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Abstract. In this paper we focus on this attraction-repulsion chemotaxis

model with consumed signals
ut = ∆u− χ∇ · (u∇v) + ξ∇ · (u∇w) in Ω× (0, Tmax),

vt = ∆v − uv in Ω× (0, Tmax),

wt = ∆w − uw in Ω× (0, Tmax),

(♦)

formulated in a bounded and smooth domain Ω of Rn, with n ≥ 2, for some
positive real numbers χ, ξ and with Tmax ∈ (0,∞]. Once equipped with appro-

priately smooth initial distributions u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0

and w(x, 0) = w0(x) ≥ 0, as well as Neumann boundary conditions, we es-
tablish sufficient assumptions on its data yielding global and bounded clas-

sical solutions; these are functions u, v and w, with zero normal derivative

on ∂Ω × (0, Tmax), satisfying pointwise the equations in problem (♦) with
Tmax = ∞. This is proved for any such initial data, whenever χ and ξ be-

long to bounded and open intervals, depending respectively on ‖v0‖L∞(Ω) and

‖w0‖L∞(Ω). Finally, we illustrate some aspects of the dynamics present within

the chemotaxis system by means of numerical simulations.

1. Introduction, main claim and organization of the paper.

1.1. The model: discussion and presentation of the main result. Since the
advent in the 70’s of the biological Keller–Segel models ([11, 12, 13]) idealizing
chemotaxis phenomena, many related variants have been finding interest in the
mathematical community. Indeed, when facing such problems several technical
difficulties appear; of course, this encourages and stimulates researchers in this
field.

In this regard, the model inspiring this article can be formulated as:
ut = ∆u− χ∇ · (u∇v) + ξ∇ · (u∇w) in Ω× (0, Tmax),

τvt = ∆v − βv + h(u, v) in Ω× (0, Tmax),

τwt = ∆w − δw + k(u, v) in Ω× (0, Tmax),

with


uν = vν = wν = 0 on ∂Ω× (0, Tmax),

u(x, 0) = u0(x) x ∈ Ω̄,

v(x, 0) = v0(x) x ∈ Ω̄,

w(x, 0) = w0(x) x ∈ Ω̄.

(1)
Herein Ω is a bounded and smooth domain of Rn, with n ∈ N, τ ∈ {0, 1}, χ, ξ, β, δ >
0 and h = h(ξ, η) and k = k(ξ, η) are some regular functions of their arguments
ξ ≥ 0 and η ≥ 0. Moreover, further regular initial data u0(x) ≥ 0, v0(x) ≥ 0 and
w0(x) ≥ 0 are as well given, the subscript ν in (·)ν indicates the outward normal
derivative on ∂Ω, whereas Tmax ∈ (0,∞] the maximal time up to which solutions
to the system are defined.

In order to properly interpret the mathematical formulation in (1) in the con-
text of real biological phenomena, we specify the following: if u = u(x, t) denotes a
certain cell distribution (populations, organisms) at the position x and at the time
t, and v = v(x, t) and w = w(x, t) stand for the concentrations of chemoattractant
and chemorepellent (i.e. a chemical signal inducing the cells to, respectively, at-
tract each other and repulse from the other), the system idealizes the motion of the
cells, inside an insulated domain (zero-flux on the border: homogeneous Neumann
boundary conditions) and initially distributed accordingly to the law of u0. More
precisely, such an evolution is influenced by the competition between the aggre-
gation/repulsion impact (configured at the initial time conforming to v0 and w0)
from the cross terms χu∇v/ξu∇w both increasing for larger sizes of χ and ξ and
evolving also following the rates h(u, v) and k(u, v), respectively (second and third
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equations in (1)). To give an idea of its applicability in the real world, model (1)
has been proposed to describe the aggregation of microglia involved in the inflam-
mation observed in Alzheimer’s disease ([17]); herein, dimensional, numerical and
experimental analyses, in one-dimensional settings, have been proposed for the fully
parabolic version (i.e. τ = 1 in both equations) when h(u, v) and k(u, v) are lin-
ear functions only of the cell density (formulations of this type are also known as
signal-production models).

The aforementioned interplay between the factors describing model (1) strongly
influences the cellular motility: in particular, the evolution might relax toward
global stabilization and convergence to equilibrium of the cell distribution u, but
could even degenerate into the so-called chemotactic collapse, the mechanism result-
ing in uncontrolled aggregation processes for u, eventually blowing up/exploding at
finite time. In particular, moving toward more purely mathematical interpretations
(for which we are more interested herein), in the first case, solutions (u, v, w) are
defined and bounded for all (x, t) in Ω×(0,∞), in the other, for a certain finite time
Tmax, the solution (u, v, w) ceases to exist for larger value of Tmax and becomes un-
bounded approaching Tmax. Wanting to provide some details in this framework, for
the fully elliptic version (i.e. τ = 0 in the equations for v and w) of model (1) these
results are available in the literature. When linear growths of the chemoattrac-
tant and the chemorepellent are considered, h(u, v) = αu, α > 0, and k(u, v) = γu,
γ > 0, the value ξγ−χα, measuring the difference between the repulsion and attrac-
tion contributions, is critical for n = 2: particularly, if ξγ−χα > 0 (repulsion dom-
inated regime), in any dimension all solutions to the model are globally bounded,
whereas for ξγ − χα < 0 (attraction dominated regime) unbounded solutions can
be detected (see [8, 16, 24, 25, 32] for some connected studies). On the other hand,
for more general production laws, respectively h and k generalizing the prototypes
h(u, v) = αus, s > 0, and k(u, v) = γur, r ≥ 1, we are only aware of the following
recent result, valid for n ≥ 2 ([26]): for every α, β, γ, δ, χ > 0, and r > s ≥ 1 (resp.
s > r ≥ 1), there exists ξ∗ > 0 (resp. ξ∗ > 0) such that if ξ > ξ∗ (resp. ξ ≥ ξ∗), any
sufficiently regular initial distribution u0(x) ≥ 0 (resp. u0(x) ≥ 0 enjoying some
smallness assumptions) infers a unique classical and bounded solution. In addition
the same conclusion holds true for every α, β, γ, δ, χ, ξ > 0, 0 < s < 1, r = 1 and
any sufficiently regular u0(x) ≥ 0.

