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We investigate a class of zero-flux chemotaxis-growth systems featuring nonlinear local and non-
local reaction terms, as well as a gradient-dependent damping, given by

u, = Au— yV-uVo)+ au’ — b(/Q uﬂ)ls —c|Vul", inQx(0,T,,),
T, =Av—-v+u, in Qx (0,70,

where y,a,b,¢ > 0, p,f,8,y > 1,and r € {0,1}. Assuming that Q C R" (n > 1) is a bounded domain
with smooth boundary and that the initial data (i, rv,) are sufficiently regular, we prove the
existence of global (i.e., T},,, = o), uniformly bounded classical solutions under suitable structural
conditions on the exponents defining the reaction term and the dimension n.

A central insight of our analysis is that, in contrast to classical scenarios where p < g typically
ensures automatic control of the total mass |, u, the regime p >  makes that the structure of the
source term alone does not suffice to guarantee mass boundedness. Accordingly, the global bound-
edness of solutions is achieved via a two-tiered strategy: first, we identify a parameter regime in
which the total mass remains uniformly bounded in time; second, under further constraints on
the model parameters, we establish uniform-in-time boundedness of classical solutions in stronger
norms, specifically in L®(Q).

These results offer further insight into the interplay between chemotactic aggregation, gradient-
driven dissipation, and nonlocal reaction effects, contributing to the analysis of blow-up preven-
tion in structured chemotaxis models.

1. Introduction

1.1. Reaction-diffusion-transport phenomena: the Keller-Segel model

Nonlinear partial differential equations are widely used to model complex biological and chemical processes, including popula-
tion growth, migration, and chemical signaling. These systems often involve local reactions, spatial diffusion, transport influenced
by gradients, and global feedback mechanisms. Nonlocal effects, such as total population or concentration-dependent regulation,
play a crucial role in capturing collective behaviors like quorum sensing or resource limitation. The class of equations studied here
encompasses such interactions and falls within the broader framework of reaction-diffusion-transport models.
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\begin {equation*}\begin {cases} u_t = \Delta u - \chi \nabla \cdot (u \nabla v) + a u^\rho - b \left ( \int _\Omega u^\beta \right )^\delta - c |\nabla u|^\gamma , & \text {in } \Omega \times (0,\TM ), \\ \tau v_t = \Delta v - v + u, & \text {in } \Omega \times (0,\TM ), \\ \end {cases}\end {equation*}


$\chi , a, b, c > 0$


$\rho , \beta , \delta , \gamma \geq 1$


$\tau \in \{0,1\}$


$\Omega \subset \mathbb {R}^n$


$n\geq 1$


$(u_0, \tau v_0)$


$\TM =\infty $


$n$


$\rho \leq \beta $


$\int _\Omega u$


$\rho > \beta $


$L^\infty (\Omega )$


\begin {equation}\label {TaxisEquationTransport} u_t = \Delta u - \nabla \cdot (u w) + R(x,t,u,\nabla u).\end {equation}


$\circ $


$u = u(x,t)$


$x$


$t$


$\circ $


$\Delta u$


$\circ $


$- \nabla \cdot (u w)$


$u$


$w=w(x,t)$


$\circ $


$R(x,t,u,\nabla u)$


$u$


$\nabla u$


$x$


$t$


$v=v(x,t)$


$u$


\begin {equation}\label {KS} u_t = \Delta u - \nabla \cdot (u\nabla v), \qquad v_t = \Delta v - v + u\end {equation}


$\delta $


$u$


$v$


$n=1$


$n \geq 3$


$m>0$


$\int _\Omega u_0 = m$


$m < 4\pi $


$m > 4\pi $


$f(u) = au - bu^\beta $


$a, b > 0$


$\beta > 1$


$R(x,t,u,\nabla u) = au - bu^\beta $


$\beta = 2$


$\beta =\beta (n) > 1$


$1$


$v$


$\nabla u$


$R$


$\chi , c>0$


\begin {equation}\label {KS-Gradient} u_t = \Delta u - \chi \nabla \cdot (u\nabla v) + au^\rho - bu^\beta - c|\nabla u|^\gamma , \quad \textrm { with } \beta >\rho \geq 1, \gamma \geq 1.\end {equation}


\begin {equation}\label {KS-NonLocal} u_t = \Delta u - \chi \nabla \cdot (u \nabla v) + au^\rho - bu^\rho \int _\Omega u^\beta ,\quad \textrm { with } \rho ,\beta \geq 1,\end {equation}


\begin {equation}\label {KS-NonLocalGradient} u_t = \Delta u - \chi \nabla \cdot (u \nabla v)+au^\rho - b u^\rho \int _\Omega u^\beta - c|\nabla u|^\gamma , \quad \textrm { with } \rho ,\beta ,\gamma \geq 1,\end {equation}


\begin {equation*}u_t = \Delta u +a u^\rho - c|\nabla u|^\gamma , \quad \textrm {or for proper $f$}\quad u_t = \Delta u + a u^\rho + f(u) \left ( \int _\Omega u^\beta \right )^\delta ,\end {equation*}


$\rho ,\beta ,\delta $


$\S $


$\S $


$\int _\Omega u(x,t)dx$


$\Omega \times (0, T_{\max })$


$\Omega $


$\mathbb {R}^n$


$T_{\max } \in (0, \infty ]$


$\partial \Omega \times (0, T_{\max })$


$u(x,0) = u_0(x)$


$\Omega $


$u_\nu = v_\nu = 0$


$\partial \Omega \times (0,\TM )$


$\nu $


$\Omega $


$\partial \Omega $


$u=u(x,t)$


$\Omega \times (0, \TM )$


$L^1(\Omega )$


$u$


$\int _\Omega u$


$t \in (0, \TM )$


$u$


$L^1(\Omega )$


$u$


$a,b>0$


$\beta >\rho \geq 1$


$C_0>0$


$C_1>0$


\begin {equation}\label {Eq1} \psi (s):=a s^\rho - b s^\beta \leq C_0 - C_1~s \quad \text {for all } s > 0.\end {equation}


$\Omega $


\begin {equation*}\label {Eq0} \frac {d}{dt} \int _\Omega u = a \int _\Omega u^\rho - b \int _\Omega u^\beta - c \int _\Omega |\nabla u|^\gamma \leq a \int _\Omega u^\rho - b \int _\Omega u^\beta \leq \int _\Omega C_0-C_1\int _\Omega u\quad \textrm {on} \;(0,\TM ),\end {equation*}


\begin {equation*}\int _\Omega u\leq \max \left \{\int _\Omega u_0(x)dx,\frac {C_0|\Omega |}{C_1}\right \} \quad \textrm {on}\quad (0,\TM ).\end {equation*}


$\beta > \rho \geq 1$


\begin {equation*}c_m=\frac {1}{2} \left (\left (\frac {a}{b}\right )^{\frac {1}{\beta -\rho }}+\left (\frac {a \rho }{b \beta }\right )^{\frac {1}{\beta -\rho }}\right ), \quad c_t=\psi (c_m),\end {equation*}


\begin {equation*}C_0=c_t-\psi '(c_m)c_m\quad \textrm {and}\quad C_1=-\psi '(c_m).\end {equation*}


\begin {equation*}\frac {d}{dt} \int _\Omega u \leq \int _\Omega u^\rho \left (a-b \int _\Omega u^\beta \right )\leq \int _\Omega u^\rho \left (a-b |\Omega |^{1 - \beta } \left (\int _\Omega u\right )^\beta \right ) \quad \textrm {for all } t\in (0,\TM ),\end {equation*}


$\int _\Omega u$


$(0,\TM )$


$(0,\TM )$


\begin {equation}\label {EqNoMass} u_t=\Delta u -\chi \nabla \cdot (u \nabla v)+a u^\rho -b \left (\int _\Omega u^\beta \right )^\delta - c |\nabla u|^\gamma \quad \textrm {on } \Omega \times (0,\TM ),\end {equation}


$v$


$\rho \leq \beta $


$\int _\Omega u$


$(0, \TM )$


\begin {equation}\label {CondrhoMAGbeta} \rho > \beta \geq 1,\end {equation}


$u$


\begin {equation}\label {problem} \begin {cases} u_t=\Delta u -\chi \nabla \cdot (u \nabla v)+a u^\rho -b \left (\int _\Omega u^\beta \right )^\delta - c |\nabla u|^\gamma &{\rm in}\ \Omega \times (0, \TM ),\\ \tau v_t=\Delta v-v+u &{\rm in}\ \Omega \times (0, \TM ),\\ u_\nu =v_\nu =0 &{\rm on}\ \partial \Omega \times (0, \TM ),\\ u(x, 0)=u_0(x), \tau v(x,0)= \tau v_0(x) &x \in \bar {\Omega }, \end {cases}\end {equation}


$\chi , a, b, c>0$


$\beta , \delta , \gamma , \rho \ge 1$


$\tau \in \{0,1\}$


\begin {equation}\label {reglocal} \begin {cases} \textrm {For some } \alpha \in (0,1) \textrm { and } n\in \N , \Omega \subset \R ^n \textrm { is a bounded domain of class } C^{2+\alpha }, \\ \textrm { with smooth boundary } \partial \Omega ,\\ u_0, \tau v_0: \bar {\Omega } \rightarrow \R ^+ , \textrm { with } u_0, \tau v_0 \in C_\nu ^{2+\alpha }(\bar \Omega )=\{\psi \in C^{2+\alpha }(\bar {\Omega }): \psi _\nu =0 \textrm { on }\partial \Omega \}. \end {cases}\end {equation}


