 Å

10.96 Å

Figure 3.2: Stick and balls representation of the three geometry optimized structures under
study: a) bulk TaS2; b) elongated TaS2 and c)TaS2+tert-Butyl isocyanate.

potential of forming an additional bond, promoting the creation of the correspond-

ing C-S covalent bond. As no information regarding the molecular concentration

was available, we assumed the highest possible value, namely one tert-butyl iso-

cyanate molecule per four TaS2 unit cells. After a careful geometry optimization,

the inter-layer distance was found to be 10.96 Å, which shows a good agreement

with the experimental value of 10.36 Å. Furthermore the C-S distance obtained

was 1.8 Å, which con�rms the formation of the C-S covalent bond as the typical

length of C-S covalent bonds is 1.7 Å. Additionally, the shortest S-H distance,

where S is a sulfur in TaS2 and H an hydrogen in tert-Butyl isocyanate, is found

to be 3.25 Å, far longer than the typical S-H bond length of 1.4 Å, excluding the

formation of any S-H bond. Finally, a variation of less than 1% was observed in

the supercell angle α.
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3.3 Results and Discussion

To summarize, there are three systems under study:

(a) the pristine bulk TaS2

(b) the pristine elongated TaS2

(c) the functionalized TaS2+C5H9NO

In Figure 3.3, it is reported the dispersion relations calculated using the harmonic

BTE methodology, color coded according to their respective phonon lifetimes cal-

culated using 3rd order anharmonicity approximation. In both pristine bulk and

elongated systems we have 6 atoms per unit cell (3 atoms for the top layer and

3 atoms for the bottom layer) and we obtain a total of 18 dispersion curves, as

expected, 3 of which are acoustic branches and 15 are optical ones. In the func-

tionalized system we have 29 atoms per unit cell, therefore 87 dispersion curves

were found. In Figure 3.3 only a portion of system (c)'s dispersion curves are

shown in order to o�er more clarity in the analysis.

In the pristine bulk system there are three phonon branches that are not present

Figure 3.3: Phonon dispersion relations. Color code (right) showing their respective lifetimes
for the three systems under study (a log scale is used for phonon lifetimes).

in the elongated structure. They show low frequency and large group velocity

and lifetimes, showing great similarities with the acoustic branches while being

optical in nature. These modes are called quasi-acoustic modes [161], and have
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been successfully identi�ed in numerous layered and 2D materials. Their likely

cause is the weak interaction between two layers of the material. The results of

these quasi-acoustic modes can be summarized in two separate e�ect in thermal

conductivity:

� they add terms in the sum in Equation 2.36, enhancing the thermal conduc-

tivity values;

� they scatter the acoustic phonons, decreasing their lifetimes and consequen-

tially decreasing the thermal conductivity.

In literature are reported analysis of these modes for graphene [162, 163] and more

recently in BN mono-layers [164], predicting a total negative impact of quasi-

acoustic modes in the value of thermal conductivity.

In TaS2, these quasi-acoustic modes are dominated by the van der Waals inter-

actions between adjacent layers. As we can see in Figure 3.4, they are related to

speci�c inter-layer shear vibrations.

In the elongated system, we cannot identify these quasi acoustic branches. This

is caused by the increased inter-layer separation that reduces the e�ects of the

van der Waals forces (FvdW ∝ 1/d, where d is the inter layer separation). At

the distance considered in this study, the interactions are found negligible, so the

inter-layer shearing vibrations found in the pristine material disappeared and the

phonon branches become two times degenerate. Furthermore, a slight decrease in

phonon lifetimes is seen.

By introducing the organic side chains, the dispersion relations change drastically.

First of all, there are a great decrease in phonon lifetimes. Furthermore, in this

system are present many �at optical branches even at low frequencies that may

be considered near dispersionless. These optical modes cross with the acoustic

TaS2 modes causing a �attening even in acoustic branches. Phonon-crossing is a
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well known and documented phenomenon found in various materials [165�167] and

usually it causes an important decrease in the group velocity of acoustic phonons

and a noteworthy decrease in the material anharmonicity, producing a important

decreases of thermal conductivity [168]. In the speci�c case of the TaS2+C5H9NO

structure, these low-frequency optical modes are associated with molecular vibra-

tions. In Figure 3.5 is showed a representation of the �rst three of such modes, in

particular we see:

� two rotations of only the butyl group of every side chain introduced in the

system;

� the third is a rotation of the hole tert-butyl isocyanate.

In this case, the functionalized system exhibits a signi�cant decrease in phonon

lifetimes in both acoustic and optical modes in addition to the �attening of acous-

tic branches.

In Figure 3.6, it is reported a detailed visualization of the group velocities as-

sociated with the acoustic phonons of the three systems. For the bulk TaS2 the

quasi-acoustic phonon's group velocities are reported as well.

By comparing the pristine and elongated TaS2 systems, the acoustic group veloc-

ities are very similar with only small variations. The ZA is the only exception of

Figure 3.4: Red arrows visualize the atomic displacements associated with the, �rst, second and
third quasi-acoustic modes in bulk TaS2.
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Figure 3.5: Red arrows visualize the atomic displacements associated with the, �rst, second and
third optical modes in the functionalized system TaS2 + tert-butyl isocyanate.

this, being the mode that exhibits the lowest group velocity in the pristine system

and an even lower group velocity in the elongated one. Interestingly, the three

quasi-acoustic branches in the pristine bulk system have large group velocities

comparable with the acoustic ones, con�rming their bene�cial role in the thermal

conductivity calculations.

Finally, in the TaS2+C5H9NO structure, the group velocities are much smaller than

the other two systems. This is caused by the mixing of the low-frequency optical

modes corresponding to the molecular rotations with the acoustic TaS2 modes.

In Figure 3.7, a visual representation of phonon lifetimes is reported, in order to

further analyze the e�ects of both increase in inter-layer separation and function-

alization.

In the pristine bulk system, it is found that the highest phonon lifetimes values

are above 100 ps and they are associated with the quasi-acoustic modes. This,

in conjunction with they high group velocity, mark them as only bene�cial to the

thermal conductivity, in contrast to their role in other system like graphene o BN

mono-layers.
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Beside the presence of these quasi-acoustic branches, the acoustic phonon lifetimes

show only slight di�erences between the bulk and elongated systems.

In contrast, the functionalized system shows a dramatic decrease in the phonon

lifetimes, in both acoustic and optical modes. This is another e�ect of the phonon-

crossing phenomenon and of the high density of phonon branches.

Combining the values for group velocity and phonon lifetime, it is possible to

estimate the thermal conductivity with the SM-RTA-BTE method.

The out-of-plane direction shows negligible thermal conductivity values in all of

the three structures under study and the presence of the side chain seems to not

contribute in neither increasing nor decreasing it.

In contrast, the in-plane lattice thermal conductivity has some noticeable di�er-

ence. In Figure 3.8 is reported the values of in-plane lattice thermal conductivity

as a function of the the temperature in a range 200 K ≤ T ≤ 500 K.

Here we see the red line representing the thermal conductivity of the pristine bulk

TaS2, the blue line representing the one of the elongated system, the green line

representing the thermal conductivity of the functionalized system and the black

dots the experimental values. Since the thermal conductivity calculated by [87] is

the total value, i.e. the sum of lattice and electronic thermal conductivity, and thus
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Figure 3.6: Group velocity of acoustic and quasi-acoustic modes for a) bulk TaS2, b) elongated
TaS2 and c) TaS2+C5H9NOOS.
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Figure 3.7: Phonon lifetimes of a bulk TaS2, b) elongated TaS2 and c) TaS2 + C5H9NO.

Figure 3.8: In-plane thermal conductivity of every system in respect of the temperature. The
inset emphasizes the comparison between the estimated thermal conductivity and the experimental
values for TaS2 + C5H9NO.

not comparable with the one presented in study (that is only the lattice part), the

values showed in Figure 3.8 are obtained by subtracting the electronic contribution

calculated using the Wiedemann-Franz law [169]. Interestingly enough, while in

the pristine TaS2 the electronic contribution to thermal conductivity is as small

as ∼ 10%, in the pristine system becomes predominant, growing as large as the

∼ 89% of the total thermal conductivity.
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Table 3.1 shows both experimental and calculated values of in-plane lattice ther-

System Calculated Experimental [87]
TaS2 Bulk 37.03 36.00
TaS2 elongated 17.35 - -
TaS2 + C5H9NO 0.19 0.60

Table 3.1: Thermal conductivity at 300 K (Wm−1K−1).

mal conductivity fo the three system under study at 300 K.

The calculated values are in strong agreement with the experimental ones. At

300K they showed a deviation from the experimental results as small as 3%, while

at higher temperatures there is a small increase in the discrepancy to 5%. This

increase is likely due to the Widemann-Franz law implementation to obtain the

lattice thermal conductivity. In fact, the Lorentz number was assumed constant

with temperature in the calculation of the electronic part of thermal conductivity,

but it can exhibit a small temperature dependence [170].

Notable insight can be obtained by comparing the values of thermal conductivity

at 300 K.

Figure 3.8 make apparent the results of the presence of quasi-acoustic modes in the

pristine bulk system. In fact, only by decreasing the inter-layer separation form

6.02 Åto 10.96 Åa dramatic reduction in thermal conductivity is observed. This

reduction is estimated to be ∼ 53% of the original values, from 37.03 Wm−1K−1 to

17.35 Wm−1K−1. In contrast with other types os 2D materials, in TaS2 the quasi-

acoustic modes give an truly bene�cial contribution at the thermal conductivity,

thanks to their high phonon group velocity and lifetime.