The chemotactic collapse discussed for the signal-production model (1) is a sce-
nario difficult to detect for alike signal-absorption models. Indeed, even for the
original Keller–Segel system with consumption

{
ut = ∆u− χ∇ · (u∇v) in Ω× (0, Tmax),

vt = ∆v − uv in Ω× (0, Tmax),
with

{
uν = vν = 0 on ∂Ω× (0, Tmax),

u(x, 0) = u0(x), v(x, 0) = v0(x) x ∈ Ω̄,

(2)
and corresponding to the simplified two-unknowns version of problem (1) whit
h(u, v) = βv − uv, the occurrence of blow-up has not been found yet. This is
also connected to the observation that comparison arguments suddenly imply (from
the second equation) that the chemical distribution v, responsible for gathering phe-
nomena, is uniformly bounded. Despite that, such a bound by itself is not enough to
ensure that classical solutions (u, v) to (2) emanating from any sufficiently regular
initial data (u0, v0) are also uniformly bounded. Precisely, this holds true only in
two-dimensional settings: this is achieved in [30] and [31], where for a more general
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coupled chemotaxis-fluid model, respectively globality and convergence of classi-
cal solutions are derived. Conversely, in [23] it is established that for n ≥ 3 the
smallness assumption χ‖v0‖L∞(Ω)≤ 1

6(n+1) is required. (This condition has then

been improved in χ‖v0‖L∞(Ω)<
π√

2(n+1)
; see [2].) In particular, attempts to ensure

boundedness of solutions to variants tied to problem (2) even when χ‖v0‖L∞(Ω) is

larger than 1
6(n+1) (or π√

2(n+1)
) have been proposed; we here mention the follow-

ing two results. In [15], where logistic sources with strong damping effects in the
equation of the cells have been introduced, reading

ut = ∆u− χ∇ · (u∇v) + ku− µu2, in Ω× (0, Tmax), k, µ > 0,

the authors establish that the resulting Cauchy problem admits classical bounded
solutions for arbitrarily large χ‖v0‖L∞(Ω) provided µ is also larger than a certain
expression increasing with χ‖v0‖L∞(Ω). But, going towards attraction-repulsion
models, when in (1) one considers h(u, v) ≈ βv − uαv in the second equation (with
τ = 1) and k(u, v) ≈ ul in the third (with τ = 0), a model with produced chemore-
pellent and saturated chemoattractant is obtained; in [6] boundedness is proved (i)
for l = 1, n ∈ {1, 2}, α ∈ (0, 1

2 + 1
n ) ∩ (0, 1) and any ξ > 0, (ii) for l = 1, n ≥ 3,

α ∈ (0, 1
2 + 1

n ) and ξ larger than a quantity depending on χ‖v0‖L∞(Ω), (iii) for l > 1
any ξ > 0, and in any dimensional settings. (Even though herein we are not strictly
interested in the influence of logistics in chemotaxis models, we discussed its role in
connection to problems of the form in (2). Henceforth, we believe that the same is
worthwhile to do for formulations quite close to (1); see, for instance to [18, 19, 20].)

Exactly with the purpose of investigating more deeply the repulsion effect in
chemotaxis models like (1), we therein fix h(u, v) = βv−uv and h(u, v) = δw−uw,
thus arriving at this attraction-repulsion system with double saturation:

ut = ∆u− χ∇ · (u∇v) + ξ∇ · (u∇w) in Ω× (0, Tmax),

vt = ∆v − uv in Ω× (0, Tmax),

wt = ∆w − uw in Ω× (0, Tmax),

uν = vν = wν = 0 on ∂Ω× (0, Tmax),

u(x, 0) = u0(x), v(x, 0) = v0(x), w(x, 0) = w0(x) x ∈ Ω̄.

(3)

Considering what has been said before, this problem is a natural completion of the
above studies on the attraction-repulsion models with only production and with
production and consumption.

As far as we know, a general n-dimensional theoretical analysis tied to the Cauchy
boundary problem (3) has not been developed yet; hereafter, we aim at provid-
ing some partial results to extend the corresponding mathematical comprehension.
Specifically, we will derive sufficient conditions involving the data of the model such
that the actions of the consumed chemoattractant and chemorepellent guarantee its
well-posedness. More precisely, we shall prove this

Theorem 1.1. For any n ≥ 2 and some r > n, let Ω be a smooth and bounded do-
main of Rn and (u0, v0, w0) ∈ (W 1,r(Ω))3 any nontrivial initial data with u0, v0, w0 ≥
0 on Ω̄. Then, for 0 < χ < 1

5n‖v0‖L∞(Ω)
and 0 < ξ < 1

5n‖w0‖L∞(Ω)
there exists a

unique triplet of nonnegative functions

(u, v, w) ∈ (C0([0,∞);W 1,r(Ω)) ∩ C2,1(Ω̄× (0,∞)))3

solving problem (3) and uniformly bounded in time.
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1.2. Technical strategy and structure of the article. In our work we will
adapt mathematical reasoning given in [23], and referred to the above introduced
consumption chemotaxis model with only attraction. In both cases, the related
steps toward boundedness are connected to some a priori estimates of

∫
Ω
uk =∫

Ω
uk(x, t)dx, for some k > 1 and some t > 0, with u being any given solution

to problem (3) or (2). In this direction, by using boundedness of v and w or v
(automatically coming from the parabolic maximum principle), we can face each
problem by suitably employing functionals of the form

∫
Ω
ukϕ. Herein, ϕ is an ad

hoc function, positive and bounded together with its derivatives; it, consistently
with the investigated model, moreover depends on (v, w) or v. Indeed, an evolutive
analysis of such a functional leads to a crucial absorption differential inequality in
time for the functional itself, and in turn to the desired bound for

∫
Ω
uk. It should

be noticed that, evidently, further technical difficulties appear when controlling
d
dt

∫
Ω
ukϕ associated to problem (3); in fact it has one more unknown than (2).

The rest of the paper is structured as follows. First, in §2 we prove the local
existence and uniqueness of a classical solution to model (3) and some of its proper-
ties. In this same section we give a criterion establishing how to ensure globability
and boundedness of local solutions using some of their a priori Lp-boundedness. In
turn, §3 is exactly devoted to the derivation of these bounds, by means of which
we can deduce the proof of Theorem 1.1. Finally, we present some discussions in
§4 and, moreover, the theoretical results presented here are investigated numeri-
cally in §5, where two- and three-dimensional simulations are used to discuss how
parameters involved in (2) and (3) influence the behaviors of their solutions.