$\tau \in \{0,1\}$


$\Omega , u_0, \tau v_0$


$\chi , a, b, c>0$


\begin {equation}\label {MT1} 1 \leq \beta < \frac {2(n+1)}{n}, \; \max \{2, \beta \} < \rho < \frac {2(n+1)}{n}, \; \frac {n\rho }{n+1}<\gamma \leq 2 \quad \textrm {and} \quad \delta >\max \left \{\frac {n\gamma -n\rho +\rho \gamma }{n\gamma -n\rho +\beta \gamma }, \frac {\rho }{\beta }\right \},\end {equation}


\begin {equation}\label {MT2} 1 \leq \beta < \rho \leq 2, \quad \frac {2n}{n+1}<\gamma \leq 2 \quad \textrm {and} \quad \delta >\max \left \{\frac {n\gamma -n\rho +\rho \gamma }{n\gamma -n\rho +\beta \gamma }, \frac {\rho }{\beta }\right \},\end {equation}


$(u,v)=(u(x,t),v(x,t))$


$u, v \geq 0$


$(x,t) \in \bar {\Omega }\times (0,\infty )$


$u,v \in L^{\infty }(\Omega \times (0,\infty ))$


$\gamma $


$\delta $


$\delta =\frac {\rho }{\beta }$


$\gamma =\rho $


$C_{GN}>0$


\begin {equation}\label {MC} \max \left \{\beta , \frac {2n}{n+1}\right \} < \rho \leq 2 \quad \textrm {and} \quad b \geq \frac {a 2^{\rho -1}C_{GN}^\rho }{|\Omega |} \left [\frac {\beta \rho }{n\rho +\beta \rho -n \beta } \left (\frac {a 2^{\rho -1}C_{GN}^\rho n (\rho -\beta )}{c(n\rho +\beta \rho -n \beta )}\right )^{\frac {n(\rho -\beta )}{\beta \rho }}+1\right ].\end {equation}


$\rho $


$\delta $


$\gamma $


$\delta $


$\delta = \rho /\beta $


$\rho $


$\Omega $


$r\geq 1$


$0<q\leq p \leq \infty $


$\frac {1}{r} \leq \frac {1}{n} + \frac {1}{p}.$


$\theta = \frac {\frac {1}{q}-\frac {1}{p}}{\frac {1}{q}+\frac {1}{n}-\frac {1}{r}},$


$C_{GN}=C_{GN}(p,q,r,\Omega )>0$


$\psi \in W^{1,r}(\Omega ) \cap L^q(\Omega )$


\begin {equation*}\|\psi \|_{L^p(\Omega )} \leq C_{GN} (\|\nabla \psi \|_{L^r(\Omega )}^{\theta } \|\psi \|_{L^q(\Omega )}^{1-\theta }+ \|\psi \|_{L^q(\Omega )}).\end {equation*}


$\Omega $


$q>1$


$C_P=C_P(q,\Omega )>0$


$T\in (0,\infty ]$


$I=[0,T)$


$h\in L^q(I;L^q(\Omega ))$


$\psi _0\in W^{2,q}_{\nu }= \{\psi _0\in W^{2,q}(\Omega )\,:\, \partial _\nu \psi _0=0 \,\textrm { on }\, \partial \Omega \}$


$\psi \in W_{loc}^{1,q}(I;L^q(\Omega ))\cap L^q_{loc}(I;W^{2,q}(\Omega ))$


\begin {equation*}\psi _t=\Delta \psi - \psi + h\;\; \text { in }\;\;\Omega \times (0,T);\quad \partial _{\nu } \psi =0\;\; \text { on }\;\;\partial \Omega \times (0,T); \quad \psi (\cdot ,0)=\psi _0 \;\; \text { on }\;\;\Omega \end {equation*}


\begin {equation*}\int _0^t e^s{\int _{\Omega } |\Delta \psi (\cdot ,s)|^q}ds \le C_P \left [\lVert \psi _0 \rVert _{q,1-\frac {1}{q}}^q+\int _0^t e^s {\int _{\Omega } |h(\cdot ,s)|^{q}}ds\right ] \quad \text {for all } t\in (0,T).\end {equation*}


$\tau \in \{0,1\}$


$\Omega $


$u_0, \tau v_0$


$\chi , a, b, c>0$


$\beta , \delta , \gamma , \rho \geq 1$


\begin {equation*}(u,v)\in C^{2+\alpha ,1+\frac {\alpha }{2}}( \Bar {\Omega } \times [0, \TM ))\times C^{2+\alpha ,\tau +\frac {\alpha }{2}}( \Bar {\Omega } \times [0, \TM )),\end {equation*}


$\TM \in (0,\infty ]$


\begin {equation}\label {dictomyCriteC2+delVerions0} \text {either } \TM =\infty \quad \text {or}\quad \limsup _{t \to \TM } \left (\|u(\cdot ,t)\|_{C^{2+\alpha }(\bar \Omega )}+\|v(\cdot ,t)\|_{C^{2+\alpha }(\bar \Omega )}\right )=\infty .\end {equation}


$R>0$


\begin {equation*}S_T := \left \{ 0 \le u \in C^{1,\frac {\alpha }{2}}(\bar {\Omega } \times [0,T]) : \|u(\cdot ,t) - u_0\|_{L^\infty (\Omega )} \le R,\ \forall t \in [0,T] \right \}.\end {equation*}


$\tilde {u} \in S_T$


$v$


\begin {equation*}\begin {cases} \tau v_t - \Delta v + v = \tilde {u} & \text {in } \Omega \times (0,T), \\ \partial _\nu v = 0 & \text {on } \partial \Omega \times (0,T), \\ \tau v(x,0) = \tau v_0(x) & x \in \bar {\Omega }, \end {cases}\end {equation*}


$v \in C^{2+\alpha ,\tau + \frac {\alpha }{2}}(\bar {\Omega } \times [0,T])$


$H = H(R) > 0$


$v$


\begin {equation*}\begin {cases} u_t = \Delta u - \chi \nabla \cdot (u \nabla v) + a u^\rho - c|\nabla u|^\gamma - b \left ( \int _\Omega u^\beta \right )^\delta & \text {in } \Omega \times (0,T), \\ \partial _\nu u = 0 & \text {on } \partial \Omega \times (0,T), \\ u(x,0) = u_0(x) & x \in \bar {\Omega }, \end {cases}\end {equation*}


$u \in C^{2+\alpha ,1+\frac {\alpha }{2}}(\bar {\Omega } \times [0,T])$


$T>0$


\begin {equation*}\|u(\cdot ,t) - u_0\|_{L^\infty (\Omega )} \le L(R) T^{1 + \frac {\alpha }{2}},\end {equation*}


$T \le \left (\frac {R}{L(R)}\right )^{\frac {2}{2+\alpha }}$


$\Phi (\tilde {u}) := u \in S_T$


$\Phi : S_T \to S_T$


$u \in S_T$


$\TM \in (0,\infty ]$


$C^{2+\alpha ,\tau +\frac {\alpha }{2}}$


$\TM $


$(u,v)$


$\Omega \times (0,\TM )$


$\S $


$L^k(\Omega )$


$u$


$k>1$


$c_i$


$i = 1, 2, \ldots ,$


$\rho > \beta \geq 1$


$\gamma >\frac {n\rho }{n+\beta }$


$\delta >\max \left \{\frac {n\gamma -n\rho +\rho \gamma }{n\gamma -n\rho +\beta \gamma }, \frac {\rho }{\beta }\right \}$


$M>0$


\begin {equation}\label {MassG} \int _\Omega u(x,t)\,dx \leq M \quad \textrm {for all } t \in (0,\TM ).\end {equation}


$\delta =\frac {\rho }{\beta }$


$\gamma =\rho \geq 1$


$M=\int _\Omega u_0(x)dx$


\begin {equation}\label {Cond_b} \rho >\beta \quad \textrm {and} \quad b \geq \frac {a 2^{\rho -1}C_{GN}^\rho }{|\Omega |} \left [\frac {\beta \rho }{n\rho +\beta \rho -n \beta } \left (\frac {a 2^{\rho -1}C_{GN}^\rho n (\rho -\beta )}{c(n\rho +\beta \rho -n \beta )}\right )^{\frac {n(\rho -\beta )}{\beta \rho }}+1\right ],\end {equation}


$C_{GN}=C_{GN}(\rho ,\gamma ,\beta ,\Omega )$


$\Omega $


\begin {equation}\label {M01} \frac {d}{dt} \int _\Omega u = a \int _\Omega u^\rho - c \int _\Omega |\nabla u|^\gamma - b |\Omega | \left (\int _\Omega u^\beta \right )^\delta \quad \text {for all } t \in (0,\TM ).\end {equation}


$\int _\Omega u^\rho $


$\rho > \beta $


$\gamma > \frac {n\rho }{n + \beta }$


$c_{1}=c_{1}(C_{GN}), c_{2}=c_{2}(C_{GN})$


$C_{GN}$


\begin {equation}\label {GagliardoNirenbY} \begin {split} a \|u\|_{L^\rho (\Omega )}^\rho &\le c_{1} \|\nabla u\|_{L^\gamma (\Omega )}^{\rho \theta } \|u\|_{L^\beta (\Omega )}^{\rho (1-\theta )} + c_{1} \|u\|_{L^\beta (\Omega )}^\rho \\ &\le c \int _\Omega |\nabla u|^\gamma + c_{2} \left (\int _\Omega u^\beta \right )^{\frac {\rho \gamma (1 - \theta )}{\beta (\gamma - \theta \rho )}} + c_{1} \left (\int _\Omega u^\beta \right )^{\frac {\rho }{\beta }}\quad \text {for all } t \in (0,\TM ), \end {split}\end {equation}


