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Abstract

We study the boundary weighted regularity of weak solutions u to a s-fractional p-Laplacian equation
in a bounded C1-! domain £ with bounded reaction and nonlocal Dirichlet type boundary condition, with
s € (0, 1). We prove optimal up-to-the-boundary regularity of u, which is C* () for any p > 1 and, in the
singular case p € (1,2), that u/dg, has a Holder continuous extension to the closure of ©, dg (x) meaning
the distance of x from the complement of €2. This last result is the singular counterpart of the one in [30],
where the degenerate case p > 2 is considered.
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1. Introduction
1.1. Main result

In the present paper we study a form of fine boundary regularity for nonlinear, nonlocal ellip-
tic equations of fractional order, coupled with a Dirichlet condition. Precisely, we consider the
following nonlocal Dirichlet type problem:

(“A)pu=f() in szN WD
u=20 in R™ \ Q.

Here Q c RY is a bounded domain with a C!-!-smooth boundary 992, p > 1, s € (0, 1), and
the leading operator is the s-fractional p-Laplacian, defined for any u in the fractional Sobolev
space W* P (RN) as the gradient of the functional

|u(x) —u(y)|?
ur—)— // =y |N+pY dxdy.
RNXRN

Also, the reaction is a function f € L°°(R2), and the Dirichlet condition prescribes vanishing
of u ae. in RV \ Q. By classical variational arguments, problem (1.1) admits a unique weak
solution u lying in a convenient fractional Sobolev space Wg’p (f2) incorporating the Dirichlet
condition. Such solution is Holder continuous in 2 (see [29]) and nothing more in general, so we
are interested in a form of fine (or weighted) Holder regularity involving the distance function

do(x) = dist(x, RV \ Q).
Our result is the following:

Theorem 1.1. Let p > 1, s € (0, 1), Q C RY be a bounded domain with a C'-'-smooth bound-
ary 02. Then, there exist o € (0,s), C > 0, depending on N, p, s, and 2, with the following
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property: for all f € L®(R), ifu € Wg’p(SZ) is the weak solution of problem (1.1), then u/dg,
admits a a-Holder continuous extension to Q2 and it satisfies the uniform bound
‘ u

1
71
il o <V

C*(Q)
1.2. Related results

In order to fully understand the meaning of Theorem 1.1, we will now draw a brief résumé of
some relevant regularity results for nonlocal elliptic operators. First, let us consider the equation

Lu=f(x) inQ, (1.2)

where L denotes a linear elliptic operator with fractional order of differentiation 2s (s € (0, 1)),
including the model case of the fractional Laplacian L = (—A)®. Regularity of the solutions of
(1.2) is well understood. In the model case L = (—A)*, Schauder estimates follow from standard
potential theory and ensure:

o ueCr»*t*(Q)aslongas f € C*(Q) and 25 + « ¢ N;
e ucCH(Q)if f e L®(Q) (except for s = 1/2, in which case u € C*~¢(Q) Ve > 0).

A similar result holds for far more general fractional linear operators L which are translation
invariant, meaning Lu(- + z) = Lu, arising as infinitesimal generators of 2s-stable Lévy pro-
cesses (see [4,16,47] and also [22,44] for the regional fractional Laplacian, corresponding to a
censored Lévy process). When the linear fractional operator L is not translation invariant due to
the presence of coefficients, one has a corresponding notion of divergence versus non-divergence
form of the equation. If no assumption is made on the coefficients beyond boundedness and
measurability, the best one can expect is «-Holder regularity in the interior with a small, not ex-
plicit o (see [17,33,43] for the divergence case and [51] for the non-divergence case). When the
coefficients are assumed to be «-Holder continuous, the initial Schauder type interior regularity
statements holds true in the non-divergence case, see [3,20,23], and have to be naturally modified
for divergence form operators [23].
Now let us couple equation (1.2) with a nonlocal, homogeneous Dirichlet condition:

1.3
u=0 inRV\ Q, (13)

{Lu = f(x) inQ
where, in the following discussion, 92 is assumed to be smooth. The regularity up to the bound-
ary for problem (1.3) differs substantially from the interior one, as is clear observing that the
function u(x) = (x4)* solves (—A)u =0 in (0, o). For the fractional Laplacian the optimal
global regularity is u € C*(R") and the same holds true for the translation invariant fractional
operators discussed above. One is then led to study the fine boundary regularity of u, i.e., the
boundary regularity of u/dg,. If f € L in (1.3), then u/dg, € C*~° (Q) for & > 0 arbitrarily
small (see [47]). For more regular f, the corresponding Schauder theory is developed in [1,2].
Fine boundary regularity for different classes of linear elliptic fractional operators involve u/ d'gz
for B8 # s, see for instance [16,21,22].
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Fully nonlinear, uniformly elliptic operators of fractional order have been studied in the pio-
neering papers [9,10], and the corresponding interior Schauder theory has reached substantially
optimal results, see [36,48]. The boundary regularity in the fully nonlinear case also parallels
the linear one, with some technical restrictions, see [46]. For more precise statements and wider
bibliographic references, we refer to [24].

The picture for degenerate and singular fractional operators such as (—A)), for p # 2 is less
clear. On one hand, there are many available definitions of what may be considered a fractional
version of the p-Laplacian. While the Gagliardo semi-norm

) lu(x) —u(y)|?
(uls,p := // Ty dx dy
N xRN

has a long history as an object of interest in the theory of Besov spaces, the operator (—A)$,
defined as the differential of u — [u]ﬁ »/ D, has been considered for the first time in [32] as
an approximation of the standard p-Laplacian for s — 17. Other definitions of fractional p-
Laplacians are proposed and studied in [5,6,11,42] and are more related to the viscosity frame-
work. In the variational framework (which is the one we adopt here) the most closely related
operator is the so-called H* ?-fractional Laplacian introduced in [49,50].

Here, we are instead interested in the W*-?-fractional Laplacian operator (—A);, defined as
above and the related equation

(—A)¥u=f(x) ing. (1.4)

For such an equation, interior Holder regularity has been established for the first time in [14,15]
for the homogeneous case, and in [38] for the non-homogeneous case. These results also cover
variants of the operator having bounded measurable coefficients, and in this setting the most
recent developments are achieved through a new class of fractional De Giorgi classes introduced
in [13] and exhibiting a purely nonlocal regularizing effect. In these latter works the Holder
exponent obtained is unexplicitly small, but for the model case of the fractional p-Laplacian
considered here a precise, and in many cases optimal, Holder exponent can be derived. Indeed,
in [8] (see also [19]) it was proved that if u solves (1.4) with f € L°°(2), then u € C% _(2) for
any

loc

O<oz<min{ ps ,1}.
p—1

The same result has recently been extended to the singular case p € (1, 2) in [26]. For smoother
f’s, higher interior regularity can be obtained, we refer to [7,18] for recent results in this direction
and related literature. Global regularity (i.e., up to the boundary) for the Dirichlet problem (1.1),
still with a small Holder exponent, is the subject of [29,34]. Combining this regularity with the
results of [8,26] ensures that if f € L®(L), then u € C*(RY) (which is optimal also for the
fractional Laplacian), see Theorem 2.7. It therefore makes sense to study the fine, or weighted,
boundary regularity of solutions to (1.1), in the sense of [45]. In [30] it has been proved that
indeed, if p > 2 and f € L°°(R2), then u /di2 admits a Holder continuous extension to (and
hence to RY), with an undetermined small Holder exponent and a uniform estimate of the Holder
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norm of such extension. Our aim in this paper is to prove an analogous result for the singular
case p € (1, 2), which turns out to be much more delicate and requires a substantially different
approach.

1.3. Motivations and applications

The motivation for considering this type of weighted boundary regularity is the following.
Given the possibly singular behavior of u near 92, Holder continuity of u/dg, is the natural frac-
tional counterpart of global C!-*-regularity for the classical p-Laplace equation, obtained under
very general conditions in [41]. The analogy is intuitive as soon as we consider the fractional
order derivative at a point x € 92 along the inner normal direction v

u
ovs

ulx+tv) ou(y)
(x) = lim ~ lim .
=04 1S y=x dg (y)

The applications of Theorem 1.1, similar to those of the result of [41] in the local case, are mostly
related to the following generalization of problem (1.1):

u=0 inRV\ Q,

where f: Q x R — R is a Carathéodory mapping subject to a subcritical or critical growth
condition (see [27] for a detailed functional-analytic framework for such problems). For all « €
[0, 1] define the weighted Holder space

Cy Q) = {u eC 0(5) : dis has a «¢-Holder continuous extension to §}
Q

Clearly, C%(R) is compactly embedded into Cg(ﬁ) for all & > 0. This, in conjunction with the
uniform estimate of Theorem 1.1 and the a priori bound of [12], gives rise for instance to the
following interesting applications:

(a) Sobolev vs. Holder minima. Using Theorem 1.1, it can be seen that the local minimizers of
the energy functional corresponding to (1.5) in the Sobolev space Wg "P(Q) and in C? (Q),
respectively, coincide. This is a valuable information in nonlinear analysis, when aiming
at multiplicity results via variational methods (see [31] for the case p > 2, while the case
p € (1, 2) will be considered in a forthcoming paper).

(b) Strong minimum/comparison principles. In [28] some general minimum and comparison
results have been proved for sub-supersolutions of fractional p-Laplacian problems, for
instance we recall the following Hopf-type lemma: under very general conditions on f,
for any solution u of problem (1.5) we have

Lou
1nfT>O.
Q dg

By Theorem 1.1, the above information rephrases in the topological form u € int(C? Q)4),
which again can be used in several existence and multiplicity results.
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(c) Extremal solutions in an interval. Let u < u be a sub-supersolution pair for (1.5). Then,
using Theorem 1.1 it can be seen that the set of all solutions u s.t. u < u < u in Q is
nonempty, compact in both Wy’ () and in C?(S), and it admits a smallest and a largest
element with respect to the pointwise ordering. Such structural properties have wide use in
topological methods (see [25] for the case p > 2).

1.4. Sketch of the proof

For p > 2, Theorem 1.1 is simply [30, Theorem 1.1]. Thus, we will prove only the case
p € (1, 2), which requires a wholly different approach.

The strategy of proof is initially based on the barrier techniques introduced in [30]. The main
point is to construct lower and upper estimates in the form of weak Harnack inequalities for the
function u/dg, in terms of its nonlocal excess

L(u,xo,m,R) = [ ][

B)co.R

u p—1 ﬁ
T —m‘ dx]
dQ

where xg € 0Q2,m € R, R > 0, and on,R is a ball contained in 2N By (x() of radius comparable
to R and satisfying (see Fig. 1)

dist(By,, g, Br(x0)) ~ R,

so that in particular on, R 1s disjoint from Bg(xp). It turns out that the size of the excess of
u/dg,, which measures its behavior outside the ball Bg(xo), provides quantitative estimates on
its behavior inside Bg(xo) when coupled with a bound on (—A)fv u. This is possible due to the
non-local nature of (—A);.