2. Existence of local-in-time solutions and main properties. In order to
address questions tied to existence and properties of solutions to problem (3), let
us write it in a more suitable form. Specifically, for ω = (ω1, ω2, ω3) = (u, v, w) and
ω(·, 0) = (ω1,0, ω2,0, ω3,0) = (u0, v0, w0), it can be rephrased as

ωt = ∇ · (A(ω)∇ω) + F(ω) in Ω× (0, Tmax),

ων = 0 on ∂Ω× (0, Tmax),

ω(x, 0) = (u0, v0, w0) x ∈ Ω̄,

(4)

where

A(ω) =

A11(ω) A12(ω) A13(ω)
A21(ω) A22(ω) A23(ω)
A31(ω) A32(ω) A33(ω)

 =

1 −χu ξu
0 1 0
0 0 1

 and F(ω) =

F1(ω)
F2(ω)
F3(ω)

 =

 0
−uv
−uw

 .

With these preparations in our hands, we give the following

Definition 2.1. For any n ≥ 2, some r > n and T > 0, let Ω be a smooth
and bounded domain of Rn and (u0, v0, w0) ∈ (W 1,r(Ω))3. We say that ω ∈
(C([0, T );W 1,r(Ω)))3 is a weak W 1,r-solution of problem (4) in Ω× (0, T ), if for all
test function ϕ ∈ C∞0 (Ω× [0, T )) we have that for I, J,K = 1, 2, 3, with I 6= J 6= K,

−
∫ T

0

∫
Ω

ωIϕt−
∫

Ω

ωI,0ϕ(·, 0) = −
∫ T

0

∫
Ω

(AII(ω)∇ωI+AIJ(ω)∇ωJ+AIK(ω)∇ωK)·∇ϕ+

∫ T

0

∫
Ω

FI(ω)ϕ.

The forthcoming result ensures that Definition 2.1 is appropriate in terms of
solvability of problem (3); indeed, it admits weak solutions which are at least local
and actually classical. Moreover, they satisfy some uniform bounds.
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Lemma 2.2 (Local existence). For any n ≥ 2 and some r > n, let Ω be a smooth
and bounded domain of Rn and (u0, v0, w0) ∈ (W 1,r(Ω))3 any nontrivial initial data
with u0, v0, w0 ≥ 0 on Ω̄. Then there exists Tmax ∈ (0,∞] such that problem (3)
admits a unique nonnegative local-in-time classical solution

(u, v, w) ∈ (C([0, Tmax);W 1,r(Ω)) ∩ C2,1(Ω̄× (0, Tmax)))3.

In addition, the u-component satisfies the mass conservation property, i.e.∫
Ω

u(x, t)dx =

∫
Ω

u0(x)dx = m > 0 for all t ∈ (0, Tmax), (5)

whilst the components v and w are such that

0 ≤ v ≤ ‖v0‖L∞(Ω) and 0 ≤ w ≤ ‖w0‖L∞(Ω) in Ω× (0, Tmax). (6)

Moreover, if there exists some positive constant C such that

‖(u(·, t), v(·, t), w(·, t))‖L∞(Ω) ≤ C for all 0 < t < Tmax, (7)

then Tmax =∞, and u, v and w are uniformly bounded.

Proof. From the equivalence of the two problems (3) and (4), the existence of a
unique maximal weak W 1,r-solution, in the sense of Definition 2.1 and defined in
(0, Tmax), is consequence of [1, Theorem 14.4]. In turn, [1, Theorem 14.6] ensures
that such a solution is classical. As to its global boundedness, whenever criterion
(7) is fulfilled, this is deduced by invoking [1, Theorem 15.5]. In addition, since
F1(0, ω2, ω3) = 0, u ≡ 0 is a sub-solution of the first equation in (3), so that from
u0 ≥ 0 the u-component is a super-solution and hence the parabolic maximum
principle implies u ≥ u ≡ 0 in Ω× (0, Tmax). Similar arguments provide the bounds
in (6). Finally the mass conservation property follows by integrating over Ω the
first equation of (3), in conjunction with the boundary conditions and the initial
data u0(x).

As it is well known, once local solutions (u, v, w) are given, they are globally
bounded if some uniform in time estimate of their components in proper Sobolev
spaces W k,q(Ω) can be achieved. Herein, we present for convenience some steps
showing that boundedness is implied whenever u ∈ L∞((0, Tmax);Lk(Ω)) for k
larger but arbitrarily close to n

2 ; details and generalizations are available in [3, 10,
29].

Lemma 2.3. Under the hypotheses of Lemma 2.2, let (u, v, w) be such that for
some k > n

2 the u-component belongs to L∞((0, Tmax);Lk(Ω)). Then u, v and w
are uniformly bounded in time.

Proof. In view of the criterion (7), it is sufficient to show that u, v, w ∈ L∞((0, Tmax);L∞(Ω))
or, by virtue of (6), solely u ∈ L∞((0, Tmax);L∞(Ω)). By assuming n

2 < k < n, we

pick q complying with n < q < k∗ := nk
n−k . By noting that − 1

2 −
n
2

(
1
k −

1
q

)
> −1,

the representation formula for v provides

v(·, t) = et(∆−1)v0 +

∫ t

0

e(t−s)(∆−1)(1− u(·, s))v(·, s)ds for all t ∈ (0, Tmax),
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and standard properties related to the Neumann heat semigroup (et∆)t≥0 (see Sec-
tion 2 of [10] and Lemma 1.3 of [28]) lead to

‖∇v(·, t)‖Lq(Ω) ≤ ‖∇et(∆−1)v0‖Lq(Ω)+

∫ t

0

‖∇e(t−s)(∆−1)(1− u(·, s))v(·, s)‖Lq(Ω)ds

≤ CS‖∇v0‖Lq(Ω)+CS‖v0‖L∞(Ω)

∫ t

0

(1 + (t− s)−
1
2−

n
2 ( 1

k−
1
q ))e−λ1(t−s)‖1 + u(·, s)‖Lk(Ω)ds ≤ c0.