\begin {equation*}\theta := \frac {-\frac {1}{\rho } + \frac {1}{\beta }}{\frac {1}{\beta } + \frac {1}{n} - \frac {1}{\gamma }} \in (0,1).\end {equation*}


\begin {equation*}\delta > \max \left \{ \frac {n\gamma - n\rho + \rho \gamma }{n\gamma - n\rho + \beta \gamma }, \frac {\rho }{\beta } \right \},\end {equation*}


\begin {equation}\label {MM} \frac {d}{dt} \int _\Omega u \le - \frac {b |\Omega |}{2} \left (\int _\Omega u^\beta \right )^\delta + c_{3} \quad \text {on } \;(0,\TM ).\end {equation}


$\beta >1$


$\beta =1$


\begin {equation*}\frac {b |\Omega |}{2} \left (\int _\Omega u^\beta \right )^\delta \ge c_{4} \left ( \int _\Omega u \right )^{\delta \beta }, \quad \text {with } t \in (0,\TM )\end {equation*}


\begin {equation*}\frac {d}{dt} \int _\Omega u \le c_{3} - c_{4} \left ( \int _\Omega u \right )^{\delta \beta } \quad \text {for all } t \in (0,\TM ),\end {equation*}


\begin {equation*}\left (\int _\Omega u(x,t)\,dx\right )\Bigg |_{t=0} = \int _\Omega u_0(x)\,dx.\end {equation*}


$(0,\TM )$


$\delta = \frac {\rho }{\beta }$


$\gamma = \rho $


\begin {equation}\label {M01B} \frac {d}{dt} \int _\Omega u = a \int _\Omega u^\rho - c \int _\Omega |\nabla u|^\rho - b |\Omega | \left ( \int _\Omega u^\beta \right )^{\frac {\rho }{\beta }} \quad \text {for all } t \in (0,\TM ).\end {equation}


$\rho > \beta $


$t\in (0,\TM )$


\begin {equation}\label {GagliardoNirenbYB} \begin {split} a \|u\|_{L^{\rho }(\Omega )}^{\rho } &\leq c \int _\Omega |\nabla u|^\rho \\ & \quad + a 2^{\rho - 1} C_{GN}^\rho \left [ \frac {\beta \rho }{n\rho + \beta \rho - n \beta } \left ( \frac {a 2^{\rho - 1} C_{GN}^\rho n (\rho - \beta )}{c (n\rho + \beta \rho - n \beta )} \right )^{\frac {n(\rho - \beta )}{\beta \rho }} + 1 \right ] \left ( \int _\Omega u^\beta \right )^{\frac {\rho }{\beta }}. \end {split}\end {equation}


\begin {equation*}\frac {d}{dt} \int _\Omega u \le 0 \quad \text {for all } t \in (0,\TM ).\end {equation*}


\begin {equation*}\int _\Omega u(x,t)\,dx \le \int _\Omega u_0(x)\,dx \quad \text {for all } t \in (0,\TM ).\end {equation*}


$\rho \leq \beta $


$\beta >\rho >1$


$\delta >1$


\begin {equation*}\begin {split} \frac {d}{dt} \int _\Omega u &\leq \int _\Omega u^\beta +c_{5} - b |\Omega | \left (\int _\Omega u^\beta \right )^\delta \\ & \leq -\frac {b|\Omega |}{2} \left (\int _\Omega u^\beta \right )^\delta +c_{6}\leq -c_{7}\left (\int _\Omega u\right )^{\delta \beta }+c_{6} \quad \text {for all } t \in (0,\TM ). \end {split}\end {equation*}


$\beta $


$\delta =1$


$\rho =\beta \geq 1$


$\delta >1$


\begin {equation*}\begin {split} \frac {d}{dt} \int _\Omega u \leq a \int _\Omega u^\rho - b |\Omega | \left (\int _\Omega u^\rho \right )^\delta \leq -c_{8} \left (\int _\Omega u\right )^{\rho \delta }+c_{9} \quad \text {on } \;\; (0,\TM ). \end {split}\end {equation*}


$\rho =\beta $


$\delta =1$


$\int _\Omega u(x,t)dx$


$a\leq b |\Omega |$


$\TM $


$C^{2+\alpha }(\Omega )$


$L^\infty (\Omega )$


$\TM $


$|\nabla u|^\gamma $


$\gamma \geq 1$


$C^{2+\alpha }(\Omega )$


$L^\infty (\Omega )$


$\TM $


$1\leq \gamma \leq 2$


$u\in L^\infty ((0,\TM );L^\infty (\Omega ))$


$\TM =\infty $


$u\in L^\infty ((0,\infty );L^\infty (\Omega ))$


$\TM < \infty $


$u$


$L^\infty (\Omega )$


$t \in (0,\TM )$


\begin {equation*}\sup _{t\in [0,\TM ]} \left ( \| u(\cdot ,t) \|_{C^{2+\alpha }(\bar {\Omega })} + \| v(\cdot ,t) \|_{C^{2+\alpha }(\bar {\Omega })} \right ).\end {equation*}


$\| v(\cdot ,t) \|_{C^{1+\alpha }(\bar {\Omega })}$


$[0,\TM ]$


$u \in L^\infty ((0,\TM ); L^\infty (\Omega ))$


$\tau = 1$


$\tau = 0$


$W^{2,k}(\Omega ) \hookrightarrow C^{1+\alpha }(\bar {\Omega })$


$k$


$v \in C^{1+\alpha }(\bar {\Omega })$


$X = (x,t)$


\begin {equation*}A(X,u,\nabla u) := \nabla u - \chi u \nabla v(X), \qquad B(X,u,\nabla u) := a u^\rho - c |\nabla u|^\gamma - b \left ( \int _\Omega u^\beta \right )^\delta ,\end {equation*}


\begin {equation*}\label {ProblemAuxiliary} \begin {cases} u_t = \nabla \cdot A(X,u,\nabla u) + B(X,u,\nabla u), & X \in \Omega \times (0,\TM ),\\ A(X,u,\nabla u) \cdot \nu = 0, & X \in \partial \Omega \times (0,\TM ),\\ u(x,0) = u_0(x), & x \in \bar {\Omega }. \end {cases}\end {equation*}


$\gamma \in [1,2]$


$B(X,u,\nabla u)$


$\| u(\cdot ,t) \|_{C^{1+\alpha }(\bar {\Omega })}$


$[0,\TM ]$


$(u_0, \tau v_0)$


\begin {equation*}\sup _{t \in [0,\TM ]} \left ( \| u(\cdot ,t) \|_{C^{2+\alpha }(\bar {\Omega })} + \| v(\cdot ,t) \|_{C^{2+\alpha }(\bar {\Omega })} \right ) < \infty ,\end {equation*}


$u$


$L^k(\Omega )$


$u$


$u \in L^\infty \big ((0, T_{\mathrm {max}}); L^k(\Omega )\big )$


$k$


$u$


$u$


$n \in \mathbb {N}$


$\beta , \gamma , \delta , \rho \geq 1$


\begin {equation}\label {LemmaMT1} 1 \leq \beta < \frac {2(n+1)}{n}, \; \max \{2, \beta \} < \rho < \frac {2(n+1)}{n}, \; \frac {n\rho }{n+1}<\gamma \leq 2 \quad \textrm {and} \quad \delta >\max \left \{\frac {n\gamma -n\rho +\rho \gamma }{n\gamma -n\rho +\beta \gamma }, \frac {\rho }{\beta }\right \},\end {equation}


\begin {equation}\label {LemmaMT2} 1 \leq \beta < \rho \leq 2, \quad \frac {2n}{n+1}<\gamma \leq 2 \quad \textrm {and} \quad \delta >\max \left \{\frac {n\gamma -n\rho +\rho \gamma }{n\gamma -n\rho +\beta \gamma }, \frac {\rho }{\beta }\right \}.\end {equation}


$k_0\geq 1$


$u\in L^\infty ((0,\TM );L^k(\Omega ))$


$k>k_0$


$k_0 = 1$


$k u^{k-1}$


$k > k_0$


$t \in (0, T_{\max })$


\begin {equation}\label {Stima0} \begin {split} y'(t)=y' := \frac {d}{dt} \int _\Omega u^k & = k \int _\Omega u^{k-1} u_t = -k(k-1)\int _\Omega u^{k-2} |\nabla u|^2 + k(k-1)\chi \int _\Omega u^{k-1} \nabla u \cdot \nabla v \\ &\quad + ka \int _\Omega u^{k+\rho -1} - kc \int _\Omega u^{k-1} |\nabla u|^\gamma - kb \int _\Omega u^{k-1} \left ( \int _\Omega u^\beta \right )^\delta \\ &= -\frac {4(k-1)}{k} \int _\Omega \left | \nabla u^{\frac {k}{2}} \right |^2 - \chi (k-1) \int _\Omega u^k \Delta v + ka \int _\Omega u^{k+\rho -1} \\ &\quad - kc \left ( \frac {k - 1 + \gamma }{\gamma } \right )^{-\gamma } \int _\Omega \left | \nabla u^{\frac {k - 1 + \gamma }{\gamma }} \right |^\gamma - kb \int _\Omega u^{k-1} \left ( \int _\Omega u^\beta \right )^\delta . \end {split}\end {equation}