Precisely, we will prove the following. Let Dr = Bg(xp) N 2, K > 0, and m > 0, then

(—A)‘;,u>—K in Dg . u
= inf (——m)}crLu,x,m,R —C(@m,K,R 1.6
{u)md‘g2 in RN Dgpa \dg, (1, X0 ) ( ) (1.6

with a fixed o > 0 only depending on the data N, p, s, and 2. Similarly, for any M >0

“AY u<K inD _
(=A)pu MER S — i (M _ i) > o L(u,x0, M, R) — C(M, K, R). (1.7)
u < Mdy, inR Dgy2 dg,

The assumption of a global point-wise control of # by multiples of d¢, is needed to apply compar-
ison principles for the nonlocal operator (— A)‘;7 and represents the main difference from the local
case, as well as the source of many new difficulties which will be detailed below. In order to prove
these Harnack inequalities we will have to distinguish the cases when the excess is comparatively
large or small, according to the size of the ratio L(u, xo, m, R)/m (resp. L(u, xo, M, R)/M). It
is worth mentioning that, differently from what happens in the local case, the proof of (1.7) is
considerably more involved than the one of (1.6), essentially because the condition u < Mdy,
gives no sign information on u near xg, which can then be very small in absolute value in rela-
tively large subsets of Bg. Since the operator (—A)fy is singular precisely when u >~ 0, it is then
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more delicate to infer bounds on # from bounds on (—A)‘;7 u, compared to the degenerate case
p =2

The peculiar form of the constants C(m, K, R), C(M, K, R) appearing in (1.6), (1.7) respec-
tively, is discussed in Example 3.1 below and plays a major role. We just note here that we must
aim at its optimal form, in terms of asymptotic behavior with respect to its arguments. The reason
is the following. In order to infer from (1.6), (1.7) the desired Holder regularity result we adapt
Krylov’s method (see [37]), applying these inequalities at the scales R, = Rp/2" to deduce a de-
cay in oscillation for u/dg, on the corresponding sets Dg, . Indeed, from (1.6), (1.7) one readily
derives for the solutions of

|(=A),ul <K  inDg

1.8
md$ <u< Md, inRV 4o
the following estimate, holding for suitable 6 € (0, 1):
u u
osc — <fosc— +C(m,R,K)+C(M,R,K). (1.9)
DRy dQ Dgr dQ

On one hand, (1.9) looks promising: if one can prove good controls on the last two terms as
R — 0, the claimed decay in oscillation will follow. On the other hand, an iterative argument
ensures that for suitable m,,, M, it holds m,,d?2 <u< Mnd‘gz, but only in Dg,, thus prejudicing
the global bound in (1.8). Therefore we have to apply the weak Harnack inequalities to the
truncated function

il = max { min{u, M,dg,}, mnd‘zz},

with m,, M, iteratively determined at scale R,, which satisfies the bilateral bound in the
whole RY . Due to the nonlocal nature of (—A)* , however, these truncations worsen the bound
|(—A)‘;7 u| < K, so that iz, satisfies

k,1 in DR

(= A)3 iy
M,d;, inRYN,

<
mndiz <y <
for a possibly much bigger K,,. Therefore (1.9) holds true with constants depending on K,, (which
is rather implicitly constructed by induction), and these have to be iteratively estimated. This
purely non-local phenomenon and the corresponding issues have been faced and overcome for
the first time in [45], dealing with the linear case p = 2, through a strong induction argument
taking advantage of the simple form of the constants C(m, R, K), C(M, R, K) appearing in the
corresponding weak Harnack inequalities. In the nonlinear case, the asymptotic behavior of these
constants with respect to their arguments is rather more involved, but still the case p > 2 has been
dealt with in [30]. The singular case p € (1, 2) considered here turns out to be even more delicate
and requires a different argument based on the co-area formula.

1.5. Plan of the paper

The structure of the paper is the following: in Section 2 we collect some useful results and
definitions; in Section 3 we prove a lower bound for supersolutions of fractional p-Laplacian
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equations; in Section 4 we prove an upper bound for subsolutions; in Section 5 we prove an 0s-
cillation bound for functions with a bounded fractional p-Laplacian, and finally obtain weighted
Holder regularity; Appendix A is devoted to the proof of some elementary inequalities, and Ap-
pendix B to the proof of a barrier proposition (integrating a similar result of [30]).

Notations. Throughout the paper, for any U C RY we shall set U = RY \ U and xy denotes
the characteristic function of U. If U is measurable, |U| stands for its N-dimensional Lebesgue
measure. Open balls in R" with center x and radius R will be denoted by B (x), omitting the
x-dependence if x = 0. We denote by dist(x, U) the infimum of |x — y| as y € U, and we set
dy (x) = dist(x, U°). For any two measurable functions u, v : U — R, u < v in U will mean that
u(x) < v(x) for a.e. x € U (and similar expressions). The positive (resp., negative) part of u is
denoted u 4 (resp., u—), while u A v = min{u, v} and u vV v = max{u, v}. For brevity, we will set
forallx e R, g >0

g JIxleT e ifx#£0
Xt =
0 if x = 0.

Moreover, C will denote a positive constant whose value may change case by case and whose
dependance on the parameters will be specified each time.

2. Preliminaries
In this section we recall some notions and results that will be used in our argument.
2.1. Properties of the distance function

We begin with some geometrical remarks, referring to [30] for details. Since Q is C'!-
smooth, it satisfies the interior sphere property with optimal (half) radius

pq = sup {R ~0: forall x € 9 there is y € R s.t. Bag(y) € Q, x € BBQR(y)} ~ 0.

The distance function dg fulfills |Vdg| = 1 a.e. and it is globally C'-! on the closure of {x € Q:
0 < dq(x) < pq}. Moreover, the nearest point projection

IT(x) = Argmin{|x — y|: y € 02}

is well defined and uniformly Lipschitz on {x € Q : 0 < dg < pg} (see [39]). For all xp € 9€2,
R € (0, po) we denote

Dg(x0) = Br(xp) N €2,

omitting the dependance on xg when xo = 0. In addition, there exists a ball éxo, R C Q2 (see Fig. 1
below), with radius R/4, s.t. By, g C Dag(x0) \ D3r/2(x0) and

, 3R
inf do(x) > - @2.1)

XEB.X(),R
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Fig. 1. The ball Bx_ R, with center on the normal direction.

Clearly, the boundary of Dp fails to be smooth in general, hence the interior sphere property does
not hold. So, in our following results, we will need to use the regularized set Ag(xp), defined as
in [30, Lemma 3.1] by

R
Arteo) =\ J{B:0): 7> 5. B, € Drxo) 22)

(see Fig. 2 below). By construction, A g(xp) satisfies the interior sphere property with p,(x,) =
R/16. Also, this set enjoys some useful properties:

Lemma 2.1. Let xg € 022, R € (0, pg), Ag(xo) € Q be defined as in (2.2). Then

(i) D3ga(xo) C Ar(xo) C Dgr(x0);
(ii) for all x € D3 4(x0)

do(x)
6

< dagg) ) <do(x).

Proof. For simplicity, let xo = 0 € Q2 and omit the center in all notations. Note that Ag € Dpg
by construction and d4, < dg trivially from Ag C Q. Fix x € D3g 4, and distinguish two cases:

(a) If do(x) > R/8, then Br/g(x) € 2, and for all z € Bg/g(x) we have

R 3R
+ — <R.

Slz— <3
IStz —xl+ s o+

So, Brg(x) € Dg, hence Bg/g(x) € Ag by (2.2), in particular x € Ag, proving (i). This in
turn implies

dag(x) 2

| =

while in D3R4 it holds do(y) < 3R /4. Chaining these inequalities proves the first inequality
in (ii).
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Fig. 2. The regularized set Ag in gray satisfies D3g/4 C Ag C Dg.

(b) If dg(x) < R/8, then let x € 92 be one point s.t.

dQ(x)=|x—x|=r,

and y € Q be s.t. Bg/g(y) is tangent to d€2 at X. Since B, (x) is tangent to d€2 at x as well
and r < R/8, we infer B, (x) C Br/s(y) and |x — y| < R/8. For all z € Bg/g(y) we have

<le—F1+15—xl+ <24 B3R _p
<lz— —x|+x|<—+—-+—=R.
dslemyirly g8 8 4

So x € Br/g(y) € Dg, hence x € Ag, which proves (i). Also, from B, (x) € Ag we get
dap(x) 2 r =da(x),
proving the first inequality in (ii).
In both cases we conclude. O

At some step of our proof we will need to estimate the (N — 1)-dimensional Hausdorff mea-
sure (denoted HN 1) of the level set

Sr.&(x0) = {x € Dr(xp) : da(x) =&},
for some xg € 92, R € (0, pg), and & € (0, R). We have the following result:
Lemma 2.2. Let xg € 092, R € (0, pg), and & > 0. Then, there exists C = C(2) > 0 s.t.
HY Sk (x0) < CRV L
Proof. Since dq(x) < pq for all x € Dr(xp), we may assume & < pq. By the implicit func-

tion theorem Sg ¢(xo) is a Lipschitz (N — 1)-dimensional submanifold of RY and the metric
projection I1g : Dg(x9) — 9€2 has a uniform Lipschitz bound. By the area formula

HY " (Sr(x0)) < CHY N (Mq(Sk £ (x0))) < CHY ™! (T (Dr(x0))),
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for some C > 0 depending on 2. Also, by the Lipschitz continuity of 1o, we can find n > 1
depending on €2 s.t.

Mq(Dr(x0)) € Byr(xg) N oK.
Therefore, by the regularity of 92 we infer
HY ! (S (x0) < CHN ! (Byr(x0) N3R) <CRV,
with C > 0 depending on Q. O
2.2. Functional setting

We will now introduce the functional spaces that we are going to work with, referring to [40]
for details. Fix p > 1,5 € (0,1),U C R¥ and for all measurable u : U — R define the Gagliardo

seminorm
Ju(x) = u(y)l? g
uls,pu = // |x—y|N+1’s dxdy] .
The basic fractional Sobolev space is defined by

WP (U) ={ue LP(U): [uly,pu < oo},

while we set
Wl (U) = {u e W P ®RY): u=0in U},

If U has finite measure, the latter is a uniformly convex, separable Banach space under the norm
llull = [u]s. p.u, with dual space W=7 (U) = (Wy P (U))*. Also, if U is bounded we define

WP (U) = {u eL’

p—1
1OC(]RN): uec W5P(V) for some Vo U, / (]lu(x)l x<oo}.

+ |x|)N+ps
N

Such space is the natural framework for the study of the fractional p-Laplacian. Indeed, by [29,
Lemma 2.3] we can define a continuous, monotone operator (—A)iJ cWEP(U) > WP (U)

by setting for all u W“’F(U), e Wg'p(U)

(=A),u, )

// (u(x) —u(y)P~Hpx) — () dxdy

|x — y|N+ps
RN xRN

Such definition agrees with the one given in Section 1, since the restriction of (—A); to W(‘; P(Q)
coincides with the gradient of the functional u — [uly , g~ /p. We note that, at least for p > 2

and u smooth enough, the fractional p-Laplacian allows for the following formulation:
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: . (Ux) —uy)r~!
— § —_
( A)Pu(x)_zel_l:})L / |x_y|N+[7s
B{(x)
Let us focus on the equation
(=A),u=fx) inU (2.3)

(without Dirichlet conditions), with f € L>°(U) and u € VT/“’(U). We say that u is a (weak)
supersolution of (2.3) if for all p € Wy'" (U)+

(=AY, u,9) > / F@e0) dx.

The definition of a subsolution is analogous. Finally, we say that u is a (weak) solution of (2.3)
if it is both a super- and a subsolution. Accordingly, a solution of the Dirichlet problem (1.1) is a
function u € Wy'¥(Q) s.t. for all g € Wy’ ()

((—A);,u,tp)z/f(x)tp(x)dx.

All similar expressions throughout the paper will be meant in such weak sense.

For the reader’s convenience, we will finally recall some useful properties of (super-, sub-)
solutions. Such properties are proved in [30], but we remark that they hold for any p > 1. We
begin with a weak comparison principle:

Proposition 2.3. [30, Proposition 2.1] Let u, v € ws:p (U) satisfy

(—A);u < (—A)fy v inU

u<v inU€.
Then, u < v in RV,
The next result is a nonlocal superposition principle:

Proposmon 2.4. 30, Proposition 2.6] Let U C RY be bounded, u e WP U), ve Ll
=supp(v — u) satisfy U € V¢ and

/ o=t
I v @ =e

RY),

loc

Set for all x e RN

[u(x) ifxeVe
w(x) = :
v(x) ifxeV.

333



A. Iannizzotto and S. Mosconi Journal of Differential Equations 412 (2024) 322-379

Then w € VNV‘”’(U) and

— )P — @@ )t
x— y [V g

s _ s (u(x)
(A, w(x) =(=A),ulx)+2
Vv

weakly in U.

Finally, for all measurable function u, x € RY, m € R, and R > 0, we define the nonlocal

excess as in Section 1:
L(u,x,m, R) = [ ][

(E:(y; "]

2.4)

B,\‘.R

The quantity L(u,x,m, R) will play a crucial role in the subsequent arguments. Also, for all
q >0, s € (0, 1) we borrow from [15] the (slightly modified) definition of the nonlocal tail

tail, (u, x, R) = [ / O dy]? (2.5)

|x — y|N+s
QMBS (x)

As usual, we omit x whenever x = 0.
2.3. Optimal regularity up to the boundary

As pointed out in Section |, combining interior Holder estimates from [8,26] and boundary
estimates from [30] we can obtain an optimal global regularity result for solutions of (1.1). Here
we prove this assertion.