An additional reduction is obtained by the introduction of the organic molecule,

leading to another reduction of ∼ 46%. In total, from a value of 37.03 Wm−1K−1

to 0.2 Wm−1K−1, a reduction almost 99% of the original κ value is observed. This

reduction can be attributed to two factors:
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1. the disappearance of quasi-acoustic phonon modes discussed above

2. the reduction on both phonon group velocity and lifetime due to the presence

of the low frequency optical modes attributed to rotations of the organic

molecule.

Finally, from Table 3.1 a discrepancy between the experimental value and the cal-

culated one can be observed in the functionalized system. This may have a number

of di�erent causes, but the most convincing one in my opinion is a discrepancy

to molecular coverage. In order to make the simulation, as stated above, an uni-

form distribution of molecule was implemented in the simulation cell, using the

highest molecule-TaS2 ratio possible (1 molecule every 4 TaS2 unit cells). This

two assumption may not be true, since [87] do not explicitly state the molecular

concentration. Furthermore, it is possible that the molecules were not distributed

uniformly in the TaS2 crystal, possibility that is not reproducible in our computa-

tional setup with periodic boundaries conditions. This two factors combined are

expected to a�ect the calculated lattice thermal conductivity, leading to the found

discrepancy.

Another interesting analysis is the one showed in Figure 3.9. The Figure shows:
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Figure 3.9: a) Thermal conductivity spectrum b) Cumulative thermal conductivity
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on the left, the spectral thermal conductivity, on the right the corresponding cu-

mulative normalized thermal conductivity. This helps the observation of an in-

teresting phenomenon. In both pristine bulk and elongated TaS2, almost all the

contribution for thermal conductivity originates from the lowest frequencies modes,

reaching the 90% value of the lattice thermal conductivity with only contribution

from frequencies below 100 cm−1. In contrast, the functionalized system reach a

similar percentage of the total values at higher frequencies, i.e. 150 cm−1, denoting

the abundance of optical modes in the range of frequencies from 100 to 150 cm−1.

In this case, even if the contribution of optical mode is generally low and typically

negligible, the overall decrease in both group velocity and phonon lifetime is so

predominant that even these otherwise negligible contributions play a signi�cant

role in the total thermal conductivity. The Figure 3.10 shows another important
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Figure 3.10: Acoustic, quasi-acoustic and optical contributions to thermal conductivity for the
systems of interest

analysis. By decomposing the thermal conductivity in its acoustic, quasi-acoustic

and optical contributions, we can observe some interesting facts. Firstly, the main

contribution for the pristine bulk TaS2 system is derived from the quasi-acoustic

mode (∼ 55%), while the acoustic modes contribute by a 35% (for a total of ∼ 14
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Wm−1K−1) and the optical modes contribute by a ∼ 15%. In the elongated sys-

tem, since the van der Waals interaction are negligible, the quasi-acoustic modes

are not present, leading to a main contribution derived from acoustic modes, for

a total of ∼ 15 Wm−1K−1 or ∼ 90% of the total thermal conducitvity value. This

result is of great import because not only we can �nally con�rm the pivotal role

of quasi-acoustic modes in the thermal conductivity of the pristine system, but

we can see how the contribution of the acoustic modes are e�ectively reduced by

the presence of the quasi-acoustic modes. As predicted in other types of material,

the increased phonon scattering do decrease the thermal conductivity associated

with the acoustic branches (by a small ∼ 1 Wm−1K−1), but the additional therm

is large enough to compensate this reduction and almost double the total thermal

conductivity.
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Chapter 4

Thermal transport of pristine and

defected MoS
2

The investigation presented in the above chapter highlighted a peculiar results:

in contrast to the most study 2D materials, TaS2 shows quasi-acoustic phonon

branches in which the positive contribution to thermal conductivity surpass the

negative one derived from the addition of scattering channels. To further expand

our understanding of this phenomenon, in this chapter a similar study is proposed

in MoS2, a TMD that shows great potential for thermoelectric applications. Fur-

thermore, an investigation on the e�ect of vacancies is proposed, since this material

is often modi�ed with defects before its applications.

Among transition metal dichalcogenoids, MoS2 has attracted particular atten-

tion for its excellent semiconducting properties and mechanical stability. It has

been extensively studied for its use in �eld-e�ect transistors (FETs), where its high

on/o� current ratio and atomically thin geometry make it a promising candidate

for the development of low-power, high-performance electronic devices [171, 172].

MoS2, similar to other 2D materials, undergo a drastic change in its properties
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when transitioning from bulk to monolayer phase. Notably, variations were found

in electronic band-gap [173], Young's modulus [174] and in thermal conductivity.

Experimental studies have reported in-plane thermal conductivities for monolayer

MoS2 ranging from a few tens to several hundred W·m−1·K−1, depending on syn-

thesis methods and measurement conditions [85, 175, 176]. Similarly, theoretical

estimates vary considerably, from about 20 to over 100 W·m−1·K−1, highlighting

the sensitivity of the predicted values to the employed computational methods and

assumptions [91, 177�180].

For this reason, a detailed study of the bulk and mono-layer thermal transport

properties of MoS2 is needed, with a particular focus on the e�ects on quasi-

acoustic branches. This investigation was performed using a methodology coher-

ent with the one used for the study of TaS2, i.e. ab-initio DFT simulations in

conjunction with the �nite displacements method.

The moderate thermal conductivity combined with the relatively high electrical

conductivity of MoS2 makes it a promising candidate for thermoelectric energy

conversion. E�orts to optimize its thermoelectric performance, that is optimiz-

ing its �gure of merit ZT, have explored strategies such as chemical doping and

strain engineering [181, 182]. In this context, nanostructuring and defect engineer-

ing have emerged as particularly e�ective approaches for tailoring lattice thermal

conductivity [183�186]. Point defects (e.g., vacancies, interstitials, antisites), line

defects (such as grain boundaries), and surface imperfections disrupt lattice pe-

riodicity and act as phonon scattering centers, thereby reducing heat transport.

Among these, sulfur vacancies are the most commonly observed in MoS2 and are

known to cause a pronounced decrease in thermal conductivity [187]. Extended

defects can also serve as phonon barriers, further limiting phonon propagation and

enhancing thermal resistance [185, 188, 189].

However, despite the extensive studies performed with the aim of investigate this
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topic, the detailed in�uence of defect spatial distribution on phonon transport re-

mains insu�ciently understood. By the development of a deeper understanding

of this subject the control of thermal properties of MoS2 and possibly TMDs as a

whole will become possible.

Therefore, this chapter will present a further investigation with the aim of clarify

how di�erent spatial arrangements of sulfur vacancies in�uence the thermal trans-

port properties of monolayer MoS2. Firstly, a system with randomly distributed

point vacancies at various concentrations is considered, in order to explore the

impact of a random distribution of vacancies. Subsequently, those previous ran-

dom vacancies are organized into ordered strips of vacancies, e�ectively creating a

super-periodicity on our simulation cells [190].

Since by introducing vacancies we are losing the crystal periodicity, while it is still

possible to obtain some harmonic results using the �nite displacement method,

fully characterize the defected systems with this methodology is computation-

ally unsustainable, especially if used in conjunction with DFT ab-initio simula-

tions. For this reason, the of all defected systems was performed using the AEMD

method. In order to obtain further clari�cation, a lattice dynamics calculation

using the �nite displacement method is reported, using molecular dynamics simu-

lation to calculate the 2nd order interatomic force constants.

4.1 Computational details

The calculations of the pristine systems, both in the bulk and mono-layer phases,

presented in this chapter rely on the Density Functional Theory (DFT) with peri-

odic boundaries condition performed with the Quantum espresso package [158].

In all calculations the corrected generalized gradient approximation of Perdew,
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Burke and Ernzehof [159], PBEsol [139], with Projector-Augmented Wave (PAW)

pseudopotentials [160] and a plane-wave basis set were used.

In all DFT calculations, a plane-wave kinetic energy cuto� of 60 Ry and a charge-

density cuto� of 480 Ry were used. The convergence criteria for the total energy

and atomic forces were set to 10−15 Ry and 10−12 Ry Å−1, respectively. For each

of the three investigated systems, the Brillouin zone was sampled using a k-point

mesh corresponding to a reciprocal-space density of 0.1 Å−1.

The thermal properties were evaluated using the �nite-displacement method de-

scribed in section 2.5, as implemented in the ALAMODE package [144]. Anhar-

monic interactions were included up to third order. The supercell employed for

both harmonic and anharmonic calculations contained 96 atoms, corresponding to

a 4× 4× 2 replica of the unit cell. For the harmonic calculations no inter-atomic

interactions cuto� was imposed, while for the anharmonic calculations a cuto�

corresponding to the distance between �rst-neighbor atoms was introduced.

However, by introducing vacancies in the system, the symmetry of the crystal is

lost and performing ab-initio, DFT calculations with �nite displacements would

be computationally overwhelming. For this reason, the calculations of the defected

systems presented in this chapter are molecular dynamics calculations preformed

with the LAMMPS package [140] with a modi�ed Stillinger�Weber potential for

TMDs and MoS2 [191, 192].

