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Abstract We discuss the instability of a third-gradient beam, which is an inextensible elastic beam whose
deformation energy depends on the first derivative of the curvature of its axis. Such one-dimensional problems
arise from the homogenisation of slender, lengthy structures made of beam lattice metamaterials. The equation
of equilibrium is derived using the Lagrange variational principle. Solutions to a few linear problems are
presented. In addition to the linear analysis, we present an asymptotic solution for finite deformations, similar
to those of Euler’s elastica. We demonstrate the correspondence between the critical forces of third-gradient
beams and those of classical Euler—Bernoulli beams.

1 Introduction

Stability of structures is an old and well-developed branch of mechanics. Starting with the well-known Euler
elastica problem, the instability of beams has been studied in numerous papers and summarised in numerous
books; see, for example, [1-6]. It should be noted that the engineering problem of the stability of slender
elements motivated the development of the corresponding mathematical tools, such as the calculus of variations,
the theory of bifurcations, and differential equations, among others. Despite its long history, the instability of
beam-like structures remains a relevant topic. This is due to at least three reasons:

e Various types of loading including boundary conditions;
e Complex microstructure;
e Extension towards small scales.

Considering various types of loadings, it is worth mentioning the instability under follower forces, which
leads to the theory of the stability of non-conservative systems [6—8]. More recent results on the instability
of flexible beams with sliders provide interesting applications of configurational mechanics [9—13]. Another
example is the stability of moving structures, such as axially moving ones [14].

In the case of beam-like elements with a complex internal structure, we can mention flexible, multifolded,
or origami-type metamaterials, which can exhibit particular behaviour when they lose stability, see [15-20]
and the references therein.

Current developments in nanotechnology resultin an extension of classical mechanics to smaller scales. This
necessitates modifying beam models to consider various generalised continuum models, such as micropolar,
coupled stress, micromorphic media, strain gradient, and nonlocal elasticity [21-27]. Peridynamics, a particular
case of a nonlocal model, should also be mentioned [28-30].

In fact, the discussed above three reasons of beam model extensions are connected to each other. They
can even represent different sides of the same phenomenon. For example, at the nanoscale we have different
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kind of interactions including long-range forces (van der Waals, Casimir, electrostatic, and others) which could
depend on the shape of a thin structure, see e.g. [31,32]. Continual models of origami-like structures may require
generalised models such as strain gradient elasticity [33] as well as for some other discrete systems [18,34,35].
Nowadays it is well established that the strain gradient elasticity is relevant as an effective continuum model
for composites with high contrast in material properties [36—40] as well as at small scales [41-43]. Within the
strain gradient elasticity, a deformation energy depends on strain and higher-order gradients of displacements
[44,45]. In this approach in addition to stresses, there are also hyper-stresses. From the point of view of beam
mechanics, they are similar to bi-moment and double force in the theory of thin-walled beams [46—48]. In
particular, recently even the third-gradient elasticity was used an effective medium for beam-like metamaterials
[49-51], namely truss-like structures whose floppy modes correspond to circular mechanisms. Initially, the
gradient elasticity of third order was proposed by Mindlin [52] for describing surface stresses. In the following,
we also refer to [45,53-57] for the general gradient elasticity of third order. The gradient elasticity of third order,
or of any other order, is a further extension of strain gradient elasticity developed by Toupin and Mindlin [58—
61]. This model of the strain gradient elasticity of second order has been further developed by other researchers,
leading to various modifications as in [42,62,63]. The buckling of beams in strain gradient elasticity has been
studied in the literature, see e.g. [64—66]. This approach uses Toupin—Mindlin strain gradient elasticity or
similar models as a starting point. Then, the corresponding one-dimensional beam model can be derived using
standard Euler—Bernoulli or Timoshenko-type kinematics within a variational approach. Various models of
nonlocal and strain gradient beams are summarised in [67]. The essential difference between these beam models
and those in [49-51] is that, in the latter case, the deformation energy depends only on the curvature derivative,
i.e. on the higher-order derivatives. This means that the high-order elastic moduli become dominant, as the
others vanish. In the classic case, however, the high-order moduli are usually related to characteristic lengths,
which are typically small (see, for example, [68—70] for a calculation using lattice models). Consequently, the
critical force is entirely determined by the higher-order elastic modulus.

The remainder of the paper is organised as follows. Section2 describes the in-plane kinematics of an
extensible beam. Then, in Sect.3, we introduce the deformation energy density. Here, the energy depends
on the derivative of the beam curvature. Section5 is devoted to deriving the equilibrium conditions using
a variational approach. The central point of the paper is the linear analysis of stability, which is presented
in Sect. 6. Here, we discuss loss of stability under various boundary conditions and compare it with that of
classical Euler-Bernoulli beams. The variational derivation of critical forces is discussed in Sect.7. Using
dimensionless Rayleigh quotients, one can make a general comparison of critical forces, as discussed in
Sect. 8. Bifurcation analysis (postbuckling) of a cantilever beam is provided in Sect.9. Sections 10 and 11 are
devoted to possible generalisations, including nth-order gradient beams. As an example, the instability of the
fourth-order cantilever beam is analysed. Finally, we summarise the results and discuss future steps.