First we recall a special case of the more general results obtained for the degenerate and
singular cases, respectively, in [8,26], using the following definition of nonlocal tail for any u,
xRN R>0:

Ju(x)[P~! dx]p‘fl
|x —xy [N+ '

Tail(u, x1, R) = [RPS /

By (x1)

Proposition 2.5. Let U C RY be open and bounded, u € WP (U) be a local weak solution of
(2.3), with f € L*°(U), and let y satisfy

O<y<min{l, ps }

p—1
Then, u € CIJ;C(U) and there exists C = C(N, p,s,y) > 0 s.t. for all x1 € U, R > 0 s.t.
Bar(x1) €U

C s L )
[”]CV(BR/g(xl)) < ﬁ I:”u”LOO(BR(X])) + Rp-1 ||f||iml(U) + Tall(u, X1, R)] (26)
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We also recall a technical lemma, contained in the proof of [45, Theorem 1.2], which will also
be used to prove our main result:

Lemma 2.6. Ler Q@ C RY be a bounded domain with C1!-smooth boundary, v € L®(RQ), y €
©O,1), M >0, v >0 satisfy

(i) vllze@) < M;
(ii) forall xy € Q s.t. dg(x) =4R, v € CY(Bg/g(x1)) with

[U]CV(BR/g(xl)) < M(l + R_U);

(iii) for all xo € 0<2, r > 0 small enough

osc v< MrY.
Dy (x0)

Then v € CY(Q2) with o« = )/2/()/ +v) € (0, 1) and there exists C =C(M, y,v) > 0 s.t.

[U]C& (ﬁ) < C.
Here follows the optimal regularity result:

Theorem 2.7. Let @ C RY be a bounded domain with C''-smooth boundary, f € L®(RQ), u €
Wg’p(Q) be a weak solution of (1.1). Then, u € C*(RN) and there exists C = C(N, p,s,Q) >0
S.L.

1
lull sy < CILf I iy

Proof. Assume u # 0, and by (p — I)-homogeneity of (—A);, we may as well assume
I fllze) = 1. By [29, Theorem 4.4] there exists C = C(N, p, s, 2) > Os.t. forall u € RN

|u(x)] < Cdg(x). 2.7

We aim at applying Lemma 2.6 to u, with y = s, v =0 and a convenient M > 0 depending on
N, p, s, and Q. First, from (2.7) and boundedness of 2 we have

llullLoe ) < Cdiam(2)*,

hence u satisfies hypothesis (i) of Lemma 2.6 with M = Cdiam(2)*. Also, for all xo € 92 and
r € (0, pg) we have by (2.7)

osc u<2C sup u<2Cr?’,
D (x0) Dy (x0)

hence u satisfies (iii) as well, with a possibly bigger M. In order to check hypothesis (ii), we
fix x1 € Q s.t. de(x1) = 4R, set y = s again, and invoke Proposition 2.5 (with U = ), getting
u € C¥(Bg/g(x1)). Besides, from (2.6), (2.7), and || f ||z (@) = 1 we have
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ps

C .
[ulcr (Brys o)) < F[RS + R?-T + Tail(u, x1, R)], (2.8)

with C = C(N, p, s, ) > 0. The second term in the right hand side is estimated as
R7T <diam(Q) 7T R®.

For the tail term, let x € 92 be one point minimizing the distance from x1, and for all x € RY
we have

de() < |lx —x| < |x — x| +4R,
which by subadditivity of # > ¢ in [0, co) and (2.7) again implies
@) < C(lx —xi|" + RY).

Using the above estimate (and different subadditivity properties dependingon p >2or 1 < p <
2, respectively) we have

P — x;|(P=Ds 4 R(=Ds
/ |Iu(X)I dx<C / lx — x1 dx

x —x Vo e = VP
Bg(x1) B (x1)
dx dx C
<C — = 4 CRWDs / _ < —,
h / e — xy |V e —xy VPSR
B%(x1) B%(x1)

still with C > 0 depending on N, p, s, and €2. So
Tail(u, x1, R) < CR”.
Plugging these estimates into (2.8) we get
[t]lcs Brpsr)) < C(N, p,s, ).

So hypothesis (i) is satisfied (with v = 0). By Lemma 2.6 we get u € C*(Q2) and [ules @ < C,
with C = C(N, p, s, Q) > 0. Recalling (2.7) once again and # = 0 in Q€¢, we conclude. O

2.4. Torsion functions and barriers

An important auxiliary problem, in the study of nonlocal regularity, is the following Dirichlet
problem for the torsion equation:

2.9)

(—A)‘;vzl inU
v=0 in U€.

According to the shape of U, the (unique) solution of (2.9) enjoys useful properties, including a
Hopf type lemma and a global subsolution property:
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Proposition 2.8. Let U C RN be bounded and satisfy the interior sphere property with radius
pu >0, ve Wy " (U) N COU) be the solution of (2.9). Then:

(i) there exists C=C(N, p,s) > 1s.t. forall x € RN

1 5=
v(x) > E,O5 ldij(x);
(ii) v satisfies weakly in RN
(A, v< L

(iii) there exists C =C(N, p,s) > 0s.t. forallx e U

p.

v(x) < Cdiam(U) 71,

Proof. Properties (i), (ii) are proved exactly as in [30, Lemmas 2.3, 2.4]. Regarding (iii), let
diam(U) = 2R > 0 and find xg € RY s.t. U € Bg(xo). Further, let ug € Wy’ (Bg(x0)) be the
solution of the torsion problem

(~A)ur =1 in By(xo)
ugr =0 in BE()C()).

Arguing as in [30, Lemma 2.2] we find C = C(N, p,s) > 1 s.t. forall x € RN

s

! d%R(xO) ).

|
RPT () () Sur() <CR
By (ii) we have

(=A),v<1=(=A),ugr in Br(xop)
v=0<ug in B (xp).

By Proposition 2.3, we have v < ug in RN . In particular, for all x € U we have

s

v(x) Sugx) < CRP*Id%R(xO)

ps
p—1

(x) <CRr7T,
which implies (iii). O

Finally, we recall some technical results which play a crucial role in the construction of barri-
ers. The first comes from [30]:

Proposition 2.9. [30, Lemma 4.1] Let U C RY have a C'-smooth boundary, 0 € U, R €
(0, pu /4), and xo € BrjxNU. Then, there existve Wy (UYNCORN), C=C(N, p,s,U) > 1
S.1.
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(i) |(=A),v| <CR™ in Byg NU;
(ii) [v| < CR® in By NU;

(iii) v= C~d}, in (BR NU®);

(iv) v(xg) =0.

The second is a slightly modified version of [30, Lemma 3.4], whose proof is postponed to
Appendix B as it is only loosely related to the main subject of the present work:

Proposition 2.10. Let U C RN have a C"-smooth boundary, 0 € U, ¢ € C°(By) be 5.t. 0 <
o)< 1forall x € By, andforall A eR, R >0, and x € RV set

v, (x) = (1 +A¢(%))d;,(x).

Then, there exist pb, 1o, C > 0 depending on N, p, s, U and ¢, s.t. for all R < pb, A < Ao

[(—A) v | < C 1+m
pUAS RS
weakly in pr NnU.
3. Lower bound

In this section we prove a lower bound for supersolutions of (1.1)-type problems in domains
of the type Dg, globally bounded from below by a positive multiple of the function df,, which
corresponds to the weak Harnack inequality (1.6) seen in Section 1. The peculiar form of the
involved constant C (m, K, R) can be inferred via the following representative example, in which

we assume K = 1 for simplicity:

Example 3.1. Let 2 = By, xo € 02,0 <m < u, and set for all x € RY

) = mds,(x) ifx e 1§§O,R
udg(x) if x € By .

Then, the left hand side of (1.6) vanishes, so that for any choice ensuring (—A)}, u 2 —1in
Dpg(xp), the optimal constant C (m, 1, R) in (1.6) must fulfill

C@m,1,R) >~ L(u,xg,m, R).
For R > 0 small enough, an explicit computation yields

nw—m

~ 1 — : _ N p—1 _
L(u,xo,m,R) >~ —m, inf (=A),uzm IR

Dr(x0) p

We can choose . > m according to the following cases:
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(a) If m 2 1, then we choose  —m >~ mR?, so that for small R we have in Dg(xq)
(=A),u >mPl —mpP7r > —1.

Therefore if (1.6) holds true, the optimal constant must satisfy C(m, 1, R) >~ mR".

(b) If R7T <m <1, then we let 4 —m ~m> P R®. Then . > m and, since p —2 < 0, we have
in Dg(x0)

(=A),uz —m> PP > 1,

~

As before, this 1mphes C(m,1,R) ~m?* PR".

(c¢) Finally, if m < R T <1, then we choose yu — m =~ R T , so that = R7T and hence in
D (x0)

(=AY, uz —RPRFIuP 22 1
In this case we thus have C(m, 1, R) =~ Rﬁ.

In conclusion, to cover these three possible scenarios, we expect the constant C (m, 1, R) in (1.6)
to have the form

Cm,1,R)~R7T +m>PR* £ mR".

For simplicity we will assume henceforth 0 € 92 and we choose 0 as the center of balls. We
must distinguish two cases according to the size of the excess (defined in (2.4)), so we prefer to
use different symbols in the differential inequalities to keep track of the differences.

We begin with a lower bound for supersolutions with large excess:

Lemma 3.2. Let R > 0 be small enough depending on N, p, s, and 2, and let u € VT’”’(DR),
m, K > 0 satisfy

{GAEM}—K in Dg A

u > mdg, in RV,
Then, there exist y1, C1 > 1 > o1 > 0, depending on N, p and s, s.t. if L(u, m, R) > my) then

1
me?—m)}mmeum—CﬂKWﬁj. (3.2)
Dgrp2 d

Proof. Let R € (0, pq/4), with pg defined as in Section 2. We define the regularized domain

Ag as in (2.2) (with xg = 0). Consider the torsion problem

F—Aﬂvzl in Ag 33

v=0 in A%,
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By Proposition 2.8 (i), the solution v € Wg’p(AR) of (3.3) satisfies for all x € RV

I =
V() > Zok, ), (%)

for C = C(N, p,s) > 0. It has already been pointed out that p4, > R/16. By Lemma 2.1 (ii),
dg < 6da, in Dgyz, so we can find c = c(N, p,s) > 0 s.t. fora.e. x € Dgy2

v(x) > cR7TdS (). (3.4)
Besides, by Proposition 2.8 (ii) we have in all of RY
(—A)i, v< 1.

Fix A > 0 (to be determined later) and set for all x € RV

A
wy(x) = ——v(x) + x3, (Du(x).

Rr-1

By Proposition 2.4 and the inequality above, we have w; € ws-r (DR) and for all x € Dg

A

_ -1 _ ,p-1
(—A), wi(x) < /(wk(X) St (x)dy.

p—1
RS +2 |x_y|N+ps
B

R

We need to estimate the integrand above. To this purpose, we use Proposition 2.8 (iii) and the
construction of w; to see that for all x € Dy

A

w; (x) = v(x) < CAR®.

R7 T
Now fix x € Dg, y € Bg. Using (A.1) with a = w; (x), b = u(y) we get

(i (1) — )P~ = w! o) <wf T @) —uP ()

S CAPTIRPDS — (u(y) — md, ()P~

Besides we have R/2 < |x — y| < 3R and 3R/2 < dq(y) < 2R (see (2.1)), so continuing from
the estimate of (—A)‘;) w; (x) and recalling (3.1) we get for all x € Dg

, aP—! (LR*)P~! 1 [ (u(y) —md ()P~
_ N < R _ Q
(=4), wi(x) S RS ¢ Ix — y|N+ps y C lx — y|Ntps
BR BR
< AP +C’\p_1 |Bgl 1RO /( u(y) )pild
< —— —|Brl— = . —m y
RS RN+s C RN-+ps . da(y)
Bpg
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APl 1 u(y) p—1
SEE+FD7s _CRS][<d§2(y) _m> dy

Bg

L(u,m,R)”_l] 1
C RS’

< [(C + AP~ =

with C = C(N, p, s) > 1. Note that A > 0 is arbitrary so far. Now fix it s.t.

1 L@,m,RP~!
C+ Dl = Bt R A
(C+1 2C
so we have for all x € Dg
s L(u,m, R)P~!
(—A)}? wy (x) < _W. (3.5)

Let ¢ > 0 be the constant in (3.4), and set

1 c
o] = —

1
= Ci=012C*+C)7 1.
YIo22C2+C)r T

So we have C1, y; > 1 > 01 > 0, depending on N, p, s. We distinguish two cases:

1
(a) If L(u,m, R) < (2CK R*)»-T, then by choice of o1, C; the right hand side of (3.1) is nega-
tive, and hence for all x € Dg/2

u(x)

- —m>0>c71L(u,m,R)—CI(KRS)ﬁ
dQ(x)

(even if L(u, m, R) < myy).
1
(b) If L(u,m, R) > (2CK R*)»-T, then by (3.5) we have

(=A), wy < —K < (=A)j,u inDg
wk:XBRugu in D%.