The simulation cell employed was a Lx × 16b replica of the unit cell, with Lx

ranging from 31.2 to 623.5 nm, corresponding to 100a-2000a. As discussed above,

the AEMD method is in�uenced by size e�ects, thus the need to investigate the

thermal conductivity in systems with increasing length.

Furthermore, to avoid any interaction between MoS2 layers caused by the periodic

boundaries conditions, an arti�cial cell height of Lz = 5 nm was set.
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To ensure statistical reliability, con�gurational averages were calculated over sev-

eral independent simulations, ranging from 20 replicas for the smallest systems to

2 replicas for the largest one, each initialized with di�erent atomic velocities.

Moreover, every simulation with random point vacancies was initialized using a

di�erent distribution of vacancies, in order to avoid thermal conductivity's depen-

dence on the speci�c vacancies distribution. The number of simulations per system

varied from 20 replicas for the smaller systems to 2 for the larger ones.

Finally, the initial condition for the simulation (i.e. the step-like temperature pro-

�le described above) were imposed by performing two separate NVT runs, both of

the duration of 10 ps, in order to create two regions with di�erent temperature,

TH = 325 K and TC = 275 K. Then, the system was evolved through NVE simu-

lations with a duration depending on the system length, varying from 360ps to 7

ns, in order to let every con�guration reach thermal equilibrium.

4.2 Systems under study

Bulk MoS2 has two main stacking types, the 2H-AA' and 2H-AB. Both con�gura-

tions posses comparable amount of energy, and usually the 2H-AA' is considered

stable at 0 K while the 2H-AB is considered metastable [193].

Therefore, both AB and AA' stacking types were considered for this investigation.

After a meticulous optimization of both the unit cell and atomic positions, the

resulting systems showed similar lattice parameters, as shown in Table 4.1. The

most noticeable di�erence is in the c parameter, that corresponds to the inter-layer

separation, that has a variation of 6% in the transition from the AA' to the AB

stacking.

As shown in Table 4.1, the mono-layer shows similar lattice parameters to the bulk
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Stacking type a (Å) b (Å) c (Å)
AA' 3.18 5.21 6.59
AB 3.12 5.11 6.22
mono-layer 3.14 5.13 �

Table 4.1: Lattice constants of MoS2 obtained via DFT simulations.

(a) 2H-AA' MoS2 (b) 2H-AB MoS2 (c) Mono-layer MoS2

Figure 4.1: Stick and balls representation of the three structures under study: a) 2H-AA' MoS2;
b) 2H-AB MoS2 and c) mono-layer MoS2.

systems.

In Figure 4.1 is found the stick and balls representation of the three systems. As

discussed above, the e�ects of vacancies in MoS2 mono-layer were investigated us-

ing the AEMD method. Since this techniques relies on molecular dynamics instead

of DFT, starting from the optimized structure obtained above a new MD relax-

ation was performed. The lattice parameter obtained are reported in Table 4.2

along with the results of the DFT optimization. As showed, the lattice parameters
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Simulation method a (Å) b (Å)
DFT 3.14 5.13
MD 3.12 6.39

Table 4.2: Lattice constants of mono-layer MoS2.

of the systems resulting from the optimizations performed with the two methodolo-

gies give similar results. The lattice constant c, corresponding to the out-of-plane

dimension, is not calculated because the system studied are composed of only a

single atomic layer.

Next, the vacancies were introduced in the MD-optimized system. In order to sim-

ulate the experimental etching process, only sulfur atoms belonging to the top S

layer. To clarify, even if we are referring to the system as "mono-layer", the single

layer of MoS2 is composed by three di�erent atomic layer: a top Sulfur layer, a

in between Molybdenum layer and a bottom Sulfur layer. The bulk material is

compose by a multitude of this three layers systems stacked atop each other, hence

the studied system can be classi�ed as a monolayer.

Firstly, the vacancies were introduced with a random distribution. This point

Sulfur vacancies had a density de�ned as ρs = NS
removed/N

S
top, where Nremoved is

the number of Sulfur atoms removed and NS
top is the number of atoms present in

the top Sulfur layer. The densities of vacancies considered is ρS = 1%,2.5%,5%

and 10%. An example of such system is provided in the top panel of Figure 4.2,

where the blue region represent the Sulfur atoms and the pink regions represents

the random point vacancies.

Next, the vacancies were rearranged in a ordered distribution, forming strips of

vacancies. As for the random distributions, this strips of atoms were removed only

from the top Sulfur layer and the vacancy lines are arranged along the direction

perpendicular to the heat propagation. From this point, the direction of heat

propagation will be referred as the x direction.
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Furthermore, in order to maintain the number of vacancies �xed at given ρS, the

width wS of each strip is chosen as:

wS =
h

nS

Lx

a
ρS; (4.1)

where h = 3.14 Åis the minimum distance between two Sulfur atoms in the x

direction, nS is the number of vacancies strips etched in the system and Lx is the

simulation cell length in the x direction. By de�ning the strips width in this way, it

is possible to easily determine the width of the strips in function of their number,

observing that in systems with the same number of vacancies a larger number of

strips corresponds to a smaller width.

Finally, the distance between strips can be de�ned as:

dS = (Lx − wS)/nS. (4.2)

In the bottom panels of Figure 4.2, some examples of systems with ordered line

Sulfur vacancies are showed. Notice how in all panels the vacancy density is con-

stant.

Furthermore, after the creation of the vacancies, an additional structural opti-

mization was made for every sample, in order to observe the presence of eventual

modi�cations in lattice parameters induced by the removal of Sulfur atoms. These

modi�cation were found in every system, although they are only of minor entity,

with strain of the order of 0.6% for Lx and 0.7% for Ly in the systems with random

vacancies, while they were even smaller for the system with ordered strips (in the

order of 10−3 Å). So we can conclude that structural modi�cation do not play a

role in the results discussed below.
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Figure 4.2: Representation of some defected systems under investigation. The blue regions
represent the pristine MoS2, while the pink regions represent the Sulfur vacancies.

4.3 Results and discussion

Firstly, the results of the DFT ab-initio investigation will be showed. To summa-

rize, we have three di�erent systems under analysis:

(a) the pristine bulk MoS2 in its 2H-AA' stacking;

(b) the pristine bulk MoS2 in its 2H-AB stacking;
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(a) 2H-AA' MoS2 (b) 2H-AB MoS2 (c) mono-layer MoS2

Figure 4.3: Dispersion relation curves for a) 2H-AA' MoS2, b) 2H-AB MoS2 and c) mono-layer
MoS2.

(c) the mono-layer MoS2.

In Figure 4.3 are reported the dispersion relations of these three systems. In both

bulk systems, the quasi-acoustic curves are present and are related to inter-layer

sheer vibrations, similar to the ones found in bulk TaS2. However, the two systems

show large di�erences in their quasi-acoustic branches.

In the AA' system, the quasi-acoustic modes are almost degenerate with the acous-

tic ones and at the Γ point have very low frequencies (ωqa
AA′ < 10cm−1) . Meanwhile,

in the AB system, the quasi-acoustic branches are more similar to the ones found in

TaS2: they show low frequency but higher than the AA' system (ωqa
AB ≥ 40cm−1),

and cross the acoustic phonon curves relatively far from the Γ point.

The mono-layer system does not show any quasi-acoustic modes, as expected, and

show phonon dispersion curves similar to the ones observed in the AB system.

In Figure 4.4 are shown the group velocities for acoustic and quasi-acoustic phonons

of the three systems. As expected, the group velocities of acoustic and quasi-

acoustic phonons in the AA' are nearly degenerate, showing high group velocity

in all six modes. In contrast, in the AB system, while the group velocity of acous-

tic phonons is nearly identical to the one in the AA' system, the quasi-acoustic

phonons exhibit lower group velocities compared to the previous case, yet still high

enough to provide a positive contribution to the thermal conductivity.
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(a) 2H-AA' MoS2 (b) 2H-AB MoS2 (c) mono-layer MoS2

Figure 4.4: Group velocity for acoustic and quasi-acoustic phonons for a) 2H-AA' MoS2, b)
2H-AB MoS2 and c) mono-layer MoS2.

Figure 4.5: Third order phonon lifetimes of 2H-AA' MoS2, 2H-AB MoS2 and mono-layer MoS2.

In Figure 4.5 are showed the phonon lifetimes of the three systems.

As shown, while AA' and mono-layer systems exhibits similar phonon lifetimes,

the AB system undergoes a drastic reduction.

Combining the informations just presented, we can calculate the thermal conduc-

tivity of the systems. As for the TaS2 investigation, in MoS2 too the out-of-plane

direction gives thermal conductivity near zero and its variations are too small to

be appreciable. For this reason, only the in-plane thermal conductivity will be

analyzed. Such thermal conductivity can be seen in Figure 4.6.
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Figure 4.6: Third order in-plane thermal conductivity of 2H-AA' MoS2, 2H-AB MoS2 and
mono-layer MoS2.

While the relation between bulk 2H-AB and the mono-layer systems is similar

to the one discovered between the TaS2 systems, in the AA' system the thermal

conductivity becomes similar to the one of the mono-layer system, becoming even

smaller at low temperatures. The thermal conductivities at 300 K can be found

in Table 4.3.

This is a really interesting fact, because with this it is possible to see both

Table 4.3: Thermal conductivities at 300 K of MoS2 various systems.