We have used v ≤ ‖v0‖L∞(Ω) on Ω̄× (0, Tmax), taken into account the convergence

of
∫∞

0
(t − s)−

1
2−

n
2

(
1
k−

1
q

)
e−λ1(t−s)ds and introduced some λ1 > 0, CS > 0 and

c0 > 0. Therefore, we have that v ∈ L∞((0, Tmax);W 1,q(Ω)) and, identically, we
also get w ∈ L∞((0, Tmax);W 1,q(Ω)). Hence, by setting ṽ = χv − ξw, the first
equation of (3) reads ut = ∆u − ∇ · (u∇ṽ), for any (x, t) ∈ Ω × (0, Tmax), with
ṽ ∈ L∞((0, Tmax);W 1,q(Ω)). Through adaptations of [3, Lemma 3.2] (see also
[27, Lemma 4.1]), by using some of the above information, we can conclude that
u ∈ L∞((0, Tmax);L∞(Ω)).

3. A priori estimates and proofs. With the aim of taking advantage of Lemma
2.3, let us dedicate ourselves to the derivation of the specified a priori estimate for
the u-component.

We will rely on this necessary

Proposition 1. For any N ≥ 1, let A be an open set of RN and 0 ≤ f ∈ C2(A)
complying with f(y) = 0 if and only if y = y0, for some y0 ∈ A. Then there exist
r,M > 0 such that

|∇f(y)|2 ≤ 2Mf(y) for all y ∈ Br(y0). (8)

Proof. For some fixed R > 0, let us consider BR(y0) and define µ := min∂BR(y0) f >
0. In this way, since f(y)→ 0 as y → y0 there is r < R such that maxBr(y0) f < µ.

Now, for some ŷ ∈ Br(y0) and for all ξ ≥ 0, let y(ξ) be the unique solution of the
Cauchy problem

y′(ξ) = −∇f(y(ξ)) with y(0) = ŷ. (9)

Since d
dξf(y(ξ)) = −|∇f(y(ξ))|2 ≤ 0, through an integration we obtain f(y(ξ)) ≤

f(ŷ) < µ for all ξ ≥ 0. Moreover, we also have f|∂BR(y0)
≥ µ and henceforth the

orbit y(ξ) cannot attain ∂BR(y0) and actually it is strictly contained in the compact
BR(y0); subsequently (see, for instance, [7, Theorem, page 67]), y(ξ) is defined for
all ξ ≥ 0.
Let us now define

M = ‖H(f(y))‖ := max
i=1,...,N

{
‖λ1‖L∞(BR(y0)), . . . , ‖λN‖L∞(BR(y0))

}
, (10)

where H = H(f(y)) is the Hessian matrix of f and λi = λi(y) the eigenvalues of
H; M is the norm of H on BR(y0). Successively we observe that from d

dξf(y(ξ)) =

−|∇f(y(ξ))|2 and f ≥ 0 we have∫ ξ

0

|∇f(y(τ))|2dτ = f(ŷ)− f(y(ξ)) ≤ f(ŷ). (11)

Since the previous bound is valid for any ξ ≥ 0, the improper integral
∫∞

0
|∇f(y(ξ))|2dξ

is convergent and hence necessarily

lim
ξ→+∞

∇f(y(ξ)) = 0. (12)
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Indeed, if ∇f(y(ξ)) was not infinitesimal as ξ → +∞, by continuity of ∇f(y(ξ))
itself and compactness of BR(y0) there would exist a sequence ξn and η ∈ BR(y0)
fulfilling with

ξn → +∞, y(ξn)→ η and ∇f(y(ξn))→ ∇f(η) 6= 0. (13)

As a consequence, by invoking the local existence and uniqueness Cauchy–Peano
theorem for the solution to the problem

y′(ξ) = −∇f(y(ξ)) with y(0) = η,

we would have that such a solution coincides in a neighborhood of η with the solution
of problem (9), also indicated with y(ξ). It would imply that the orbit y(ξ) actually
reaches the point η, starting from ŷ, at some finite value of ξ (or, equivalently, the
maximal interval of existence of the orbit y(ξ) can be extended), in contrast with
(13). On the other hand, from the chain rule and recalling (9) we can also write

d

dξ
|∇f(y(ξ))|2 = −2(∇f(y(ξ)))TH(f(y(ξ)))(∇f(y(ξ))),

so that by relying on (10) and (11), we arrive through the fundamental theorem of
calculus at

|∇f(ŷ)|2 ≤ |∇f(y(ξ))|2+2M

∫ ξ

0

|∇f(y(τ))|2dτ = |∇f(y(ξ))|2+2M (f(ŷ)− f(y(ξ))) ≤ |∇f(y(ξ))|2+2Mf(ŷ).

Finally, we can conclude by taking ξ →∞ and by virtue of (12).

Lemma 3.1. Let (u, v, w) be the local solution to problem (3) provided by Lemma
2.2, ϕ = ϕ(v, w) ∈ C2((0, ‖v0‖L∞(Ω))×(0, ‖w0‖L∞(Ω))) a function such that ϕ,ϕv, ϕw, ϕvv, ϕww, ϕvw ≥
0. Then for all positive ε1, ε2, ε3, ε4 and k > 1 the following estimate holds:

1

k

d

dt

∫
Ω

ukϕ+

[
(k − 1)− ε21 −

χ(k − 1)ε22
2

− ε23 −
ξ(k − 1)ε24

2

] ∫
Ω

uk−2ϕ|∇u|2 +
1

k

∫
Ω

ukϕvv|∇v|2

+
1

k

∫
Ω

ukϕww|∇w|2

≤ 1

5k

∫
Ω

ukϕvv|∇v|2
[

5k

ε21

(ϕv)
2

ϕϕvv
+

5χk(k − 1)

2ε22

ϕ

ϕvv
+ 5k

(
χ+

ξ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

)
ϕv
ϕvv

+
5χk‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

ϕw
ϕvv

+
20k‖w0‖L∞(Ω)

‖v0‖L∞(Ω)(k − 1)

ϕvw
ϕvv

]
+

1

5k

∫
Ω

ukϕww|∇w|2
[

5k

ε23

(ϕw)2

ϕϕww
+

5ξk(k − 1)

2ε24)

ϕ

ϕww
+

10χk‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

ϕw
ϕww

+
10ξk‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

ϕv
ϕww

+
5‖v0‖L∞(Ω)(k − 1)

4k‖w0‖L∞(Ω)

ϕvw
ϕww

]
on (0, Tmax).