By Proposition 2.3 we have w; < u in RV, Therefore, by the choices of A, o1, 1, and Cy,
we get for all x € Dg/2

A

ux) 2 —
R

v(x)

1
> L,m, Ry ) = (01 + — ) L, m, Ry ().
(2C2+C)r T 1

Using the assumption L(u, m, R) > my; we have for all x € Dg/>
u(x) = (m+ o1 L(u,m, R))dg(x),
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which in turn implies

u(x)
dg (%)

—m >o01L(u,m, R).

In both cases we deduce (3.2). O

Next we prove a lower bound for supersolutions with small excess. Due to the singular nature
of the operator, we get a slightly different inequality involving a free parameter y > 0 and two
different positive powers of m:

Lemma 3.3. Let R > 0 be small enough depending on N, p, s, and 2, and let u € W“’(DR),
m, H > 0 satisfy

[(—A);u>—H in Dg 56

u > mdy, in RN,

Then, for all y > O there exist C, > 1 > 0, > 0, depending on N, p, s, @, and y, s.t. if
L(u,m, R) < my then

inf (< —m) >0, LGum, R) = Cym+ Hn* ")R". 3.7)
Dg/2 d?l

Proof. Fix ¢ € C°(B;) s.t. 0< ¢ < lin RY and ¢ =11n By;. Let pg > 0 be defined as in
Section 2 and pg, > 0 be as in Proposition 2.10 (with U = Q), then fix R satisfying

0<R< min[%?, ,022}
Also fix A > 0 (to be determined later) and set for all x € RV

X

v (x) = m(l n kgo(R))dgz(x).

By Proposition 2.10 there exist Ao > 0 and C > 0 (both depending on N, p, s, 2, and ¢) s.t. for
all A € (0, Ag] we have for all x € Dg

(=AY, v (x) < Cmp_l<1 + %)

Further, set for all x € RN

v (x) ifx € BS
u(x) ifx e Bg.

wi (x) ={

By Proposition 2.4 we have w;, € VT/“’(DR) and for all x € Dg
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— pfl _ _ p71
(=AY wa(x) = (—=A)} v (x) +2 / (V3. (0) ”<y>>|x _y|z(vvf,§f) wOD' g
<Cmp™! 1+ W) = v = ) —u @)

lx — y|NHes

This time estimating the integrand requires some more labor than in Lemma 3.2. Set

Al =min | A ! 2—1) >0,
0— 0, 5 s

depending on N, p, s, and Q2. Assume from now on A € (0, AE)], and fix x € Dg, y € ER. By
(3.6) we have

u(y) = mdg (y) =vi(y).

By (2.1) we have

S
infv, =infmdg > m—R°®,
Br Br 28

as well as

3¢ 1
sup vy < supm (1l + Ap)dg, < —+ = | R’,
Dg Dy

which imply
u(y) —vp(x) 2 v (y) —valx)
38‘ RS
>m(=—-1)— >0.
> (2S ) > >0

Now, for all x € Dg, y € BR set a =u(y) — vy(x), b =v,(y) — vi(x) < m(2R)* (both non-
negative). By Lagrange’s theorem and monotonicity of 7 — 7~2 in (0, co) we have

@) = v ()™ = @) = v = (=D min 1P w() = o)

u(y) —va(y)
(u(y) —vp(x))>=r’

=(p-1

Further, apply inequality (A.2) with an arbitrary 6 > O (to be determined later) to get
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(y) — v ()P =03 () — va(x))P~!

z (eiﬁ[@%”(“@) — NP =0 — v ()]
z (eiﬁ[ezﬂ(”(” — (P —omPT I 2R) P,

Besides, by (2.1) we have R/2 < |x —y| < 3R forall x € Dg, y € ER. Therefore, continuing
from (3.8), we have for all x € Dg

_ 2— _ -1 _ S pSs -1
(_A);wk(x)gcmﬁ—l(l+i> Ap =1 (677w ~uG) 6@ R M

RS/ (0 +1)>p |x — y|N+ps
B
A 1 6 \2-p R(p—Ds —1
con (15~ 2 ) £ ()
RS/ C\o+1 RNFPs [ \dg(y)
Br

ComrP~—! R(P=Ds _
+ O + 1)2—1) RN+ps |Br|

1 6 2—p 1
p—1 C p—1 [ p—1
<Cm +[ (A+9)m ——<—1> (u,m,R) ]_Rb’

with C = C(N, p,s, ) > 1 and 6 > 0 still to be chosen. Now let y > 0 come into play, and
assume L(u,m, R) <my. Since p € (1,2), we can find § € (0, 1) (depending on N, p, s, 2, and
y)s.t.
§2p
L ——m—r——.
2C(y + 1)2-»

Pick such a é and set

- SL(u,m, R)
= - .

Clearly we have 6 € (0, y). By the relations above,

L(u,m, R)

m2=r
- §2-p L(u,m, R)
S2C(y + D)2 m?p

1 0 2—p 1
< —<—> L(u,m, R)P~".
20\y +1

CoOmP~' =Cs

Plugging this into the estimate of (—A)‘;) w;,, we have for all x € Dg

2
(—A) wy(x) < CmP~1 4+ [mef’—‘ _ i(i) "L m, R)P—l]i.
P 2C\y +1 R
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Set for simplicity

§2-p

=————€(0,1).
““acrnrr <Y

Then, the last term of the inequality above rephrases as follows, adjusting the exponent of the
excess:

1, 0 \2-» 62=p
_(—) L, m, R =7 L, m, Ry

2C\y +1 82-p
- R
- mzip (u7 m7 )
Therefore we have for all A € (0, )»6] and all x € Dy
_ _ K 1
(=) wi @) < CmP o [CamP ™ = L, m, B | o (3.9)

We can now establish the constants appearing in the conclusion:

. k6 K 2Coy,
ayzmln{7,%}, C, = pat

so that C, > 1 > 07, > 0 and both depend on N, p, s, 2, and y. Also set

9y
A=—L(u,m,R).
m
By assumption L(u,m, R) < my and definition of o,, we have A € (0, A()]. Besides, the second
term in (3.9), for this choice of A, satisfies

K
2m?2-r

CamP~1 < L(u,m,R).

Summarizing, we have for all x € Dg

k L(u,m,R)
2m?2=p RS ’

(=AY, wy (x) < CmP~! — (3.10)
Now we distinguish two cases (in which we let H > 0 be as in (3.6)):

(@) If
2 2— s
L(u,m,R)> —(Cm+ Hm"~~P)R*,
K

then by (3.10) we have for all x € Dg

Cm+ Hm?*™ P .

—A) p=1_ —
(=A), wi(x) < Cm o =—H,
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while for all x € D%

u(x) if x € B
mdg, (x) ifx e é;.

w; (x) = {
Thus, by (3.6) we have

(=A), wa < (=A),u inDg
wy < u in DS,

Proposition 2.3 now implies w; < u in RY,in particular for all x € Dg/2

u(x) wy (x)
—-—m> _
dg, (x) dg, (x)

m=Aim=o0,L(u,m,R).
(b) If on the contrary

2 2— K
L(u,m,R) < —(Cm+ Hm"~P)R*,
K

then by the choice of o}, C}, we have
2—p\ ps ZUV 2—p\ ps ZGV 2—p\ ps
oyL(u,m,R)—C,(m+ Hm™")R iT(Cm+Hm )R —TC(m+Hm )R

2
= (1 — C)Hm* P R* <0.
K
Thus, (3.7) trivially holds since its right hand side is negative.
In both cases, we deduce (3.7). O

We can now prove our lower bound for subsolutions of fractional p-Laplacian equations.
We will use a right hand side of the type — min{K, H}, which might seem redundant since one
could equivalently take H = K. The reason for such a choice is instrumental to the proof of the
oscillation estimate on u/d,, where for suitable truncations of u we will compute two different
lower bounds for their fractional p-Laplacians:

Proposition 3.4. Let R > 0 be small enough depending on N, p, s, and 2, and let u €
WSP(Dg), m, K, H > 0 satisfy

(—A);,u}—min{K,H} m DI}; 3.11)
u > mdy, in RY.
Then, there exist C > 1 > o > 0, depending on N, p, s, and 2, s.t.
1
inf (is - m) > oL@, m, R) — C(KR*)7T — C(m+ Hm* P)R®. (.12)
r/2 Ndg
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Proof. Let R > 0 be small enough s.t. both Lemma 3.2 and Lemma 3.3 apply. By (3.11) we see
that u satisfies (3.1). Thus, by Lemma 3.2 there exist y;,C1 > 1 > o1 > 0 s.t. if L(u,m, R) >
my then

1
inf (is —m) > o1 L(u, m, R) — C; (K R*)7T.
Dgj2 \dg

Besides, u also satisfies (3.6). Thus, by Lemma 3.3 with y = y; there exist Cy, > 1> o0, >0
s.t.if L(u, m, R) < my) then

u
inf <T - m) 20y, L(u,m,R) —C,, (m+ Hm> P)R*.
Dgjp2 \dg

All constants depend on N, p, s, and Q2. Now set

o =min{oy, 0y, }, C =max{Cy, Cy,}.

Then, C > 1> o > 0 depend on N, p, s, and 2 and (3.12) follows from either the first or the
second of the bounds above, according to the value of the excess L(u,m,R) > 0. O

4. Upper bound

In this section we prove an upper bound for subsolutions of (1.1)-type problems in domains
of the type Dpg, globally bounded from above by Mdg, (M > 0). This bound is equivalent to
the weak Harnack inequality (1.7) stated in Section 1, with the constant C(M, K, R) taking the
same form as in Example 3.1. Again we assume 0 € 92 and center balls at 0, and we distinguish
between subsolutions with large and small excess, respectively.

We begin with a local negativity property, that is, subsolutions with large excess are in fact
negative on a smaller set:

Lemma 4.1. Let R > 0 be small enough depending on N, p, s, and 2, and let u € VT/S"’(DR),
M, K > 0 satisfy

(—AY,u<K inDpg

4.1
u < Mdy, inRV, “.1

Then, there exists Co > 1, depending on N, p, s, and S s.t. if

~ 1
L(u, M, R) = Co(M + (KR*)7T),
then u < 0in Dg.
Proof. First let R € (0, pa/4), then fix xo € Dg/2 (possibly excluding a subset with zero mea-
sure). By Proposition 2.9, there exist v € Wy'” () N CO(RY), C = C(N, p, s, Q) > | satisfying

v(x0) = 0 and
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C
[(=A), vl < I in Dy

lv| < CR* in Dyg 4.2)
dg, .
v > F in D,

Comparing (4.1) and (4.2) we get for all x € D}
u(x) < Mdg(x) < CMv(x).
Now set for all x e RV

CMv(x) ifxe B
w(x) = . ~
u(x) if x € Bg.

By Proposition 2.4 we have w € W”’(DR) and for all x € Dg

(—A), w(x) = (CM)P~H (= A)}, v(x)

(CMv(x) —u(y)’~! = (CMv(x) — CMv(y))P~! dy

+2 |x_y|N+ps

Bpg
We need to estimate the integrand. Fix x € Dg, y € Bg. By (A.3) with
a=CMv(x) — CMv(y), b=CMv(y)—u(y) =0

and the second relation of (4.2), we have

(CMu(x) —u(y))’~! = (CMv(x) — CMv(y))P~!
> (CMu(y) —u(y)’™" = |CMu) = CMu(y)|"!
> (CMu(y) —u(y)? ™" — C'MP~ RV,
with both C, C’ > 0 depending on N, p, s, and . Recalling (2.1), for all x € Dg, y € Bg we

have R/2 < |x — y| <3R and R/2 < dq(y) < 2R. Therefore, using also the third inequality in
(4.2), for all x € Dg we have

(CMu(x) —u())?~! = (CMv(x) = CMu(y)?~

oy “e
Bg
c'mr=t
—— / (M) —wO)P ™ dy = < By
Br
RN+(P—1)S ][(M I/t(y) )pild C/Mp—l
CRN+ps . dzl())) RS
Bpr
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Lu,M,R)P~" ' mpr-!
> - .