2 Kinematics

The in-plane deformations of an elastic beam can be described as a differentiable mapping from the initial
reference placement to the current one. The reference placement can be described using the position vector,
R = R(S), where S is the referential arc-length parameter. Similarly, the current placement can be described
using the position vector, denoted by r = r(s), where s is the current arc-length parameter. We assume the
inextensibility condition in the following, so S = s, allowing us to use the same arc-length parameter for both
placements, s € [0, []. Here [ is the beam length.

u=r(@s) — R(S) = uls)i| + v(s)iz, (1)

where ij, iy, and i3 are the unit vectors related to the Cartesian coordinates x; = s, x, and x3, respectively,
see Fig. 1. Since the beam is initially straight, the vector R is given by the simple formula R = s1i;.
The tangent vector t to the beam axis is given by the formula

T =1'(s), 2)

where the prime stands for the derivative with respect to s, (...) = %. It can be parameterised with the angle
¢ = ¢(s) as follows

T = cos ¢ (s)i] + sin ¢ (s)is. 3)
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Fig. 1 Deformation of an elastic beam: reference and current placements

The curvature « of the beam axis follows from the relations
T =kn, k=¢, n=—sinp(s)i| + cosp(s)ip, 4)

where n is the unit normal to the beam axis. Let us note that due to the inextensibility of the beam we can use
¢ (s) as a primary descriptor instead of r or u. Indeed, Eq. (3) takes the form

r'(s) = cos ¢ (s)i] +sinp(s)ip, w'(s) = [cosP(s) — 1]i; + sin @ (s)is. 3
For components of displacement vector, we get
u'(s) =cosgp(s) —1, vV'(s) =sing(s). (6)

Thus, r or u can be determined from ¢ up to constant vectors.

3 Constitutive relations

For a hyperelastic beam, we assume the existence of deformation energy. For a third-gradient beam, this energy
takes the form given in [49-51]

W =Wk'). (N

This distinguishes the model from the classical theory of beams, in which the deformation energy depends
only on the curvature: U = U (k). To satisfy the material instability requirements (ellipticity conditions), we
assume that

dz_W 0 (8)
d(K/)Z =

see [71-73] for ellipticity and material instabilities in strain gradient continua. In the following, we use the
quadratic form for W:

W = %K(K/)z, 9)

where K > 0 is an elastic modulus. It can be calculated using the homogenisation technique, as described in
[51]. Another linear third-gradient model was proposed for T-beams in [74].
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4 Equilibrium conditions

We use the variational approach to derive the equilibrium equations. The equilibrium conditions follow from
the stationarity of the total potential energy, £. It takes the form:

1
5E[H] =5/st—5v =0, (10)
0

where 8V is the virtual work of external forces, moments, and double forces. For simplicity, we assume there
are no external loadings distributed along the beam. Furthermore, we assume that the external loads are applied
at the end s = [, while the point s = 0 remains fixed. Thus, §V is given by

8V =—Psu(l) + Tsv(l) + M3¢ (1) + L3¢ (1), (1

where P and T are tangential and transverse forces, respectively, M is a bending moment, and L is a double
force as shown in Fig. 1. Since we will discuss possible instabilities, we will consider the compressive force
P here.

First, using integration by parts, we obtain the formulas

[ l l

6/st:/8st=/KK'5/<’ds

0
[

0
l
= —/ [KK/]/(SK ds + K«'8k
0
l

0
l l
= / [K«']" 8¢ ds — [K«'] 8¢| + Ki'8¢'| . (12)
0 0 0
At s = 0, we assume the kinematic boundary conditions, which are given by the following equations:
u(0) =0, v(0)=0, ¢0)=0, ¢'(0)=0. (13)
Thus, we obtain
su(0) =0, sv(0)=0, §¢(0)=0, §¢'(0)=0. (14)
From (6) and (13), it follows the relations:
I !
u(l) = / (cos¢p —1)ds, v(l) = / sin ¢ ds. (15)
0 0
Consequently,
! l
Su(l) = —/ sing d¢pds, Sv(l) = / cos ¢ d¢p ds, (16)
0 0

Using Egs. (12), (14), and (16), we came to the nonlinear boundary-value problem for a third-gradient
beam

(K¢")" — Psing + T cos¢ =0, (17)
¢log=0. ¢ =0. (18)
- (Kd)//)/ |S=l = M’ K¢H|S:l =L. (19)
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Nonlinear theory can also be formulated in terms of displacements. First, the inextensibility condition takes
the form of the equation

(1+ u/)2 + (v/)Z =1. (20)

The angle and the curvature are given by the formulas

U/ (1 + u/)v// _ v/u//
¢ = arctan , k= 373 21)
1+u [(] +u)2+ (v/)z] /
The equilibrium conditions then follow from the stationarity of
[
85[u,v]=6/st—6V:0, (22)
0

where u and v should satisfy the constraint condition. We can use the Lagrange multiplier technique for the
constraint [75], which has some peculiarities for higher-order theories (see [76,77]). Obviously, the nonlinear
formulation in displacements leads to more complex equations.

