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Abstract

We present rigidity results for overdetermined problems associated to the rotationally invariant Poisson 
equation −Δgℳu = f (r) in a model manifold ℳ = [0, S)×hS

N−1 with warping function h. The variable 
r ranges in the interval [0, S), whose endpoint S is positive and possibly infinite. The first part of the paper 
deals with the problem ⎧⎪⎨

⎪⎩
−Δgℳu = f (r) in Ω,

u = φ(r) on ∂Ω,
∂u
∂ν = κ(r) on ∂Ω,

where Ω ⊂ ℳ is a bounded domain containing the point O ∈ ℳ corresponding to r = 0, ν is the exterior 
unit normal vector on ∂Ω, and f , φ, κ are three prescribed functions.
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In the second part of the paper, we consider a similar overdetermined problem for the exterior Bernoulli 
problem in a domain Ω \ BR0(O), where BR0(O) denotes the geodesic ball centered at O with radius R0, 
within the class of functions that vanish on ∂BR0 (O). In both cases, we give conditions on f , φ and κ
implying that the solution u is radial and Ω is a geodesic ball centered at O. Our results apply in particular 
to the three space forms RN , HN and SN .
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Overdetermined problems, where both Dirichlet and Neumann boundary conditions are pre
scribed, arise naturally in mathematical physics and Serrin’s celebrated result [41] have been 
a turning point in this topic. His moving plane method, together with a refinement of Hopf’s 
Lemma, led to the conclusion that the ball is the only bounded domain Ω ⊂ RN that permits the 
existence of a solution to the problem

−Δu = 1, u = 0 on ∂Ω, 
∂u

∂ν 
= const. on ∂Ω. (1.1)

An alternative proof in RN has been given by Weinberger [43] by applying the ``P -function 
method''. If one considers a general Lipschitz continuous nonlinearity f (u) instead of a constant, 
Serrin’s strategy still works under the additional requirement that the problem admits a positive 
solution (see also [13,36] for relaxing the regularity requirements of Serrin’s initial result). We 
stress that assuming positivity is crucial, and in fact nontrivial examples of sign-changing solu
tions to overdetermined problems

−Δu = f (u), u = 0 on ∂Ω, 
∂u

∂ν 
= const. on ∂Ω,

have recently been constructed in domains Ω different from a ball for some suitable nonlinearity 
f (u) (see [39]).

Since then, Serrin’s rigidity result has been investigated with non-constant boundary con
ditions or by considering domains in general manifolds. In this latter case, one faces some 
obstructions for the validity of such a result. On the N -dimensional sphere, for example, a solv
able instance of (1.1) is readily constructed in an equatorial strip. Less trivial examples were 
given by Berenstein and Karlovitz [26, Theorem 3] by considering domains of SN , N ≥ 3, 
whose boundary is a suitable Clifford torus. However, given a bounded domain Ω of the hy
perbolic space HN , or a domain Ω ⊂ SN contained in an hemisphere, Molzon [31] (see also [32, 
Theorem 4]) was able to show that if problem (1.1) is solvable then Ω must be a geodesic ball 
and in such a case the solution is radial (clearly one replaces Δ in (1.1) by the Laplace-Beltrami 
operator Δg , where g is the metric of the manifold). In [32, Theorem 2], it was shown that the 
conclusion still holds if one considers in a hemisphere the Poisson equation −Δg u = f (r) with 
f (r) = N cos r where r is the geodesic distance to the north pole. An inspection in the proof 
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shows that in such a case Ω is in fact a geodesic ball centered at the north pole. Here again the 
main tool is provided by the reflection arguments implemented in Serrin’s original proof. The 
case of a nonlinearity f (u), in place of f (r), was considered by Kumaresan and Prajapat [27] 
for domains in HN or in hemispheres. They showed that if the problem

−Δg u = f (u), u = 0 on ∂Ω, 
∂u

∂ν 
= const. on ∂Ω, (1.2)

admits a positive solution, then the moving plane technique still allows to conclude that Ω must 
be a geodesic ball and the solution u depends only on the distance from the center of Ω. Further
more, when f (u) = NKu + 1 where K stands for the sectional curvature of the N -dimensional 
space form, Ciraolo and Vezzoni ([10]) have extended Weinberger’s method and recovered such 
a rigidity result by making use of appropriate P -functions. We stress that in SN , positive solu
tions u to (1.2) with f (u) = up − u (for some p > 1) have been constructed in [40] on some 
domains Ω (not contained in any half-sphere) that are diffeomorphic, but not equal, to a geodesic 
ball. We also point out that the moving plane technique, based on the reflection with respect to 
all directions, can be carried on only if the ambient manifold is a space form, see again [40].

Space forms can be described as a special cases of ``model manifolds'', also referred to as 
“spherically symmetric manifolds''. Those are by definition smooth differentiable N -dimensional 
manifolds ℳ diffeomorphic to RN , N ≥ 2, given by the quotient space [0, S) × SN−1 / ∼ for 
some S ∈ (0,+∞], where ∼ identifies all the elements of { 0 } × SN−1, endowed with the rota
tionally symmetric metric

gℳ = dr2 + h(r)2 gSN−1 . (1.3)

Here gSN−1 denotes the canonical metric of the (N −1)-dimensional unit spherical surface SN−1

and h(r) is a smooth function over the interval [0, S) satisfying

h(r) > 0 for any r > 0, h′(0) = 1, and h(2k)(0) = 0 for k = 0,1,2, . . . .

Using standard notations, we can write ℳ = [0, S) ×h SN−1. The point corresponding to the 
elements of { 0 } × SN−1 is called pole and denoted by O . The mentioned conditions on the 
warping function h ensure that the differentiable structure extends smoothly up to O [34, p. 20]. 
For the basic definitions and properties of model manifolds we refer to [22,35]. Typical examples 
of model manifolds are the three constant-curvature space forms of dimension N : namely, the 
Euclidean space RN , the hyperbolic space HN , and the sphere SN , which correspond to

h(r) =

⎧⎪⎨
⎪⎩

r if ℳ= RN,

sinh r if ℳ= HN,

sin r if ℳ= SN.

Here we have S = +∞ in the first two cases, and S = π in the third. To be precise, in the 
third case we should write ℳ= SN \ { q }, where q is the point on SN antipodal to O . Slightly 
abusing the notation, we write ℳ= SN for simplicity. For more details on the space forms and 
their metric we refer the reader to [7].
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Henceforth we consider a model manifold ℳ and a bounded C1-domain Ω in ℳ contain
ing O . In that setting we discuss overdetermined elliptic problems for the rotationally invariant 
Poisson equation

−Δu = f (r), (1.4)

where Δ = Δgℳ is the Laplace-Beltrami operator (we drop the index gℳ for shortness). We first 
discuss Serrin-type problems for the Poisson equation, and then consider the overdetermined ex
terior Bernoulli problem. In both cases we will present several generalizations of results obtained 
so far in the literature that imply rigidity of the domain and symmetry of the solutions.

1.1. Serrin-type rigidity results for the Poisson equation

In the first part of the paper, we consider the overdetermined elliptic problem

⎧⎪⎨
⎪⎩

−Δu = f (r) in Ω,

u = φ(r) on ∂Ω,

uν = κ(r) on ∂Ω,

(1.5)

where ν is the unit exterior normal vector on ∂Ω (with respect to the metric gℳ), the shorthand 
uν represents the normal derivative ∂u/∂ν, and f , φ and κ are given functions defined on the 
interval (0, S).