CRS RS

Plugging the last inequality into the estimate of (—A)), w and using the first relation of (4.2), we
get for all x € Dg

AYS >L(u,M,R)P*1 cmpr-!
(—A), wx) > RS BT

for a suitable C = C(N, p, s, 2) > 1. Clearly we can find C‘z = C‘Z(N, p,s, ) > 1s.t

Gy (M + (KR*)7T) > (C?MP~1 4 CKR¥) 7T,
with K > 0 as in (4.1). Now assume
L(u, M, R) > Co(M + (KR*) 7).
Then, for all x € Dg we get

. C*MP~'+CKR* CMP~!
(—A), wx) > - =K
p CRs RS

Summarizing, by (4.1) and the definition of w we have

(—A);u <K<K (—A); w in Dg
u<w in D%.

Proposition 2.3 now implies # < w in all of RV . In particular we have

u(xp) < CMv(xp) =0,
and conclude. 0O

We can now prove the upper bound for subsolutions with large excess, partially analogous to
Lemma 3.2 above. Note that, due to the different approach followed here, the upper bound only
holds in the smaller set Dg/4.

Lemma 4.2. Let R > 0 be small enough depending on N, p, s, and 2, and let u € Ws'p(DR),
M, K > 0 satisfy (4.1). Then, there exist y», Cy > 1 > 07 > 0, depending on N, p, s, and 2, s.t.
if Lu, M, R) > My, then

inf (M - is) > oy L(u, M, R) — Co(K R®) 7T 4.3)
DRya dQ
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Proof. Fix R € (0, pg/4), and let C» > 1 be as in Lemma 4.1. Fix y2,C2 > 1> 07 >0 (to be
determined later) s.t.

. [C2
mm{—, yz} >20,. (4.4)
(o))
Assume from the start L(u, M, R) > My, and

o2L(u, M, R) > Co(K R®) T, 4.5)

otherwise the conclusion is trivial due to (4.1) (the right hand side of (4.3) becomes negative).
Therefore, we have

M C 1
L, MR > 222 4 Z2(KRY)7T
2 20

> Co(M + (KR*)7T).

By Lemma 4.1, we have u < 0 in Dg/>. We define Ag/, as in (2.2) (centered at 0), so by
Lemma 2.1 (note that R < po) we have D3gr/g € Agj2 € Dgy2, and 6dAR/2 = dq in Dgyy.

Next, let ¢ € Wy'” (Agy2) be the solution of the torsion problem

(—A);(p =1 inAgp

e (4.6)
=0 in AR/Z'

By Proposition 2.8 (ii) we have (—A);, ¢ < 1inall of R¥, while Proposition 2.8 (i) (iii) and the
relations above imply for all x € Dg/a

s

RP71 S S
?dQ(X) Se) < CR,
with C = C(N, p, s) > 1. Now fix A > 0 (to be determined later) and set for all x € RN

o AR 7T g(x) ifxeDgp
Up(X) =
g M, (x) if x € Df .

Reasoning as in [30, eq. (4.19)] (an argument which holds for any p > 1) and exploiting (4.6),
we have for all x € Ag/»

C _ _
(=8, 1:(0) > = =GP 4+ P, 4.7)
with C = C(N, p, s, Q) > 1. Further set for all x € RN

v(x) ifx € BS

W= ifx e By,
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By Proposition 2.4 we have w;, € VVW’(AR/Q) and, using also (4.7) and the definition of v, we
have for all x € Ag >

(0.(x) —u()P~' = (W (x) — v ()P

(- w0 = () (0 +2 [ i dy
e
_ p—1 _ _ s p—1
> 2/ (A (x) —u(y)) - y(ﬁ:;f:;? MdQ(y)) dy — %(}\‘P—l + Mp—l).

Bgr

As in previous cases, we will now estimate the integrand. By the properties of ¢, by taking
C=C(N, p,s, Q) > 1 even bigger if necessary, we have for all x € Dg/4

A
wi (%) = ———¢(x) < —=dg(x). (4.8)

Besides, for all x € Dg/2
lwy, (0)] = [va(x)| < CAR.

Fixx € Agp, y € Bg. By (A.3) witha = v (x) — Md§,(y), b = Mdg(y) —u(y) = 0 (see (4.1)),
we have

Md%(y) —u()P™ — v (x) — MdS ()P

W (x) —u()” ™ = (ua(x) = MdG ()P >
2 (Mdg(y) — u(y)=! - cP 1+ Mp~HRWP=Ds,

(
(
Taking into account the usual bounds on |x — y|, de(y), and recalling the estimate above on

(—A)}, wy, we have for all x € Ag/»

SO) —u()P~t —cor=t + MRS
|x — y|NFPs

(Md
(-apw =2 [ dy

Bpg

C
— FWH +MP7h

R(P—Ds . RO-Ds _ 1
>7/(M n) ) dy—C(xP1+MP1>{f|BR|+f

“ CRN+ps . - d“;z()’) RN+ps RS
Bgr
L(u,M,R)P~!
> (I/l, s ) _ Q(Ap_l +Mp—l)’
CRS Rs

for a suitable C = C (N, p, s, ) > 1. We can now fix the constants involved in the conclusion,
setting

y2 = max {2Cs, (4C2)ﬁ},
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and accordingly

1 ~ 1
op=—7, Cy = 0p max {2C2, 2C) 1 },
C4C%Hr-T
$0 ¥2,C2 > 1> 02 > 0depend on N, p, s, and 2 and satisfy (4.4). Also set
Lu,M,R
o L MR,
(4C2) 7T

By (4.5) and the assumption L(u, M, R) > My, we have for all x € Ag>

s Lu,M,R)?~"  C Lu,M,R)?™" L@u,M,R)"!
A0 > = g
2
L(u, M, R)P~!
- 2CR*
-1
>C§ KR*

T 2ce! 'R T
Besides, for all x € A% o We distinguish three cases:
(a) Ifx € Dge/z N BICQ, then by definition of w; and (4.1) we have
w; (x) = v (x) = Mdg(x) > u(x).
b) If x e BR, then simply

wy (x) =u(x).

(¢c) If x € DrppN A%ﬂ, then by Lemma 4.1

A
w), (x) =vp(x) = —R%l e(x) =02 u(x).

Summarizing, we have

(_A);u <K < (_A)i, wy In AR/2
u < w,) in A?e/z-

By Proposition 2.3, u < w;, in all of RV, Recalling (4.8), for all x € Dg/4 we have
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Ao
u(x) < —Edéz(X)
L(u,M,R)
= 7d9(x) =—ooL(u, M, R)dg(x).
C4C?)rT
Therefore, we have for all x € Dg/4

u(x) u(x)
dA (x) déz(x)

ZoyL(u, M, R),

hence we deduce (4.3). O

Next we prove the upper bound for subsolutions with small excess, analogous to Lemma 3.3
above. In this case, the argument is closer to the one for lower bound:

Lemma 4.3. Let R > 0 be small enough depending on N, p, s, and 2, and let u € VT’S'p(DR),
M, H > 0 satisfy

{(—A);ugH in Dg “9)

u < Mdg, inRY,

Then, for all y > 1 there exist C, > 1 > o, > 0, depending on N, p, s, @, and y, s.t. if
L(u,M,R)< My then

in (M— dis) > oy L(u, M, R) — C,(M + HM> P)R". (4.10)
R/2 Q

Proof. Since the argument closely follows that of Lemma 3.3, we sketch it quickly. Let R > 0
satisfy

R<min{'089,p9}

(pg > 0 being defined as in Proposition 2.10). We define ¢ € C2°(B1) as in Lemma 3.3, then we
fix A < 0 and set for all x € RV

v =M (1+1¢( T ) )d ).

SO V), € VT/“’(DR). By Proposition 2.10, there exists Ao > 0 s.t. whenever A € [—1g, 0), we have
for all x € Dg

(=AY ;.(x) 2 —CMP™ l<1+ ';')

with C > 1, Ag > 0 depending on N, p, s, and Q. Next we define w, € WS’P(DR) as in
Lemma 4.2 and get for all x € Dg
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|A]
B

/ Wi () — v )P = ((y) — vp(x))P~! 4

_A) _ p—1
(=)} wy.(x) > 2 P y—CMr (14 20). @)
B

R

This time the estimate of the integrand must be performed in two different ways, due to the
singularity of # — |¢|?~2 at 0. Fix x € Dg, y € Bg, and distinguish two cases:

(a) Ifu(y) > vy(x), then we argue as in Lemma 3.3. We set

a=v(y) —v(x), b=uy)—uvk),

soa,b>0and a > b thanks to v, (y) = Md,(y) > u(y). Then we use Lagrange’s theorem
and monotonicity of 7 — t7~2 in (0, 00) to get

() = v ()™ = () = v @) > (p = 1) min (1P (y) — u(y)

XX

v (y) —u(y)
(W (y) —va(x)?P°

=(p-D
Further, by inequality (A.2) with an arbitrary 6 > 0, we get

WA (Y) — v NP — ((y) — v (x))P!

-1
> (eiﬁ[ez—f’(mm — ()’ = 0@ (y) — i) ]
> G @) —uonr ! o Ry

(b) Ifu(y) < vy(x), note that by (4.9) and (2.1)
. (x) < Mdg(x) < MR < Mdg(y) = vi(y).
Then, by subadditivity of 7 — 7~! in [0, 0c0) we have

W () —u(P™ < WA (y) — va )P+ (a(x) — u(y))P!

which, since p € (1, 2), implies that for any 6 > 0

6 \>7
W () — NP = @) — v )P = (p— 1) (m) (W (y) —u(y)P".

Allin all, for any x € D, y € BR we have

p—

m[gz_p(vk(Y) —u(y)P oM RHP].

W () =03, )P = () — v ()P >

Now we plug such estimate into (4.11), recall that vy = Mdg, in By and find for all x € Dg
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] 1 6 -p _1 _111 _1
(=), wi(x) = [E(m) L@, M, R~ —C(IA| +6)M? ]F —cmPL,

with C > 1, L € [—X9,0), and 6 > O still to be chosen. Now we fix y > 1 and assume

L(u,M,R)< My. Asin Lemma 3.3 we define §, k € (0, 1) (depending on y), and accordingly

set

_SL(u,M,R)
- M

0 € (0, v],

which also satisfies

s L 8 N2 o
coM <f<m> L(u, M, R)P~".

Using the above relations and setting

. [* K 2Coy
O'y:mII]i?,i}, Cy: . s

we see that C), > 1> 0y, >0dependon N, p, s, 2, and y. Moreover, setting
==L L, M, R) € [—1o, 0)
= - u, ) - ) )
i 0

we get for all x € D

K L(u,M,R)

A _ p—1
(=A), wr(x) =2 —-CM +tr 25

4.12)

Now, like in Lemma 3.3 we let H > 0 be as in (4.9) and distinguish two cases according to the
size of L(u, M, R):

(a) It
2 2— s
Lw,M,R)>—(CM+ HM""P)R®,
K
then we apply (4.12) and the definition of w;, to see that

!(—A);, u< H<(=A),w, in Dg

u < wy in D%,

hence by Proposition 2.3 u < wy, in R and in particular for all x € Dg

_ u(x)
a5 (x)

> —Ml=o0,L(u,M,R).
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b) I

L(u,M,R) < %(CM + HM> P)R®,
then from the choice of constants we have
oy L(u,M,R) < Cy(M+ HM* P)R®,
hence the conclusion is trivial, since the right hand side in (4.10) is negative.
In both cases we deduce (4.10) and conclude. O
Finally we prove the upper bound for any subsolution:

Proposition 4.4. Let R > 0 be small enough depending on N, p, s, and 2, and let u €
WSP(Dg), M, K, H > 0 satisfy

(—A);ugmin{K,H} in D; @.13)
u < Md, in RY.
Then, there exist C > 1 > o > 0, depending on N, p, s, and <2, s.t.
1
inf (M — iy) > 6L, M,R)— C(KR)™ —C(M+ HM>P"R*.  (4.14)
Dpgys dQ

Proof. The argument goes exactly as in Proposition 3.4. Let y» > 1 be as in Lemma 4.2:
(a) If L(u, M, R) > My, then we use Lemma 4.2: by (4.13) u satisfies (4.1), so (4.3) holds.

(b) If instead L(u, M, R) < My», then we use Lemma 4.3: by (4.13) u satisfies (4.9) as well,
so (4.10) holds.