System Thermal conductivity (W/mK)
2H-AA' 61.1002
2H-AB 186.7594
Mono-Layer 58.2680

quasi-acoustic mechanism in action. As mentioned in the previous chapter, quasi-

acoustic phonon modes have two di�erent e�ects on the system: they add terms

in the equation for the thermal conductivity but they increase the scattering chan-

nels for acoustic phonons. In TaS2, the combination of those two e�ect leaded

to an overall increase in thermal conductivity and in the 2H-AB phase of MoS2
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the same is true. In contrast, the increased scattering e�ect in 2H-AA' MoS2 is

much greater than before, as shown by the drastic reduction in phonon lifetimes,

thus leading to a thermal conductivity comparable to the one in the mono-layer

system. This shows how a di�erent stacking type may greatly a�ect the in-plane

thermal conductivity and consequently a material performance in thermoelectric

applications.

4.3.1 E�ect of defects

Starting from the geometry of the mono-layer system described above, now the

defected systems will be discussed using the AEMD method.

Figure 4.7 presents the evolution of the thermal conductivity (κ) as a function of

the system length (Lx), the number of strips (ns), and the sulfur-vacancy concen-

tration (ρs).

As stated above, �nite-size e�ects are intrinsic to non-equilibrium methods like

AEMD, often resulting in the broad range of κ values reported in literature. Since

the aim of this study is to estimate the e�ects on thermal conductivity derived

from the introduction of Sulfur vacancies, he present work does not extrapolate

κ∞ for either pristine or defected con�gurations, as this lies beyond the intended

scope. Instead, defected systems are directly compared with pristine counterparts

of the same dimensions. The results show that ordered samples exhibit a length

dependence comparable to the pristine system, supporting a consistent compara-

tive approach.

As expected, MoS2 mono-layers with randomly distributed sulfur vacancies display

a reduction in thermal conductivity, which tends to saturate for increasing simu-

lation lengths. The introduction of random vacancies enhances phonon scattering,

thereby shortening their mean free paths and resulting in a pronounced decrease
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of κ with increasing density of vacancies.

In contrast, systems with ordered vacancy strips show a distinctly di�erent behav-

ior: the thermal conductivity is reduced, but in a non-trivial manner. Remarkably,

increasing the number of vacancies (or equivalently, the width of the defective re-

gion) does not necessarily lead to a further suppression of thermal conductivity.

This �nding highlights that by creating ordered vacancy a superlattice periodicity

is imposed and that it plays a predominant role in determining thermal transport.

To further analyze this result, Figure 4.8 summarizes the thermal conductivity de-

Figure 4.7: Thermal conductivity at 300 K of pristine MoS2 (black line), MoS2 with random
point vacancies (dark-blue line) and MoS2 with nS strips of ordered vacancies (other colored
lines) in function of the simulation cell length. The four panels represent, in order from to left
to bottom right, the system with ρS = 1%.2.5%.5% and 10% [190].

pendence on the superlattice periodicity ns. Notably, for ns = 2, κ nearly coincides

with that of the pristine system, independently of both vacancy concentration and
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system size. This result demonstrates that a speci�c defect periodicity can e�ec-

tively restore the intrinsic phonon transport of pristine MoS2, despite the presence

of atomic vacancies.

In general, reduced thermal conductivity is associated with a decrease in phonon

Figure 4.8: Thermal conductivity at 300 K of the various defected systems in function of the
number of vacancies' strips. The system with random point vacancies is considered as having
nS = 0. The black line represents the thermal conductivity of the pristine system and the gray
band represent its standard error [190].

mean free paths caused by defect or interface scattering. However, in the case of

ordered defect superlattices, the imposed periodicity enables phonons of particular

wavelengths to propagate coherently across the structure. As shown in Figure 4.9,

the thermal conductivity of the system for a given superlattice period of nS = 2

depends monotonically on the distance between two strips. In fact, when the dis-

tance between adjacent defect strips is below approximately 20 nm, κ approaches

the value obtained for the ns = 1 con�guration. Conversely, when four strips are
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merged into two equispaced ones, κ rapidly converges to the ns = 2 value even

before full coalescence occurs. This behavior indicates the presence of a critical

separation distance, beyond which phonons perceive multiple adjacent vacancy re-

gions as a single coherent scattering center.

While the realization of super lattices obtained by combining two materials is ex-

tensively studied for the purpose of creating phonon barriers, superlattices that

actively increase the thermal conductivity by enhancing phonon propagation are

not so common.

Such behavior closely resembles that observed in Moiré-type superlattices, where

the imposed superperiodicity modulates phononic and electronic properties as a

function of the twist angle. To further clarify the microscopic origin of these e�ects,

Figure 4.9: E�ect of merging two vacancy strips into a single one, or four strips into two
equally spaced ones, in the Lx = 311.8 nm sample, as indicated by the arrows in the plot and
the schematic on the right. The shaded regions represent the standard errors associated with the
calculated thermal conductivities for the corresponding con�gurations. [190]

a lattice dynamics study is needed. As stated above, the introduction of defects

leads to a loss of symmetry in the crystal. More speci�cally, this actively decrease

the number of symmetry operation allowed during the building of the dynamical
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matrix, leading to a drastic increase in the number of both atomic displacements

and inter-atomic force constants needed to fully estimate the dynamical matrix.

This limits the maximum dimension possible for the simulated cell. For this rea-

son, the system considered is a simulation cell containing a total of 96 atoms from

which 6 sulfur atoms were removed from the top layer. The distributions of vacan-

cies considered were random point and ordered distributions with ns = 1,2 and 3.

The calculated cumulative and spectral thermal conductivity (Figure 4.10) reveals

Figure 4.10: a) Spectral thermal conductivity (black dots) and cumulative thermal conductivity
(red line) of pristine mono-layer MoS2 obtained with MD simulations in function of the frequency;
b) acoustic phonon dispersion curves of pristine mono-layer MoS2 obtained with MD simulations
[190].

that the dominant contribution to the thermal conductivity arises from frequencies

below 250 cm−1, con�rming that acoustic phonons are the primary heat carriers in

MoS2. Approximately 70% of the total κ originates from phonons below 100 cm−1

as shown by the dispersion curves for the pristine mono-layer; thus, the subsequent

analysis focuses on this frequency window. Note that these results are obtained

using the software LAMMPS in conjunction with MD simulation that relayed on

the same potential used for the AEMD simulations, thus explaining the di�erences

from the dispersion curves discussed before.

The mode-averaged phonon group velocities along both the x- and y-directions
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Figure 4.11: a,b) Mode-averaged phonon group velocities along the x and y directions, respec-
tively. c) Absolute values of the group velocity (vg) along the Γ → M direction for the acoustic
modes of pristine MoS2 (black dashed lines) and the defected monolayers [190].

(vx,y(ω) 1
m

∑m
qj vqj(ω) see Figure 4.11 a,b) show that while vacancy-induced de-

fects generally reduce vx, the ns = 2 superlattice preserves a signi�cant fraction

of propagating modes with �nite group velocities. This implies that the periodic
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defect ordering maintains e�cient phonon transmission. Along the y-direction,

parallel to the vacancy strips, the group velocities remain nearly identical to those

of pristine MoS2, indicating minimal in�uence on in-plane anisotropy.

A detailed inspection (Figure 4.11) shows that in the ns = 1 and 3 con�gurations,

both longitudinal acoustic (LA) and transverse acoustic (TA) modes experience

a marked reduction in group velocity near the Γ point, particularly for the LA

branch, which contributes most signi�cantly to heat transport. This reduction

stems from localized vibrational states at the interfaces between defective and

pristine regions, which strongly scatter LA phonons. In contrast, for ns = 2,

the group velocities remain almost unchanged compared to the pristine case, with

minor deviations only at the Brillouin-zone edges. Consequently, κ is e�ectively

preserved in this con�guration. The phonon dispersion relations (Figure 4.12 a)

reveal that defect introduction generally produces additional low-frequency opti-

cal modes, which tend to hybridize with acoustic branches and enhance phonon-

phonon scattering. However, in the ns = 2 system, these defect-induced modes

shift toward higher frequencies, resulting in the formation of a phononic bandgap

that minimizes coupling between acoustic and optical branches. This suppression

of acoustic-optical scattering leads to longer phonon mean free paths and hence

higher κ.

This conclusion is further substantiated by the participation ratio (PR) analysis

(Figure 4.12 b). In pristine MoS2, PR values remain close to unity for all modes,

indicating fully delocalized vibrations. For the ns = 1 and 3 con�gurations, 10-

15% of the modes exhibit PR < 0.8, denoting substantial localization. Conversely,

in the ns = 2 superlattice, fewer than 3% of modes are localized, con�rming a

predominance of delocalized phonons and reduced scattering. The reduced local-

ization directly limits Umklapp scattering, thereby decreasing thermal resistance.
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Figure 4.12: a) Phonon dispersion curves along the Γ → M direction. Black dashed lines
indicate the acoustic branches of the pristine monolayer. The dispersions are folded according to
the Brillouin zone of the supercell used in the lattice-dynamics (LD) calculations; b) participation
ratio of defected systems (colored circles) and pristine mono-layer MoS2 (black circles); c) three-
phonon scattering space of defected systems (colored circles) and pristine mono-layer MoS2 (black
circles) [190].

122



Thermal transport of pristine and defected MoS2

Finally, the three-phonon scattering phase space (Figure 4.12 c) provides quanti-

tative insight into phonon-phonon interaction probabilities. While pristine MoS2

displays a narrow phase space, implying limited scattering channels, the ns = 1

and 3 systems exhibit a signi�cantly expanded phase space, consistent with their

reduced κ. In contrast, the ns = 2 con�guration presents a considerably restricted

phase space, likely due to the enhanced lattice symmetry and stricter selection

rules governing three-phonon processes. This outcome highlights the possibility of

tuning phonon dispersion and scattering through defect periodicity, enabling the

design of phononic metamaterials with tailored thermal properties.