The overdetermined problem (1.5) with f constant, φ ≡ 0 and κ constant in the space 
forms RN , HN or SN , are special cases covered by the works done by Serrin, Molzon and 
Kumaresan-Prajapat [41,31,32,27]. On model manifolds whose Ricci curvature satisfies Ricℳ ≥
(N − 1) k gℳ for some constant k, we note that the corresponding nonlinear problem (1.2) has 
been investigated with the specific nonlinearity f (u) = 1 + Nku, see [2,12,38] (some compati
bility conditions on h are also required).

Here, setting BR(O) = { x ∈ ℳ : d(x,O) < R }, where R ∈ (0, S) and d(x,O) denotes the 
geodesic distance, we investigate the overdetermined problem (1.5) under the hypotheses that:

O ∈ Ω ⊂ BR(O) for some R ∈ (0, S),

f ∈ C0((0, S)), 

r∫︂
0 

h(t)N−1 |f (t)| dt < +∞ r ∈ (0, S), (1.6)

φ ∈ C1((0, S)), κ ∈ C0((0, S)).

By a solution to (1.5), we mean a function u ∈ L1(Ω) ∩ C2(Ω \ { O }) ∩ C1(Ω \ { O }) which 
satisfies the equation in the distributional sense. Consequently, u is also a classical solution in 
Ω \ { O }. However, the left-hand side f and the solution u are allowed to have a mild singularity 
at O . To state our result, we introduce the following function

v(r) := − 1 
h(r)N−1

r∫︂
0 

h(t)N−1 f (t) dt, r ∈ (0, S). (1.7)
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As discussed in Proposition 2.1, this function represents the normal derivative on ∂Br(O) of 
any radial solution to the rotationally invariant Poisson equation (1.4) in ℳ, and furthermore we 
have the following property:

The overdetermined problem (1.5) admits a radial solution in the geodesic ball Ω = Br0(O)

if and only if v − κ vanishes at r0.

Our first rigidity theorem can be seen as a Serrin-type result and reads as follows:

Theorem 1.1. Assume that (1.5) admits a solution u, and suppose that

φ′ − v ≥ 0 in (0, S). (1.8)

Then, v − κ has a zero in (0, S). Furthermore, the solution u is radial if the following condition 
is satisfied:

(1) v − κ ≤ 0 in (0, r0] for every zero r0 of the function v − κ .

The same conclusion holds if instead of (1) we assume

(2) v − κ ≥ 0 in [r0, S) for every zero r0 of the function v − κ , and the domain Ω satisfies the 
interior sphere condition at each point of the boundary.

In either case, the domain Ω must be a geodesic ball centered at O if at least one of the 
following additional conditions holds:

(a) The inequality in (1.8) is strict;
(b) The difference v − κ is monotone, and κ ≠ 0 in (0, S);
(c) The difference v − κ is monotone, and the function 

∫︁ r

0 h(t)N−1 f (t) dt does not vanish iden
tically in any interval (a, b) ⊂ (0, S).

When we say monotone in conditions (b) and (c) above, as well as in Theorem 1.2, we mean 
either non-increasing or non-decreasing.

Notice that Theorem 1.1 is not linked to positivity of the solution u (while in the results 
obtained by the moving plane method such condition is required).

An immediate consequence of Theorem 1.1 is that if (1.8) holds, and v − κ has no zeros in 
(0, S), then the overdetermined problem (1.5) is unsolvable. We also remark that either assump
tion (1) or (2) is needed, otherwise the result fails and counterexamples can be constructed as in 
[18, Section 5]. For instance, let

Ω =
{︃

(x, y) ∈R2 : x2

a2 + y2

b2 < 1 
}︃

for some a > b > 0, and let φ ≡ 0. Choosing then any Hölder continuous, positive function 
f ∈ C0,α([0, a]), by (1.7) we have v(r) ≤ 0 and therefore (1.8) holds true. The Poisson equa
tion (1.4) with the Dirichlet boundary condition u = 0 on ∂Ω has a unique solution u ∈ C2,α(Ω)

(see [14, Theorem 6.14]), which is positive by the strong maximum principle. Since the problem 
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is invariant under the change of variable x ↦→ −x, as well as y ↦→ −y, and by uniqueness, we 
must have u(x, y) = u(±x,±y) for any choice of the sign in front of the variables. But then, 
for every r ∈ [b, a] we may define κ(r) = −uν(x, y) > 0 by choosing any point (x, y) ∈ ∂Ω

satisfying x2 + y2 = r2, and the definition is well posed because it is independent of the choice 
of the specific point (there are from 2 to 4 admissible choices). Thus, we have constructed a 
solvable instance of the overdetermined problem (1.5) in the non-radial domain Ω. In this case, 
the function κ(r) must fail to satisfy the requirements of Theorem 1.1 because the conclusion 
does not hold.

Theorem 1.1 extends several results obtained for very specific functions f , φ, κ :

• When ℳ = RN , f ≡ 1 and φ ≡ 0 we recover a result obtained in [18] (see our Corol
lary 2.5). Again in the case when ℳ= RN we also note that the assumptions of Theorem 1.1
hold for functions satisfying

f (r) ≥ (N + α) rα, φ ≡ 0, κ(r) ≥ −rβ, β − α − 1 ≥ 0, α > −N.

Hence our theorem extends two results obtained by Onodera [33, Propositions 2.1 and 2.2] 
who treated the cases f (r) = (N + α) rα and κ(r) = −rβ using a foliation argument.

• In the case when ℳ = SN , instead, Theorem 1.1 must be compared with [32, Theorem 2] 
(see also [9, Theorem 1.1]) that deals with a domain Ω of class C2 included in the upper 
hemisphere SN+ but not required a priori to contain the north pole O . For the specific func
tions f (r) = N cos r , φ ≡ 0, and κ constant, the author proves that if the overdetermined 
problem (1.5) has a solution u ∈ C2(Ω), then Ω must be a geodesic ball centered at O . The 
same conclusion is reached for any Ω ⊂ SN provided that u is positive (an extension to con
ical domains is obtained in [30]). Note that under such conditions we have v(r) = − sin r

and therefore we may use Theorem 1.1 to deal with the case where u is not supposed to be 
positive, provided SN+ ⊂ Ω: see our Corollary 2.7.

• In general, as soon as there exists an isometry F : (ℳ, gℳ) → (ℳ, gℳ) such that F(O) ≠
O , the conclusion of Theorem 1.1 (that Ω is a geodesic ball centered at O) cannot hold for 
constant f,φ, κ because problem (1.5) becomes invariant under isometries: this is the case 
when ℳ is a space form, which was considered by Molzon and by Kumaresan and Prajapat 
in the mentioned papers.

Related results have been obtained for other elliptic operators. See, for instance: [18] for 
the constant mean curvature, as well as the constant Gauss curvature equations; [21] for the 
p-Laplacian Δp with p ∈ (1,+∞); [15] for the infinity-Laplacian; [6] for the normalized p
Laplacian; [20] for the Finsler p-Laplacian; [19] for the fractional Laplacian. In [8], the authors 
deal with the equation −Δp u = 1 in any Riemannian manifold such that the Laplacian Δd(x) of 
the distance function d(x) from x to O is also a function of d(x) only. The paper that started the 
series is [24], which however refers to a capacity problem (see Section 3). For an existence theory 
see [4] and [33]. The equation −Δu = δ (Dirac’s delta function) is considered in [3, Theorem 1].