5 Linearised theory

By considering small angles, we can easily derive the linearised theory of third-gradient beams. The equilibrium
equation now takes the form:

(K¢")" —Pp+T =0, (23)

which is supplemented by the combination of boundary conditions (18) and (19).

In the case of small deformations, the boundary-value problem can also be reformulated in terms of
deflection, v = v(s). Using the variational approach, we truncate the total potential energy up to quadratic
terms. It has the form

£ =

N =

1
f K ()2 ds + Psu(l) — Tsu(l) — MSp (1) — L' (D).
0

Using the expansions

sing = ¢ + 0(¢%), cos¢p — 1= —%«pz + 0(9?)

from (6) and (15), we obtain the following formulae up to quadratic terms
l I
I 1 2 / 1 2
u(s) = _§¢ (s), v(s)=¢(s), ul)= ) ¢ds, v(l)= [ ¢ds.
0 0

From these formulae, we can see that u’ = —%(v’ )2. Note that the inextensibility constraint given by (20) is
satisfied up to quartic terms in this case. Since £ becomes quadratic with respect to « and ¢, it is sufficient
to consider them up to linear terms. From (21), we obtain that ¢ = v" and ¥ = v”. Thus, the total potential
energy takes the form

) I
Elv] = %/K(v/”)zds - %P /(v’)zds — TV () — LY (D). (24)

0 0
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From the stationarity condition 6€ = 0, we obtain the equilibrium equation
— (Kv")" + Pv" =0, (25)

and the natural boundary conditions at s =/

sv: (Kv")" + P =0, (26)
v — (K" =M, 27)
sv": Kv' =L. (28)

Note that, unlike in the Euler—Bernoulli beam model, the moment here is proportional to the fourth derivative
of the deflection. The double force, which does not exist in classic beam theory, is proportional to the third
derivative.

The kinematic (essential) boundary conditions at s = 0 are given by the following equations:

v=0, v=0, V' =0. (29)

These conditions are clearly geometrically defined: The deflection, angle of rotation, and curvature of the
beam’s axis all vanish. Obviously, one can consider various mixed boundary conditions.

6 Solution to some problems

Let us illustrate the instability of a homogeneous third-gradient beam under compressive force P, whereas
T=0M=0,and L =0.

6.1 Cantilever beam

First, we will discuss a cantilever beam. Here, a cantilever beam is defined as a beam with one free end and
one fixed end. The corresponding boundary-value problem is given by the following relations:

K¢"" — Py =0, (30)
¢|s:0 =0, ¢/|s:0 =0, ¢”|s:l =0, ¢///|s:l =0. GD
From a physical point of view, these boundary conditions mean that the angle and curvature vanish at the left

end, and the external moment and double force are zero at the right end.
First, we transform (30) into the dimensionless form by introducing parameters { = s/ € [0, 1] and p

. 4 . . .
given by u* = %. As aresult, we get the equation which contains only one parameter

¢ — e =0, (32)
where (...)* = %. This makes an essential difference between other gradient-type models [64—67], where a
few material parameters are presented.
It has a solution in the form
¢ (&) = Cy sinh (n¢) + Ca cosh (u &) + C3 sin (n ) + C4 cos (n¢), (33)

where C1, C2, C3, and Cy4 are integration constants. Substituting (33) into non-dimensional form of (31), into
the system

¢|{':0:0’ ¢.|§:0=0’ ¢"|§:1 :0’ ¢."|{':1 =0’
we get a system of linear algebraic equations with respect to Cy1, C2, C3, and C4

AC=0, C=(Cy,C,C3Co), (34)
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Table 1 Eigenvalues for the third-gradient and classic cantilever beams

k Mk ok
1 1.875104069 1.570796327
2 4.694091133 4.712388981
3 7.854757438 7.853981635
4 10.99554073 10.99557429
5 14.13716839 14.13716694
6 17.27875953 17.27875960
7 20.42035225 20.42035225
8 23.56194490 23.56194490
9 26.70353756 26.70353756
10 29.84513021 29.84513021

0 1 0 1

1 0 1 0

sinh u coshpu —sinpu —cos
cosh ; sinh t —cos . sin i

The determinant of A has the form
det A =2 + 2 cosh e cos . (35)

Equation det A = 0 has an infinite series of roots i, k = 1, 2, ... Some roots are presented in Table 1.
The values of the kth critical force are given by the formula

K
P = “21_4' (36)

For relatively large k, i can be approximated by the formula

2k — 1
2

Mk = ok = .

Indeed, they almost coincide for k > 7, see Table 1. To prove this approximation, we can divide equation
det A = 0 by 2 cosh u and obtain

4+ cosu = 0. 37
cosh u

For relatively large values of u, the first term in (37) becomes negligible, so it transforms into equation
cos i = 0, which has roots po.

