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Fig. 1. We propose a novel method to robustly resolve mesh intersections (left). We can process the 4K meshes in Thingi10K [Zhou and Jacobson 2016] with at
least one intersection at a fraction of the time required by prior methods, while better exploiting modern multi-core hardware (middle). Our method scales
well on the most challenging model in the dataset, succeeding where previous methods fail due to excessive memory requirements (right). The model in the
picture is excluded from the aggregated statistic due to the failure of libigl.
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2.3 Numerical Approaches
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Fig. 2. The arrangement operation applied to some significant examples. Top
to bottom: a simple case of a sphere intersecting a cube (110 intersections,
0.007 seconds); a randomly generated set of 100 intersecting triangles (5537
intersections, 1.06 seconds); the model 40509 of the Thingi10K [Zhou and
Jacobson 2016] dataset (2712 intersections, 0.08 seconds).
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Fig. 3. On the left, five explicit points represent an implicit point at the
intersection between two triangles (yellow dot): two defining the supporting
line L of an edge (in red), and three defining the supporting plane P of the
other triangle. On the right, a point at the intersection of three or more
triangles (blue dot) requires nine explicit points, defining the supporting
planes of three triangles.
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5.2 Adding intersection points

» w n xS P RS ww P WSS P

» e sp  we WS npus T T s
T SS X WS s m x ne r ng m 8

® WS S ™ m xS »np »m T x s sp i r «x

PX oI s prx ®s s »  sss Sp wg

e s firs w e s r mg S W gnNg o

B RPN X N S B W IS P WS

Splitting triangles. @ » r ng t€T » mm 15 np oW
psr noRw r fim t r Mg r SsW T Wg S
byl e wNg s r s p x

Sp X Ng S W RmwmgwWw Pp W IS nPp WS uw su



« Gianmarco Cherchi, Marco Livesu, Riccardo Scateni, and Marco Attene

(a) Input (b) Detect all the intersections (c) Process each triangle separately inserting (d) Output
(points and edges) points first, then inserting edges

Fig. 4. An illustrated summary of our pipeline: we start from a generic set of triangles, possibly containing disjoint, degenerate, and intersecting elements (a).
We remove triangles with null area and process the remaining items pairwise, detecting intersection points (yellow) and segments (red) (b). We then process
each triangle separately, adding intersection points first, and putting intersection segments in the tessellation afterward (c). Notice that conflicts between
intersection segments may reveal new intersection points (blue) generated by more than two input triangles, that could not be detected in the previous step.
The mesh is locally refined to accommodate the new element. We eventually recombine all sub-triangles, producing a valid intersection-free simplicial complex

().

o Splitting edges.  ®m m xs P R P ngs ®orox
—F /\ ] \/J »oRpE g e sp e p wm wsr fim sm 0w
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Fig. 5. Two triangles of the input set can: be entirely disjoint (a); form a valid »opr  sS  maw XsSu wg r x ng S »op o
simplicial complex (b); intersect at a single point (c); intersect at a segment n MW § ¥ sp wgp W ng »
(d); be coplanar and share a convex polygonal portion (e). The first two cases ss T x s w s 1 wmgpr wrr xS w4
do not require processing. The latter three need to split some elements into
sub-triangles to ensure mesh conformity. Newly generated points are yellow,
intersection segments are red. Notice that for the (c,d,e) cases, we do not 53 Adding intersection segments
exhaustively report all the possible combinations. An intersection point can
lie along an edge; an intersection segment can cross the perimeter of the g wors np Rsw his' 4 sw g r
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‘ return.
end
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while v # vepq do
if e € (Vpeg, Vend) then
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return.

(Ubeg9 Vend)-

end
if e1 € (Upeg> Vend) then
S gm ® (Vpeg €1).
S gm » (e1 Vend):
return.
end
if e is an edge constrained then
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S gmw (Ubeg Unew)-

S g% ® (Vnew Vend)-

return.
else
if e is at the left of (Vbeg, Vend) then
‘ »w (Pre)
m » (Pr, e)
else
pp ® (Pr,en)
mw (Pr,e)
end
end
t=1r ng S t nwmge
= x » s e nt
e= g w » v mt ®m ® s M8 (Vbegs Vend):
end
x wegu  (Pp)
r wgu  (Pp).
return.
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4
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<&

Fig. 6. Top line: insertion of the constrained segment (v;, v;). All the crossed triangles are progressively identified, starting from v; and following the mesh
connectivity. Their removal leaves a hole split into two halves by the new edge. We triangulate each half separately with simple earcut. Bottom line, on the left
three figures: the segment to be inserted may intersect some pre-existing constrained edge. The intersection point between (v;, v;) and (v, vy) (in red)
could not be detected by testing triangles for intersection pairwise. We add the new point v, to the mesh and then split (v, vy) in (vg, V) and (U, V7).
Afterward we triangulate the pocket traversed by (v;, vp,), and we recall the segment insertion with (v, v;). Bottom right figure: segment (v;, v;) intersects
two vertices, one (v7) belongs to a constrained edge (in blue), the other (vy) does not. The insertion performs progressive split of (v;, v;) for any intersected
vertex using the strategy explained before.