1.2. Rigidity results for the Bernoulli problem

In the second part of our paper we consider the exterior Bernoulli problem, which is a capacity 
problem related to (1.5). More precisely, we fix a ball BR0(O) and, assuming BR0(O) ⊂ Ω, we 
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consider the Poisson equation only in the set difference Ω \ BR0(O). Solutions are required to 
vanish on ∂BR0(O). We end up with the overdetermined problem

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu = f (r) in Ω \ BR0(O),

u = 0 on ∂BR0(O),

u = φ(r) on ∂Ω,

uν = κ(r) on ∂Ω,

(1.9)

where, as before, f , φ and κ are three prescribed functions. To be specific, we assume:

BR0(O) ⊂ Ω ⊂ BR(O) for some R0,R ∈ (0, S), (1.10)

f ∈ C0([R0, S)), φ ∈ C1((R0, S)), κ ∈ C0((R0, S)).

In this case, we deal with classical solutions u ∈ C2(Ω \BR0)∩C1(Ω \BR0)∩C0(Ω \BR0). To 
state our result, for r ∈ (R0, S) and c ∈R we introduce the function

w(r, c) = 1 

h(r)N−1
∫︁ r

R0

ds 
h(s)N−1

⎛
⎜⎝c −

r∫︂
R0

r∫︂
s

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds

⎞
⎟⎠ . (1.11)

As explained in Proposition 3.1, this function represents the normal derivative on ∂Br(O) of 
any radial solution to the equation (1.4) in ℳ \ BR0(O), vanishing on ∂BR0(O) and attaining 
the value c on ∂Br(O). Furthermore we have the following property:

The overdetermined problem (1.9) admits a radial solution in the geodesic annulus Br0(O) \
BR0(O) if and only if κ(r0) = w(r0, φ(r0)).

Our second rigidity result is the following:

Theorem 1.2. Assume that (1.9) admits a solution u, and suppose that φ satisfies for all r ∈
(R0, S) the linear differential inequality

φ′(r) − w(r,φ(r)) ≥ 0. (1.12)

Then, the difference w(·, φ(·))− κ(·) has a zero in (R0, S). Furthermore, the solution u is radial 
if the following condition is satisfied:

(1) w(·, φ(·)) − κ(·) ≤ 0 in (R0, r0] for every zero r0 of the function w(·, φ(·)) − κ(·).

The same conclusion holds if instead of (1) we assume

(2) w(·, φ(·)) − κ(·) ≥ 0 in [r0, S) for every zero r0 of the function w(·, φ(·)) − κ(·), and the 
domain Ω satisfies the interior sphere condition at each point of the boundary.

In either case, the domain Ω must be a geodesic ball if at least one of the following additional 
conditions holds:
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(a) The inequality in (1.12) is strict;
(b) The difference w(·, φ(·)) − κ(·) is monotone, and κ ≠ 0 in (R0, S);
(c) The difference w(·, φ(·)) − κ(·) is monotone, and the function f does not vanish identically 

in any interval (a, b) ⊂ (R0, S).

A special case when the assumptions are satisfied occurs when ℳ = RN , f ≡ 0, φ is a 
positive constant and κ is a constant. Such a case is also a corollary of a theorem by Reichel [37] 
(see [24,42] as well), where the author generalized the moving plane method to annular domains 
for the overdetermined elliptic problems

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu = f (u) in Ω \ BR0(O),

u = 0 on ∂BR0(O),

u = a > 0 on ∂Ω,

uν = const. on ∂Ω,

under the assumption that f is the sum of a Lipschitz continuous and a non-decreasing function. 
Up to our knowledge, [24,37,42] have not been generalized to HN and SN but we believe that 
the mentioned result should still hold in such cases, again under the hypothesis that the annu
lar domain stays in the upper hemisphere if the ambient space is SN . Nontrivial solutions to 
overdetermined elliptic problems in annular domains of RN with locally constant Dirichlet and 
Neumann conditions have been constructed in [1,11,25].

Another special case of Theorem 1.2 is a result of [17], where the case ℳ = RN , f ≡ 0, 
φ is a positive constant is considered under the assumption that the product rN−1 κ(r) is non
decreasing (see also our Corollary 3.6).

We remark that when ℳ= RN or HN the function h(r) is increasing, which allows to apply 
Theorem 1.2 to a large class of functions κ : see Lemma 3.4 for an explanation. The same remark 
holds in SN if the domain Ω \ BR0(O) stays in the upper hemisphere, i.e. when h(r) = sin(r)

and 0 < r < π/2. If the ambient manifold is SN but we do not know a priori that the domain 
Ω \ BR0(O) stays in the upper hemisphere, then the hypothesis on κ is more demanding (for 
example constant functions κ are not suitable when f ≡ 0). Again, this is according to the fact 
we mentioned before that in SN rigidity results via the moving plane method can be obtained 
only for domains contained in a hemisphere.

The literature on the Bernoulli problem in RN is quite extended. The symmetry theorem we 
present here is related to [24], whose results were refined in [17] (see also [37]). In particular, we 
show that such results hold in any model manifold and for every continuous f . Related results 
for the quasilinear elliptic equation −div(g(|∇u|) ∇u) = f (r,u) are found in [16, Theorem 1.3]. 
Approximate radial symmetry (stability) was investigated in [23] (see also [16, Theorem 5.1]). 
Further overdetermined problems in annular domains on space forms are considered in [29].

2. Serrin-type rigidity result

This section is devoted to the proof of Theorem 1.1, and some of its consequences.

2.1. A Dirichlet problem in the ball

Before giving the proof of Theorem 1.1 we collect some preliminary results on the radial 
solutions for the Dirichlet problem
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{︄
−Δu = f (r) in BR(O),

u = c on ∂BR(O),
(2.1)

where c ∈ R. To this end, we observe that the Laplace-Beltrami operator Δ associated to the 
metric (1.3) may be written as

∂2
r + (N − 1) 

h′(r)
h(r) 

∂r + 1 
h(r)2 ΔSN−1 , for r ∈ (0, S),

where ΔSN−1 is the Laplace-Beltrami operator on SN−1. In particular, in the class of radial 
solutions, the PDE in (2.1) reads as

u′′ + (N − 1) 
h′(r)
h(r) 

u′ = −f (r), for r ∈ (0,R), (2.2)

which may be equivalently rewritten as

−
(︂
h(r)N−1 u′(r)

)︂′ = h(r)N−1 f (r). (2.3)

With this in mind, some properties of radial solutions are summarized in the following proposi
tion.

Proposition 2.1. Consider f satisfying (1.6) and c ∈ R. The Dirichlet problem (2.1) is solvable 
(in the sense of distributions). Its solution u = uR(r) belongs to C2(BR(O) \ { O }), is unique, 
radial, and satisfies (2.2). Its derivative v(r) = u′

R(r) is determined by (1.7) which is independent 
of R, and uR(r) itself is given by

uR(r) = c +
R∫︂

r

s∫︂
0 

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds for r ∈ (0,R). (2.4)

Furthermore, uR(r) admits an extension satisfying (2.2) for r ∈ (0, S).