It is interesting that this formula corresponds to the solution for a classic cantilever beam. In the case of a
classic cantilever beam, we have the boundary-value problem:

¢ +uid =0, ¢[_y=0 ¢|_, =0, (38)

where o = PI?/D, and D = EI is the bending stiffness. E is the Young modulus and 7 is the second
moment of area of the beam’s cross section. The eigenvalues pox of Eq. (38) follow from the equation
cos g = 0,
which has roots uor = ZkT_ln, k=1,2,...seee.g. 2] for details.
The minimal critical force for the third-gradient beam is given by the formula

P* = 45 ~ 12.36236338 5 (39)
=M 14 : 4’
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Fig. 2 Normalised eigen modes for the third-gradient cantilever beam (solid curve) and for the classic beam (dashed curve). Here

¢=0/p(1)

whereas the classic formula reads
" » D D
Py = “011_2 ~ 2.467401101 2k (40)
The next values of critical forces show significant growth compared to classical beams. Indeed, we have
K
$ZQF~K (41)
while
D
Poi = iy gz ~ K, (42)

Therefore, independently of the ratio K/ DI*> we obtain that P > Pj, when k exceeds a certain value.
The eigenmode has the following form

(sinh p + sin ) (cos ¢ — cosh /L{):I ’ 43)

o(g)=C |:Sinh e —sinpl +
cosh u + cos

where C is an arbitrary constant and p should be replaced by the corresponding eigenvalue . The graph
of the first normalised eigenmode is given in Fig. 2 together with the buckling mode of the classic cantilever
beam. The latter is given by the equation ¢g9; = sin o1 ¢. For normalisation, we use the condition ¢ (1) = 1.
This gives us the following value of C in (43):

cosh . 4+ cos (44

C= .
2 sinh p cos 4 — 2 cosh p sin

Despite the similarity in the eigenvalues, we can see that the eigenmodes given in Fig. 2 behave differently.
Similarly, one can solve other problems relating to the linear stability of third-gradient beams.

6.2 Clamped—clamped beam

Let us consider the case of clamped—clamped beam. In this case, the boundary conditions take the form
¢|§:O=0’ ¢.|¢:0=O’ ¢|§:1 =0, ¢.|;:1 =0. 45)

Substituting (45) into (33), we again obtain a system of linear algebraic equations with the matrix

0 1 0 1

1 0 1 0
sinh u cosh . sinu cos i
cosh p sinh  cos . — sin
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Table 2 Eigenvalues for the third-gradient and classic clamped—clamped beams

k Mk ok
1 4.730040745 3.141592654
2 7.853204624 6.283185308
3 10.99560784 9.424777962
4 14.13716549 12.56637062
5 17.27875966 15.70796327
6 20.42035225 18.84955592
7 23.56194490 21.99114858
8 26.70353756 25.13274123
9 29.84513021 28.27433389
1 32.98672286 31.41592654
e B .
/// \\\
e AN
0.84 // \\
4 \
/ \
0.6 // \\
/ \
0.4 / N
// \\
1/ \
0.2 Y, N
/ \ C_:
0% 02 0.4 06 08 1

Fig. 3 Normalised eigen modes for the third-gradient clamped—clamped beam (solid curve) and for its classic counterpart (dashed

curve). Here ¢ = ¢ /¢ (1/2)

Its determinant is equal to

det A =2 — 2 cosh pcos . (46)
The comparison of the roots with the classic clamped—clamped beam is given in Table 2.
The critical forces are given by (36). The corresponding eigenmode has the form
. . sinh . — sin cos u¢ — cosh
¢k(§)=c|:51nh,u§—51n//«§+( s (Cos g “C)], 7)
cosh ;t — cos

where © = py and C is an arbitrary constant. The first normalised eigenmode ¢ is presented in Fig. 3 together
with the classic solution, given by the formula ¢g; = sin w1 ¢. For normalisation, we assume that ¢1 (1/2) = 1,
giving us the following expression for C:

_ cos (/2) + cosh (1 /2)
~ —sin (u/2) cosh (j1/2) 4 cos (j/2) sinh (1/2)
Let us recall that for the classical beam the roots are following from the equation sin . = 0 and given by the

formula pox = mk, see the third column in Table 2. As shown in Fig. 3, there are boundary effects near the
beam ends (flattening at the ends).