In summary, the combined AEMD and lattice-dynamics analyses demonstrate

that ordered sulfur-vacancy distributions in MoS2 can substantially modulate phonon

transport. Speci�cally, a defect periodicity corresponding to ns = 2 enables the

recovery of pristine thermal conductivity by suppressing acoustic-optical phonon

interactions and reducing mode localization. These �ndings establish defect su-

perlattices as an e�ective strategy for phonon engineering in two-dimensional ma-

terials, providing a pathway toward controlled thermal management in nanoscale

devices.
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Chapter 5

Anomalous thermal transport of

BTBT and DNTT

Organic molecular crystal are materials belonging to the class of organic semi-

conductors that have been used extensively in the last decades for a wide range

of applications, such as organic �eld-e�ect transistor and solar cells. Thus, both

electrical and optical properties have been extensively investigated, while their

thermal behavior is relatively unexplored.

In order to investigate their e�ectiveness as thermoelectric generators, a thorough

study of their thermal transport properties is needed.

In the previous chapter was shown how harmonic properties, such as quasi-acoustic

modes or phonon crossing, can lead to massive change in a material thermal be-

havior and in their anharmonic properties, such as phonon lifetimes and scattering

rates being lowered by the presence of low frequency optical modes. This behav-

ior is due to the low anharmonicity of the materials proposed and a third order

investigation was enough to fully characterize their thermal properties.

However, organic molecular crystals can show strong anharmonic behavior that

sometimes can a�ect their harmonic properties. Some example of this are the
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temperature dependence on phonon frequencies or phonon mixing [97]. In such

cases an investigation to the third order is not enough to fully characterize the

thermal properties of the material, leading to false prediction of their thermal

conductivity and Raman spectrum. It is possible to compute higher order of an-

harmonicity, but it would greatly increase the computational time and for larger

systems it would lead to unsustainable computational times.

Recent studies have shown that certain prototypical molecular crystals exhibit

pronounced higher-order anharmonic e�ects. In particular, [1]benzothieno[3,2-b]-

benzothiophene (BTBT) displays temperature-dependent vibrational frequencies

in its Raman spectra,an e�ect typically attributed to quasi-harmonic behavior aris-

ing from thermal lattice expansion [97]. However, polarized Raman measurements

have also revealed evidence of phonon mixing in BTBT, which can be interpreted

as a deeper manifestation of anharmonicity. This phenomenon cannot be explained

within the conventional framework of independent harmonic oscillators, thus the

inclusion of high level of anharmonicity is mandatory to the study of this material.

The most appreciable manifestation of anharmonicity is in thermal conductivity,

thus a detailed study of this property in BTBT can be useful to demonstrate the

importance of accounting e�ects beyond third order anharmonicity.

For this purpose, a detailed investigation of thermal conductivity based on multiple

approach is proposed in this chapter. Speci�cally, the methods used are:

� AEMD, a more phenomenological approach that accounts for every level of

anharmonicity but do not give information about the microscopical thermal

transport;

� SM-RTA-BTE with �nite displacement methodology both using normal mode

decomposition MD and to the third order of anharmonocity simulations;

� Wigner approach using normal mode decomposition MD simulation.
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In the MD simulations, a GAFF force �eld was employed. The force �eld was

validated against ab-initio and experimental results [97].

Moreover, since the AEMD and the Wigner methods showed an unexpected simi-

larity, a analogous study on the 2,9-Dioctylnaphtho[2,3-b]naphtha[2',3':4,5]thieno[2,3-

d]thiophene (DNTT) system was performed.

DNTT is another organic molecular crystal with similar properties to BTBT. In

fact, DNTT too showed great anharmonicity and phonon mixing [124]. In or-

der to con�rm and further explore the similarity between AEMD and the Wigner

approach, all the calculations already performed for the BTBT systems were repli-

cated for the DNTT system.

5.1 Computational details

In this chapter, as stated above, various calculation methods were employed that

are based on molecular dynamics. The code LAMMPS was employed to perform

all the MD simulations. The GAFF force �eld was used to perform the simulations

after validation with ab-initio results [194].

For the �nite displacements approach, a 2× 4× supercell was used, for a total of

1536 simulated atoms. Using a timestep of 1 ps in a NVT ensemble, the system

underwent a relaxation of only its atoms for 25 fs, with the lattice parameters

�xed in a previous MD simulation. Then, after obtaining this relaxed system, an-

other NVT simulation was performed for 150 ps in order to obtain all the required

quantities

Both Wigner thermal conductivity and SM-RTA-BTE with normal mode decom-

position were obtained using the code Dynaphopy, while the results of the third

order BTE calculations were obtained with the code ALAMODE.
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The AEMD thermal conductivity was obtained, as stated above, using two NVT

simulations to heat the two parts of the simulation cell and one NVE simulations to

let the system reach thermal equilibrium. All the simulations had 1 fs of timestep

and, while the NVT runs had a �xed length of 20 ps, the NVE ones had a variable

length, depending on the time needed to teach ∆T = 0. Since thermal conduc-

tivity is very small, the simulation time needed had to be high, raging from 0.3

to 20 ns. These long simulation times in addition to the high number of atoms

(117600 atoms in the largest systems) lead to an high computational cost, limiting

the maximum length of the cell that can be simulated.

In particular, the surface convergence for the AEMD runs for the BTBT system

was achieved with a 7 × 7 replica of the unit cell base and the Lz dimension was

varied in a range between 10 and 60 nm, that correspond to a 10 to 50 replicas of

the z direction of the unit cell.

In the right panel of Figure 5.1 is showed the κ convergence study at the variation

of Lz for the BTBT system. Every value is calculated with via a con�gurational

Figure 5.1: Left: thermal conductivity of BTBT at various temperatures in function of the
simulated cell length. Right: 1/κ in function of 1/L at di�erent temperatures; the dotted lines
are the linear �t from which κ∞ is obtained.

average of 5 statistically independents runs each with di�erent initial atomic ve-

locities.
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The �nal value of thermal conductivity obtained for each temperature was ex-

tracted by the �t discussed above, showed in the left panel of Figure 5.1.

Similarly, for the DNTT system the surface convergence was achieve with a 7× 7

replica of the unit cell and the Lz dimension was varied between 15 and 65 nm ,

that correspond to a 10 to 50 replicas of the z direction of the unit cell.

As for the BTBT systems, Figure 5.2 shows the process for obtaining the thermal

Figure 5.2: Left: thermal conductivity of DNTT at various temperatures in function of the
simulated cell length. Right: 1/κ in function of 1/L at di�erent temperatures; the dotted lines
are the linear �t from which κ∞ is obtained.

conductivity. The left panel shows the the dependence of κ from the system length

and the right panel shows the linear relation of 1
κ
and 1

Lz
, leading to the extraction

of κ∞ via linear �tting.

Finally, as stated above, the GAFF force �eld was employed in the MD simula-

tions. This force �eld is a generalization of the harmonical AMBER one that aims

to extend AMBER to organic and non-organic molecules and to be a complete

force �eld. The General AMBER Force Field (GAFF) can describe well all the

parameters of biologic and organic molecules by changing the AMBER function
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form to:

Epair =
∑
bonds

Kr(r − req)
2 +

∑
angles

Kθ(θ − θeq)
2+

∑
dihedrals

Vn

2
[1 + cos(nϕ− γ)] +

∑
i<j

[
Aij

R12
ij

− Bij

R6
ij

+
qiqj
εRij

] (5.1)

Furthermore, the GAFF uses a HF/6-31G* as charge method, while its parametriza-

tion for the van der Waals force is the same as the AMBER.

GAFF has been proved multiple times a good force �eld for describe organic sys-

tems and thus is a great potential for the description of both BTBT and DNTT

[194].

5.2 Systems under study

BTBT is a π-conjugated molecular crystal containing two molecules per unit cell

and belonging to the low-symmetry space group P21/c, visualized in Figure 5.3.

The geometry was obtained by relaxing an experimental cell via MD simulations.

Since the temperature dependence of phonon frequencies is vital to the under-

standing of thermal transport properties in this system, it is necessary to account

the thermal expansion of the cell. In order to do so, the system was relaxed at

di�erent temperatures, showing di�erences on the order of 1% between 100 K and

300 K. The lattice constants and the cell angle are reported in Table 5.1. Although

this may seem a little di�erence, since the system is strongly anharmonic it leads to

macroscopic di�erences. The DNTT organic molecular crystal can be considered

as a π-extended analogue of BTBT and thus it belongs to the same space group

as the BTBT [195, 196]. The system obtained is showed at Figure 5.4. However,

contrary to BTBT, DNTT transport does not depend on temperature [197], the

unit cell of the system was optimized only at 0K, while the atomic position were
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Figure 5.3: Stick and balls representation of the BTBT unit cell.

Table 5.1: Lattice constants and cell angle of BTBT obtained via MD simulations at various
temperature.

Temp (K) a (Å) b (Å) c (Å) γ (°)
100 11.8892 5.8910 8.1111 106.50
150 11.8656 5.8851 8.0603 106.35
200 11.8427 5.8798 8.0099 106.21
250 11.8221 5.8757 7.9629 106.08
300 11.8040 5.8721 7.9215 105.97

optimized at every temperature. The obtained cell has the following parameters:

a = 6.1993 Å, b = 7.5442 Å, c = 16.1565 Å.