(14)
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Proof. By a direct calculation and exploiting that d
dt (u

kϕ) = kuk−1utϕ+ ukϕvvt +

ukϕwwt, we obtain from problem (3)

1

k

d

dt

∫
Ω

ukϕ =

∫
Ω

uk−1ϕ∆u− χ
∫

Ω

uk−1ϕ∇ · (u∇v) + ξ

∫
Ω

uk−1ϕ∇ · (u∇w) +
1

k

∫
Ω

ukϕv∆v −
1

k

∫
Ω

uk+1vϕv

+
1

k

∫
Ω

ukϕw∆w − 1

k

∫
Ω

uk+1wϕw

≤ −(k − 1)

∫
Ω

uk−2ϕ|∇u|2 − 2

∫
Ω

uk−1ϕv∇u∇v − 2

∫
Ω

uk−1ϕw∇u∇w + χ(k − 1)

∫
Ω

uk−1ϕ∇u∇v + χ

∫
Ω

ukϕv|∇v|2

+ χ

∫
Ω

ukϕw∇v∇w − ξ(k − 1)

∫
Ω

uk−1ϕ∇u∇w − ξ
∫

Ω

ukϕv∇v∇w − ξ
∫

Ω

ukϕw|∇w|2 −
1

k

∫
Ω

ukϕvv|∇v|2

− 2

k

∫
Ω

ukϕvw∇v∇w −
1

k

∫
Ω

ukϕww|∇w|2 on (0, Tmax).

(15)

(Since uk−2|∇u|2 = uk−1 |∇u|2
u , possible singularities appearing in the term −(k −

1)
∫

Ω
uk−2ϕ|∇u|2 for 1 < k < 2 are removable in view of (8) Proposition 1 applied

with A = Ω× (0, Tmax), N = n+ 1, y = (x, t) and f(y) = u(x, t).)
We will now make use of the well-known Young’s inequality

Cab ≤ Cε2

2
a2 +

C

2ε2
b2, valid for C, a, b > 0 and any ε > 0.

We have for all t ∈ (0, Tmax)

−2

∫
Ω

uk−1ϕv∇u∇v ≤ ε21
∫

Ω

uk−2ϕ|∇u|2 +
1

ε21

∫
Ω

uk
(ϕv)

2

ϕ
|∇v|2,

χ(k − 1)

∫
Ω

uk−1ϕ∇u∇v ≤ χ(k − 1)ε22
2

∫
Ω

uk−2ϕ|∇u|2 +
χ(k − 1)

2ε22

∫
Ω

ukϕ|∇v|2,

−2

∫
Ω

uk−1ϕw∇u∇w ≤ ε23
∫

Ω

uk−2ϕ|∇u|2 +
1

ε23

∫
Ω

uk
(ϕw)2

ϕ
|∇w|2,

−ξ(k − 1)

∫
Ω

uk−1ϕ∇u∇w ≤ ξ(k − 1)ε24
2

∫
Ω

uk−2ϕ|∇u|2 +
ξ(k − 1)

2ε24

∫
Ω

ukϕ|∇w|2,

and

χ

∫
Ω

ukϕw∇v∇w ≤
2χ‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

∫
Ω

ukϕw|∇w|2 +
χ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

∫
Ω

ukϕw|∇v|2,

−ξ
∫

Ω

ukϕv∇v∇w ≤
2ξ‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

∫
Ω

ukϕv|∇w|2 +
ξ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

∫
Ω

ukϕv|∇v|2,

−2

k

∫
Ω

ukϕvw∇v∇w ≤
4‖w0‖L∞(Ω)

(k − 1)‖v0‖L∞(Ω)

∫
Ω

ukϕvw|∇v|2 +
(k − 1)‖v0‖L∞(Ω)

4k2‖w0‖L∞(Ω)

∫
Ω

ukϕvw|∇w|2.

By inserting all the previous inequalities into (15), we get for all t ∈ (0, Tmax)

1

k

d

dt

∫
Ω

ukϕ+

[
(k − 1)− ε21 −

χ(k − 1)ε22
2

− ε23 −
ξ(k − 1)ε24

2

] ∫
Ω

uk−2ϕ|∇u|2 +
1

k

∫
Ω

ukϕvv|∇v|2 +
1

k

∫
Ω

ukϕww|∇w|2

≤
∫

Ω

uk|∇v|2
[

1

ε21

(ϕv)
2

ϕ
+
χ(k − 1)

2ε22
ϕ+

(
χ+

ξ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

)
ϕv +

χ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)
ϕw +

4‖w0‖L∞(Ω)

‖v0‖L∞(Ω)(k − 1)
ϕvw

]
+

∫
Ω

uk|∇w|2
[

1

ε23

(ϕw)2

ϕ
+
ξ(k − 1)

2ε24
ϕ+

2χ‖v0‖L∞(Ω)

‖w0‖L∞(Ω)
ϕw +

2ξ‖v0‖L∞(Ω)

‖w0‖L∞(Ω)
ϕv +

‖v0‖L∞(Ω)(k − 1)

4k2‖w0‖L∞(Ω)
ϕvw

]
.
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Lemma 3.2. For some r > n, k > 1 let u0, v0, w0 ∈ W 1,r(Ω) be nonnegative. If
0 < χ < 1

10k‖v0‖L∞(Ω)
and 0 < ξ < 1

10k‖w0‖L∞(Ω)
, there exists a positive constant L

such that the local solution (u, v, w) to problem (3), provided by Lemma 2.2, satisfies∫
Ω

uk ≤ L on (0, Tmax).

Proof. Setting

ϕ(v, w) = eβ
2v2+γ2w2

, for β2 and γ2 to be chosen later,

we have

ϕv = 2β2vϕ ϕvv = 2β2ϕ(2β2v2+1) ϕw = 2γ2wϕ ϕww = 2γ2ϕ(2γ2w2+1) ϕvw = ϕwv = 4β2γ2vwϕ.