Taking the smallest o and the biggest C, in either case we deduce (4.14) and conclude. O
5. Oscillation estimate and conclusion

The core of our result is the following oscillation estimate for the quotient u/df,, where u
is a function s.t. (—A);, u is bounded (in a weak sense) in 2. The next result is analogous to
[30, Theorem 5.1], but the proof here follows a different path due to the singular nature of the

operator for p € (1, 2) (see the discussion in Section 1).

Proposition 5.1. Let u € Wy'"(Q), K > 0 satisfy

|(—A)‘;7u| <K inQ

u=0 in Q°. -1
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Then, there exist a € (0,s), C, Ry > 0 depending on N, p, s, and Q, s.t. for all xo € 92 and all
r € (0, Ry)

1

0sC —<CK -Tr
D, (xp) d,

Proof. Up to a translation we may assume xo = 0. Also, since (—A)?7 is (p — 1)-homogeneous,
we assume K = 1. Set for all x € RV

Y0 req
v(x) = { dg(x)
0 if x € Q°.

We fix a radius Ry = Ro(N, p, s, 2) satisfying
0< Ry <min{'%2, Pos 1}

(with pg, > 0 defined by Proposition 2.10). Then, for all n € N we set R, = Ro/8" and as in
Section 2

D, = Dg,, B, = l;'R,l/zy

so that 1§n C D,,. For future use, we set forallm e R, R > 0

/ (mds, () — u ()P~ — (u(y) — u(x)P~!

E (u,m,R)=2 sup dy,
xeDg)> |X— |N+ps
{u<mdg,}
E_um R)=2 sup / (w(y) —u@x)P~1 = (md§ (y) — u(x))?~! dy
) ) XEDR/z |x _ |N+p§‘ )
{u>mdyg,)}

and we note the symmetry relation
Ei(u,m,Ry=E_(—u,—m, R). 5.2)
We claim that there exist o € (0, s), Ro > 0 (obeying the limitations above), and u > 1, depend-

ingon N, p, s, and €2, and two sequences (m,,), (M) in R \ {0} (possibly depending also on u)
s.t. (my,) is nondecreasing, (M,) is nonincreasing, and for all n € N

m, < 1[1)1f v<sup v < M, My, —my, = uR;. (5.3)
D,

We argue by (strong) induction on n. First, let n = 0. By [29, Theorem 4.4] there exists Cp =
Co(N, p,s,2) > 1s.tforall x e Q

lv()] < G
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For @ € (0, s), Rg > 0 to be better determined later, choose

_ 2Co

—R—g>1,

7

and set My = —mqo = wR{ /2. Then clearly we have (5.3) at step 0.
Now fix n > 0, and assume that sequences (my), (My) are defined for k =0, ...n and satisfy
(5.3). In particular, for all k € {0, ...n} we have

|Mi| + Imi| < 1Mol + [mol < Ry = 2Co. (5.4)

By (5.3) (at step n) we have u > mpdg, in Dy,. So, by Proposition 2.4 we have (u v m,dy,) €
W$P(Dg,2). Using also (5.1) (recall that K = 1), we see that for all x € Dg, >

(=AY}, (u vV mydg)(x)

W@ (x) — muds, (NP~ — (u(x) — u(y)P~! dy

_ s
=(=A),ulx)+2 P

{u<mydg,}

> —1—E (u,my, Ry,).
Similarly we get (u A M,dg,) € VT/S’P(DRn/z) and for all x € Dg, /2
(=AY, A Mydg)(x) < 1+ E_(u, My, Ry).

In the next lines, we will provide some estimates for the quantities E.(u,m,, R,) and
E_(u, M,, R,), assuming when necessary some restrictions on m,, M, respectively. By the
symmetry relation (5.2), any estimate on E will reflect on an analogous estimate on E_. Pre-
liminarily, as in [30, Theorem 5.1], for all ¢ > 0, @ € (0, s/q) we set

o]

8% _ 1)4
s,,«m:Z#,

¥
and note that the series above converges uniformly with respect to o and
lim S, (@) =0. 5.5
lim_ S, (@) (55

First we focus on E(u, m,, R,) and prove for such quantity an estimate involving S,_1(a).
Fix x € Dg,2, y € RY st u(y) < mpdg, (), hence in particular y € Dy, (by (5.3) at step n).
Elementary geometric observations lead to

[yl
Ix—y|>7, Iyl = da(y).

By inequality (A.5) with a = u(x), b = u(y), and ¢ = m,dg,(y) (note that b < c) we have
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(mady () = u()?™ = () = u@)?~ <27 (mady(y) —u()P

So, for all x € Dg, /> we have

(mpd(y) — u(x)P~ = (u(y) —u(x))P~ 1
|x _ |N+ps
{u<mydg)

<

c / (mndéz(y)—u(y))”_ldy

|y|N+ps

{u<mydg}

<c [ (’"”_r’N(if” dy = Cuail) | (0 = ). R).

QNDS

where the tail is defined as in (2.5) with g = p — 1, and C = C(N, p, s, 2) > 0. Note that the
last quantity does not depend on x. We split the integral defining

A =Q\ Dy, Ar =Dy 1\ D (k=2,...n),

and noting that for some C = C(N, p,s) >0

—1 dy < I dy < ¢
|y|N+s YS |y|N+s Ys R)ifl.
Ak DZ

Then, forall k € {1, ...n}, y € A, we apply (5.3) and monotonicity of the sequences (m,,), (M)
to get

my —v(y) <my —mg_q
<

mp — My) + (My—1 —mg—1) = p(Ry_; — Ry).

Also, recall that S, () converges due to o < s/(p — 1). Therefore, splitting the integral, we
have the following estimate for the tail:

(my — ()L™
tail?” | ((my — v)4, R / - TS
k=1;,
puP~Y(RY | — R%)P~!
<>/ dy
|y|N+s
k= lAk

_Roz) p—1
p—1
o Z e

- Cup—lsp_l(a)R,ﬂf"”““‘.
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Going back to E4 (u, my, R;,), we have found C = C(N, p, s, ) > 0 s.t.

E(u,mu, Ry) < CpuP~'S, 1) RY ™V (5.6)

The estimate in (5.6), though fairly general, is not fully satisfactory, as it involves an exponent
of the radius which is less than o — s. So we need another estimate of E (u, m,, R;) involving
S1(«), which we first prove under the assumption m,, > 0. For any x € Dg, 2> we split the integral
appearing in E4 (u, m,, R,), defining the subdomains Ay (k =1, ...n) and recalling that {u <
mpdi} C Dy

(Madl(y) —u)P™t = u(y) — u(x))P~ 1
|x_ |N+ps

{u<mydg}

[(madl(») —u()P™! = (u(y) —u(x)P~1]

§Z/ | _y|N+ps +dy=21k(x).

k=14, k=1

For all x € Dg, /2, y € Ax we have

—y|> Ry — 2 =
=yl > R = =227 =—¢

and by (5.3) at step k — 1 it holds u(y) > my—1dg(y). So we find C = C(N, p, s) s.t.

C ‘
1) <~ / [0mady () = ()P~ = (mi—1dgy () — u(x))?~ "] dy

k=1 A

We recall that m,, > 0, while we have no sign information on m_;. So we distinguish two cases:
(a) If mg—1 < my/2 (including my_1 < 0), then we have

mpy
my, —mg_1 2 —.

2

So for all y € Ay we use (A.5) with a = u(x), b =my_1d5(y), and ¢ =m,d,(y) (b <c)to
find

(MadSy(y) — u(0))? ! = (mi_1d (p) — ()P~ <227 P (my —mi_ )P~ AP ()

my —mg—1

(p=Ds
e dg  ~ ).

<4P

Plugging such inequality into the previous estimate of I;(x) we get, for k > 1,
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(b)

¢ Mp — ME—1 (p—1)s
hw < —e | e L LS

< C my, — my
X — _
R(I)V+(P l)ng) mg p

’

again with C = C(N, p, s, ) > 0. Since Ry < 1, in both cases we find C = C(N, p, s, 2) >
0s.t.

C m, — myg_1

N+(p—Ds ps 2-p
R, R;_, my,

I (x) <

If m,/2 < my_1 < my, then necessarily k > 1 (since m, > 0 > my). Set for x € Dg, /> and
y € Ag

hy(y) = (mudh (y) — u(x)P ™" = (my_1d5(y) — u(x))P~' > 0.
Recall that [Vdg| = 1 a.e. in Ay. Therefore, by the coarea formula we have for all x € Dg, /2
[uody= [novaamia=[ [ o s
Ay Ay R Agn{de=£&}

where HV~! is (N — 1)-dimensional Hausdorff measure on Az N {dg = £}. By Lemma 2.2,
there exists C = C(2) > Os.t. forallk > 1 andall £ > 0

HY ! (AcN {de = £1) <CRYT.

Using the above measure-theoretic bound in (5.7), we find C = C(N, p, s, 2) > 0 s.t. for
all x € Dg, 2

Ri—1
/hX(y) dy <CRZ| / [(ma&* — u()?™" = (i1 — u(x)P~']dé.
Setforallm >0,7reR
Ri—1
Yi(m, 1) = / (m&* — )Pl de.
0
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Then we have Y (-, 1) € C 1(0, 00) with derivative

Ri—1

%(m,t)ﬂp—l)mp’z /
om

0

t )p—Z
m

g - £ ds.

We estimate the last integral by using the change of variable § = Ry_1n:

Ri—1 s 1 )
t |P— 1 t |P—
[ e =2 e as=riz [ |rm - 2 wan
m m
0 0
1
—Ds+1 ; 12
=R /’f— ; n* dy.
mRk_1
0

By the further change of variable 6 = n® and (A.5), we have for all t € R

1 1
/Ins—rl”*znsdn</lns—rl”’2nx"dn
0 0

1
do
— / 10— T|P—2_
s
0

(1 —7yp~t —gr-l 22-»p
B (p—1Ds S(p—-Ds

In conclusion, there exists C = C(p,s) >0s.t.forallm >0,t e R, k > 1

5 s
%(m,t) <CRIH (5.8)
m

We now go back to I(x). We apply Lagrange’s theorem to (-, u(x)) in the interval
[m—_1,m,] C (0, 00), along with (5.8) and the previous relations, to get

C
W0 < v [ Iy
R 1
CRY!
< e [y ) — Y. u o)

k—1

C ol
S —5; max W (m, u(x))(m, —mg_1)
R +ps mr—1 <m<m, 0m
k—1

C my —myp_q

R} 2-p
k=1 my_}

X
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Since my_1 > m, /2, we conclude that there exists C = C(N, p, s, 2) > 0 s.t.

C my—my_g
2—-p
n

I (x) <
TR m

In both cases (a), (b), recalling that Ry < 1, we have reached the same estimate of I (x), which
is independent from x € Dg,, /> and of the form

C my —mg_|

N+(p—Ds ps 2-p
R Ry_y  my

I (x) <

for C =C(N, p, s, Q) > 0 independent of Ry. Thus, by (5.3) at steps k =0, ...n we have

C my — mj_—
E R n k—1
+(u9”l}’lv ﬂ) <

N+(p—Ds 2—p
=1 Ry Ri_,  my
Cu "Ry | —RY

< n
= N+(p—Ds_2—p Z s

Recalling the definition of Sj(«), whenever m,, > 0 we have the following alternative estimate
involving a constant C = C(N, p, s, 2) > 0:

Cu S1() s
———— - R%", 5.9
m%—p R(1)V+(p—1)s n

Eq(u,mp, Ry) <
Next we focus on the quantity E_(u, M, Ry,). Recalling the symmetry relation (5.2), we have
E_(u, My, Ry) = E(—u, =My, Ry).
Note that the function —u € Wé’p(SZ) satisfies (5.1), and by (5.3) at step n we have for all x € D,
—u(x) = —M,dg(x).
So, arguing exactly as in (5.6) we find C = C(N, p, s, 2) > 0s.t.
E_(u, My, Ry) <CpP'S, 1 (@)RF ™", (5.10)

The argument for a (5.9)-type estimate for E_(u, M,,, R,) is slightly different. We assume M,, >
0 and for all x € Dg, /> we define Ay (k=1,...n) as above and split the corresponding integral
as follows:

/ () — )P~ = My ) et

|x — y|N+ps
{u>M,dg,}
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[@() —u())?P~! = (Mpdy(y) —u(x)P~]
S Z/ |x — |N+ps dy

k= lAk

C
k=1 Yk—1

Ak
For k > 1 we can argue as in case (b) above to get, thanks to My_; > M, and (5.8), that for all
X € Dg, 2
C M ds p—1 M ds p—1 d
g [ [(Mie1dp0) = w0 = (M,d () = u)” ™ Jdy
k=1 4,

oy

— —r My — M,

R,lf’” My <m e, dm (e, () (M1 2
C M1 —M,

X 5F 7
Ry M;?