5.3 Results and discussion

The �rst impact of anharmonicity in harmonic properties can be seen in the dis-

persion curves showed in Figure 5.5.
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Figure 5.4: Stick and balls representation of the DNTT unit cell.

In Figure 5.5 a) are reported the dispersion curves of BTBT at 100 K and 300

K. Here we see how at di�erent temperature the system show di�erent behaviors,

especially in the high-frequency regions. While the general shape is preserved, the

system at 300 K shows slightly lower frequencies due to the thermal expansion.

Moreover, it is possible to compare the harmonic phonon dispersion curves with

the one obtained including the dependence on temperature. Such comparison is

showed in Figure 5.5 b) for the systems at 100 K and 300 K. While the system at

100 K shows little variations, in the system at 300 K the di�erences are more pro-

nounced. This suggest that the cause of this changes is indeed the anharmonicity

of the system, since the anharmonicity becomes stronger with higher temperatures.

For this reasons, it is possible to call the dispersion curves with temperature e�ects

quasi-harmonic phonon dispersion.

Furthermore, an interesting fact emerges: the change in dispersion curves is not

uniform for all frequencies. Thermal expansion alone only produces uniform red-

shift in the frequencies, but this renormalization includes mode-depending fre-

quency shifts. In detail, it is possible to see that the lower frequency curves are

associated with intra-molecular modes and are only slightly a�ected by the renor-

malization, while higher frequencies branches are associated with inter-molecular

modes and are more a�ected. Since BTBT molecules are bonded only via weak

131



Anomalous thermal transport of BTBT and DNTT

π bonds, the resulting inter-molecular force constants are more a�ected by anhar-

monic e�ects.

Another proof of the strong anharmonicity of the system can be found by looking

Figure 5.5: a) Quasi-harmonic phonon dispersion of BTBT at 100 K and 300 K. b) Harmonic
(blue) and renormalized (red) phonon dispersion curves at 100 K and 300 K.

at their spectral energy density, reported in Figure 5.6.

As expected, at low temperature the band structure remains well de�ned, while as

Figure 5.6: Spectral energy density of BTBT at 100 K, 200 K and 300 K. The black dots
represent the quasi-harmonic dispersion curves at the relative temperatures.

the temperature increase the bands become hardly distinguishable. This is coher-

ent with the results obtained in the dispersion curves: at non-zero temperatures

the phonon mixing becomes important and a�ect the thermal properties of the

material in conjunction with the thermal expansion.

Furthermore, we can analyze the cross correlation at Gamma point. In Fig-

ure 5.7 is reported the heat maps for BTBT correlations at various temperatures.

The diagonal represents the auto-correlation, whereas the o�-diagonal represents
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Figure 5.7: Cross correlations of low-frequency modes of BTBT at 20, 100, 200 and 300 K.

the cross-correlations. As expected, at low temperatures, i.e. 20 K, the cross-

correlation is practically zero, describing a system without phonon mixing, as

seen from the spectral energy density in Figure 5.6. As the temperature arises,

the o�-diagonal regions begin to have a non negligible value, describing the in-

creased phonon mixing. This hints to an increasing importance of the wave-like

term in phonon description with increasing temperature. Furthermore, this anal-

ysis showed the importance of anharmonicity in BTBT, thus the need to use a

technique that is able to calculate inter-atomic force constants at high order of
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anharmonicity. For this reason the four method discussed above are employed in

calculating thermal conductivity.

In Figure 5.8 is reported the comparison between the thermal conductivity ob-

Figure 5.8: Thermal conductivity in the inter-layer direction (xx) of BTBT. The green line
is the BTE MD thermal conductivity, the blue line is the coherence term, the black line is the
Wigner thermal conductivity and the red line is the AEMD thermal conductivity.

tained with �nite displacement BTE to the third order of anharmonicity and MD

BTE that includes all order of anharmonicity for the three direction xx (inter-layer

direction), yy and zz.

For the two intra-layer directions the results are compatible, showing how anhar-

monicity has a less impact in those directions, con�rming the observations done

while analyzing the dispersion curves.

In contrast, in the xx direction the values obtained with only the third order of

anharmonicity are substantially di�erent to the ones obtained through MD simu-

lations with all orders of anharmonicity.
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For this reason, combined with the fact that AEMD is a directional methodology

that allows the estimation on thermal conductivity along only one direction at a

time, only the results for the xx direction will be further discussed.

In Figure 5.9 are shown the thermal conductivities obtained using:

Figure 5.9: Thermal conductivity in the interlayer direction (zz) of BTBT. The green line is the
BTE MD thermal conductivity, the blue line is the coherence term, the black line is the Wigner
thermal conductivity and the red line is the AEMD thermal conductivity.

1. Wigner approach (black line);

2. SM-RTA-BTE approach obtained with MD simulations (green line);

3. coherence term (blue line);

4. AEMD approach (red line).

The only experimental measurement of BTBT inter-layer thermal conductivity is

0.63± 0.12 Wm−1K−1 at 300 K is in perfect agreement with the calculated values
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obtained with both the Wigner approach (0.60 Wm−1K−1) and the AEMD tech-

nique (0.56 Wm−1K−1).

Furthermore, the thermal conductivity obtained using Wigner approach shows an

interesting fact: around 200 K the expected trend of κ ∼ 1/T is not observed.

In fact, at high temperature the thermal conductivity is shown to have an higher

value than the one at 100 K. The explanation of this can be found observing the

trends of the two terms that compose the Wigner κ: the BTE and the coherence

terms.

The BTE term strictly follows the κ ∼ 1/T term at every temperature, even when

accounting all the anharmonicity orders. On the contrary, the coherence term

increases almost linearly with the temperature. While at low temperatures the

BTE term is predominant and therefore at low temperature the expected thermal

conductivity trend is respected, rapidly the coherence term becomes predominant

and leads the overall κ trend.

Moreover, the calculated BTE values largely underestimate the experimental ther-

mal conductivity, showing how the anharmonicity alone, while it is important as

shown before, can not fully explain the anomalous trend found in this systems.

Remarkably, the same anomalous trend is observed in the AEMD results. While

the thermal conductivity values obtained at lower temperature are in net disagree-

ment with the Wigner ones, after 300 K the two results become very similar. This

discrepancy arises because AEMD employs the classical Dulong�Petit heat capac-

ity, which is overestimated below room temperature (as Debye's temperature is

approached) and therefore leads to an overestimation of the conductivity in this

regime.

The similarity between the two trends at T > 300 K is interesting. The coherence

therm that dictates the trend of Wigner thermal conductivity is composed by two

types of e�ects: the �rst arises from quantum mechanic, such as tunnel e�ect, and
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the second from the description of the phonon as both particle-like and wave-like.

However, the �rst e�ect should not be present in the AEMD methodology, because

it is a purely classical technique that theoretically should not be able to represent

those e�ects. Perhaps, since the system studied is macroscopic, the quantum ef-

fects only have a minor impact in the overall thermal conductivity and can be

considered negligible. On the contrary, since in the AEMD methodology at any

point the assumption of phonon as the carrier of heat is made, the particle-like

heat transport that is used in the BTE approach is never seen, thus never neglect-

ing the wave-like terms. However, this point warrants further investigation.

The results obtained with the DNTT system con�rms this unexpected similarity.

In contrast to BTBT, DNTT does not show any di�erence in the shape of phonon

dispersion curves at di�erent temperatures, but shows the increase phonon mixing

phenomenon with increasing temperature, as the BTBT does.

In Figure 5.10 the spectral energy density of DNTT is showed. Here we can see

Figure 5.10: Spectral energy density of DNTT at 100 K, 200 K and 300 K. The black dots
represent the quasi-harmonic dispersion curves at the relative temperatures.

how, similarly to BTBT, the systems at higher temperatures showed the blurring

of bands characteristic of a system with high phonon mixing, while at low temper-

atures the dispersion curves are more de�ned.

In Figure 5.11 are shown the cross-correlation od the low-frequency modes of

DNTT at Gamma point. In this system we can see how at 20 K, cross-correlation

is practically absent, with the only non zero contribution being the auto-correlation
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Figure 5.11: Cross correlations of low-frequency modes of DNTT at 20, 100, 200 and 300 K.

associated with low number phonons. As the temperature increases however,

the cross correlation terms become more important, pointing towards the rise

of phonon mixing, even if the process is slower than in the BTBT, with lower

cross-correlation values at the same temperature. This hints that even in DNTT

the wave-like phonon contribution is important, but it becomes predominant at

higher temperatures than in the BTBT system.
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Anomalous thermal transport of BTBT and DNTT

In Figure 5.12 are shown the thermal conductivities obtained using:

Figure 5.12: Thermal conductivity in the inter-layer direction (zz) of DNTT. The green line
is the BTE MD thermal conductivity, the blue line is the coherence term, the black line is the
Wigner thermal conductivity and the red line is the AEMD thermal conductivity.

1. Wigner approach (black line);

2. SM-RTA-BTE approach obtained with MD simulations (green line);

3. coherence term (blue line);

4. AEMD approach (red line).

In contrast to the BTBT system, here the third order BTE approach was not

considered since we already proved for the BTBT system how the BTE with MD

simulations gives results more in line with the experiment.