$\tau = 0$


$\tau = 1$


$\triangleright $


$\tau =0$


$k > k_0$


\begin {equation}\label {Stima1} \begin {split} y' \leq {} & -\frac {4(k-1)}{k} \int _\Omega \left |\nabla u^{\frac {k}{2}}\right |^2 + \chi (k-1) \int _\Omega u^{k+1} + ka \int _\Omega u^{k+\rho -1} \\ & - kc \left (\frac {k-1+\gamma }{\gamma }\right )^{-\gamma } \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }}\right |^\gamma - kb \int _\Omega u^{k-1} \left (\int _\Omega u^\beta \right )^\delta , \quad t \in (0, T_{\max }). \end {split}\end {equation}


$\rho > 2$


\begin {equation}\label {Young1} \chi (k-1) \int _\Omega u^{k+1} \leq \int _\Omega u^{k+\rho -1} + c_{10} \quad \text {for all } t \in (0, T_{\max }).\end {equation}


$\int _\Omega u^{k+\rho -1}$


$\gamma > \frac {n \rho }{n+1}$


$t \in (0,T_{\max })$


\begin {equation}\label {GNrho} \begin {split} (ka + 1) \int _\Omega u^{k+\rho -1} &= (ka+1) \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma (k+\rho -1)}{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+\rho -1)}{k-1+\gamma }} \\ &\leq c_{11} \left \| \nabla u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^\gamma (\Omega )}^{\frac {\gamma (k+\rho -1)}{k-1+\gamma } \theta _1} \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma }{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+\rho -1)}{k-1+\gamma } (1-\theta _1)} + c_{11} \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma }{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+\rho -1)}{k-1+\gamma }} \\ &\leq c_{12} \left ( \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }} \right |^\gamma \right )^{\frac {(k+\rho -1) \theta _1}{k-1+\gamma }} + c_{13} \leq kc \left (\frac {k-1+\gamma }{\gamma }\right )^{-\gamma } \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }} \right |^\gamma + c_{14}, \end {split}\end {equation}


\begin {equation*}\theta _1 := \frac {\frac {k-1+\gamma }{\gamma } - \frac {k-1+\gamma }{\gamma (k+\rho -1)}}{\frac {k-1+\gamma }{\gamma } - \frac {1}{\gamma } + \frac {1}{n}} \in (0,1) \quad \text {for } k > k_0.\end {equation*}


\begin {equation}\label {uk_estimate4} y' \leq - \frac {4(k-1)}{k} \int _\Omega \left |\nabla u^{\frac {k}{2}}\right |^2 + c_{15} \quad \text {for } t \in (0, T_{\max }).\end {equation}


$\rho \leq 2$


\begin {equation}\label {Young2} ka \int _\Omega u^{k+\rho -1} \leq \int _\Omega u^{k+1} + c_{16} \quad \text {for all } t \in (0, T_{\max }),\end {equation}


$\rho = 2$


$\gamma > \frac {2n}{n+1}$


$(0, T_{\max })$


\begin {equation}\label {GNk+1} \begin {split} (\chi (k-1) + 1) \int _\Omega u^{k+1} &= (\chi (k-1) + 1) \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma (k+1)}{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+1)}{k-1+\gamma }} \\ &\leq c_{17} \left \| \nabla u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^\gamma (\Omega )}^{\frac {\gamma (k+1)}{k-1+\gamma } \theta _2} \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma }{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+1)}{k-1+\gamma } (1-\theta _2)} + c_{17} \left \| u^{\frac {k-1+\gamma }{\gamma }} \right \|_{L^{\frac {\gamma }{k-1+\gamma }}(\Omega )}^{\frac {\gamma (k+1)}{k-1+\gamma }} \\ &\leq c_{18} \left ( \int _\Omega \left | \nabla u^{\frac {k-1+\gamma }{\gamma }} \right |^\gamma \right )^{\frac {(k+1) \theta _2}{k-1+\gamma }} + c_{19} + kc \left (\frac {k-1+\gamma }{\gamma }\right )^{-\gamma } \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }} \right |^\gamma + c_{20}, \end {split}\end {equation}


\begin {equation*}\theta _2 := \frac {\frac {k-1+\gamma }{\gamma } - \frac {k-1+\gamma }{\gamma (k+1)}}{\frac {k-1+\gamma }{\gamma } - \frac {1}{\gamma } + \frac {1}{n}} \in (0,1) \quad \text {for } k > k_0.\end {equation*}


$t \in (0, T_{\max })$


\begin {equation}\label {GN2} \begin {split} \int _\Omega u^k &= \left \| u^{\frac {k}{2}} \right \|_{L^2(\Omega )}^2 \leq c_{21} \left \| \nabla u^{\frac {k}{2}} \right \|_{L^2(\Omega )}^{2 \theta _3} \left \| u^{\frac {k}{2}} \right \|_{L^{\frac {2}{k}}(\Omega )}^{2 (1-\theta _3)} + c_{21} \left \| u^{\frac {k}{2}} \right \|_{L^{\frac {2}{k}}(\Omega )}^{2} \\ &\leq c_{22} \left ( \int _\Omega \left | \nabla u^{\frac {k}{2}} \right |^2 \right )^{\theta _3} + c_{23} \leq \frac {4(k-1)}{k} \int _\Omega \left | \nabla u^{\frac {k}{2}} \right |^2 + c_{24}, \end {split}\end {equation}


\begin {equation*}\theta _3 := \frac {\frac {k}{2} - \frac {1}{2}}{\frac {k}{2} - \frac {1}{2} + \frac {1}{n}} \in (0,1) \quad \text {for } k > k_0.\end {equation*}


\begin {equation*}y' \leq c_{25} - y, \quad t \in (0, T_{\max }), \quad y(0)=y_0= \left (\int _\Omega u^k(x,t)\, dx \right ){\Bigg |_{t=0}}=\int _\Omega u_0^k(x)\, dx,\end {equation*}


\begin {equation*}\sup _{t \in (0, T_{\max })} \int _\Omega u^k \leq \max \{y_0,c_{25}\}.\end {equation*}


$\triangleright $


$\tau =1$


$-\chi (k-1) \int _\Omega u^k \Delta v$


\begin {equation}\label {ParabSt1} -\chi (k-1) \int _\Omega u^k \Delta v \leq \chi (k-1) \int _\Omega u^k |\Delta v| \leq \int _\Omega u^{k+1} + c_{26} \int _\Omega |\Delta v|^{k+1} \quad \text {for all } t \in (0,T_{\max }).\end {equation}


\begin {equation}\label {ParabSt3} \begin {split} y' \leq \;& -\frac {4(k-1)}{k} \int _\Omega \left |\nabla u^{\frac {k}{2}}\right |^2 + \int _\Omega u^{k+1} + c_{26} \int _\Omega |\Delta v|^{k+1} + k a \int _\Omega u^{k+\rho -1} \\ & - k c \left (\frac {k-1+\gamma }{\gamma }\right )^{-\gamma } \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }}\right |^\gamma - k b \int _\Omega u^{k-1} \left (\int _\Omega u^\beta \right )^\delta \quad \text {on } (0, T_{\max }). \end {split}\end {equation}


$y=y(t)$


$e^t$


\begin {equation*}e^t y' + e^t y = \frac {d}{dt} \left ( e^t y \right ),\end {equation*}


$(0,t)$


$t \in (0, T_{\max })$


\begin {equation}\label {StimaParab} \begin {split} e^t y \leq y(0) + \int _0^t e^s \Bigg ( & -\frac {4(k-1)}{k} \int _\Omega \left |\nabla u^{\frac {k}{2}}\right |^2 + \int _\Omega u^{k+1} + c_{26} \int _\Omega |\Delta v|^{k+1} + k a \int _\Omega u^{k+\rho -1} \\ & - k c \left (\frac {k-1+\gamma }{\gamma }\right )^{-\gamma } \int _\Omega \left |\nabla u^{\frac {k-1+\gamma }{\gamma }}\right |^\gamma - k b \int _\Omega u^{k-1} \left (\int _\Omega u^\beta \right )^\delta \Bigg ) ds. \end {split}\end {equation}


$\psi = v$


$q = k+1$


$h = u$


\begin {equation}\label {ParabSt2} c_{26} \int _0^t e^s \left ( \int _\Omega |\Delta v(\cdot ,s)|^{k+1} \right ) ds \leq c_{27} + c_{28} \int _0^t e^s \left ( \int _\Omega u^{k+1} \right ) ds \quad \text {for all } t \in (0, T_{\max }),\end {equation}


$c_{27}, c_{28}$


$C_P$


$C_P$


$\tau =0$


$\int _\Omega u^{k+1}$


$\int _\Omega u^{k+\rho -1}$


\begin {equation*}e^t \int _\Omega u^k \leq c_{29} + c_{30} (e^t - 1) \quad \text {for all } t \in (0, T_{\max }),\end {equation*}


$\int _\Omega u^k \leq c_{31}$


$(0,\TM ).$


$a, c >0$


$\beta , \gamma =\rho \geq 1, \delta =\frac {\rho }{\beta }$


\begin {equation*}\label {MCC} \max \left \{\beta , \frac {2n}{n+1}\right \} < \rho \leq 2 \quad \textrm {and} \quad b \geq \frac {a 2^{\rho -1}C_{GN}^\rho }{|\Omega |} \left [\frac {\beta \rho }{n\rho +\beta \rho -n \beta } \left (\frac {a 2^{\rho -1}C_{GN}^\rho n (\rho -\beta )}{c(n\rho +\beta \rho -n \beta )}\right )^{\frac {n(\rho -\beta )}{\beta \rho }}+1\right ],\end {equation*}