Proof. Uniqueness follows from the comparison principle. Indeed, the difference of any two 
distributional solutions is harmonic in the sense of distributions, and therefore it is harmonic in 
the classical sense by Weyl-Caccioppoli’s lemma: see [5, pp. 4-5] and [44, Lemma 2]. Unique
ness, together with the invariance under rotations of problem (2.1) implies that any solution must 
be radial. Passing to polar coordinates, the equation (1.4) for r > 0 becomes (2.3). Since the 
function in (2.4) satisfies

uR(r) = c −
R∫︂

r

v(s) ds for r ∈ (0,R),

a straightforward computation shows that uR ∈ C2((0, S)) and satisfies (2.3). In order to prove 
that u = uR(r) is a distributional solution of (1.4), it is enough to bound its possible singularity 
at O . To this aim, we first observe that

9 
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lim 
s→0+ h(s)N−1 v(s) = 0.

This is an immediate consequence of the convergence of the integral in assumption (1.6). Since 
h′(0) = 1 by assumption, we may write v(s) = o(s1−N) as s → 0+. Consequently, using de 
l’Hôpital rule we check that

uR(r) =
{︄

o(log r), if N = 2;
o(r2−N), if N ≥ 3.

These bounds imply that u is a distributional solution of (1.4). □
Remark 2.2. Consider f satisfying (1.6), and let φ and κ be any real-valued functions over 
the interval (0, S). By the preceding proposition we immediately see that the overdetermined 
problem (1.5) has a radial solution in the geodesic ball Br0(O) for some r0 ∈ (0, S) if and only 
if (v − κ)(r0) = 0.

2.2. Radial symmetry for Serrin-type problems

In order to study the radial symmetry of solutions to the overdetermined problem (1.5), we 
consider the two geodesic balls BR1(O) ⊂ Ω ⊂ BR2(O), whose radii are defined by

R1 := min
∂Ω 

r > 0 , R2 := max
∂Ω 

r < S, (2.5)

and introduce the unique solutions u1, u2 ∈ C2(ℳ \ { O }) of

−Δui = f in ℳ, ui = u(Pi) = φ(Ri) on ∂BRi
(O), (2.6)

where Pi is any point on ∂BRi
(O) ∩ ∂Ω (see Proposition 2.1). Since u1, u2 are radial, slightly 

abusing the notation we will consider them as functions of x as well as r . We will make use of 
the following equivalence:

Lemma 2.3. Let u be a solution of (1.4) in Ω attaining the value φ at the boundary, and consider 
the solution ui of (2.6). Then

u is radial ⇐⇒ u ≡ ui in Ω \ { O } for both i = 1,2. (2.7)

Proof. Let us start with the following observation: if a radial harmonic function ω defined in a 
ball BR(O) for some R > 0 has a zero at some P ∈ ∂BR(O), it must vanish on ∂BR(O) and by 
the maximum principle it must vanish in all of BR(O).

Now assume that u is radial. By applying the previous observation with the radial harmonic 
function ω = u − u1 (which admits a smooth extension up to the origin), we have u ≡ u1 in 
BR1(O) \ { O } (since (u − u1)(P1) = 0). This implies u ≡ u1 in Ω \ { O } (unique continuation 
property). Furthermore, observing that (u1 − u2)(P2) = (u − u2)(P2) = 0 it follows that the 
harmonic function ω = u1 −u2 (which again admits a smooth extension up to the origin) vanishes 
in the entire ball BR2(O) and therefore in the domain Ω. □

10 



A. Greco, M. Lucia and P. Sicbaldi Journal of Differential Equations 475 (2026) 114496 

The second part of Theorem 1.1 will be derived from a more general fact, that is stated in the 
proposition that comes next.

Proposition 2.4. If u is a radial solution of (1.5) and either assumption (a), or assumption (b), 
or (c) in Theorem 1.1 is satisfied, then Ω must be a geodesic ball centered at O .

Proof. Let R1,R2 be as in (2.5) and u1, u2 be defined in (2.6). The fact that u is radial is equiv
alent by (2.7) to the fact that u ≡ u1 ≡ u2 holds in Ω \ { O }. Consequently we have φ(r) = u1(r)

in [R1,R2]. Since u′
1 = v, assumption (a) allows the difference φ − u1 to have at most one zero 

in [R1,R2], and therefore R1 = R2 which shows that BR1(O) = Ω = BR2(O).
Let us now treat the case when either assumption (b) or (c) holds. Observe first that showing 

BR1(O) = Ω = BR2(O) is equivalent to proving ν ≡ ∂
∂r

along ∂Ω. Indeed, if ∂Ω is the boundary 
of a geodesic ball centered at O , then Gauss Lemma [28, Theorem 6.9] ensures that ν ≡ ∂

∂r . 
Conversely, taking a local parametrization ψ : U ⊂ RN−1 → ∂Ω, we derive the following infor
mation on the directional derivative of r ◦ ψ at each y ∈ U in the direction ξ ∈ RN−1:

D(r ◦ ψ)(y)(ξ) = ∂

∂r 
· Dψ(y)(ξ) = ν · Dψ(y)(ξ) = 0.

Hence, the distance function from ∂Ω to O is locally constant. Therefore, each component of 

∂Ω is a geodesic sphere, and we may write ∂Ω =
m ⋃︁

j=1
∂Brj (O) for convenient rm > . . . > r1 > 0. 

Since Ω is connected and contains O , we must have m = 1. Consequently, Ω is a geodesic ball 
and so BR2(O) = Ω = BR1(O).

To prove the proposition, we recall that u ≡ u1 ≡ u2 is radial and so its gradient satisfies

∇u(x) = v(r) 
∂

∂r 
, for all x ∈ ∂Ω. (2.8)

Of course, we also have

∇u(x) · ν = κ(r), for all x ∈ ∂Ω. (2.9)

Furthermore, at each point Pi we have ν = ∂
∂r

, implying that the normal derivative of u coin
cides with the radial derivative, i.e. (v − κ)(Ri) = 0. Consequently, v − κ vanishes identically 
in [R1,R2] since this function is assumed to be monotone. Moreover, plugging into (2.9) the 
expression of ∇u given by (2.8), we obtain

v(r)
(︂ ∂

∂r 
· ν − 1

)︂
= 0 for all x ∈ ∂Ω. (2.10)

Now, if (b) holds, then v = κ ≠ 0 in [R1,R2] and from (2.10) we get ∂
∂r · ν = 1 on ∂Ω. Hence 

ν ≡ ∂
∂r , and the conclusion follows.

To prove the claim under assumption (c) we argue by contradiction. Assume there exists 
P ∈ ∂Ω such that (ν − ∂

∂r )(P ) ≠ 0, then we must have R1 < R2 and the inequality ν − ∂
∂r

≠ 0
must hold in a neighborhood N(P ) ⊂ ∂Ω, hence ∂

∂r · ν < 1 there. Relation (2.10) shows that this 

11 
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can only occur if v(r) = 0 in N(P ). So by (1.7) there exists an interval (a, b) ⊂ (R1,R2) such 
that

1 
h(r)N−1

r∫︂
0 

h(t)N−1 f (t) dt = 0

for all r ∈ (a, b) in contradiction with assumption (c). Hence, ν − ∂
∂r

≡ 0 which proves the 
claim. □

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Consider the two functions u1, u2 defined in (2.6). Since u′
i ≡ v, the 

assumption (1.8) gives φ′ − u′
i = φ′ − v ≥ 0 and therefore φ − ui is increasing. Consequently, 

since ui(Ri) = φ(Ri) (by the definition of ui), we must have u1 ≤ u ≤ u2 on the boundary ∂Ω, 
and by the maximum principle this implies

u1 ≤ u ≤ u2 (2.11)

in Ω \ { O }. Applying now the strong maximum principle together with (2.11) and the equiva
lence noted in (2.7), we are led to the following alternative:

{︄
either u1 ≡ u ≡ u2 in Ω \ { O }, and u is radial;
or u1 < u < u2 in Ω \ { O }, and u is not radial.