Now turn to k = 1. First, by [35, Corollary 2] we have the following uniform bound for all £ > 0
and some C =C(N, 2) > 0:

HV ({de=¢€) <C

We apply the coarea formula as in case (b) above to get

/[(Mod () —u())P ™ = (Mydy(y) — u(x)?~ ' dy < C[y1 (Mo, u(x)) — Y1 (My, u(x))],

Ay

where C = C(N, p,s,2) >0and forallm > 0,1 € R

diam (2)
Yrim, 1) = / (m&* — 1y~ de.
0

Arguing as in (5.8), we find C = C(N, p,s, 2) > 0s.t. forallm >0, € R

C
1/f1( ne o

So, by Lagrange’s theorem we get

0
/(Mod‘éz(y) —u()P = (Muds () —u(x)?dy < C y ax %(m, u(x)) (Mo — M,)

My — M,

<C
~ Mr%ip
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Since Rg < 1, we have

@) —u)"™ = (Mpdp) —u@)P™' € 1 M — M,
Ix — |N+ps ys N+(p—D)s Z RS 2—p
{u>Myds) Y R, =1 k=1 My
ntQ

Thus, whenever M,, > 0 we have the following estimate, with C = C(N, p, s, 2) > 0:

Cn  Si(a) RS (5.11)

— {———
E_(u,M,, Ry) < Mr%_p R([)V—Hp_l)s n

All the estimates (5.6), (5.9), (5.10), and (5.11) hold if 0 < m,, < M,,. We briefly hint at the
remaining cases (recalling that by (5.3) at step n we have m,,, M, # 0 and m, < My,).

A) If m,, < M,, <0, then conversely 0 < —M,, < —m,,, so we turn to the function —u which
solves (5.1) and satisfies for all x € D,

_Mndsgz(x) < —ulx) < _mndsgz(x)~

Arguing as above and using (5.2), we find estimates of the type (5.6) - (5.11) for the quan-
tities

Ey(u,mp, Ry) = E_(—u, —mp, Ry), E_(u, My, Ry) = E4(—u, =My, Ry).

(B) If m, <0 < M,, then we can derive (5.10), (5.11) as above. Besides, passing to —u and
noting that —m,, > 0, we find estimates like (5.6), (5.9) for

E+(Mvmnv Rn) = E*(_ua —mpy, Rn)

Summarizing, in any case we find C = C(N, p, s, ) > 0 s.t.

E(u,my, Ry) < Cmin { WS, 1 (@) RPD

" Si () ,H}
" mp |2 RY (=D ’

—Da— S ,
O e L

T My |%p R(I)V+(p—1>s n

The next step consists in applying the lower and upper bounds proved in Sections 3, 4 to the
functions u Vv mydg,, u A Mydg,, respectively. To this end, note that both Proposition 3.4 and
Proposition 4.4, while separately proved in the case m, M > 0, actually hold true together for
arbitrary m, M ## 0: indeed, if (u, m) fulfill the assumptions of Proposition 3.4 for some m < 0,
then Proposition 4.4 applies to (—u, —m), and (4.14) is then equivalent to (3.12) with |m| on the
right hand side; similarly, if («, M) satisifes the assumptions of Proposition 4.4 for some M < 0,
then Proposition 3.4 applies to (—u, —M), giving (4.14) with | M| on the right hand side.
Set then, for C = C(N, p, s, 2) > 1 given in the previous bounds for E,

Kn=1+Cul™'S, 1()R" V"™,
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Cu Si(a) s

h,=1+
n |mn|27p R(])V+(p—l)s n

)

Cu Si(e) o

Hy=1+
" M, P2 gNHp=Ds T

By the previous bound on (—A); (u vV m,dg,) and the estimates on E (u, m,, R,) in (5.6) and
(5.9), we have the following (3.11)-type inequality:

(=A)), (u Vv mydy) > —min{K,, hy} in Dg,
uV mydg, > my,ds, in RV,

We apply Proposition 3.4 with R = R, /2, m =m,, K = K,;, H = h,. Recalling that R, /8 =
Ry 41 and that u > m,dg, in D, by (5.3) at step n, with slightly rephrased constants, we find
C>1>0 >0,depending on N, p, s, and 2 (but not on Rp), s.t.

: R" K L1 2—p\ ps
inf (v — m,,) > JL(u, m,, 7) — C(KuR;) =T — C(Imp| + hyplmp|“"P)R;.

Dy

Similarly, by (5.10) and (5.11) we have the (4.13)-type inequality

(=4}, (u A Mydg) <min{K,, H,} in Dg, />
u Amydl < M, ds, in RV,

By Proposition 4.4, for C > 1 even bigger and o € (0, 1) even smaller if necessary, all depending
on N, p, s, 2 (but not on Ry), we have

R o
inf (M, —v) > aL(u, M,, 7) — C(KuR) 7T — C(IMy| + Hy| M, > P)RE.
n+1

Comparing the definitions of K, h,, and H, with the lower-upper bounds above, we realize that
the latter show a certain degree of homogeneity, which we are now going to exploit in the final
steps of the proof. We proceed to estimating the oscillation of v = u/df, in D, (recalling the
definition of the excess in (2.4)):

osc v=sup v— inf v
Dn+1 Dn+l Dn+l

< (M, —my) — inf (v—m,) — inf (M, —v)
Dy 1 Dnt1

R, R,
< (M, —my) —U[L(M, nmy, 7) +L<M’Mna 7)]

1
+ C(KyR) P + Cllmy| + halm, P77 + My | + Hy| M, |~ PR,

R T R

B, By,
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pSi(er)

1
-4
+ C,LLS;_l(Ol)Rf; + CWR;XL + C[LRgR:l
0

where in the last step we used (5.4). By subadditivity of # — ¢” ~1 on [0, 00), for all x € En it
holds

(My —mp)P 1 < (My — ()P + (0(x) —my)P

Using inequality (A.4), we thus have

][(v(x)—mn)p ldx (LM, — v 1dx)_'
" pn2 1
>25 | f(v(x) )P~ 1dx+][(M o tax]
Bn B,,

Plugging this inequality into the previous oscillation estimate, using (5.3), and recalling that
R, < Rp and i > 1, we have

Si(a)

oscv< (1-250) (M, —mn)—i—C;L[S” @+
0

Dn+|

]R;;‘ + CURYRS

S1(@)
[1—2” 10'+CSp 11( )+Cm]8aﬂRn+l+CﬂR0 n+1>
O

where in the last passage we used the inequality
RE R} <8“RRY,,.

So far, « € (0, s) and Ry > 0 (obeying the initial bounds) are not subject to any further restriction.
We now choose Ry = Ro(N, p, s, 2) > 0 small enough s.t.

p=2_4

CRy<2r7 o,
and correspondingly, thanks to (5.5), choose @ =« (N, p, s, ) € (0, s) so small that

S1(@) ]80‘ <1—ob!

1
[1-2Focs @ R
0

By virtue of such relations we have
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o

0sC V< UR, ;.

Dn+l

Therefore, we may fix m, 41, My4+1 € [m,, My] s.t.

Mpy1 < inf v < sup v < My, My — My =pRy |,
Dyt Dy 1

thus proving (5.3) at step n + 1.
Finally, let 7 € (0, Rp). Then, there exists n € N s.t. R,11 <7 < R,,. By (5.3) we have

oscv < oscv < uRY < u8r®.
Dr D}‘l

Thus, the conclusion holds with @ € (0, s) and C = u8% > 1, both depending on N, p, s, and
Q. O

We can now prove our main result. The argument is in fact identical to that of [30, Theorem
1.1], but we include it here for completeness.

Proof of Theorem 1.1. As said in Section 1, case p > 2 is just [30, Theorem 1.1], so we assume
pe(1,2).Let f € L®(Q),u € WHP(Q2) be asolution of (1.1). Set K = || f||zoc(), SO u satisfies
(5.1). By homogeneity of (—A)® , we may assume K = 1. Set as before for all x € RY

“x) req
v(x) = { dg(x)
0 if x € Q°.

For « € (0, s) being given in Proposition 5.1, we aim at applying Lemma 2.6 to v with y = «.
As already recalled (see (2.7)), we have v € L°°(R2) and there is C = C(N, p, s, Q) > 0 s.t.

lvllLe @) < C,

hence v satisfies hypothesis (i) of Lemma 2.6. In order to check (ii), let x; € Q be s.t. de(x1) =
4R, and arguing as in Theorem 2.7 (with y = o) we get

[ulce (Brjg(x)) S CRTE,
with C = C(N, p, s, ) > 0. Besides, by [45, p. 292] we have

&) < g
5, JcoBrs@)  REFS

Combining the previous properties, we have for all x, y € Bg/g(x)

1

[ve) —vO)I _ Ju) —u()] 1 lu(y)l 1 ‘
do(x)  dg(y)

x—yle T x—yle dhGx)  x—y

1
+ ||"”L°°(BR/8)[@]ea(smm)

1
< [ulce By s H—
h Brs g5 N 1 (Brys )
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X

CRS(8>S+CRS C C

R« R Ra+s R«

So, v satisfies hypothesis (/i) of Lemma 2.6 with v = y = «. Finally, fix xo € 02, r > 0, and let
C, Ry > 0 be as in Proposition 5.1. We distinguish two cases:

(a) If r < Rp, then by Proposition 5.1 we have

osc v < Cre.

Dy (x0)

(b) If r > Ry, then simply

osc v < 2||v|lLe) < re.
Dy (x0) L= RS‘

In any case, v satisfies hypothesis (iii) of Lemma 2.6 with y =« and M = M(N, p,s, Q) > 0.
The corresponding exponent in Lemma 2.6 turns out to be «/2 € (0, s), therefore

(V] < C,

for C=C(N, p, s, 2) > 0, which, along with the previous bound on ||v]| =), yields the con-
clusion, up to replacing o with /2. O
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Appendix A. Some elementary inequalities

Here we recall some useful inequalities, specifically designed to deal with the singular case.
In the following, we’ll assume p € (1, 2).

e Forall a,b > 0 we have
al ' =P > (g —b)P — P, (A.1)
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Indeed, if a > b then by monotonicity of # — t”~! we have
aP V> @—-nr=t, —pPl > —aPl,
hence (A.1). If a < b, then by subadditivity of 7 — |¢|P~! we have
P < -a) +alh
hence
a?t =bP7 > (@ - by

which in turn implies (A.1).
e Foralla,b>0,0 > 0 we have

a 6 \2-p 0 _
> ( ) P LN (A2)
(a+b)> P~ \0+1 0+ 1)2r
Indeed, if a < 0b then
(L)z"’aw 0
0+1 O+ 1)2-r ’

so (A.2) is trivial. If a > 6b then

1\2-p
@+b)>"< (1 n 5) a7,

which in turn implies (A.2).
e Foralla e R, b >0 we have

(a+b)P~ " —agP~ > pP1 — g P71, (A.3)

Indeed, if a > 0 then by monotonicity of ¢ — tp-1 (A.3) is trivial. If —b < a < 0 then by
subadditivity of 7 tP=1 on [0, c0) we have

b <@+ b+ ()P
hence (A.3). Finally, if a < —b then by monotonicity again
@+ + (=) a4 b0,
which is equivalent to (A.3).
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e For all a, b > 0 we have

2—p 1

7 (a7 T+ b7T). (A4)

1
(a+b)r1<2
Indeed, let g = 1/(p — 1) > 1, then by convexity of ¢ — ¢7 in [0, c0) we have

b
@+ =2(%+ E)q <297 1(a? 4 bY),

hence (A.4).
e Foralla,b,ceR, b <c wehave

(c—a)P ™' —b—a)P™' <227 P(c —b)P . (A.5)

Indeed, by the rearrangement inequality for integrals we have

a—b (c—=b)/2
L/UW”dns / 1P dr,
a—c (b—c)/2

which rephrases as

(a —b)P~! B (a—c)P~! < 1 [(c—b)P—l B (b—C)P—l]

p—1 p—1 T p—1L\ 2 2
2—-p
=-—(c—br",
p—1

hence (A.5).
Appendix B. Proof of Proposition 2.10

Here we give a sketch of the proof of Proposition 2.10. In fact, the original argument of [30,
Lemma 3.4] only works for domains with a C%!-smooth boundary, as it requires that the metric
projection onto the boundary be C!'! (see [39]). We modify the argument in order to include
C!1-smooth domains, and so we correct the gap of the original proof.