$C_{GN}=C_{GN}(\rho ,\gamma ,\beta ,\Omega )$


$k_1\geq 1$


$u\in L^\infty ((0,\TM );L^k(\Omega ))$


$k>k_1$


$k_1=1$


$\gamma =\rho $


$\delta =\frac {\rho }{\beta }$


$k>k_1$


\begin {equation*}\label {Stima0C} \begin {split} y' =&-\frac {4(k-1)}{k} \int _\Omega |\nabla u^{\frac {k}{2}}|^2 -\chi (k-1) \int _\Omega u^k \Delta v+ka \int _\Omega u^{k+\rho -1}\\ &-kc \left (\frac {k-1+\rho }{\rho }\right )^{-\rho } \int _\Omega |\nabla u^{\frac {k-1+\rho }{\rho }}|^\rho - kb \int _\Omega u^{k-1} \left (\int _\Omega u^{\beta }\right )^{\frac {\rho }{\beta }} \quad \mbox {for all }\ t \in (0, \TM ). \end {split}\end {equation*}


$\tau =0$


$\tau =1$


$\triangleright $


$\tau =0$


$\rho <2$


$(0, \TM )$


$k>k_1$


\begin {equation*}\label {Stima1C} y' \leq -\frac {4(k-1)}{k} \int _\Omega |\nabla u^{\frac {k}{2}}|^2 +(\chi (k-1)+1) \int _\Omega u^{k+1} -kc \left (\frac {k-1+\rho }{\rho }\right )^{-\rho } \int _\Omega |\nabla u^{\frac {k-1+\rho }{\rho }}|^\rho + c_{32}.\end {equation*}


$\rho =2$


\begin {equation*}y' \leq - \frac {4(k-1)}{k} \int _\Omega |\nabla u^{\frac {k}{2}}|^2 + c_{33} \quad \mbox {on}\ (0, \TM ).\end {equation*}


$\triangleright $


$\tau =1$


$\gamma $


$\delta $


$t \in (0,\TM )$


\begin {equation*}\label {StimaParabC} \begin {split} e^t y \leq y(0) +\int _0^t e^s &\left (-\frac {4(k-1)}{k} \int _\Omega |\nabla u^{\frac {k}{2}}|^2 + \int _\Omega u^{k+1} + c_{26} \int _\Omega |\Delta v|^{k+1} +ka \int _\Omega u^{k+\rho -1} \right .\\ & \quad \left . -kc \left (\frac {k-1+\rho }{\rho }\right )^{-\rho } \int _\Omega |\nabla u^{\frac {k-1+\rho }{\rho }}|^\rho - kb \int _\Omega u^{k-1} \left (\int _\Omega u^{\beta }\right )^{\frac {\rho }{\beta }}\right )\, ds. \end {split}\end {equation*}


$k>\bar {k}:=\max \{k_0, k_1\}$


$u \in L^{\infty }((0,\TM );L^k(\Omega ))$


$k$


$\nabla v\in L^\infty ((0,\TM );L^\infty (\Omega ))$


$B(X,u,\nabla u)=B(x,t,u,\nabla u)=au(x,t)^\rho -b\left (\int _\Omega u(x,t)^\beta dx\right )^\delta -c|\nabla u(x,t)|^\gamma $


$B(X,u,\nabla u)\leq au(x,t)^\rho $


$(x,t)\in \Omega \times (0,\TM )$


$B(X,u,\nabla u)\in L^\infty ((0,\TM );L^{k}(\Omega ))$


$u \in L^{\infty }((0,\TM );L^{\infty }(\Omega ))$
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A reaction-diffusion-transport phenomenon is generally formulated by a partial differential equation of the type:
u, = Au—V - (uw) + R(x,t,u, Vu). 0
Above,

o u = u(x,1) is the unknown, as for instance a population density concentration in a domain at a position x and at the time 7;

o Au represents the diffusion term, accounting for random spatial motion;

o —V - (uw) is the transport (or advection) term, which describes how the quantity u is carried along by the vector flow w = w(x,1);
o R(x,t,u, Vu) is the reaction term, possibly depending on u, Vu, x and ¢, models growth/decay mechanisms.

In the classical Keller-Segel model, the vector flow is the gradient of a further unknown v = v(x, r) coupled to the equation of u itself.
In the specific, the system

u, = Au—V - (uVv), vy, =Av—-v+u 2

was introduced to describe aggregation in starving slime moulds [1,2], where individual cells (density ) bias their random movement
toward higher concentrations of a self-produced chemical signal (v).

1.2. Analysis of the Keller-Segel system

From a mathematical perspective, the Keller-Segel system (2) is well-known for exhibiting both global boundedness and finite-
time blow-up of solutions, depending crucially on the spatial dimension, the initial mass, and the structure of initial data. For n =1,
all solutions are globally bounded. In contrast, for » > 3 and any prescribed m > 0, there exist initial data with mass /, uy = m that
lead to blow-up in finite time. The critical case arises in two dimensions: if m < 4z, diffusion dominates and solutions remain global;
if m > 4z, blow-up can occur. For a comprehensive overview, we refer to the surveys [2-5].

1.3. The Keller-Segel system with logistic source terms of different types

The inclusion of logistic-type source terms in (2) introduces superlinear damping mechanisms that are expected to counteract
aggregation and prevent blow-up. Specifically, terms of the form f(u) = au — bu”?, with a,b > 0 and § > 1, model population growth
limited by density-dependent mortality, corresponding to the choice R(x,t,u, Vu) = au — bu in the general framework (1) [6-8]. For
instance, in the case = 2, global existence and boundedness have been proven under suitable conditions [9,10]. On the other hand,
finite-time blow-up persists for certain parameter regimes: blow-up has been demonstrated for g = #(n) > 1 (and close to 1) when v
satisfies certain elliptic equations in [11,12], with refinements in [13].

Although the logistic source term above models a reaction that depends solely on population density, in reality, population growth
or decay may also be influenced by additional factors intrinsically linked to the density itself. At the macroscopic level, behavior effects
of species translate into additional loss terms depending on Vu in the reaction R of (1), yielding for y,c¢ > 0:

U, =Au—yV-@Vo)+au’ —bu’ —c|Vul”, withf>p>1,y>1. 3

In the same spirit, and with an analogous interpretation of the growth and decay mechanisms discussed above, models involving
reaction terms with nonlocal effects as

u,=Au—;(V~(uvU)+auﬂ—buﬂ/uﬂ, with p,f > 1, 4
Q
or also others combining nonlocal and gradient nonlinearities, so leading to
u, =Au— yV-uVo)+ av’ — bu”/ uf —c|Vu|”,  withp, g,y >1, 5)
Q

have been lately using.

In this context, it is not our aim to provide a detailed analysis of every existing result concerning chemotaxis models involving
cell equations of the forms (3)-(5). Doing so would shift the focus away from our primary objective. Nevertheless, we provide a
set of references where the reader can find comprehensive analyses regarding boundedness, blow-up, and the asymptotic behavior
of solutions to models incorporating the aforementioned formulations. See [14-20]. (As a real-world application of the previously
discussed models with those sources, taxis systems can describe phenomena such as predator movement toward prey concentrations
[21]. Even in the absence of explicit interspecies interaction terms, similar formulations arise when incorporating spatial memory
effects [22], or when modeling attraction to previously visited locations through weak memory kernels in random walk frameworks

[23]1)

1.3.1. The reaction-diffusion-transport phenomena as the natural extension of reaction-diffusion mechanisms

As previously discussed, it is well known that purely diffusive models admit global-in-time solutions. In contrast, the introduction
of a convective (transport) term can lead to blow-up phenomena and instabilities. In particular, the transport-reaction-diffusion
models considered above represent a natural extension of models involving only diffusion and reaction.

In this context, the influence of gradient-dependent and nonlocal effects on blow-up phenomena has been extensively investigated
in nonlinear parabolic equations. Such models naturally emerge in biological settings, for example, in the dynamics of a single species

2
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exhibiting population-dependent behavioral responses or facing resource constraints influenced by the overall density. Mathemati-
cally, this leads to equations of the type

5
u, = Au+ au” — c|Vu|’, or for proper f u, = Au+au”+f(u)</Q uﬂ) ,

and classical works dealing with properties of related solutions are, for instance, [24-29]. In particular, in these studies threshold
relations between the exponents p, 8, § that separate global existence from finite-time blow-up may be found in some specific scenarios;
see also [30, §IV and §V].

2. Main motivations: on the evolution of /Q u(x,t)dx over time
2.1. The natural uniform-in-time boundedness of the mass

Although not explicitly stated, the mathematical analysis of the equations describing the aforementioned phenomena, with or
without transport, is naturally carried out by considering them on a space-time domain Q x (0, T},,,«), Where Q is a bounded and
smooth domain in R”, and T,,,, € (0, o] denotes the maximal existence time of solutions. This setting is completed by prescribing
appropriate boundary conditions on 0Q X (0, T,,,,) and initial data u(x, 0) = uy(x) in Q.

With regard to boundary restrictions, homogeneous Neumann conditions are considered the most natural within the framework
of chemotactic systems. In this context, the presented results hold for initial boundary value problems subject to u, = v, =0 on
0Q X (0, T,y )> Where v denotes the outward normal vector to the boundary of Q, 0Q.

By analyzing Eqgs. (3)—(5), and in particular by considering the interplay between the nonlinear terms and the relative magnitudes
of the exponents involved, one can deduce that any nonnegative solution u = u(x, r), defined on the space-time domain Q x (0, T},,,1)»
satisfies a uniform-in-time bound on its total mass. More precisely, the L!(Q)-norm of u, given by [Q u, remains uniformly bounded for
all t € (0, T;,,,,), and having such a property at disposal is essentially necessary in order to carry out subsequent analyses, concerning,
for example, the uniform boundedness of the function u itself.