6.3 “Simply supported” beam

In the following, by a simply supported beam we understand a beam with zero deflections at its ends, whereas
other boundary conditions are natural ones and describe absence of concentrated moments and double force
at the ends. In terms of deflection, the corresponding boundary conditions take the form

v(0) =v() =0, v"(©0)=v"()=0, v"©0) =v"()=0. (48)

These boundary conditions mean that the deflection, external moment, and double force are all zero at the ends
of the beam.
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Fig. 4 Normalised eigen modes for the third-gradient simply supported beam (solid curve) and for its classic counterpart. Dashed
curves 1 and 2 correspond to the first and second eigenmodes of the classic beams. Here v; = vy /v(3/4)

The non-dimensional form (25) transforms into
_ e + ot =0, (49)
with the boundary conditions
=0, (50)

where v = v/[. The general solution of (49) has the form

v(¢) = Cy cosh (u &) + Cy sinh (n &) + C3 cos (u &) + Cq sin(u¢) + Cs¢ + Ce, (51)
where C| ... Cg are integration constants. Substituting (51) into (50), we get another linear system
BC=0, C=(C1,Cs C3 Cy,C5,Co)", (52)

1 0 1 0 01
0 1 0 -1 00
1 0 1 0 00
coshp sinh o cospe sinp 11
sinh ;¢ cosh u sinpw —cosu 00
cosh y sinh i cos o sin () 00

It is interesting that the determinant of B is given by the formula detB = 2 — 2 cosh u cos p, i.e. coincides
with (46). Thus, the eigenvalues and the critical forces are the same as in Sect.6.2.
The eigenmodes have the form

sinh ;& — sin

0()=C |:cosh [E — cos uL — H (sinh ¢ + sin u;)] ,
n

cosh t — cos

where again ;© = px and C is an arbitrary constant. The first eigenmode is shown in Fig. 4 together with two

classic eigenmodes, vo; and v, (dashed curves 1 and 2, respectively), which are defined as vg; = sin ¢ and

Vo2 = sin2mw¢. It has extremes at { = 1/4 and ¢ = 3/4. For C, we used the value C = 1/ m[gxl] [v1(8)].
¢ €0,

Interestingly, there is no analogue to the first classic solution, i.e. vg. The first eigenmode for the third-gradient
beam is similar to the second mode, vgy. This difference can be explained by the fact that this eigenshape is
suppressed by additional boundary conditions.

6.4 Simply supported—clamped beam
In this case, we have the following boundary conditions

v(©0) =v() =0, v"(0)=0, v"©0)=0, vI)=0, v'{I) =0. (53)
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Table 3 Eigenvalues for the third-gradient simply supported—clamped beam and their approximations

k Mk ok

1 4.395361068 4.712388981
2 7.706996051 7.853981635
3 10.89481256 10.99557429
4 14.06075244 14.13716694
5 17.21717448 17.27875960
6 20.36876854 20.42035225
7 23.51756429 23.56194490
8 26.66459307 26.70353756
9 29.81043449 29.84513021
10 32.95543950 32.98672287

0 0.2 0.4 0.6 0.8 1

Fig.5 Normalised eigen modes for the third-gradient simply supported—clamped beam (solid curve) and for its classic counterpart
(dashed curve). Here v = v/ n%(z)v%] vy (s)].
s€(0,

Substituting (51) into (53), we obtain another linear system with a new matrix given by

1 0 1 0 01
0 1 0 -1 00
1 0 1 0 00

B = coshp  sinhp coS /4 sinp 11

W sinh o coshp —p sinp o cospe 10
scoshyu sinhpu —cospu —sinp 00

Its determinant is given by the formula
detB = (2 cosu — 2 sin u) cosh o — 2 sinh e cos o + 2 .

Equation det B = 0 has a series of roots u; which could be approximated by the formula por = (2k + 1)7/2
for large k, k = 1,2, ..., see Table 3.

The first eigenmode is shown in Fig. 5 together with its classical counterpart. Due to the additional boundary
condition at the clamped end (¢ = 1), the eigenmode is smoother than in the classic case.

6.5 Another mixed boundary condition

Note that, since there are three boundary conditions at one end of a third-gradient beam, there are more possible
combinations of boundary conditions than in classic beam theory. For example, it is interesting to note that if
we assume the following mixed boundary conditions

v(0) = v() =0, V') =v"()=0, v"(0)=v""() =0,

i.e. conditions which include the derivatives of even order, we obtain the eigenmode vy = Cy sin i ¢ which
is exactly the same as for the classic simply supported beam with the eigenvalues followed from equation
sin ul = 0. Thus, for these boundary conditions we have a sequence of critical forces given by the exact
formula

K
P = (nk)4l—4.
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7 On variational derivation of critical forces

As in the case of classical beams or, more generally, in the case of self-adjoint ordinary differential equations,
the critical force can be determined using the variational approach, see [75,78,79]. For the third-gradient beam,
we introduce the Rayleigh quotient as follows

2

K (¢")" ds

1

[ ¢*ds
0

o

Rlg]l = (54)

The minimal critical force is then the minimum value of the Rayleigh quotient R[¢] on the space of admissible
functions V

P* = min R[¢]. (55)
peVvV

The corresponding eigenfunction is the minimiser of the Rayleigh quotient R[¢]. Here V contains elements
of the Sobolev space H2[0, [] that satisfy kinematic boundary conditions. Subsequent critical forces can be
determined using the Rayleigh and Courant variational principles, as described in [78—-81].