By analyzing the κ obtained with the Wigner approach, we can �nd the same in-

version of the 1/T trend that is expected in the BTE approach. Although, in the
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DNTT system the inversion is at ∼ 200 K, an higher temperature than the BTBT

system. In fact, by looking at the BTE and coherence contributions, it is possible

to notice how the BTE remains predominant until ∼ 200 K, temperature at which

the coherence term give the same contribution as the BTE one, and at higher

temperatures the coherence term becomes predominant. Once again, the AEMD

approach gives results similar to the ones obtained with the Wigner methodol-

ogy, if we account the overestimation of low temperature values resulting from the

Dulong-Petit heat capacity. Aside from that, them AEMD thermal conductivity

shows the same trend inversion as the Wigner approach.

In summary, this chapter showed how the BTE approach, both at the third or-

der and at any order of anharmonicity, fails to describe system with packed phonon

dispersion curves, because it fail to account the phonon mixing phenomenon. How-

ever, this systems are well described by both the Wigner and the AEMD ap-

proaches, that surprisingly give similar results.

The main di�erence between the BTE and the Wigner approach is that the BTE

formalism relies heavily on the quasi-particle approximation. During the devel-

opment of the Boltzmann Transport Equation, phonons are de�ned as a Bose-

Einstein gas and all the thermal properties are derived using this assumption. In

contrast, in the Wigner formalism this particle-like behavior coexist with the wave-

like one, resulting in a more comprehensive description of phonon propagation. In

most crystalline solids, the wave-like nature of the phonon is not the dominat-

ing factor in thermal transport, and the BTE approach with the correct order of

anharmonicity is enough to give an accurate description of its thermal properties

[143]. Although, in some crystals, like BTBT and DNTT, the particle-like con-

tribution il small enough that the wave-like term becomes predominant, thus the

anomalous thermal conductivity trend here analyzed.
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In contrast, the AEMD method is based on the phenomenological Fourier Law,

that only describes macroscopic quantities. Thus, the particle-like behavior of

phonons present in the BTE approximation is never introduced in AEMD, making

this methodology not limited by the BTE limits. So, while the AEMD do not give

any information of the microscopical quantities such as phonon group velocity or

dispersion curves, its prediction of thermal conductivity has a more general nature

and is able to describe both crystalline and non-crystalline materials. However,

AEMD is still limited by a number of factors, such a the heat capacity calcula-

tion, that can result into the numerical discrepancies found when comparing to

the Wigner approach.
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Conclusions

In this thesis we have analyzed the thermal properties of various materials in order

to extrapolate some strategies that can help the development of new thermoelec-

tric materials.

Thermoelectricity is the physical phenomenon that enables the direct conversion

of heat into electrical energy, allowing the generation of an electric current from

a temperature gradient. This type of energy generations can be used both as pri-

mary electricity generation method and as a secondary generator. While the �rst

is optimal in applications where the durability of the generator in a major concern,

like in deep-space missions or as a battery for pacemaker, the second has a wider

array of applications, allowing the recycling of the wasted heat produced by the

primary generator.

Despite its many advantages, the thermoelectric generators are not widely adopted

because of their generically low e�ciency, that is much lower than other types of

generators.

Typically, the dimensionless �gure of merit (zT) is used as an indicator pf the per-

formance of a material as a thermoelectric generator. The typical �gure of merit

of a pristine material has a value ∼ 1, while other types of energy generators often
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surpass zT ∼ 20.

More precisely, the zT depends directly from the electrical properties of the ma-

terial (i.e. electrical conductivity and squared Seebeck coe�cient) and inversely

from its thermal conductivity. Since often a material that shows high electrical

conductivity posses a equally high thermal conductivity, modi�cations to the pris-

tine materials are needed to further develop this subject.

Among all possible materials with thermoelectric applications, 2D and organic

semiconductors have emerged as particularly promising candidates for thermo-

electric applications.

2D materials are of particular interest because they undergo a peculiar change in

all their properties when transitioning from bulk to single layer or when changing

their stacking type. Moreover, they are easily functionalized by the addition of

side-chains between their layer, permitting the creation of organic-inorganic hybrid

structures that can further boost their performance as thermoelectric generators.

Furthermore, they have shown great value in other type of applications after the

incorporation of defects, a strategy that could be bene�cial for thermoelectric ap-

plications as well.

Organic semiconductors, especially the one composed by small molecules that give

form to the class of organic molecular crystals are equally interesting because of

their high anharmonic conduction. This behavior, if treated accordingly, can o�er

valuable insights on thermal conduction and can lead to the creation of anharmonic

materials that arti�cially decrease their thermal conductivity through anharmonic

scattering.

In this thesis were analyzed four di�erent materials, TaS2 and Mos2, two com-

pounds belonging to the class of transition metal dichalcogenoids, a particularly

interesting type of 2D material, BTBT and DNTT, two organic molecular crystals

with peculiarly high anharmonicity.
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To perform those investigation computational methods were employed.

Firstly, the �nite displacements methodology, a method that uses the forces gen-

erated from small atomic displacements to extrapolate the interatomic force con-

stants and calculate the dynamical matrix, from which it is possible to obtain all

microscopical thermal transport properties in the Boltzmann Transport Equation

approximation. These displacements can be simulated using ab-initio DFT cal-

culations, molecular dynamics or mode decomposition techniques, where the �st

excel in reliability, the second is faster and still su�ciently accurate and the third

allows the calculation of high order of anharmonicity.

The second method is the approach to equilibrium molecular dynamics. This clas-

sical technique solves the macroscopic Fourier law, giving accurate results of the

macroscopic thermal properties of a material but forgoing the microscopic descrip-

tion obtained with the �rst method. This methodology is particularly robust and

allow the prediction of thermal properties of non-crystalline materials, such as de-

fected crystals, a �eld where the BTE approximation tends to fail and where the

computational cost of the �nite displacement method would be overwhelmingly

high. In this technique a heat gradient is applied to the simulation cell and then

the system is brought to thermal equilibrium through NVT molecular dynamics

simulations. From the trend of the temperature di�erence throughout the NVT

run the thermal conductivity can be extrapolated.

The third method is the Wigner approach to thermal conduction. This method-

ology expands the BTE formulation adding some wave-like phenomena that the

phonon theory forgo. These new terms allow the description of material with high

cross correlation, like glasses or insulator for which the BTE alone is not su�cient

to give a comprehensive explanation of thermal transport.

All three methods have their strength and their weakness: the BTE give precise

microscopic results at any order of anharmonicity while the Wigner approach is
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more computational expensive but manage to predict the behavior of certain ma-

terials better than the BTE, while the opposite is also true in some cases. Finally,

AEMD give a macroscopic description of the materials, trading the microscopic

information for speed of result acquisition and generality.

For both TaS2 and MoS2 the �nite displacement methodology with ab-initio

DFT calculations revealed the presence of low frequency optical phonon dispersion

modes, called quasi-acoustic branches, that play a pivotal role in thermal conduc-

tivity. These modes are caused by the vibration between two adjacent layers, thus

are not present in the mono-layer phase of a TMD.

However, their contribution in the bulk phase is not consistent. In fact, they give

two opposing contribution:

� an increase of the possible phonon scattering channels that leads to an in-

crease in anharmonicity and to a decrease in phonon lifetime, decreasing the

resulting thermal conductivity;

� an increase of vibrational modes with non negligible group velocity and

phonon lifetime, resulting in an increase of thermal conductivity.

Those two phenomena give di�erent contribution in di�erent systems, sometimes

leading to an increase of thermal conductivity, sometimes to a decrease of it.

Unfortunately, while di�erent stacking types leads to a change of the contribution

of quasi-acoustic modes to thermal conductivity, the stacking type does not seem

directly connected to the entity of this contribution, as per the analysis proposed

in this thesis. In fact, while in the TaS2 with 2H-AA' stacking the quasi-acoustic

branches are responsible to almost an half of the total thermal conductivity, prac-

tically leading to a doubling of the thermal conductivity of the mono-layer system,
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in the MoS2 with 2H-AA' stacking the quasi-acoustic branches give a slight nega-

tive contribution, resulting in a thermal conductivity of the bulk material smaller

than the one of the mono-layer phase at low temperature. Meanwhile in the 2H-

AB phase of MoS2 the contribution of quasi-acoustic branches is reminiscent of

the one in TaS2, resulting in a great increase in the thermal conductivity of the

system.

While stacking type does not seem to be the discerning factor between a posi-

tive and a negative contribution of quasi-acoustic modes to thermal conductivity,

a possible discerning factor could be the distancing between layers. In fact, the

inter-layer distancing between two sulfur atoms in 2H-AA' TaS2 (3.58 Å) is similar

to the one in 2H-AB MoS2 (3.37 Å) while the one in 2H-AA' MoS2 is substantially

higher (3.96 Å).

Since the interactions between the layers are dominated by van der Waals forces,

the distance between two adjacent layers plays a primary role in determining the

scope of such interactions, so it is possible that the di�erence discussed above is

the main responsible to the di�erent behavior of quasi-acoustic modes.

Moreover, the same two systems were investigated after the introduction of di�er-

ent modi�cations.

In the bulk TaS2 some organic side-chains were introduced, namely tert-butyl iso-

cianate, and the e�ects of such functionalization were discussed. Not only the

side-chains act as a layer separator, increasing the layer separation and transi-

tioning the TaS2 in a condition of near mono-layer, but they provide additional

phonon dispersion curves at low frequency, derived from molecular vibrations.