To show that the L!(Q)-norm of « is uniformly bounded for the Eq. (3), one can proceed in various ways; however, here we prefer
to provide a constructive geometric justification. (We control the reaction term that is eventually concave by means of a tangent line
at an appropriate point.) In particular we will show that for all a,5 > 0 and g > p > 1 there are C; > 0 and C, > 0 such that

w(s) 1= as” —bsP < Cy—C;s foralls>0. (6)

As a consequence, by integrating (3) over Q, the divergence theorem gives, in view of the fact that the diffusion and cross-diffusion
terms vanish due to the Neumann boundary conditions and (6) itself,

4 u=a/u”—b/uﬁ—c/|Vu|7$a/u”—b/uﬂ§/C0—Cl/u on (0, Tpuy)s
dt Jo Q Q Q Q Q Q Q

leading to

Gl
u < max ug(x)dx, on (0,7 .)-
Q Q G

Now, since g > p > 1, for

1 1
1l /a\r= ap \ b-»
szz (z)ﬁﬂ*’(ﬁ) s C,ZV/(CM),

it is not difficult to check that relation (6) holds with

Co=c¢,—v¥'(c,)e, and C;=-y'(c,).

As to the related analysis for equations (4) and (5), similarly we have by Holder’s inequality

B
4 uS/u”(a—b/uﬂ> S/u” a—blgll_ﬁ(/u> for all 1 € (0, Tyyay)s
dt Jo Q Q o Q

and we obtain the uniform-in-time boundedness of fﬂ uon (0,T,,,) thanks to [31, Lemma 3.3].

ax
2.2. Growth mechanisms prevailing over decay: lack of automatic mass control

It has been observed that reaction-diffusion systems featuring well-defined logistic-type nonlinearities often exhibit the property
that the total mass of the solution (defined as the spatial integral of the unknown function) can be effectively controlled over (0, T,,.)-
In the present work we are concerned with a different scenario, in which the total mass is not automatically controlled by the
structure of the equation. Rather, it becomes necessary to impose explicit conditions to ensure its boundedness. This situation arises

3
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particularly in models where the reaction term includes a superlinear growth component, while the dissipative (or decay) effects,
possibly of nonlocal type, are not dominant in general. In particular, we will consider the following equation

s
u, = Au— V- Vo) + av’ —b</Q uﬂ> —c|Vul"  on QX (0, T 7)

to be naturally coupled with an equation for v (specified later on).
Crucially, if in Eq. (7) we assume that p < g, arguments analogous to those presented above ensure that the mass cannot grow
definitively, so yielding a bound for [, u on the interval (0, T;,,,). In contrast, when

p>p>1, (8)

this integrability property of u is no longer preserved. In our setting, henceforth, the decay mechanism is not necessarily stronger
than the growth at the outset. Therefore, suitable conditions on the coefficients and exponents in the decay term to recover mass
control and prevent unphysical growth of the solution must be placed.

Building on the preceding analysis and motivated by the associated discussion, the following section introduces our chemotaxis
model, which is rooted in Eq. (7), subject to the constraint (8).

3. The model and main results

Let us turn our attention to this chemotaxis-growth model

u, =Au— yV-uVo) + au’ — b(fQ u’})'S —c|Vul"  in QX (0, Trax)s
T, =Av—v+u in QX (0, T,0)s
u,=v,=0 on 0Q X (0, Trax)»
u(x,0) = uy(x), To(x, 0) = 7vy(x) xeQ,

)

where y,a,b,¢c >0, §,6,7,p > 1, r € {0, 1}. In addition, we impose the following regularity assumptions:

For some a € (0,1) and n € N, Q c R” is a bounded domain of class C%*¢,
with smooth boundary 0, (10)
ug, 70+ Q = RF, with uy, vy € CH(Q) = {w € C?**(Q) : y, =0 on Q}.

Under these settings, we are now in a position to state our main result.

Theorem 3.1. For r € {0, 1}, let Q,uy, Tvy comply with hypotheses (10). Additionally, let y,a,b,c > 0. Then, whenever

2(n+ 1 2n+1 -
1Sﬂ<M,max{2,ﬂ}<p<M,i<ysz and &> max w’ﬁ , (11)
n n n+1 ny —np+pfy B
or
1<p<p<2, 2 <cy<2 and 6>maxd =Y P (12)
n+1 ny—np+pfy B

problem (9) admits a unique classical solution (u, v) = (u(x, t), v(x, t)), nonnegative and global, in the sense that u, v > 0 for all (x,t) € Q x
(0, o0), and uniformly bounded in time, i.e., u,v € L®(Q X (0, ©)).

Moreover, some alternative conditions ensure boundedness for specific values of y and 5. We make it precise in the following

Corollary 3.1. Under the same hypotheses of Theorem 3.1, let 6 = % and y = p. Then there is C;y > 0 such that the same statement holds
whenever

no=p)
2 'C gy (z Conto = ﬂ>> "

13
19] np+fp—nf\ clp+fp—np) (13)

max{ﬂ,%}<p§2 and b>

Remark 1. The results presented in Theorem 3.1 and Corollary 3.1 highlight a crucial structural feature of system (9): in regimes
where the nonlinear growth exponent p exceeds decay effects, the emergence of global, bounded solutions is contingent upon the
presence of a sufficiently strong damping mechanism. This damping effect is realized both through the nonlocal absorption term,
characterized by the exponent 6, and the nonlinear diffusion of gradient-type, governed by y. In particular, the threshold conditions
imposed on § in (11) and (12), as well as the sharp balancing condition § = p/p in Corollary 3.1, demonstrate that when the system
allows for rapid, possibly superlinear, growth (i.e., large p), this must be effectively counteracted by a strong enough damping
component to ensure boundedness and global existence.

Remark 2. Even though the model is naturally inspired by population dynamics and biological transport, its main interest lies in the
mathematical challenges posed by the coexistence of local superlinear growth and nonlocal source terms, and the delicate balance
needed to ensure boundedness of solution and global well-posedness.

4
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4. Some preliminaries and auxiliary tools

In this section, we recall two fundamental and general results that serve as essential preliminaries for the proof of our main findings.
These foundational statements provide the necessary theoretical framework and tools that underpin the subsequent analysis.
First, we will rely on the following variant of the Gagliardo-Nirenberg inequality.

Lemma 4.1. Let Q satisfy the hypotheses in (10), and let r > 1 and 0 < q < p < oo fulfilling % < i + i. Then, for 6 = there exists

Con = Con(p,q,7,Q) > 0 such that for all y € W(Q) n LY(Q) it holds that

0 1-6
oy < Can VW, 0 0130, + Wl o)

Proof. See [32, Lemma 2.3]. O
We also make use of this result, consequence of Maximal Sobolev Regularity theory.

Lemma 4.2. Let Q satisfy the hypotheses in (10), and let ¢ > 1. Then there is Cp = Cp(q,2) > 0 such that the following holds: When-
ever T € (0,00], I =[0,T), h € LY(I; LY(Q)) and y, € Wf"’ ={yy € wiQ) : 0,y =0 on 0Q}, every solution y € Wli’:’(I;Lq(Q)) n
L] (I W>4(Q) of

loc

vi=Ay—y+h in Qx©O,T); o,y=0 on 0Qx©0,T); w0 =y, on Q

satisfies

t t
/eS/ [Aw (-, $)|%ds < Cp | lwpll? l+/ eS/ |A(-,5)|%ds| forallt € (0,T).
0 Q al=g  Jo Q

Proof. The proof builds upon the classical result established in [33]. For a suitable adaptation to the context considered here, see,
for example, the detailed treatment in [14]. O

5. Local solutions and their main properties: a boundedness criterion

As it is well known in evolutionary models, the standard approach to establishing the boundedness of solutions involves deriving
uniform-in-time a priori estimates for certain norms of the local solution to the problem under consideration. To this end, the first
step is justifying the existence of local classical solutions to the model in examination.

Lemma 5.1 (Local existence). For z € {0, 1}, let Q, u, Tv, comply with hypotheses in (10). Additionally, let y,a,b,c > 0 and p,6,y,p > 1.
Then problem (9) has a unique and nonnegative classical solution

U, v) € C T (@ X [0,T,)) X CF 5 (@ X [0, T0)),
for some maximal T,,,, € (0, 0], obeying the following property:

either Ty, = oo or  limsup ([lu(-, )l c2ray + 10C Dl c24a(y) = oo 14

1= max

Proof. We present a version of the existence proof which, despite keeping the rigorous structure, main technical tools, and reasoning,
omits extended commentary; in [14, Lemma 2.1] and [16, Proposition 4] details can be found.
For any R > 0, we define the closed convex set

Sri={0<ue ™ @xI0.TD : lut,0) - ull oo < R, Vi €10,T1.
Given i € Sy, the corresponding solution v to the linear problem
w,—Av+v=@ inQx(0,T),

o,v=0 on dQ % (0,T),
70(x,0) = 7vp(x) x € Q,

satisfies, due to bootstrap regularity arguments, v € C2+""T+%(Q X [0,T1]), with a norm bounded by a constant H = H(R) > 0 due to
classical regularity theory.
Using with such a v on our hands, we solve the nonlinear problem

u, =Au— yV - (Vo) + au’ — c|Vu|" — b(fQ uﬂ)(S in Qx(0,7T),
ou=0 on 0Q x (0,T),
u(x,0) = uy(x) xeQ,
which admits a unique classical solution u € C2+"’1+% (Q % [0,T)) for some small T > 0, due to Schauder theory. Moreover, one obtains

lluC-. 1) = wgll poo(oy < LIRT'2,
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R
LR
4.25]), and Schauder’s fixed point theorem yields a fixed point u € Sy.