Now, by noting that ϕvv ≥ 2β2ϕ, we analyze each term of bound (14), separately,
also in view of (6). We get:

I1 :=
5k

ε21

(ϕv)
2

ϕϕvv
≤ 10k

ε21
β2‖v0‖2L∞(Ω),

I2 :=
5χk(k − 1)

2ε22

ϕ

ϕvv
≤ 5χk(k − 1)

4ε22β
2

,

I3 := 5k

(
χ+

ξ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

)
ϕv
ϕvv
≤ 5k

(
χ+

ξ‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

)
‖v0‖L∞(Ω),

I4 :=
5χk‖w0‖L∞(Ω)

8‖v0‖L∞(Ω)

ϕw
ϕvv
≤

5χk‖w0‖2L∞(Ω)

8‖v0‖L∞(Ω)

γ2

β2
,

I5 :=
20k‖w0‖L∞(Ω)

‖v0‖L∞(Ω)(k − 1)

ϕvw
ϕvv

≤
40k‖w0‖2L∞(Ω)γ

2

(k − 1)
.

Similarly, we have ϕww ≥ 2γ2ϕ and we obtain:

J1 :=
5k

ε23

(ϕw)2

ϕϕww
≤ 10k

ε23
γ2‖w0‖2L∞(Ω),

J2 :=
5ξk(k − 1)

2ε24

ϕ

ϕww
≤ 5ξk(k − 1)

4ε24γ
2

,

J3 :=
10χk‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

ϕw
ϕww

≤ 10χk‖v0‖L∞(Ω),

J4 :=
10ξk‖v0‖L∞(Ω)

‖w0‖L∞(Ω)

ϕv
ϕww

≤
10ξk‖v0‖2L∞(Ω)

‖w0‖L∞(Ω)

β2

γ2
,

J5 :=
5‖v0‖L∞(Ω)(k − 1)

4k‖w0‖L∞(Ω)

ϕvw
ϕww

≤
5‖v0‖2L∞(Ω)(k − 1)β2

2k
.

Now, let us set

β2 =
ε21

10k‖v0‖2L∞(Ω)

, γ2 =
ε23

10k‖w0‖2L∞(Ω)

, (16)

and

f1(ε1, ε2) =
2ε21ε

2
2

25k2(k − 1)‖v0‖2L∞(Ω)

and f2(ε3, ε4) =
2ε23ε

2
4

25k2(k − 1)‖w0‖2L∞(Ω)

.

(17)
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We herein emphasize that our aim is to figure out which are the largest ranges of
χ and ξ such that, at least in terms of our approach, the validity of this lemma
is ensured. Such intervals will result proportional to the functions f1 and f2; fur-
ther, to an increase of each of these functions corresponds a decrease of the other.
Henceforth, in order to simultaneously optimize both intervals, but at the same time
avoiding to make nonpositive the coefficient associated to

∫
Ω
uk−2ϕ|∇u|2 (crucial

in the computations) in estimate (14), let us consider the open set

E =

{
(ε1, ε2, ε3, ε4) | ε21 +

χ(k − 1)

2
ε22 + ε23 +

ξ(k − 1)

2
ε24 < k − 1

}
.

Evidently, the appropriate choice obeying our requirement entails the supremum of

each ε1, ε2, ε3, ε4 > 0 such that ε21 = ε23 <
k−1

4 , χ(k−1)
2 ε22 <

k−1
4 and ξ(k−1)

2 ε24 <
k−1

4 .
In this way, it is seen that if

0 < χ ≤ f1(ε1, ε2) and 0 < ξ ≤ f2(ε3, ε4), also reading as 0 < χ <
1

10k‖v0‖L∞(Ω)
and 0 < ξ <

1

10k‖w0‖L∞(Ω)
,

(18)
relations (16), (17) and (18) imply that the above terms Ii and Ji comply with
Ii ≤ 1 and Ji ≤ 1, with i = 1, . . . , 5; in particular

5∑
i=1

Ii ≤ 5 and

5∑
i=1

Ji ≤ 5. (19)

Plugging now the gained estimates (19) into relation (14) yields for some c1 > 0

1

k

d

dt

∫
Ω

ukϕ+ c1

∫
Ω

uk−2ϕ|∇u|2 ≤ 0 for all t ∈ (0, Tmax), (20)

or also
1

k

d

dt

∫
Ω

ukϕ ≤ 0 for all t ∈ (0, Tmax),

which together with the initial condition ( 1
k

∫
Ω
ukϕ) |t=0= 1

k

∫
Ω
uk0ϕ and ϕ ≥ 1

imply for some L > 0 ∫
Ω

uk ≤
∫

Ω

ukϕ ≤ L on (0, Tmax).

Proof of Theorem 1.1. The restrictions 0 < χ < 1
5n‖v0‖L∞(Ω)

and 0 < ξ <
1

5n‖w0‖L∞(Ω)
are such that continuity arguments infer some k > n

2 such that the

assumption on χ and ξ of Lemma 3.2 are complied. Subsequently, the u-component
of the local solution (u, v, w) to problem (3) belongs to L∞((0,∞);Lk(Ω)), for some
k > n

2 , and Lemma 2.3 infers the statement.

4. On the use of the functional
∫

Ω
ukϕ(v, w): miscellaneous. The closing part

of the paper is concerned with the efficacy of the functional
∫

Ω
ukϕ(v, w) toward the

derivation of the described results. In this regard we understand that the following
comments worth to be analyzed.
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4.1. Improving the condition in [23, Theorem 1.1]. Since our approach takes
ideas from [23], we believe that the following comments may be of interest. The
condition 0 < χ ≤ 1

6(n+1)‖v0‖L∞(Ω)
in [23], related to the consumption model with

only attractive chemical signal, can be improved to 0 < χ < 2
3n‖v0‖L∞(Ω)

. Indeed,

assumption [23, (1.5), Theorem 1.1] is derived by taking k = n+1 in [23, Lemma 3.1],
but (see the details in the Lemma 2.3 above) fixing any k > n

2 in [23, Lemma 3.1]

it turns in 0 < χ < 1
3n‖v0‖L∞(Ω)

. Even more, this estimate is also more improvable;

precisely, for

χ ∈
(

0,
2

3n‖v0‖L∞(Ω)

)
=: Iχ (21)

[23, Theorem 1.1] continues valid. This can be justified by noting that since in

this case the functional
∫

Ω
ukϕ(v, w) =

∫
Ω
ukeβ

2v2+γ2w2

essentially simplifies into∫
Ω
ukϕ(v) =

∫
Ω
ukeβ

2v2

, bound (14) becomes (see [23, page 524]) on (0, Tmax)

1

k

d

dt

∫
Ω

ukϕ+

[
(k − 1)− ε̃21 −

χ(k − 1)ε̃22
2

] ∫
Ω

uk−2ϕ|∇u|2 ≤
∫

Ω

uk|∇v|2
[

1

ε̃21

(ϕ′)2

ϕ
+
χ(k − 1)

2ε̃22
ϕ+ χϕ′ − ϕ′′

k

]
.