Proof of Proposition 2.10. The idea is the following: first, we rephrase v, by means of a con-
venient diffeomorphism and a distance function; then, we prove the desired bound on (—A)f,, v,
as in [30, Lemma 3.4].

First we introduce a signed distance from dU by setting for all x € R

dy (x) ifxelU
d(x) = . .
—dye(x) ifxeU°.

By the regularity of U, d is a C'"!-function in a convenient tubular neighborhood of U, satis-
fying |Vd| = 1. Up to a rotation of axes, we may assume that ey is the interior normal to dU at
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0, so Vd(0) = ey . By the regularity of d there exist Ry, C > 0 only depending on U (which will
be tacitly assumed henceforth), s.t. for all x € Bag,

IVd(x) —en| < Clx|, |d(x) — xn| < Clx|*. (B.1)

Also, there exists a C 1*1—diffeomorphism ® : Bop, — ©(Bap,) (meaning that both ® and o1
are C1-1) with the following properties: ©(0) =0, DO(0) = DO~!(0) =1Id, and

O(Byr, NU) CRY,  ©(Bag,NIU) C IRY,

where we have set
RY ={x"eR": x}, > 0}.
Besides, we have
1®llcr1(Byg,) + e ler @Bk < €
and for all x € Byg,, x’ € O(Bag,)
|IDO(x) —1d| + | DO~ (x') — Id| < CRy, 1©(x) — x|+ 107 (") —x'| <CRE.
Set for all x” € ©(Bag,)
d ) =dO'(x")).

By (B.1) and the bounds on ®, d’ € C''!(®(B;g,)) and for all x’ € ©(Bag,) we have

|Vd'(x") — en| < CRy, |d'(x") — x| < CRZ. (B.2)

Fix ¢ € (0, 1/2) (to be determined later). Then set for all |A| < Ag, R € (0, Rg/2], and x’ €
O(B2g,)

O ' (x)\\+
Uit = (14+20(—2=)) "
So ¥; € C11(O(Bag,)) satisfies for all x” € O(Bag,)

[A]
[Ya(x") — 1| < ClAlxoBg) (X)), [V.(x")] < C?X(-')(BR)(X/L

and almost everywhere

)\'2
|D2 (x| < C 2z Xomp (1),

Next we define another local diffeomorphism. Set for all x” € ©(Bzg,)

372



A. Iannizzotto and S. Mosconi Journal of Differential Equations 412 (2024) 322-379

v, (x") = (xi, .. .x}v_l, w)\(x’)d'(x’)),

so that Wy : ©(Byg,) — RV is a Cl'l-map s.t. W (®(Bag,) N GJR_’X) C aM. We compute the
first-order derivatives of ¥, at x’ € O(B3g,)- Clearly, forall j € {1,...N — 1}

VU (x') =e;j.

For the N-th component, noting that |d'| < CR in ©(Bg), using (B.2) and the estimates on ¥,
we have

VWY (X)) — en| < IV (NI ()] + ¥ (x)) — 1][Vd ()] + VA () — en|
1]
R
< ClM xoBr) (x') + CRy.

< C—I|d ()| xomsgr) (X)) + ClAlxosg (x)) + CRo

Taking Xg, Ro even smaller if necessary (still depending on U), we may assume that || DW; —
1d|| L®(O(Bag,)) is sufficiently small, so that ¥y is a C'-!-diffeomorphism. A similar argument
leads for a.e. x" € ©(Bag,) to the following estimate of the second-order derivatives:

2 N < )‘_2 i m ’
D", (x)| < C R2|d (DI + R + Al [xomr () +C

[A]
< C?X(-)(BR)(X/) +C.

Now set for all x € By,
D) (x) =¥, (O(x)).

By the previous estimates @), : Bog, — Py (Bag,) isa Cl’l—diffeomorphism s.t. for all x € Bag,,
X € ®,(B2r,)

|D®; (x") —1d| + |D<D;1(£) —1Id| < C(ho + Ro), (B.3)
and for a.e. x € Byg,
2 A
D cI9,\(96)|<CFXBR(X)+C. (B.4)

Also, for all x € Byg, a direct computation yields

v (x) = (D)5 (x). (B.5)

We aim at extending @, to a global diffeomorphism, keeping uniform estimates with respect to
A, R. Note that for all [A| < Lo we have @), = ®¢ in Byg, \ Bg,/2, while by (B.1) we have for all

X € Bogy \ Bry)2
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| Do (x) — x| < CRg.
So we pick a cut-off function n € C2°(Bap,) s.t. 0<n < lin RV, n=11in Bg,, and
Rol V| + R3|D*n| < C(N)

in Bog, \ Bg,- Then, set for all x € RY

®;.(x) = () Py (x) + (1 — n(x))x.

Clearly we have dADA(x) = &, (x) for all x € Bg,, as well as Cfu(x) =x forall x € B;RO. Also,
for all x € Byg, \ Bry,2 the previous relations and (B.3) imply

|D®; (x) —1d] < [V (x)|[®o(x) — x| +n(x) | DD;.(x) — Id]

c
< R—R(Z, + C(ro + Ro) < C(ro + Rp).
0

Moreover, a similar estimate holds for D&;l and DszD,\ satisfies (B.4) a.e.. Adjusting Ao,
Ro again, and setting for simplicity ®, = ®;, we deduce that ®; : RN — RV is a Cc!!-
diffeomorphism satisfying (B.3) (B.4) in R, and (B.5) in Bp,, which concludes the first part of
our argument.

Now we aim at proving the bound on (—A)‘;7 v;.in DR,y/2 = Bry/2 MU, by means of (B.5) and
the properties of @; . Recall that [A| < Ao, R € (0, Ro/2]. Setforall e € (0, 1), x € Bryo NU

(i (x) — va(y))P~!
|x — y|N+ps

fe(x) =
{122 () =P (n)| >¢}
(we omit henceforth the dependance on A, R for brevity). We claim that for any such A and R

there exists fo € L% (Dg,/2) s.t.

. ||
fo— fo in Ll (Dry2)ase— 07 and | follL(ng, ) < C(l + F)' (B.6)

First note that it suffices to prove the claim for

(. (x) — v (Y)P~!
|x — y|Ntps

felx) =

BryN{| P (x) =Py (x)| 26}

Indeed, forall ¢ € (0, 1), x € Dgy2, ¥y € BIC?O we have |x — y| > |y|/2, hence

. V3. (x) — v ()P
[fe(x) = fe ()| < / Ix — y|N+ps
B

c
Ro
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dy
|y|N+ps =

3

< Cdiam(U)P~Ds /

BS,
Ro

for a suitable C = C(N, p, s, U, ¢) > 0 (such dependance of C will be assumed henceforth). So,
fe — fg converges in L% (Dg,/2) to some universally bounded limit function, i.e., with a bound
on the L°°-norm independent of A, R.

Focusing on f;, we use the change of variables ¥ = ®; (x), ¥ = ®;.(y) and recall (B.5) to get

(G5 — Gn))r!

fe(x) = —— ——
e ®) - o () Ve
@5 (Bry)NBE(X)

|det DO ()] d§

for all x € Dg, /2. We split the integral by setting for all X € &5 (Dg,/2), ¥ € Py (Bg,)

’

= NS (5.os yp—1
00 () = / ((xlf)ﬁ EyN)f)Z 5
J ID®(F)(F — y)INtes
BS(X)
/ (En)5 =GPt e

ho (%) =
) DO (D) — IV

’

@5 (BRy)NBE(X)
and

1D (®) — @) () Vs

H(,y) = |det DO (5)| — |det DO (3 )
»=| S O DT @G

Indeed, a direct computation shows for all x € Dg, /2, X = ;. (x)

. O (En)% = GM)3)P!
3 = |det D® ! 3 — he . ;
fe(x) = |det DO, ' (2)|(g¢ () — he (X)) + |01 (®) — @ ' (3)IN+Ps

@5 (Bry)NBE (%)

H(x,y)dy.

By [29, Lemma 3.2] we have g, — 0 in L° (Ri’) as ¢ — 0. Also, a similar argument to that

loc
used above for f, — f; shows that i, converges in L°°(®; (Dg,/2)) to a function with a universal
L*-bound.
So we turn to the last quantity. We claim that there exists C = C(N, p, s, U, ¢) > 0 s.t. for all
[A] < Ao, R € (0, Ro/2] we have for all X € ®; (Dg,,2)

- - |\
|H<x,y>|dy<c(1+—). (B.7)

/ |G = G047
RS

;1 () — @ TN
®,.(Bry) = Y
We go back to the original variables using (B.5):
/ |G = G4
10 @ - eI

x) — v (P!
x _y|N+ps

el e [ (
|H(x, y)|dy = | K (x,y)ldy,
Bg

;. (BR, 0
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where we have set for all x € Dg /2, y € RY

|det D®; (y)| |x — y|NFps

K(x,y)=1— .
(. ) |det D®; (x)] [D®;(x) (@1 (x) — By ()N T7S

We estimate K arguing as in [30, Lemma 3.4]. First we split and use (B.3):

|det D®;.(x)| — |det DP;.(y)|

K(x, <
K (e )] det DD, (x)|
|det DD, ()] lx — y| NP
|det D®; (x)] |D®; (x)~ 1 (Dy(x) — Dy () NFPs

B |x _ y|N+ps
|D®; (x) =1 (Py(x) — D (y)) N FPS

< Cldet DDy (x) — det DD, (y)| + C '1
= Kl(xv )’) + K2(.X, )’)
Focusing on Ky, we use (B.3) and (B.4) to get

1
d
Ki(x,y)<C /EdetDQA(x +t(y —x))dt
0
1

< C/|D2¢’/\(x 0y — )ik — yldr
0

1
[A]
<Clx—yl [fxmx +r(y—x) +1]dr
0

|x — ¥l

<C|k|min{ ,1}+C|x—y|.

Considering now K3, using Taylor’s expansion with integral remainder, (B.3) and (B.4) we obtain
a formally analogous estimate:

B x —yI?
|D®; (x) =1 (®1(x) — Du(y)?
<C |D®; (x) "1 ( Py (x) — D1 (y) + (x — )| | DP(x) (D1 (x) — Do () — (x — y)]
h |D®; (x)~1(®x(x) — ()
[Py (x) = Pr(W)| + [DPL(x)(x — )|
D5 (x) — () |?

Kr(x,y) < C|l

<C

| @5 (x) = D1 (y) = DD, (x)(x — y)

1
< ¢ /(1 t)d2<b( +1( ) dt
< —1)—~ X —X
X —yl arz Y
0
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1

/ XBR(x+t(y—x))+1]| —yl*ar
0

Ix—

<C|X|min{|x;y|, 1}+C|x—y|.

Therefore, for all x € Dg,/2, y € RY we have

|x — ¥l

K (r, I < C lafmin | t+Ch—yl,

with C = C(N, p, s, U, ¢) > 0. Moreover, from (B.3) we infer a Lipschitz bound on @, indepen-
dent on A and R as long as |A| < Ao and R € (0, Ry/2], hence (B.5) shows that v, has s-Holder
modulus of continuity in Bg, uniformly bounded in A and R under these conditions. Therefore

[0, (x) — va ()P~ lx — y[P=D C

|x_y|N+ps = |x_y|N+px - |x—y|N+s'

Plugging these estimates into the integral we have

[ua (x) — v (V) [P~!
|x — y|N+ps

C [l =yl
g/m[pﬂmm{ R ,1}+|x—y|]dy
Br,

|K(x, y)ldy

Bry

|A| [ min{|lx —y|, R}
C? |x |N+s d +C |x— |N+s 1
BRO
[A] / dy / dy
<C— ——— 4+ C|A ——+4C
R ) oyt T =y
Bgr(x) BROQBC(X)
I)ul c c< CI)»I C
+ [A| |N+s + — +
B‘(X)

Thus we have proved (B.7). In turn, that implies (B.6) (the stated convergence is actually in
loc(DRO/Z) as e — 01).
Finally, [29, Lemma 2.5] can be applied to vy in Dg, /2> with the sets

Ae={0r. ) eRY xRV : 10,(x) = @11 <}

thanks to the global Lipschitzianity of CD)TI granted by (B.3). Therefore (—A)}, vy = fo weakly
in Dg,/2 and the bound on fj in (B.6) concludes the proof of the Proposition with pi, = Ry/2
and A¢ as before. O
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