For example, let us consider a cantilever beam. Let us consider the test function given by the formula
¢ = 1/3¢2(¢? —4¢ +6). This function satisfies the kinematic boundary conditions (31) at { = 0 and takes the
value 1 at ¢ = 1. By calculating the Rayleigh quotient, R[¢], we obtain u = 1.878853488. Comparing it with
w1 from Table 1 gives us a relative error of 0.2%, which seems to be acceptable for engineering applications.

For a clamped—clamped beam, we can use the test function ¢ = 16(1 — ¢)%>¢%. The result is u =
4.738137221. Comparing this value with w1 in Table 2 results in a relative error of 0.17%, which is also
acceptable.

The Rayleigh quotient can also be expressed in terms of deflection

K (v")? ds

o,

Rv] = — (56)
/ )2 ds
0
This results in
P* = min R[v], (57
veV

where now V includes elements of the Sobolev space H>[0, /] satisfying kinematic boundary conditions.

8 Comparison with classic beams

We have demonstrated in Sect. 6 that there is a certain correspondence between eigenvalues p; and the eigen-
values ok for the classical Euler—Bernoulli beams. Variational statement gives us a possibility to compare
these models from a general point of view. The further analysis uses the standard comparison results discussed
in [78-80] in more details. So in what follows we will provide this analysis in a brief way. First, we transform
(54) and (56) in the dimensionless form

Ofl(¢..)2 de Ofl(v...)Z de

Rlg] = -1 Rlv] = - (58)

[ ¢?de [ ()? de¢
0 0
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For classic beams, we introduce the corresponding Rayleigh quotients as follows

1 1
[(¢)’ d J () ds
Rolg] = . Rolv] = & (59)
f¢2 ds f (v)? ds
0

0

Note that Eqgs. (58) and (59) do not depend neither on elastic moduli nor the beam length.
Now the critical force can be determined from minimisation

P*= min R[¢] or P* = min R[v], (60)
peVip] veV[v]

where V[¢] and V[v] contain elements of H 2[0, 1] and H3[0, 1], respectively, satisfying kinematic boundary
conditions, and

_ 14
P* = — P*.
K
For classical beams, we have similar formulae
156k = min Ro[¢] or 156“ = min Rop[v], (61)
PeS[P] veS[v]

where S[¢] and S[v] includes elements of H 1[0, 1] and H 2[O, 1], respectively, which validate kinematic
boundary conditions, and
12
P} = —P*.
7D
Therefore, one can see that the problem of comparison of critical forces is reduced to studies of relations
of the norms in Sobolev’s spaces.
As an example, let us consider a clamped—clamped beam. For the Euler—Bernoulli beam, the boundary
conditions are ¢(0) = ¢ (1) = 0. Thus, S[¢] coincides with HO1 [0, 1]. For a third-gradient beam, however,
there are additional boundary conditions, namely that the first derivative of the displacement at the endpoints

be zero, ¢’ (0) = ¢’(1) = 0. Thus, V[¢] = H0 [0, 1Tand V[¢] C S[¢]. Note that for any element u of Hy[O, 1]
the Poincaré inequality holds [82, p. 24]

2
lull7, < 5 'l

From this, it follows inequality

2
16'112,

IA

1 72
519717,
Using this, we obtain the following:

1
Rol¢] = SRI¢]

and

_ 1 1-
P¥ = min Ry[¢] < minR[]<—m1nR[] — P*,
0 = gn, Rolol = min, Rolel =5, ?1=3

Thus, we came to relation P* > 2156*. This also follows from Table 2. Using Courant’s minimax principle, we
can also consider other values of critical forces.
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9 Perturbation analysis

Unlike Euler’s elastica problem, the straightforward integration of (17) leads to rather complex equations, see
Appendix A. Nevertheless, we can apply classic perturbation technique as described in [83], see also [3,4,6].
First, we rewrite (17) with T = 0 as follows

¢ —Asing =0, A= p’ (62)

Obviously, Eq. (62) supplemented by boundary conditions (31) always has a trivial (zero) solution ¢9 = O.
We are now looking for a small, nontrivial solution to (62) and (31) in a series of a small parameter €

p=epr+e P+ P+ ..., (63)
A=to+er + e+ A +. .., (64)

Following the approach in [83], we can use the norm of the function ¢, i.e. the maximum absolute value of
the function over the interval, as a small parameter. Thus, we define

€= Cren[gfculaﬁ(i)l.