(2.12)

To continue with our analysis, we observe that the first of the inequalities (2.11) together with 
the fact that (u − u1)(P1) = 0 gives

v(R1) = u′
1(R1) ≥ uν(P1) = κ(R1). (2.13)

Similarly we also get

v(R2) = u′
2(R2) ≤ uν(P2) = κ(R2). (2.14)

The relations (2.13) and (2.14) imply

(v − κ)(R1) ≥ 0, (v − κ)(R2) ≤ 0,

and in particular we deduce that (v − κ)(r0) = 0 for some r0 ∈ [R1,R2].
Now, on account of the definition of the ball BR1(O), the interior sphere condition is satisfied 

at the point P1, so using the Hopf’s Lemma we can rephrase the alternative (2.12) as follows:

(i) either (v − κ)(R1) = 0, and in this case u1 ≡ u ≡ u2 in Ω \ { O };
(ii) or (v − κ)(R1) > 0 ≥ (v − κ)(R2) (and u is not radial).

12 
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Under the assumption (1), the second case cannot occur. Thus, u ≡ u1 ≡ u2, and so the solu
tion u is radial in Ω \ { O }.

Under the further requirement that the domain Ω satisfies the interior sphere condition at each 
point of the boundary ∂Ω, we can apply Hopf’s Lemma at both points P1,P2, and by taking into 
account (2.12), we are led to the alternative:

(i) either (v − κ)(R1) = (v − κ)(R2) = 0, and in this case u1 ≡ u ≡ u2 in Ω \ { O };
(ii) or (v − κ)(R1) > 0 > (v − κ)(R2) (and u is not radial).

Under assumption (2), the second case cannot hold and we deduce as before that u ≡ u1 ≡ u2, 
so u is radial.

The second part of Theorem 1.1 is an immediate consequence of Proposition 2.4. □
2.3. Applications

In the case when ℳ = RN , the next result follows by combining Theorem 2.1 of [18] with 
Example 1 in Section 3 of that reference. More generally, we have:

Corollary 2.5. Let Ω ⊂ ℳ be a C1 domain containing O and included in BR(O) for some 
R < S. Suppose that the ratio κ(r)/h(r) is monotone non-increasing in r ∈ (0,+∞). If the 
overdetermined problem

⎧⎪⎨
⎪⎩

−Δu = N h′(r) in Ω,

u = 0 on ∂Ω,

uν = κ(r) on ∂Ω

(2.15)

has a (classical) solution u ∈ C2(Ω) ∩ C1(Ω), then u is radial and Ω is a geodesic ball centered 
at O .

Proof. Problem (2.15) is a particular instance of Problem (1.5) with f (r) = N h′(r) and φ ≡ 0. 
Furthermore, in this case the definition (1.7) gives v(r) = −h(r). Hence, φ′(r)− v(r) > 0 which 
establishes that both (1.8) and the stronger assumption (a) of Theorem 1.1 hold. To conclude, it 
remains to check the assumption (1) of Theorem 1.1. Writing

v(r) − κ(r) = h(r) 
(︂

− 1 − κ(r) 
h(r) 

)︂
,

the hypothesis that the ratio κ(r)/h(r) is monotone non-increasing implies that the term in brack
ets is non-decreasing, hence it is non positive on (0, r0] for each zero r0 of v − κ . Therefore 
Theorem 1.1 can be applied and gives the conclusion that u is radial on a domain Ω that must be 
a geodesic ball centered at O . □

Note that Problem (2.15) with κ(r) := κ0 a negative constant is not covered by our Theo
rem 1.1 as long as h′(r) > 0 since in that case v − κ = −h(r) − κ0 does not satisfy hypothesis 
(1) nor (2). By contrast, if h′(r) < 0 in an interval (R0,R) with 0 < R0 < R < S, Theorem 1.1
allows to derive the following result, which is new even on the sphere SN for domains Ω con
taining the upper hemisphere SN+ . To see this, it is useful to make the following observation:

13 



A. Greco, M. Lucia and P. Sicbaldi Journal of Differential Equations 475 (2026) 114496 

Remark 2.6. If in Theorem 1.1 we consider C1 domains Ω satisfying BR0(O) ⊂ Ω ⊂ BR(O) for 
fixed geodesic balls with radii R0 < R < S, then the proof goes through without modifications 
provided that φ,κ are just defined and satisfy the assumptions on the interval [R0,R] instead of 
(0, S).

Corollary 2.7. Suppose that h′(r) < 0 in an interval (R0,R) ⊂⊂ (0, S), and that (R1,R2) ⊂
(R0,R), where R1,R2 are given by (2.5). Consider a constant κ0 ∈ R and a function φ ∈
C1([R0,R]) such that φ′(r) ≥ −h(r) for all r ∈ [R0,R]. If the overdetermined problem

⎧⎪⎨
⎪⎩

−Δu = N h′(r) in Ω,

u = φ(r) on ∂Ω,

uν = κ0 on ∂Ω

has a (classical) solution u ∈ C2(Ω) ∩ C1(Ω), then u is radial and Ω is a geodesic ball centered 
at O .

Proof. Since (R1,R2) ⊂ (R0,R), as emphasized in Remark 2.6 the conclusion of Theorem 1.1
holds if φ and κ satisfy each stated hypothesis only on the interval [R0,R].

We define f (r) = N h′(r) for r ∈ (0, S), and from (1.7) we obtain v(r) = −h(r). Hence (1.8) 
holds true by assumption. Define also κ(r) = κ0 for r ∈ [R0,R], so v(r) − κ(r) = −h(r) − κ0 in 
[R0,R]. Such a function is strictly increasing in [R0,R], and f (r) may vanish at the endpoints 
only. Hence the conclusion follows immediately from Theorem 1.1, case (1)-(c). □

Note that the constant κ0 in Corollary 2.7 may be replaced by any function κ(r) such that 
−h(r) − κ(r) is non-decreasing in [R0,R].

3. Rigidity result for the Bernoulli problem

This section is devoted to the proof of our second result, Theorem 1.2, and some of its conse
quences.

3.1. A Dirichlet problem in the annulus and a comparison result

We start by highlighting some properties of the (radial) solutions of the Dirichlet problem

⎧⎪⎨
⎪⎩

−Δu = f (r) in BR(O) \ BR0(O),

u = 0 on ∂BR0(O),

u = c on ∂BR(O),

(3.1)

where c is a constant. The following proposition is analogous to Proposition 2.1.

Proposition 3.1. Consider f ∈ C0([R0, S)) and c ∈ R. The Dirichlet problem (3.1) is solvable 
in C2(BR(O) \ BR0(O)) and its solution u = uR,c(r) is unique, radial, and satisfies (2.2) for 
r ∈ [R0,R]. Its derivative is given by

14 
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u′
R,c(r) = 1 

h(r)N−1
∫︁ R

R0

ds 
h(s)N−1

⎛
⎜⎝c −

R∫︂
R0

r∫︂
s

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds

⎞
⎟⎠ . (3.2)

Furthermore, uR,c(r) admits an extension satisfying (2.2) for r ∈ [R0, S) and the linear differ
ential equation

u′
R,c(r) = w(r,uR,c(r)), for r ∈ (R0, S), (3.3)

where w is the two-variable function in (1.11).