Retracing the steps described in Lemma 3.1, in order to neglect the term in brackets
on the r.h.s. avoiding turning nonpositive the other on the l.h.s., one has to find
the supremum of the function

f1(ε̃1, ε̃2) =
2ε̃21ε̃

2
2

9k2(k − 1)‖v0‖2L∞(Ω)

in the open set Ẽ =

{
(ε̃1, ε̃2)

∣∣ ε̃21 +
χ(k − 1)

2
ε̃22 < k − 1

}
.

Such a supremum is exactly 1
9k2χ‖v0‖2L∞(Ω)

, and hence a similar condition as that in

(18) entails, for k > n
2 , the interval defined in (21).

4.2. The attraction model vs. the attraction-repulsion model. In connec-
tion with what we have now done, let us attempt to compare the consumption
model with only attraction and its counterpart complemented also with repulsive
effects, that is the two models below

Pχ :

{
ut = ∆u− χ∇ · (u∇v),

vt = ∆v − uv,
and Pχ,ξ :


ut = ∆u− χ∇ · (u∇v) + ξ∇ · (u∇w),

vt = ∆v − uv,
wt = ∆w − uw,

with

{
boundary conditions,

initial conditions.

Using the same notation employed to define the interval in (21), let Iχ,ξ be the
interval of χ where boundedness of solutions to problem Pχ,ξ may be ensured; Iχ,
naturally, stands for that related to problem Pχ. Even though by biological in-
tuitions it should be conceivable that Iχ,ξ ⊃ Iχ for every ξ > 0, this cannot be
directly deduced by employing the functionals

∫
Ω
ukϕ. Indeed, by observing from

(17) that taking (ε3, ε4) → (0, 0) and (ε1, ε2) →
(√

k−1
2 ,
√

1
χ

)
corresponds to re-

duce/increase as much as possible the repulsion/attraction strength, the conclusion
of Theorem 1.1 would apply for positive ξ arbitrarily small, and χ positive up (de-
pending on ξ) to the supremum value 2

5n‖v0‖L∞(Ω)
. Nevertheless, the resulting limit

interval
(

0, 2
5n‖v0‖L∞(Ω)

)
would remain strictly included in Iχ. We understand that

the reason of this undesired outcome is connected to the quantity of terms inherited
from the functional in terms of the unknowns and equations of the problem: two in
Pχ, three in Pχ,ξ. As analyzed, the exceeding part from the larger system produces
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extra addends implying that certain conclusions hold true for ranges of χ smaller
than those linked to the other system. However, aided by the next simulations,
and in particular those explained in §5.3, we can conclude that the aforementioned
intuition is rather founded.

5. Numerical simulations. In this section we numerically test the presented the-
oretical results by simulating systems (2) and (3) in two and three dimensions (also
abbreviated with 2d and 3d). Our computational and quantitative experiments are
meant to support and complement the qualitative analyses in the earlier sections.

5.1. Methodology, difficulties and computational devices. Numerical simu-
lations of chemotaxis-type systems, like those now mentioned, are by no means an
easy goal but, on the contrary, a challenging task. Indeed, the solutions to such
systems may exhibit interesting mathematical properties which cannot be easily
reproduced in a discrete framework. In particular, it is rather difficult to develop
numerical schemes preserving desired properties of solutions, like non-negativity or
energy laws; moreover, it is also far from being a standard task capturing possi-
ble blow-up phenomena. (Some hints describing the technical details behind this
complexity may be found, for instance, in [4, 33, 21, 9, 5].)

In our forthcoming 2d/3d simulations for both models (3) and (2), we intro-
duce a Finite Element Method (FEM) space discretization, defined on a triangu-
lar/tetrahedral mesh with size h of the domain Ω, with first order piecewise polyno-
mials. On the other hand, we consider an implicit Euler scheme with time step ∆t,
where each one these steps is split into two stages. First we compute v and w as
solutions of the (uncoupled) linear parabolic equations modeling the consumption,
being u explicitly known from the previous time step. Then the values of u at any
node of the mesh are updated by solving the chemotaxis equation, exactly using
the gained quantities of the attraction and repulsion terms v and w at those nodes.
(We specify that for the computation we used the open source library FEniCS ([14])
and a parallel solver has been employed at each time step for the resolution of the
FEM linear systems.) It is precisely in this latter chemotaxis stage where the more
severe difficulties arise. In fact, the numerical treatment of the taxis-driven terms
may conduce to undesirable effects (especially in three-dimensional settings), as the
mentioned loss of positivity of u and/or related spurious oscillations, with conse-
quent disastrous results. However, the combination of the Flux-Corrected Transport
technique ([22]) and the use of high-performance devices (in the specific, a computer
with two processors AMD Opteron 6320, 32 cores and 1Tb of RAM) allow us to
circumvent these situations, hence achieving qualitatively acceptable results.

5.2. Simulations of model (2). Through the following simulations, we essentially
aim at corroborating the absence of blow-up solutions to the classical consumption
model even for large values of the chemoattractant χ associated to the attractive
chemical agent v.

5.2.1. Two-dimensional numerical tests. The first test focuses on the two-dimensional
case for the classical consumption model (2). We consider a mesh of the unit circle
Ω = {(x1, x2) ∈ R2 | x2

1 + x2
2 < 1}, meshed by 84673 triangular elements, with

size h ' 0.015, and time step ∆t = 0.00001. We take χ = 20 and the Gaussian
bell-shaped initial values

u0(x1, x2) = v0(x1, x2) = 20 e−30(x2
1+x2

2).
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t
=

0
t

=
0.

00
0
1

t
=

0.
00

10
t

=
0.

0
05

0

Figure 1. Simulations of model (2). Evolution of u (left column),
v (center column) and ∇v (right column) in a two-dimensional
domain. Each row represents their corresponding distributions, at
the indicated time step. The quantitative values are deductible
from each color bar.