By standard continuation arguments, this yields a maximal existence time T,

« max
HaT+3 oceurs at T, O

max*

2
so choosing T < ( ) *** ensures ®(if) 1= u € Sy. Themap @ : S; — Sy is compact by classical embedding results (cf. [34, Theorem
€ (0, oo] such that either the solution exists globally,
or blow-up in C

From now on with (u, v) we will refer to the unique local solution to model (9) defined on Q X (0, T,,,) and provided by Lemma 5.1.

The following result summarizes the parameter conditions under which our main claims (Theorem 3.1 and Corollary 3.1) can
be established. Indeed, the upcoming lemma ensures the boundedness of the mass, which, as thoroughly discussed in §1, is not
automatic but rather depends on specific relations among the model parameters. This mass boundedness will later play a crucial role
in controlling some L*(Q)-norm of u for large k > 1.

(Let us remark that all constants ¢;, with i = 1,2, ..., appearing in the subsequent analysis are assumed to be positive.)

Lemma 5.2. Letp>f>1,y > Z£ and 6 > max { sy_nptpy P } Then there exists M > 0 such that
n+p ny—np+fy’ B

/ u(x,nydx < M forallt € (0, Ty, (15)
Q

If, indeed, & = § and y = p > 1, relation (15) is complied with M = [, uy(x)dx whenever

n(p=p)
ey g (@ricae-p\F
1 np+Bp—np\ clnp+pp—np) '

p>p and b> (16)

being C;n = Can(p. v, B, Q) the constant provided by Lemma 4.1.

Proof. Integrating the first equation in (9) over Q yields

)
i/u=a/uﬂ—c/ |Vu|7—b|Q|</ u/’> forall 1 € (0,T,,,). a7)
dr Jo Q Q Q

To estimate the term involving fg u”, we apply the Gagliardo-Nirenberg (Lemma 4.1) and the Young inequalities. For p > # and
y > %, we obtain for some ¢; = ¢;(Cgn). ¢; = ¢2(Cn) (We will omit to specify the dependence of other constants on Cg;y if not

necessary)
p o0 p(1-6) p
alul gy < €1 IIVul) g Il + eyl
or(1=60) » (18)
Bly—0p) B
Sc/qu|7+cz</uﬁ> +cl</uﬁ> for all 1 € (0, Tpay)s
Q Q Q
where
1,1
—— + —_
0:=—2" c,1).
Ly1_1
B n v
Substituting (18) into (17) and applying Young’s inequality, we obtain, under the condition
5> max { ny=nptoer p }
ny —np+py B
the estimate
s
b|Q
4 uS—L</ uﬂ> te; on (0T, 19)

Applying Holder’s inequality for g > 1 (the case g = 1 does not require the estimate below), we further estimate

5 o
@(/@ ZC4</”> . withr e (0,7,
2 Q Q

so that (19) becomes

d o
u<c3—c¢y (/ u) for all 1 € (0, Ty,
Q
with initial condition

dr Jo
(/ u(x,t)dx> =/u0(x)dx.
Q =0 Q

An application of a standard comparison principle for ordinary differential inequalities then yields boundedness of the total mass on
(0, Tax)-
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Concerning the second assertion, we observe that for § = % and y = p, relation (17) reduces to

3
4 u:a/uﬂ-c/ |Vu|ﬂ-b|g|</ uﬁ>ﬁ for all t € (0, T,y)- (20)
dt Jo Q Q Q

Since p > f, we refine estimate (18) by explicitly analyzing the dependence on constants. This leads for all z € (0, T,,,,,) to

a||u||’ip(m Sc/ |Vul?
Q

n(p—p)
-1 5 2
+ a2’ Br 2 Conno =P\ P +1 </ ”ﬂ> ﬂ
GNlnp+pp—np\ clp+pp—np) Q

By plugging (21) into (20), and under the second condition in (16), we conclude that

(21)

% /ﬂu <0 forallre (0,T,,)-
Therefore, the total mass is nonincreasing in time, and we deduce the estimate

/ u(x,t)dx < / ug(x)dx for all t € (0, Tp,0)-
Q Q
a

Remark 3. Contrary to what was established in the previous lemma, in the case p < # the uniform-in-time boundedness of the mass
is obtained straightforwardly; indeed, for f > p > 1 and § > 1, starting from (17), applications of Young’s and Holder’s inequalities
provide

d 5
— us/uﬂ+c5—b|Q|(/uﬂ)
dt Jo Q Q
5 op
S—M /uﬂ +cg < —cp /u +c¢g forallt e (0,T,,).
2 \Ja Q

(For the case g and/or § = 1 the reasoning is even more direct.)
If p=p > 1, and 6 > 1, the previous inequality is reorganized as

d 6 pé
— uga/u”—b|£2|</ u”) S—cs</ u) +cog on (0,7,
dt Jo Q Q Q

(For the limit case p = f and § = 1, it is seen that /Q u(x,t)dx is controlled whenever a < b|Q|.)

In the present study, we do not extend the investigation of the uniform-in-time boundedness of solution, which typically relies
on the control of mass, as our primary focus (delineated in §2) concerns regimes where such control cannot be presumed a priori.
Nevertheless, it should be emphasized that in cases where the total mass remains uniformly bounded, the criteria ensuring uniform
boundedness of solutions are considerably less stringent than those articulated in Theorem 3.1.

As shown in the previous Lemma 5.1, relation (14) holds, implying that the solution to problem (9) blows up in finite time T, in
the C2*%(Q)-norm. To ensure that blow-up also occurs in the L®(Q)-norm at time T,,,,, further assumptions on the growth of the
nonlinear term |Vu|?, with y > 1, are necessary. Specifically, we rely on a classical regularity result by Lieberman, which guarantees
the Holder continuity of bounded solutions to quasilinear parabolic equations under gradient nonlinearities satisfying the Hadamard
growth condition (see, e.g., [35, Chapters IV-VI]). Under such structural conditions, boundedness in C>**(Q) implies boundedness in
L*®(Q) up to Ty -

We formalize this below.

); L®(Q)); then we have T,

max = o0 and in particular u €

Lemma 5.3 (Boundedness criterion). For 1 <y <2, let u € L*®((0,T,,
L*=((0, 00); L*(L)).

ax

Proof. The claim is proved by contradiction. Suppose that 7,,,, < oo. It suffices to show that the uniform-in-time boundedness of u
in L*(Q) for t € (0, T},,,,) implies the boundedness of
sup (llu(',l)||C2+a(Q) + ||U(',T)||C2+a(g)).
1€[0,Tnax]

This would contradict the blow-up alternative given by (14), and thus completes the proof.

First, the boundedness of ||v(-, Dllcr+a(q) 00 [0, Trpay] follows from the assumption u € L*®((0, T, ); L= (€2)) and the regularity results
for linear parabolic equations. More precisely, applying either [36, Theorem 1.2] (when = = 1) or [37, Theorem 1.19.1] (when = = 0),
in conjunction with the Sobolev embedding W2(Q) < C'+¥(Q) for arbitrarily large k, ensures that v € C'+*(Q) uniformly in time.

Letting X = (x,7) and defining the vector field and source term

5
A(X,u,Vu) := Vu— yuVou(X), B(X,u,Vu) := au’ — c|Vu|’ —b</ uﬁ> ,
Q

7
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we consider the reformulated system

u, =V - AX,u,Vu) + B(X,u,Vu), X € QX (0, Ty,
AX,u,Vu)-v=0, X € 0Q X (0, Typay),
u(x, 0) = up(x), xeQ.

For y € [1,2], the source term B(X,u, Vu) satisfies the Hadamard structural conditions analogous to [36, condition (1.2c), Theo-
rem 1.2]. Therefore, we can invoke [36, Theorem 1.2] to conclude that [|u(:,1)||¢1+¢(g) remains bounded on [0, Ty, ]. Then, employing
regularity arguments as mentioned in Lemma 5.1, together with the regularity of the initial data (u,, rv,), we obtain

sup  ([luC, Dl g2ray + 10C, Dl cavaqsy) < o,
1€[0, T

which contradicts (14) and thus the proof is completed. [
6. Uniform-in-time boundedness of u in L¥(Q). proof of the results

We will see later that the uniform-in-time boundedness of u is implied whenever u € L*® ((0, Tinax)s Lk(Q)) for sufficiently large k;
thereafter, let us proceed below to derive certain a priori integral estimates.

6.1. A priori boundedness of u for model (9)

To further analyze the qualitative properties of solutions to the model, aimed at establishing the desired boundedness, we now
present several key a priori estimates involving the function u.

Lemma 6.1. Letn €N, p,7,6,p > 1 satisfy

2 1 2 1 -
1§ﬂ<m,max{2,ﬂ}<p<w,i<ys2 and § > max Wﬂ , (22)
n n n+1 ny—np+py p
or
1<p<p<2 2 <y<2 and 6>max{ M0 *PY P (23)
- R B ny—np+py’ B J°

Then, there exists kg > 1 such that u € L®((0, Ty, ); L¥(Q)) for all k > k.

Proof. We begin by fixing k, = 1; this value may be tacitly increased as needed to ensure the applicability of the forthcoming
estimates.