Proof. The claim follows by integration of the ODE (2.3). A first integration over the interval 
[R0, r] yields

h(r)N−1 u′(r) = h(R0)
N−1 u′(R0) −

r∫︂
R0

h(t)N−1 f (t) dt (3.4)

whence

u(r) =
r∫︂

R0

u′(s) ds (3.5)

= h(R0)
N−1 u′(R0) 

r∫︂
R0

ds 
h(s)N−1 −

r∫︂
R0

ds 
h(s)N−1

s∫︂
R0

h(t)N−1 f (t) dt.

If we now let r = R in the last equality, since u(R) = c we get the following representation of 
h(R0)

N−1 u′(R0):

h(R0)
N−1 u′(R0) = 1 ∫︁ R

R0

ds 
h(s)N−1

⎛
⎜⎝c +

R∫︂
R0

ds 
h(s)N−1

s∫︂
R0

h(t)N−1 f (t) dt

⎞
⎟⎠

and plugging this into (3.4)

h(r)N−1 u′(r) = 1 ∫︁ R

R0

ds 
h(s)N−1

(︂
c +

R∫︂
R0

s∫︂
R0

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds

−
R∫︂

R0

r∫︂
R0

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds

)︂

from which we obtain (3.2) for all r ∈ [R0, S). Finally, for r ∈ (R0, S) we deduce from (3.5)

15 
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h(R0)
N−1 u′(R0) = 1 ∫︁ r

R0

ds 
h(s)N−1

⎛
⎜⎝u(r) +

r∫︂
R0

ds 
h(s)N−1

s∫︂
R0

h(t)N−1 f (t) dt

⎞
⎟⎠

and plugging this into (3.4) we arrive at (3.3). □
Remark 3.2. Consider f ∈ C0([R0, S)), and any functions φ and κ on the interval (R0, S). 
By the preceding proposition we immediately see that the overdetermined problem (1.9) has a 
radial solution in the geodesic annulus Br0(O) \ BR0(O) for some r0 ∈ (R0, S) if and only if 
w(r0, φ(r0)) − κ(r0) = 0.

We also need a comparison principle between a super- and a subsolution for first order ordi
nary differential equations, that we state as follows:

Lemma 3.3. Consider g : (a, b) × R → R, and two functions y, y differentiable in (a, b) satis
fying:

y′(r) ≥ g(r, y(r)), y′(r) ≤ g(r, y(r)), (3.6)

for r ∈ (a, b).
(1) Assume there exists a constant L > 0 such that for every r ∈ (a, b) and every y1 < y2 we 

have

g(r, y2) − g(r, y1) ≤ L (y2 − y1). (3.7)

Then, (y − y)(r0) < 0 at some r0 ∈ (a, b) implies that sup 
(a,r0]

(y − y) < 0.

(2) If instead g satisfies for every r ∈ (a, b) and every y1 < y2 the reverse inequality

g(r, y2) − g(r, y1) ≥ L (y2 − y1), (3.8)

then the positivity (y − y)(r0) > 0 at some r0 ∈ (a, b) implies inf [r0,b)
(y − y) > 0.

Proof. Before giving details, we remark that the proof relies on the following two observations

z > 0 and differentiable on (t0, t1], sup 
t∈(t0,t1)

z′(t) 
z(t) 

< +∞ ⇒ inf 
t∈(t0,t1]

z(t) > 0, (3.9)

z < 0 and differentiable on [t0, t1), inf 
t∈(t0,t1)

z′(t) 
z(t) 

> −∞ ⇒ sup 
t∈[t0,t1)

z(t) < 0, (3.10)

which can respectively be justified by applying the mean value theorem to the function lnz on 
[t0 + ε, t1] (respectively, ln(−z) on [t0, t1 − ε]).

Proof of (1): Consider the set

I := { r ∈ [a, r0] : sup 
(r,r0]

(y − y) < 0 }. (3.11)
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By continuity of y − y, the set I contains (r0 − ε, r0] and is open in [a, r0]. More precisely, I is 
an interval because if r ∈ I then (r, r0] ⊂ I . Hence we have either I = [a, r0] or I = (t0, r0] for 
some t0 ∈ (a, r0). However, in the last case we would also have (y − y)(t0) = 0. Furthermore, 
from (3.6) and by assumption (3.7) it follows that for each r ∈ (t0, r0]

(y − y)′(r) ≤ g(r, y(r)) − g(r, y(r)) ≤ L (y − y)(r).

Hence, by applying (3.9) to z = y − y in (t0, r0] we reach a contradiction. Therefore we must 
have I = [a, r0], which is equivalent to the claim.

Proof of (2): The steps are similar, but instead of (3.11) one must consider the set { r ∈
[r0, b] : inf [r0,r)

(y−y) > 0 }. This set is a nonempty, open subinterval of [r0, b] whose first endpoint 

is r0. The second endpoint cannot be less than b as a consequence of assumption (3.8) together 
with (3.10) applied to z = y − y. □

In the present paper, such a comparison will be exploited by letting g be the function w(r, c)

defined in (1.11). Both conditions (3.7) and (3.8) hold true because w is linear in c, and satisfies

w(r, c2) − w(r, c1) = α(r) (c2 − c1)

with α(r) :=
(︂
h(r)N−1

r∫︂
R0

ds 
h(s)N−1

)︂−1
locally bounded for r ∈ [R0, S). As a consequence, we 

deduce that given on some interval [a, b] ⊂ [R0, S) two functions y, y ∈ C1([a, b]) satisfying

{︄
y′(r) ≥ w(r, y(r)),

y′(r) ≤ w(r, y(r)),
(3.12)

then

{︄
(y − y)(a) ≥ 0 =⇒ y − y ≥ 0 in [a, b],
(y − y)(b) ≤ 0 =⇒ y − y ≤ 0 in [a, b]. (3.13)

As discussed next, this comparison result turns out to be extremely useful to derive our results 
for the Bernoulli problem (1.9). In fact we will use it to compare the radial solutions of problem 
(3.1) with the Dirichlet boundary value φ of problem (1.9).

3.2. Radial symmetry for the Bernoulli problem

Similarly to what has been done in Section 2, the analysis of the radial symmetry for the 
Bernoulli problem (1.9) is tackled by considering the two geodesic balls BRi

(O) with radii given 
by

R1 = min
∂Ω 

r > R0 , R2 = max
∂Ω 

r < S. (3.14)
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We have BR0(O) ⊂ BR1(O) ⊂ Ω ⊂ BR2(O) ⊂ BR(O) and from the compactness of ∂Ω there 
exist Pi ∈ ∂BRi

(O) ∩ ∂Ω. Thanks to Proposition 3.1, for i = 1,2 we can consider the unique 
solutions u1, u2 ∈ C2(ℳ \ BR0(O)) of

−Δui = f in ℳ \ BR0(O), ui = 0 on ∂BR0 , ui = φ(Ri) on ∂BRi
. (3.15)

Since u1, u2 are radial, slightly abusing the notation we will consider them as functions of x as 
well as r . Following the arguments used in Lemma 2.3, but now taking also into account that the 
functions u,u1, u2 vanish on ∂BR0(O), we can likewise derive

u is radial ⇐⇒ u ≡ ui in Ω \ BR0(O) for both i = 1,2. (3.16)

The comparison stated above in (3.13) will then play a central role to justify that u1 ≤ u ≤ u2, 
which is one of the steps needed in the proof of our second main theorem.