As said, the theory predicts that no blow-up occurs in the 2d case; thereafter,
this result may be employed to verify the consistency of our program. Indeed, in
Figure 1 one can see that the attraction of v leads to a growth of u, which reaches its
maximum value at t = 0.0001. Then, due to the consumption effect from the second
equation of (2), big values of u imply a reduction of those of v and of ∇v. This
ends up allowing u to decrease, due to the diffusive term. This can be clearly seen
again in Figure 1, where the maximum of u decreases and a plateau is produced at
t = 0.0010. The decrease of v and of its gradient becomes more evident for higher
values of time.

5.2.2. Three-dimensional numerical tests. Once our program is validated in a two-
dimensional domain, we apply it in 3d, where some theoretical aspects remain with-
out a response and have to be still investigated. It is worthwhile to emphasize that
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Figure 2. Simulations of model (2). Evolution of the cells density
in a three-dimensional domain: u at t = 0 (top left), u at t = 0.005
(top right), u at t = 0.01 (bottom left) and u at t = 0.05 (bottom
right). The quantitative values are deductible from the color bar.

even though three-dimensional simulations were highly demanding from a compu-
tational point of view, the results shown below are quite satisfactory and support
our methodology. We repeat the same test described in §5.2.1, but on a unit sphere
Ω = {(x1, x2, x3) ∈ R3 | x2

1 + x2
2 + x2

3 < 1}, whose mesh is composed by 159296
elements (tetrahedrons) with maximum size h ' 0.11. We take as initial data

u0(x1, x2, x3) = v0(x1, x2, x3) = 20 e−30(x2
1+x2

2+x2
3). (22)

Moreover, being ‖v0‖L∞(Ω) = 20, we also fix χ = 20� 0.055536 ' π
20
√

8
(recall the

condition for global boundedness χ‖v0‖L∞(Ω) <
π√

2(n+1)
discussed in §1.1). In this

case, we have no theoretical result confirming or denying existence of unbounded
solutions, but the simulations do not succumb to blow-up phenomena for model (2)
nor in 3d. Specifically, the results are qualitatively similar to the two-dimensional
ones. As a matter of fact, as contextualized in Figure 2, the initial cells’ density
grows until reaching its maximum value at t = 0.005; then, as the consumption
effect weakens the attractive action of the chemical v, further growth is prevented
and u decreases (invalidating a possible blow-up mechanism), as specially shown at
t = 0.01 and t = 0.05.

5.2.3. Two- and three-dimensional numerical tests. Figure 3 indicates that in two-
dimensional settings, the cells’ distribution initially suffers a stronger spike than
that detected in 3d; in particular the maximum of u in 2d is reached earlier than in
3d. This appears consistent with the behavior of chemical agent v, whose maximum
at the beginning is higher in 3d. On the other hand, for the same dynamics, the
maximum value of u is achieved in the three-dimensional scenario; this is consistent
with the well known phenomenon according to which in high dimensions blow-up
phenomena in chemotaxis models are more conceivable than in lower dimensions.
Additionally, when time increases, constant steady states for u and v (data not
shown for the chemical) are achieved.
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Figure 3. Simulations of model (2). Comparison of the two-
dimensional and three-dimensional case along time. Evolution of
the maximum of u (top). Maximum of u (bottom left) and maxi-
mum of v (bottom right) at early time steps.

Figure 4. Simulations of model (3). Analysis of the three-
dimensional case for different values of ξ and initial data u0 =
v0 = w0, identical to each other and radially symmetric.

5.3. Simulations of model (3). Through the following simulations, we essentially
aim at showing that the introduction in the classical consumption mechanism of a
further absorbed repulsive-chemical signal w, enforces smoothness of solutions to
the model even for large values of the chemoattractant χ, associated to v, and a
small chemorepellent ξ, connected to w.
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Figure 5. Simulations of model (3). Analysis of the three-
dimensional case for different values of ξ and initial data u0, v0

and w0, not identical to each other nor radially symmetric.

5.3.1. Two- and three-dimensional numerical tests. In this section we discuss be-
haviors of the solution to system (3) in the two- and three-dimensional cases. Once
the value of ξ > 0 is fixed, the remaining data used in these tests are the same than
those employed in §5.2.1, and precisely χ = 20 and u0(x1, x2, x3) = v0(x1, x2, x3) =
w0(x1, x2, x3) as in expression (22). In this sense, Figure 4 allows us to discuss
the evolution of the maximum of u for different values of the parameter ξ. (Note
that as much χ = 20 as well as any value of ξ sensitively surpass the quantity
0.0033 ' 1

15·20 , computed according to the assumptions in Theorem 1.1.) As ex-
pected, a simple parameter sweep shows that the maximum of u is higher/lower
when ξ is small/large. Nevertheless, this one-to-one correspondence occurs only at
the beginning and at the end of the simulations; for intermediate time steps, the
curves drawing the maximum of u intersect each other without any clear pattern.
In particular, for (the limit case) ξ = 0 no repulsion effect on the cells’ motion takes
part on the dynamics, and the most pronounced spike is produced. Conversely,
when ξ = χ = 20, attraction and repulsion symmetrically counteract each other, so
that the only appreciated effect is reduced to the pure diffusion of living cells, with
no chemotaxis phenomenon.

Apparently, part of the discussion now analyzed is connected to the choice of
u0, v0 and w0, radially symmetric and identical to each other. Conversely, Figure
5 illustrates the situation where this overall symmetry breaks; specifically let u0

and v0 be as in (22) and let w0 = w0(x1, x2, x3) = 20 e
−30

(
(x1− 1

3 )
2
+x2

2+x2
3

)
. Also in

this case, the highest spike is observed for ξ = 0 (actually, as expected, the curve
maxu is equivalent in both Figures 4 and 5), and moreover the maximum of u is
higher/lower when ξ is small/large (we, herein, only considered three values of ξ).
Nevertheless, the maximum of u for ξ = 10 is similar to that achieved for ξ = 20,
and approximately 1100 units lowest than that for ξ = 0; on the contrary, from
Figure 4, one can notice a significantly more accentuated difference between the
related first two values, and that the maximum of u for ξ = 10 is around 1000
units. Furthermore, when ξ = χ = 20 no attraction and repulsion cancellation
mechanism is appreciated. In any case, in line with our main objective, not even in
this simulation aggregation phenomena for the cells’ density are detectable. Finally,
these observations emphasize the high sensitivity to the initial data in the numerical
analysis of chemotaxis models.
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