These modes have almost zero group velocity and phonon lifetimes, thus they can

be considered fully optical since the quasi-acoustic modes are characterized by

an high group velocity with a value comparable to the acoustic one. These low

frequency optical modes cross the acoustic modes and as a result of this crossing
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decrease both the acoustic phonon lifetimes, by increasing the number of possible

scattering channels, and the acoustic phonon group velocity. This combination of

harmonic and anharmonic e�ects lead to a huge reduction in the in-plane thermal

conductivity.

In summary, it is possible to say that the functionalization is an e�ective method

to increase a 2D material �gure of merit by decreasing its thermal conductivity

without a�ecting its electrical properties and it is a viable technique to create novel

thermoelectric generators with transition metal dichalgoneoids.

In the mono-layer MoS2 was performed a further study using the AEMD method

to analyze the e�ect of sulfur vacancies in the system. The sulfur atoms were only

removed from the top sulfur layer of the material, in order to simulate an experi-

mental etching process. Firstly, the vacancies were introduced following a random

distribution, creating a number of point vacancies with a certain density. Then,

using the same densities of the random systems, materials with ordered strips of

vacancies were realized.

The systems with random point vacancies all showed a great decrease in thermal

conductivity, while the e�ects of the ordered strips were more complex.

Firstly, it is possible to notice how the systems with random point vacancies have

lower thermal conductivity in confront of the systems with ordered vacancies in

almost all the defect density examined. Thus, for a thermoelectric prospective,

etching a system with random point vacancies is a more e�ective way to obtain a

good thermoelectric material.

However, the di�erence between the two distribution methods are more profound

than just the reduction in thermal conductivity. Notably, while the decrease ob-

tained through random point vacancies directly depends on the density of the

vacancies, the reduction obtained in systems with ordered strips shows more de-

pendence on the number of defect lines than in the density of vacancies. The most
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notable e�ect is observed for two strips of vacancies, were the thermal conductivity

of the systems, independently of the density of vacancies, becomes almost equal

to the one of the pristine MoS2 mono-layer.

This phenomenon seems dependent not only by the number of strips, but even on

their separation. In fact, it is show how by taking a system with two strips and

reducing their distance we obtain a reduction in thermal conductivity even before

they merge into one strip. Similarly, it is possible to take a system with four strips

and decrease their separation and it is shown that the thermal conductivity of the

system slowly increase to the value of the two strips system, even before the four

strips are merged into two.

This e�ect is demonstrated the result of an harmonic modi�cation of the system.

In systems with nS /= 2, some low frequency optical modes are found that, similarly

to the molecular modes in functionalized TaS2, cross with the acoustic branches

and e�ectively reduce the group velocity of the system, resulting in a decrease of

thermal conductivity. In contrast, in both the pristine mono-layer MoS2 and the

system with two strips of vacancies these optical modes are not present, resulting

in the same thermal conductivity value.

Unfortunately, the super periodicity here discovered hinders the applications of

defected MoS2 in the thermoelectric �eld. Notably, the best way to use MoS2 as

a thermoelectric generator is the system with random point vacancies. However,

other applications, such as MoS2 transistors, require an e�cient heat dissipation

method, thus a high value of thermal conductivity, making the system with two

strips of vacancies a prime candidate for these type of applications.

Furthermore, in both the TaS2 and MoS2 studies the two methodologies AEMD

and �nite displacements with the BTE approximation at the third order od anhar-

monicity were proven su�cient for the reproduction of experimental results and

therefore the analysis of the TMD class of materials.
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However, depending on the system, a deeper level of theory is needed, as demon-

strated in the third analysis proposed.

The BTBT and the DNTT systems are organic molecular crystals with high anhar-

monicity that is a perfect testing ground for a prediction method. For this reason

the system was analyzed with both BTE at third order anharmonicity, BTE at

any order of anharmonicity, AEMD and Wigner approach to thermal conductivity.

In these highly anharmonical organic crystals the shortcomings of the BTE method

were shown. Notably, it was shown how the third order of anharmonicity, while it

gives su�ciently accurate results in systems with less anharmonicity, such as the

TMDs seen before, greatly fails in the description of more complex materials such

as BTBT. Indeed, by calculating the thermal conductivity using the mode decom-

position technique, thus calculating the BTE thermal conductivity an a in�nite

order of anharmonicity, a great di�erence in the κ value is found.

Unfortunately, in the BTBT and DNTT systems only accounting for the high an-

harmonicity is not enough to correctly describe the thermal transport process. As

a matter of fact, the BTBT thermal conduction is dominated by some phonon pro-

cess that are not predicted in the BTE methodology, such as the phonon mixing

derived from the wave-like nature of phonons.

As discussed above, the particle-like description of phonon is not enough to fully

describe the system, but indeed it gives a important contribution to the total

thermal conductivity, especially at low temperatures. Thus, in this system, the

Wigner approach is necessary to obtain a realistic value of thermal conductivity.

This methodology combine the particle-like description provided in the BTE ap-

proach with a coherence term that accounts the wave-like properties of the phonon.

The necessity of this description can be discerned from the spectral energy density

of the system. It is possible to notice that as the system increase its temperature,

the spectral energy density increase accordingly making the phonon dispersion
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curves hardly distinguishable. This is a sign of high phonon cross-correlation in

the system that leads to the phonon mixing phenomenon.

Surprisingly, the AEMD method gives results similar to the Wigner approach.

Theoretically specking, the Wigner methodology add some purely quantum e�ects

ate the BTE description of thermal transport. In contrast, the AEMD is a purely

classical approach based on the classical Fourier law. Even when using the classi-

cal Dulong-Petit heat capacity, that e�ectively give some overestimate results at

low temperature, the overall trend of thermal conductivity is remarkably similar

to the one predicted by the the Wigner approach and the two value are within the

statistical error of the AEMD results.

This coincidence in thermal conductivity value is truly surprising and has been

never seen before, thus it is worth further investigations. Nonetheless, an intuitive

explanation can be given.

Firstly, let's clarify that the Fourier Law have an empirical nature that addresses

only macroscopic quantities, while the Wiger approach is a theoretical formulation

based on microscopic quantities.

When the BTE formalism and the phonon theory was proposed, they relied upon

some heavy approximations that were considered accurate for crystalline mate-

rials, such as the quasi-particle nature of phonons. While these approximations

are indeed sound when examining most crystalline systems, as demonstrated by

the calculations in both TMD materials, the analysis on both BTBT and DNTT

proved that even among the crystalline materials there are some form which the

BTE formalism is not enough to describe the system. As can be observed com-

paring the BTE and coherence contributions to the thermal conductivity with the

dispersion curves at the same temperature, at low temperatures, when the phonon

mixing phenomenon is not present, the coherence term dominates the thermal con-

ductivity, while at higher temperatures, when the phonon mixing becomes relevant,
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the coherence term becomes the dominant one. This indicates that the Wigner

approach,and so the contributions due to the wave-like behavior of phonons, is

relevant not only for amorphous and glassy materials, but even for crystalline ma-

terials with low separation between phonon dispersion curves. In these cases, to

describe the microscopical behavior of the system is necessary to account for both

particle-like and wave-like properties of the phonon. A further proof of this can be

found in [143], were they show that in a peculiar crystalline perovskite the Wigner

and the BTE formalism at the same level of anharmonicity give approximately

the same results, explaining how in crystalline systems with no phonon mixing the

BTE and the Wigner approach are almost equivalent.

However, AEMD describes the system only in a macroscopic term, without ever

introducing the phonon formalism and neither the quasi-particle approximation for

lattice vibration. Thus, it stand to reason that its prediction capabilities are not

limited from the BTE limits and that it is capable to give correct thermal conduc-

tivity estimation even in materials where the BTE fails. Of course, the AEMD has

more limitations, since it is only capable of describing macroscopic quantities like

thermal conductivity and can not give any information of the microscopic details

of thermal transport.

In summary, this thesis have provided some new perspectives in the study of

materials for thermoelectric applications. The ab-initio simulations provided a

deeper understanding on the microscopic mechanism governing thermal conduc-

tivity in both 2D materials and highly anharmonical crystals, while the AEMD

simulations provided accurate predictions of thermal conductivity values in both

crystalline and non-crystalline systems.
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The functionalization of a 2D material with an organic side-chain was demon-

strated as a bene�cial approach to improve a compound thermoelectric perfor-

mances and, while this phenomenon was analyze for a single system with a par-

ticular side-chain, future studies can be performed to generalize the results, in

particular by changing the length of the side-chain and by functionalizing materi-

als with di�erent bulk properties.

While the ordered strips of vacancies were not bene�cial for thermoelectric ap-

plications, the superperiodicity that is found in the systems with 2 strips is an

important result for other types of applications. While the random distribution

of point vacancies seems like the most bene�cial approach to decrease thermal

conductivity and so increase the material �gure of merit, future analysis using dif-

ferent vacancies distributions are possible, allowing for further improvements on

the �gure of merit of defected materials.

Lastly, the accuracy of the AEMD was proved, even in materials were the standard

BTE approach fails and more advanced techniques that rely on quantum mechan-

ics are needed. Unfortunately, the reason behind this accuracy is still largely

unknown and a satisfying explanation is still needed. However, this broadens the

range of applications of the AEMD method and o�er a novel, precise and with a

limited computational cost approach for the evaluation of thermal conductivity in

complex materials.
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