Proof of Theorem 1.2. The argument is similar to the one in the proof of Theorem 1.1, but we 
need to take into account the presence of the ball BR0(O). Consider the two functions u1, u2
defined by (3.15). We stress that u1(r) exists for all r ∈ [R0, S), not only for r ∈ [R0,R1], which 
allows for a comparison with u along ∂Ω instead of ∂BR1(O). The proof is divided into three 
parts.

Part 1. Let us show that

u1 ≤ u ≤ u2 in Ω \ BR0(O), (3.17)

as well as

(u′
1 − uν)(P1) ≥ 0 and (u′

2 − uν)(P2) ≤ 0. (3.18)

From (1.12), and taking into account the equality (3.3) satisfied by ui we have

φ′(r) ≥ w(r,φ(r)), u′
i (r) = w(r,ui(r)), ui(Ri) = φ(Ri).

Hence, (φ,ui) satisfy the pair of inequalities (3.12) and therefore from (3.13) we obtain

(φ − u1)(r) ≥ 0 on (R1, S), (φ − u2)(r) ≤ 0 on (R0,R2).

As a result, we have

u1 ≤ u = φ ≤ u2 on ∂Ω.

Since Δ(u − ui) = 0 in Ω \ BR0(O) with u − ui = 0 on ∂BR0(O) for i ∈ {1,2} (by construction 
of ui ) the maximum principle applied to u − ui gives (3.17).

Furthermore, on the one hand we have u(Pi) = ui(Ri). On the other hand, we observe that 
the boundaries of Ω and BRi

(O) are tangent at Pi , and the outer normal ν of ∂Ω at Pi coincides 
with the radial direction. Hence

u′
1(R1) ≥ uν(P1), u′

2(R2) ≤ uν(P2), (3.19)
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which gives the conclusion (3.18).
Part 2. Let us prove that

w(r0, φ(r0)) − κ(r0) = 0, for some r0 ∈ [R1,R2]. (3.20)

Recalling that uν(Pi) = κ(Ri) by the boundary condition, and using the relation (3.3) satisfied 
by u′

i , the inequalities (3.19) may be rewritten as

w(R1, φ(R1)) ≥ κ(R1), w(R2, φ(R2)) ≤ κ(R2),

and therefore (3.20) must hold.
Let us check that u is radial. Recalling (3.17), by the strong maximum principle and (3.16)

we have the alternative

{︃
either u1 ≡ u ≡ u2 in Ω \ BR0(O), and u is radial;
or u1 < u < u2 in Ω \ BR0(O), and u is not radial.

(3.21)

Now, on account of the definition of the ball BR1(O), the interior sphere condition is satisfied 
at the point P1. Hence, by the Hopf Lemma we can rephrase the alternative (3.21) as follows:

(i) either w(R1, φ(R1)) − κ(R1) = 0 and in this case u1 ≡ u ≡ u2 in Ω \ BR0(O);
(ii) or w(R1, φ(R1)) − κ(R1) > 0 ≥ w(R2, φ(R2)) − κ(R2) and u is not radial.

If the assumption (1) of the theorem holds, from (3.20) we deduce that we are in case (i), and 
so the solution u is radial in Ω.

If the interior sphere condition is in addition assumed at each point of Ω, then the Hopf Lemma 
holds at R2. Hence the hypothesis (2) of the theorem, combined with (3.20) and the alternative 
above, gives that

w(R2, φ(R2)) − κ(R2) = 0 and u1 ≡ u ≡ u2 in Ω,

so u is radial.
Part 3. Let us prove that Ω is a geodesic ball centered at O if one of the assumptions (a), 

(b) or (c) holds. Suppose we are in case (1) or (2), so that we have u ≡ u1 ≡ u2 in Ω \ BR0(O). 
Since the outer unit vector ν to ∂Ω coincides with ∂

∂r at P1 and P2, the normal derivative uν(Pi)

coincides with w(Ri,φ(Ri)), hence

w(Ri,φ(Ri)) − κ(Ri) = 0 for i = 1,2. (3.22)

Assume, by contradiction, that R1 < R2. Observe that the boundary values of u obviously satisfy 
φ(r) = u1(r) = u2(r) for r ∈ [R1,R2], and therefore φ′(r) = w(r,ui(r)) for r ∈ [R1,R2] and 
i = 1,2 as a consequence of (3.3). Thus, we have equality in (1.12).

If assumption (a) holds, we immediately reach a contradiction, and therefore we must have 
R1 = R2.

Let us treat the case when either assumption (b) or (c) holds. We will write u(r) as well as 
u(x) because u is radial. We observe that the difference w(r,φ(r)) − κ(r) vanishes identically 
in [R1,R2] because it is monotone by assumption and vanishes at the endpoints by (3.22). This 
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means that the normal derivative of u on ∂Ω, which is (2.9), coincides with the radial derivative 
u′(r) = w(r,φ(r)). Moreover, since u is radial, we may write

∇u(x) = w(r,φ(r)) 
∂

∂r 
, for all x ∈ ∂Ω.

Since

∇u(x) · ν = κ(r), for all x ∈ ∂Ω ,

we obtain

w(r,φ(r))
(︂ ∂

∂r 
· ν − 1

)︂
= 0 for all x ∈ ∂Ω. (3.23)

Now, if (b) holds, then w(r,φ(r)) = κ(r) ≠ 0 in [R1,R2], and from (3.23) we get ∂
∂r · ν = 1. 

Hence ν ≡ ∂
∂r on ∂Ω, and the conclusion follows.

Finally, suppose that (c) holds. Since we are supposing R1 < R2, there exists P ∈ ∂Ω such 
that ν is not the radial direction. Denote by N(P ) ⊂ ∂Ω a neighborhood of P where ν keeps 
different from ∂

∂r . We obviously have ∂
∂r

· ν < 1 in N(P ), and therefore (3.23) implies u′(r) = 0
in an interval (a, b) ⊂ (R1,R2). Hence by (3.4) we have

r∫︂
R0

h(t)N−1 f (t) dt = h(R0)
N−1 u′(R0)

for r ∈ (a, b). Differentiating with respect to r we obtain f ≡ 0 in (a, b), which contradicts 
assumption (c). Hence we must have R1 = R2 once again. This concludes the proof of Theo
rem 1.2. □

We end this subsection with a criterion to guarantee the validity of assumption (1) in The
orem 1.2. In fact, such assumption follows as soon as we can control from above the rate of 
increase of the product h(r)N−1 κ(r) in terms of the function f . More precisely, it is enough that 
the inequality

h(r2)
N−1 κ(r2) − h(r1)

N−1 κ(r1) +
r2∫︂

r1

h(t)N−1 f (t) dt ≤ 0 (3.24)

holds for every r1, r2 ∈ (R0, S) with r1 < r2.

Proposition 3.4. If φ satisfies (1.12) and κ satisfies (3.24), then condition (1) of Theorem 1.2
holds true.

Proof. Suppose that for some r0 ∈ (R0, S) we have w(r0, φ(r0)) − κ(r0) = 0. We must prove 
that the inequality w(r,φ(r)) − κ(r) ≤ 0 holds for every r ∈ (R0, r0].