From a physical point of view, ¢ takes its maximal value at the free end, i.e. at { = 1. So we assume that

€ =lp(DI. (65)
From (65), the so-called “false” boundary conditions follow
s =1, ¢(1)=0, k>1 (66)

Substituting (63) and (64) into (62) and ordering the result with respect to €, m = 1, 2, .. ., we obtain a series
of problems

€ ¢ — Ao =0, (67)
€1 5 — hoda = Mg, (68)
1
€1 Py — A3 = A1 + Aig — gxoqs%, (69)
1 1
€t py —doda = A1 + Ao + Az — c A3 — 5 road?, (70)
rodd 1 1 1
5. e _ [ 3 L 2, 1 2
€ ¢5 AoPs 120 " & A2 > AP 1 3 A2
1
3 )»0¢3¢% + A1Pa + X293 + Asdy + A3 (71)

The first-order approximation (67) is exactly which we analyse in Sect.6.1. It has a nonzero solution if
A = ui; otherwise, it has only a zero solution. In what follows, we consider the first eigenvalue (minimal

critical force), so we set Ao = ;L‘ll. The corresponding eigenfunction ¢ is given by (43) with normalisation
constant C defined in (44).
Let us recall that the differential equation

¢ — rd = f(0),

where f(¢) is an arbitrary function, supplemented with necessary boundary conditions, is solvable for any f
if A is not the eigenvalue of a homogeneous problem, i.e. problem with f = 0. If X is such an eigenvalue, it
becomes solvable if and only if f is orthogonal to the eigenfunction ¢

1
/ FOP () dg =0, 72)
0
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nontrivial solution

< trivial solution

o)

Fig. 6 Perturbation solution for the postbuckling

For example, considering the second-order approximation (68) we can see that it is solvable only if .} = 0.
Indeed, in this case condition (72) takes form

1
A [qs%(odc o,
0

Moreover, from (66) it follows that ¢ = 0.
With the previous results, Eq. (69) for the third approximation takes the form

1
O3 — dop3 = Aoy — gkoqﬁ%-

The solvability condition (72) transforms into

1
/ (Kzfﬁl - —)»0¢1) ¢1(8)ds =0.
0

This gives us the value of A,

1
[ot©)d¢g

A = 8)\001—' (73)
({ $3(¢)d¢

Substituting the value Ao = ,ui, Egs. (43), and (44) into (73), we get
Ao = 1.209789442.

As in [83], we can calculate further approximations in the series (63) and (64). For example, Eq. (70) has
now the form

Q5" — dods = A3¢1.

From (66) and (72), we obtain that A3 = 0 and ¢4 = 0. Thus, the fourth approximation gives us only the trivial
solution.

In what follows, we restrict ourselves to a quadratic terms in A. Since A3 is positive, a new small nontrivial
solution appears when A > Xo. When A < X, there is only the trivial solution ¢ = 0. The point (0, Ag) is the
bifurcation point. Thus, we obtain the classic bifurcation diagram shown in Fig. 6.
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10 Instability of third-gradient beam of general type

Let us briefly discuss more general constitutive equations for an inextensible homogeneous third-gradient
beam. The constitutive relation has the form

W =W(k', k) (74)
with condition (8). Using ¢ as a kinematical descriptor, we obtain the following equilibrium equation

d> oW  d aw Psing = 0 5)
— — — —— — Psing =0.
ds? 3k’ ds dk
Here we assumed that 7 = 0.
Linearisation of (75) in the vicinity of the straight shape ¢ = 0 results in the equation

K¢"" — D¢" — Py =0, (76)
where
9w H_ YW
8(/(/)2 K:O,K/:()’ 8/(2 K:O,K/:()'

From (8), it follows that K is positive. Furthermore, if K < 0, then the linearised deformation energy is
unbounded from below, see e.g. [73]. When expressed in terms of deflection v, Eq. (76) coincides with the
equations presented in [64—66] up to notations.

The corresponding Rayleigh quotient takes the form

l
J[K (") + D (9)] ds
Rp] = ° l : (77)
f ¢2ds
0

If D is positive, determining the critical forces becomes a routine procedure. Furthermore, by using Eq.(77)
we can establish inequality

Ph > PE, k=1,2,...

where the critical force, PI’S «» is calculated for D > 0, whereas the critical force, P,;“, is calculated for D = 0.

In the case of negative D, the problem under consideration becomes more complex. For example, the loss
of stability is possible if P is zero or even negative. For example, if P = 0, then Eq. (76) coincides with the
classic beam equation up to notation if we treat D as a critical parameter. A similar problem arises in linear
Toupin—Mindlin strain gradient elasticity if we assume that the Lamé moduli are not positive, see [73,84] for
more details.

11 On instability of higher-order beams

Similarly, we can discuss the instability of higher-order beams. By a “higher-order beam”, we mean a beam
whose constitutive relation includes dependence on higher-order derivatives of curvature. We consider the
following constitutive relation for a deformation energy

W=wx™, "D« k), (78)
where n > 1 is an integer. To prevent material instabilities, we can use the sufficient conditions

2w
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The corresponding equilibrium equation has the form

- i 4T AW :
> (=1 T | e |~ Psind + Toosg =0. (80)
i=0

The linearisation of (80) results in a self-adjoint ordinary differential equation of order 2n + 2 in terms of ¢.

Its eigenvalues can be studied using the general technique, presented in, for example, [78—80]. In particular, if

we assume the inequalities
3w
>

>0, i=12...,n—1,
kM =0,k"=D=0,k"=0,k=0

in addition to (79), then we can prove the inequality for subsequent critical forces
PP =PV =120 k=1,2...

where Pk(i) is the kth critical force calculated within the ith-gradient beam model.