Fig. 7. Coplanar triangles may overlap at a polygonal pocket with up to six
sides (left, red). Since we process each triangle separately, the tessellations
of the same pocket may differ (middle). We keep track of coplanar pockets,
and eventually, we use only one tessellation on all the triangles sharing the
same pocket (right).

¥ v

Fig. 8. The insertion of the segment (v;, v;) requires to remove five mesh
triangles, leaving a dangling edge ,(vg, vy), that does not intersect it. The
dangling edge may be a previously inserted constrained edge; therefore, we
cannot remove it from the tessellation. We, thus, store the lower polygonal

hole as the vertex chain {v;, v, vk, v;, v }, repeating vertex vy twice.

The triangulator ignores the degenerate triangle vy, v;, vg, producing a
valid triangulation that preserves the edge (v, v;).
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Ov

Fig. 9. Points defined by the intersection of coplanar triangles (yellow)
cannot be implicitly defined using only triangle vertices, because they are
not linearly independent. We define them using the supporting line of one
of the edge (v , v4), in red, and a plane passing through the endpoints of
the other edge (v , v ) and one vertex (¢ ) of an auxiliary tetrahedron (in
green). For any possible plane containing two intersecting triangles, there
always exists at least one vertex of the tetrahedron not coplanar with them.
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5.6 Conversion to explicit coordinates
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6 RESULTS AND APPLICATIONS
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Ours (serial) vs libigl (serial) Ours (serial) vs libigl (parallel) — Ours (parallel) vs libigl (parallel)

Fig. 10. Comparison with libigl on the 4K intersecting models present in Thingi10K [Zhou and Jacobson 2016], excluded the model shown in Figure 1. Statistics
can be read as follows: the ten bars in shades of blue count the models in the dataset where our method run in a fraction of the time required by libigl (from

left toright: ( ,1 [, (1 , l,....( ,1

] of their running time). The negative bar reports on the number of times libigl was faster than us: with the

exception of one pathological case, these negative bars collect mostly small models requiring very short running times. Our method runs faster in more than
of the cases in serial mode, and in more than 4 of the cases in parallel mode. Moreover, our serial implementation runs faster than parallel libigl in more

than of the cases.

10k

D Ours (serial)
D Ours (parallel)

8k
. libigl (serial)
. libigl (parallel)
6k
4k
2k

I

(0-0.5] (05-1] (1-5] (5-10] (10-60] >60

Fig. 11. Cumulative elapsed time w.r.t. the difficulty of the input. We mea-
sure difficulty of a model as the time spent by an algorithm to detect and
resolve all its intersections. Based on this measure, we cluster our dataset in
six subsets, each containing all the models whose processing time belongs
to a specific range. Each group of four bars represents the total time spent
by our reference algorithms to process the entire subset. All times are in
seconds.
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Other

Segment Intersection points
insertion (classification and creation)
44.3% 13.8%
Point
insertion
5.6%

Fig. 12. Pie chart reporting how the total running time of our method
distributes across the various steps of the pipeline. These data refer to the
time spent processing our entire test dataset. Adding intersection segments
into the triangulation is by far the most dominant step, followed at a distance
by the construction of the spatial data structure that supports triangle-
triangle intersection queries.

Table 1. We compare here running time and memory footprint for the
parallel versions of our method and libigl [Panozzo and Jacobson 2014]. We
consider the ten models in Thingi10k [Zhou and Jacobson 2016] with the
highest number of intersections. For each model we report timing, memory
footprint, and time and memory ratio ( wrs/ g ). Times are in seconds,
memory occupancy in Megabytes.
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Fig. 13. Top: two copies of the ghost compenetrate to one another, generat-
ing a non valid PLC that cannot be turned into a tetrahedral mesh with tools
like Tetgen [Si 2015]. Middle: recent methods for robust tetrahedralization
allow to sidestep the resolution of intersections [Hu et al. 2018], but the
result is non conforming and color features are lost (closeup). Bottom: resolv-
ing intersections with our method produces a valid PLC, which can then be
successfully turned into a tetrahedral mesh, also preserving the boundaries
of color features. Meshes of this kind are useful e.g. in fabrication, to design
single colored assemblable components [Araujo et al. 2019].
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Fig. 14. Boolean operations between two watertight 3D meshes, obtained by first computing a mesh arrangement with our algorithm and then filtering

triangles based on the winding number of their barycenter.

Fig. 15. Minkowski sum of the cow, obtained with a cubic structural element.
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