Let u0 denote the radial solution of the Dirichlet problem (3.1) with R = r0 and c = φ(r0). 
By virtue of (3.3) we have
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u′
0(r0) = w(r0, φ(r0)) = κ(r0). (3.25)

Integrating (2.3) on [r, r0] we find

(hN−1 u′
0)(r0) − (hN−1 u′

0)(r) = −
r0∫︂

r

hN−1(t) f (t) dt,

whereas from assumption (3.24) we get

(hN−1 κ)(r0) − (hN−1 κ)(r) ≤ −
r0∫︂

r

.hN−1(t) f (t) dt.

By subtracting and using (3.25), we deduce that hN−1 (u′
0 − κ) ≤ 0 on (R0, r0] and therefore we 

obtain

κ(r) ≥ u′
0(r)

(3.3)= w
(︁
r, u0(r)

)︁
on (R0, r0]. (3.26)

On the other hand, since u0(r0) = φ(r0) and (φ,u0) satisfy the pair of inequalities (3.12) (by 
assumption (1.12) and the equation (3.3)), we deduce from (3.13) that φ(r) ≤ u0(r) for r ∈
(R0, r0]. Therefore, since w is increasing in the second argument, inequality (3.26) leads to

κ(r) ≥ w(r,u0(r)) ≥ w(r,φ(r))

for all r ∈ (R0, r0], as claimed. □
Remark 3.5. 

(a) When f ≡ 0, condition (3.24) is equivalent to requiring the function hN−1 κ to be monotone 
non-increasing in the interval (R0, S).

(b) When κ ∈ C1, after dividing by r2 − r1 and letting tend r1 → r−
2 , we can see that condi

tion (3.24) is equivalent to

−(︁
hN−1 κ

)︁′ ≥ hN−1 f.

Such an inequality can equivalently be rephrased by saying that any antiderivative of κ is a 
supersolution to the ODE (2.3) (i.e., a radial supersolution to (1.4)).

3.3. The case of constant boundary data

In this last subsection we focus on problem (1.9) in the special and important case when φ is 
a constant. In other words, we consider the Bernoulli problem
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu = f (r) in Ω \ BR0(O),

u = 0 on ∂BR0(O),

u = c on ∂Ω,

uν = κ(r) on ∂Ω,

(3.27)

where c is a prescribed constant. Firstly, as a special case of Theorem 1.2 we mention the fol
lowing result:

Corollary 3.6. Let Ω ⊂ ℳ be a C1 domain satisfying (1.10). Consider c ∈R, and two functions 
f ∈ C0([R0, S)) and κ ∈ C0((R0, S)) satisfying (3.24) for which the overdetermined prob
lem (3.27) has a solution u. If c ≤ 0 and f ≥ 0, then u is radial; if furthermore c < 0, then 
Ω is a geodesic ball centered at O .

Proof. Referring to the definition (1.11), note that for φ ≡ c ≤ 0 and f ≥ 0, we have

φ′(r) − w(r,φ(r)) = − w(r, c)

= − 1 

h(r)N−1
∫︁ r

R0

ds 
h(s)N−1

⎛
⎜⎝c −

r∫︂
R0

r∫︂
s

(︂h(t) 
h(s)

)︂N−1
f (t) dt ds

⎞
⎟⎠

≥ 0.

Therefore the differential inequality (1.12) is satisfied, and this inequality is strict when c < 0. By 
Proposition 3.4, assumption (1) of Theorem 1.2 is also satisfied and the conclusion follows. □

We now discuss how such a result can be derived in the case f ≤ 0 for solutions that satisfy 
u ≥ c. To reach this goal, we recall an observation that was done in [16, Corollary 3.2] for the 
case when ℳ= RN , allowing to compare u and u2 without any sign assumptions on f .

Lemma 3.7 (Comparison). Let Ω ⊂ ℳ be a C1 domain satisfying (1.10), f ∈ C0([R0, S)) and 
consider a constant c ≤ 0. Let u be a solution of the Dirichlet problem

⎧⎪⎨
⎪⎩

−Δu = f (r) in Ω \ BR0(O),

u = 0 on ∂BR0 , 
u = c on ∂Ω,

and let u2 be the radial solution of

⎧⎪⎨
⎪⎩

−Δu = f (r) in BR2(O) \ BR0(O), 
u = 0 on ∂BR0 , 
u = c on ∂BR2 ,

with R2 defined as in (3.14). If u ≥ c in Ω \ BR0(O), then u ≤ u2 in Ω \ BR0(O).
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Proof. If we know in advance that u ≤ u2 on ∂Ω, then the conclusion is a consequence of the 
maximum principle applied to the harmonic function ω := u − u2 in Ω \ BR0(O). The purpose 
of the lemma is to replace such a boundary inequality with the assumption u ≥ c in Ω \ BR0(O).

Let us set M := max 
Ω\BR0 (O)

ω which, by the maximum principle, is attained at some P0 ∈ ∂Ω ∪
∂BR0 . Denoting by r0 ∈ [R0,R2] the radial coordinate of P0, we distinguish two cases.

Case (i): r0 ∈ {R0,R2}. In this case, P0 ∈ ∂BR0(O) or P0 ∈ ∂Ω ∩ ∂BR2(O), and from the 
definition of u2 we deduce that ω(P0) = 0. Namely, M = 0 and so u − u2 ≤ 0 as claimed.

Case (ii): r0 ∈ (R0,R2). In this case we have P0 ∈ ∂Ω and u(P0) = c. From the fact that Ω
is connected, we observe that the set Σr0 = Ω ∩ ∂Br0(O) is nonempty. Considering then any 
P ∈ Σr0 (whose radial coordinate is r0), from the assumption u ≥ c and the fact that u2 is radial, 
we get

ω(P ) = u(P ) − u2(r0) ≥ c − u2(r0) = u(P0) − u2(r0) = ω(P0) = M.

Applying the strong maximum principle, we deduce in this case that the harmonic function ω ≡
M in Ω\BR0 . So ω ≡ 0 (since it vanishes on ∂BR0(O)) and the claim also holds in that case. □

Theorem 1.2 together with the previous lemma allow us to show the following corollary, 
whose special case of ℳ= RN follows also from [16, Theorem 1.3].

Corollary 3.8. Let Ω ⊂ ℳ be a C1 domain satisfying (1.10). Consider a constant c and two 
functions f ∈ C0([R0, S)), κ ∈ C1((R0, S)) such that

− d

dr 

(︂
h(r)N−1 κ(r)

)︂
≥ h(r)N−1 f (r), f ≤ 0, c ≤ 0. (3.28)

If the overdetermined problem (3.27) admits a solution u satisfying u ≥ c in Ω \ BR0(O), then u
is radial, and if in addition c < 0 then the domain Ω is a geodesic ball centered at the origin.

Proof. Note that the first condition in (3.28) implies the validity of (3.24) (by integrating), and 
so Proposition 3.4 guarantees the hypothesis (1) of Theorem 1.2. Let us check that the condi
tion (1.12) also holds.

By Lemma 3.7 we know that u2 ≥ u ≥ c in Ω \ BR0(O), hence for every P2 ∈ ∂BR2 ∩ ∂Ω

we have u′
2(R2) ≤ uν(P2) ≤ 0. Since f ≤ 0, the ODE (2.3) shows that the product rN−1 u′

2(r) is 
non-decreasing, hence u′

2(r) ≤ 0 for all r ∈ [R0,R2]. Therefore, by the monotonicity of w in the 
second argument, we have

φ′(r) − w(r,φ(r)) = − w(r, c)

≥ − w(r,u2(r))

(3.3)= − u′
2(r)

≥ 0

and the inequality is strict when c < 0. Consequently, the conclusion follows from Theo
rem 1.2. □
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