11.1 Instability of a fourth-order gradient cantilever beam

For example, consider the instability of a cantilever beam under compressive force, where the deformation
energy is taken in the form

W= g(fc”)z, (81)

where G is an elastic modulus. When 7' = 0, Eq. (80) takes the form

G¢p©® + Psing = 0. (82)
Its linearisation results in
G¢p© + Py =0. (83)
We transform it into a dimensionless form
P + ’76¢ =0, (84)

where n® = PI°/G. Its general solution is given by

¢ =Cy sinn + Cycosng + [C3cos (07 /2) + Cs sin (¢ /2)] e~ V31672
+ [Cycos (02 /2) + Cg sin (¢ /2)] V37672, (85)

where C1, ... Cg are integration constants.
For a cantilever beam, we assume the following boundary conditions

¢|;=0 =0, ¢'|§=0 =0, ¢"|;=0 =0,
¢lll{{=1 — 0’ ¢Illl|§=1 — 0’ ¢ lllll |§=1 o 0.

Substituting (85) into these boundary conditions yields a system of linear algebraic equations for the integration
constants. This system has a nontrivial solution if the determinant of the corresponding matrix vanishes,
resulting in the equation:

e2V31 cos n + 20 V3" cos 1 (cos (n/2))* + 16 sin 7 sin (/2) cos (17/2) eV3n
+ 8 cos (n/2) e3/2V30 _ 2 cos n V3 1 8eV3/21 cog (n/2) 4+ cosn = 0. (86)
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Fig. 7 Normalised eigen modes for the fourt_h- gradient cantilever beam (solid curve), for the classic beam (dashed curve 1), and
for the third-gradient beam (curve 2). Here ¢ = ¢ /¢ (1)

The first ten roots ng, k = 1, ... 10, of this equation are listed below
2.224772, 4.802657, 7.847647, 10.995160, 14.137194,

17.278761, 20.420352 23.561944, 26.703537, 29.845130.

The corresponding critical force can be found using the formula P} = Gr),f/ 1, where the shape of the first
eigenmode is presented in Fig. 7. This figure also presents the classic case (curve 1) and the case of the third-
order gradient beam (curve 2). All curves are normalised using the condition ¢ (1) = 1. It can be seen that the
flattening of the solution near the clamped end increases as the order of the beam model increases.

12 Conclusions

This paper discusses the instability of third-gradient beams. In this model, the deformation energy depends on
the curvature derivative. This constitutive equation emerges from the “continualisation” of discrete structures, as
described in references [49-51]. The corresponding equilibrium equation, expressed in terms of displacements,
is of sixth order. Note that six-order equations of statics are known in the literature on composite and three-
layered beams, as discussed in the recent review [85]. Another approach that leads to similar equations for
beams is based on 3D strain gradient elasticity, see e.g. [64—66]. However, the nature of these higher-order terms
is generally different. Here, we present the derivation of equilibrium conditions and their linearisation, as well
as solutions to some problems. Using the variational approach, we compared the values of the critical forces
with those of the classical Euler—Bernoulli beam theory. As an example of postbuckling analysis, we considered
a perturbation technique for a cantilever beam. We also briefly discussed the instability of higher-order beams.
As one can see, the Euler—Bernoulli beam theory can be relatively easily extended to third-gradient beams.

The presented results could be extended to more complex cases of constitutive relations. In particular, the
phenomena of material instability and structural buckling could be studied simultaneously. This is important
for studying slender, long beam lattice structures. Indeed, such beam lattice metamaterials may exhibit local
instabilities. A typical example of this is the behaviour of elastomer open-cell foams [86]. Various instability
phenomena within the generalised models derived from discrete structures are discussed in [35,62,87-89].
Some lengthy structures made of beam lattice metamaterials demonstrate essential stretching, see, for exam-
ple, [15-20,36,90,91]. Thus, we can consider models for higher-order extensible beams, including coupling
between bending and stretching. Another possible extension of beam stability analysis is considering thermal
or electromagnetic couplings, as in [92-94].
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Appendix A First integral of the nonlinear system

First, let us assume that K = const and 7 = 0. Then, multiplying Eq. (17) by ¢’ integrating the result gives

(K¢"" — Psing) ¢’ = [K (¢’¢’” - %(cﬁ’/)z) + P cos ¢] =0.

We can then obtain the first integral in the form

K |:¢/// o %(¢”)2i| 4+ Pcos¢p =C, (A1)

where C is an integration constant. It can be determined from the boundary conditions. For example, for a
cantilever beam we have ¢”(I) = 0 and ¢"’(I) = 0 at its free end. Substituting these formulas into (A1) at
s = [, we find that

C = Pcoso(l).

This first integral could be useful for evaluating the accuracy of numerical calculations, for example. Further
integration can be performed as described in [95, p. 638]. It results in the non-autonomous ordinary differential
equation which solution could be represented in a parametric form [95, pp. 264, 265].
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