In order to derive appropriate integral bounds, we test the first equation in (9) with the function ku*~!, and integrate by parts.
This procedure yields, for all k > k, and for every € (0, T,,,,),

uk=k/uk_lu,=—k(k—1)/uk_2|Vu|2+k(k—l))(/uk_qu~VU
Q Q Q

]
+ka/uk+”’l —kc/uk’lquly—kb/uk’l</ uﬂ>
Q Q Q Q
4k -1 2
=X )/ -;((k-l)/u"AHka/u"*ﬂ*l
k Q Q Q

{20y o [ [

In the analysis that follows, we distinguish between the two cases corresponding to r =0 and 7 = 1.

d
't=y 1= —
Yy =y ar o

(24)

k
Vuz

k=l+y

Vu r

> The case =0
Exploiting the second equation in (9), for every k > k, we deduce the following differential inequality:

Ak —1 2
y < - ( )/ +;((k—l)/uk“+ka/uk“”1
k Q Q o

- - 4 s
—kc<k—1+y> / —kb/uk_l(/ uﬂ> . 1€ (0. Ty
v Q Q Q

We first assume condition (22). Since p > 2, an application of Young’s inequality yields

k

Vuz

(25)
k=l+y

Vu v

)((k—l)/uk“ S/uk+”_1+c10 for all t € (0, Tyyy)- (26)
Q Q
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To estimate the term |, u***~1, we apply Lemma 4.1. Given that y > % and taking into account the mass bound (15), a combination
of the Gagliardo-Nirenberg (again Lemma 4.1) and the Young inequalities implies, for all # € (0, T;,,,,),

y(k+p=1)

k=147 || Tk=1
(ka + 1)/ WK = (ka + D||u” 7 gD
Q L =+ (@)
k=1+y yﬁckfl’g”ﬁ’l k=l+y ”kkjlpfyl)(l—el) k=l+y Y(,‘k:’:yl)
<ec||Vu u v v +cpyffu 7 v 27)
LY (Q) Lk=1+r Q) Lk=1+r Q)
, (k+p-1)0 , ,
k=l+y k—T+r k—1+ - k=1+y
5012(/ Vu v ) +cl3§kc<—y> / Vu v + iy
Q 14 Q
where
k=l4y _ _k=l4y
4 y(k+p—1)
0, 1= L €(0.1) for k> k.
—_—— + -
v vy oon
Substituting estimates (26) and (27) into (25) yields
Ak -1 k7
Y < —%/ Vut| 45 forte (0, (28)
Q
Alternatively, suppose now condition (23). Since p < 2, Young’s inequality implies
ka / uktrl < / uk*t 4 ¢ for all 1 € (0, Tyyy)s (29)
Q Q

where the inequality is not necessary if p = 2.

Because y > %, another application of the Gagliardo-Nirenberg and the Young inequalities, along with the boundedness of the

mass (15), implies on (0, T},,),

y(k+1)
k+1 by || k=T
k=D+1D [ v =(k=D+Dflu 7 yctD)
Q Lk=1+r Q)
k=l+y Z(_klily)"z k=147 f_",ﬂ;(l—‘?z) k=l+y %
<cpp||Vu 7 u v +eppflu 7 v (30)
L7(Q) Lk=1+y Q) Lk=1+y Q)
(k+1)6o
k=147 |V\ T=1+r k—1 +y v k=l+y |V
<cpg Vu v +cjg t+ke| ——— Vu v + ¢y,
Q 4 Q
where
k=l+y _ k=l+y
4 y(k+1)
0, := I=r €(0,1) for k > k.
14 y n

Inserting inequalities (29) and (30) into (25) recovers the estimate (28) up to a constant factor.
Finally, again the Gagliardo-Nirenberg and the Young inequalities, together with the mass bound (15), imply for all 7 € (0, T},,,,),

L2 11263 & 112(1=63) 2
/uk: uz < ¢y ||Vu2 uz|l , +oolluzl »
Q L2(Q) L2(Q) Lk (Q) Lk (Q)
31)
0
£12\7 4k — 1) k|2
<cpy Vuz +cy3 < —— Vuz| +cyy,
Q k Q
where
k_ 1
0, :=—2—2 _(0,1) fork>k
307 % 11 ’ 0-
___+_
2 2 n

Hence, combining (31) with (28) yields the differential inequality

= K(x)dx,
/Quo(x)x

and by applying a standard comparison principle for ordinary differential equations, we conclude that

YV <eis—p 1€(0, T, ¥0) =y, = ( / uk(x,z>dx>
Q

=0

sup / uk < max{y, cps}.
1€(0,Thax) 4 Q
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> The case 7 = 1
Let us examine the integral term — y(k — 1) f, u*Av; it can be estimated by applying Young’s inequality as

—;((k—l)/ukAUS)((k—l)/uklAvl S/uk+1+c26/ |Av|**! for all € (0, T,,,)- (32)
Q Q Q Q

Incorporating estimate (32) into (24), we can rewrite the latter as

4(k -1 k|?
V< - ( )/'Vuz +/uk+1+626/|AU|k+l+ka/uk+p—1
k Q Q Q Q

k-1 -7 k=1+y |V 3 (33)
— i hvd
—kc(—”> / Vu 7 —kb/uk_1</uﬂ) on (0, T, ).
Y Q Q Q
Next, we add the term y = y(¢) to both sides of (33) and multiply through by ¢’. Observing that
d
ey +ey= E(e’y),
integration over the interval (0, ) for any ¢ € (0, T,,,,) leads to
' _ 012
'y < 30) +/ o - 4k —1) / vis| + / Sy C%/ |Av[F! 4+ ka/ Sl
0 k Q o Q o
(€2
_ -r k=1+
_ kc<w> / Yu v .
14 Q

() e

At this stage, by applying Lemma 4.2 to the second equation of (9) with y = v, ¢ = k + 1, and h = u, we obtain the estimate

1 ‘
c26/0 e’ </Q |Av(-,s)|k+l>ds <y +c28/0 es</9uk+l>ds for all 1 € (0, Tyyax)- (35)

where c,7, c,3 depend also on Cp. (We will not explicitly state the dependence of other constants on Cp, unless required.)
Substituting (35) into (34) and proceeding analogously to the case r = 0, particularly in handling the terms [, u**! and |, u*+s-1,
we arrive at

e / Uk < ey + ez’ = 1) for all t € (0, Typy)s
Q

thus concluding the proof, having naturally f, u* < c3; on (0,T,,,,). O
Lemma 6.2. Leta,c >0, f,y=p>1,6= %fulﬁll

n(p—p)
a2”_1C(p;N Bp <a2”_1C(p;Nn(p - ﬂ)> pe ‘1

2n
, — <2 d b>
max{ﬂ n+1}<lJ an Q| np+ fp—np c(np + Ppp —np)

where Cgy = Cgn (p,7, B, Q) is the positive constant given in Lemma 4.1. Then, there exists k; > 1 such that u € L®((0, Ty,,); L*(Q)) for all
k> k.

Proof. Let us consider k; = 1; as done before, we will enlarge this initial value when necessary. By taking y = p and 6 = %’ relation
(24) becomes for all k > k,

Ak -1 k
yo=— ( )/|vl,5|2_;((k—1)/ukAu+ka/u"*ﬂ*l
k Q Q Q

2

_ -P k=l4p 7
—kc<m> /|Vu ” |”—kb/uk_1</ uﬂ> for all t € (0, Tpyy)-
14 Q Q Q

We distinguish the cases r =0 and r = 1.

> The case t =0
By exploiting the second equation in (9) and relying on Young’s inequality in view of p < 2, we have on (0, T},,,) for all k > k,

— k —1 —f k=ltp
y’5—4(k 1)/|Vu§|2+()((k—l)+l)/uk+l—kc(u> /qu 7P ey
k Q Q P Q

(If p = 2 this is immediate). Similarly to what have done in the proof of Lemma 6.1, we arrive at

4k -1 k
y < _% 4/9 [Vu?2 |2 +c33 0n (0, Tiyy).

At this stage the conclusion follows by reasoning as in the proof of Lemma 6.1.

10
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> The case t = 1
By recalling the values of y and 6, estimate (34) can be rewritten for all t € (0, T;,,,) as

! 4k — 1 k
e’ySy(0)+/ es<—¥/|Vu2|2+/uk+l+c26/|Av|k+1+ka/uk+”_1
0 k Q Q Q Q
k=1+p\"* k=ltp 7
—kc(—) /qu » |”—kb/uk_1</uﬂ) ds.
p Q Q Q

By inserting bound (35) in the above estimate and following the argument in the proof of Lemma 6.1, we obtain the claim. [

We can now conclude and give the proofs of the claimed results.
6.2. Proofs of Theorem 3.1 and Corollary 3.1

By virtue of assumptions (11) or (12) of Theorem 3.1, or (13) of Corollary 3.1, Lemma 6.1 and Lemma 6.2 hold for every
k > k := max{kg, k; }. Thereafter, u € L®((0, Ty,y); L*¥(Q)), for every arbitrarily large k, and subsequently elliptic and parabolic reg-
ularity results, in conjunction with Sobolev embeddings, imply Vv € L®((0, T}, ); L*()). In addition, the source B(X,u,Vu)=
B(x,t,u, V) = au(x, 1)’ — b( [ u(x, t)”dx)5 —¢|Vu(x,1|” in problem (9) is such that B(X,u, Vu) < au(x,t)? for all (x,) € QX (0, Typay)s
so that B(X,u, Vu) € L®((0, T,,y); L¥(Q)). As a consequence, from [38, Lemma A.1] we have u € L®((0, Ty, ); L*(Q)), so concluding
by applying Lemma 5.3.
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