Discrete and Continuous Dynamical Systems

i

Al
doi:10.3934 /dcds.2026037 &

A DEGENERATE ATTRACTION-REPULSION CHEMOTAXIS
SYSTEM WITH LOGISTIC-TYPE SUPERLINEAR
DEGRADATION

MONICA MARRAS™*! STELLA VERNIER-PIRO®™® AND TomoMI YOKOTAR®
IDipartimento di Matematica e Informatica, Universitd degli Studi di Cagliari, Cagliari, Italy
2Facoltd di Ingegneria e Architettura, Universitd degli Studi di Cagliari, Cagliari, Italy

3Department of Mathematics, Tokyo University of Science, Tokyo, Japan

(Communicated by Michael Winkler)

ABSTRACT. In this paper, we consider radially symmetric solutions of the
degenerate cross-diffusion system with flux limitation diffusion and logistic
source,

uy =V - (%) —xV - (uVv) + &V - (uVw) + f(u),

0= Av+ au —mi(t),

0= Aw + vyu — ma(t),

in Q x (0,00), with Q a ball in RN, N > 1, and subjected to no-flux boundary
conditions. The logistic dampening satisfies f(u) = Au—pu® with A, u positive
constants and k > 1. If N > 3 and xa — &y > 0, under certain smallness
conditions on logistic degradation, we demonstrate that the solution u(z,t)
exhibits blow-up behavior in L°-norm at a finite time. Moreover, for some
p > N, we prove that the solution also blows up in LP-norm. On the other
hand, if xaa — &y < 0, or if xaa — &y > 0 and k is large, we prove that the
solution is global in time.

1. Introduction. In 1970, Keller and Segel (see [9] and [10]) introduced the first
mathematical model that describes how chemotactic cells, like slime molds, move
toward a chemical they release. They discovered that when these cells start to
group together, it is due to an instability in how they spread out. The classical
formulation of the chemotaxis model is

uy = Au—xV - (uVv), W

Ty = Av+u—v,

where 7 € {0,1}, v = u(z,t) is the cell density, v = v(z,t) is the chemoattrac-
tant concentration, and x represents the chemotactic sensitivity. The sign of x
corresponds to chemoattraction if positive, and repulsion if negative.
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From 1970 until now, there have been many variants of system (1), and most of
these models considered interactions between one cell type and one chemical.

An important extension of the classical Keller—-Segel model to a more complex
cell migration mechanism was proposed by Luca et al. in [13] in order to describe
processes of the formation of senile plaques, i.e. abnormal foci that form in the
brain during Alzheimer’s disease,

ur = Au— xV - (uVv) + &V - (uVw), x€eQ, t>0
T = Av + au — P, €N, t>0 (2)
Tw = Aw + yu — dw, xeQ, t>0

in a one-dimensional bounded domain 2 and under homogeneous Neumann bound-
ary conditions. The parameters x, &, «, (3, 0, and v are assumed to be positive,
and 7 = 0, 1. The unknown function u(z,t) represents the density of the microglia
cells, v(x,t) denotes the concentration of attractive chemical signal, and w(z,t) the
repulsive cue (both signals are generated by the glial cells themselves or by other
cells, in response to the presence of glial cells). A novel aspect of this model is that
it includes both chemoattraction xV - (uVv) and chemorepulsion £V - (uVw).

In [18], Tao and Wang studied the existence of solutions which blow up in L*°-
norm at finite time. More precisely, in the two-dimensional setting, the authors
proved that the solution component u of (2) with 7 = 0 blows up in finite time under
the Cf)nditions xa—§&y>0,6 =0, [uo(x)dr > Xagfgw and [, uo(x)|x — xo|*dx
sufficiently small for some zq € €.

In [3], in a ball Q@ € RN, N > 3, if the attraction dominates over the repulsion
in the sense that xya — £y > 0, conditions of blow-up phenomena were derived,
and a lower bound of the blow up time was obtained for the solutions of (2) with
logistic source and 7 = 0, while in [5] boundedness and finite-time blow-up was
studied in the case of quasilinear attraction-repulsion. In [21], in the presence of
nonlinear production in the second and third equation of (2), in ©Q x (0, Tiax)
(2 € RN, N > 2), the author derived conditions on data to produce a unique
classical solution (u,v,w) which is global, i.e. Tyax = 0o, and such that u,v, and
w are uniformly bounded.

In [11], the author proved that the fully parabolic attraction-repulsion chemotaxis
system (2) admits radially symmetric solutions which blow up in finite time in a
bounded three-dimensional domain, if xa — &y > 0. Recently, Chiyo et al. in [4]
studied the quasilinear fully parabolic attraction-repulsion system

u =V - ((u + 1) 'V — xu(u + 1)P~2Vv + &ulu + l)p_QVw),
vy = Av + au — SBv,
wy = Aw + yu — dw,

in Q, a ball in RN where N € {2,3}, m,p € R, x, &, a, 8,7,6 > 0 are constants, and
uo, Vo, and wy are positive functions in . The authors proved that the solutions to
this system blow up in finite-time under some positive initial data when ya — &y >
0, p>2,and p—m > % (See also the references therein).

In [8], the authors considered an attraction-repulsion chemotaxis model with
nonlinear diffusion and nonlinear signal production. Under alternative conditions
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on the data, they established global existence and boundedness of classical solu-
tions. Moreover, in the absence of the source term and under suitable conditions on
the data, finite-time blow-up was proved. Interesting results on the existence and
boundedness of solutions to a quasilinear chemotaxis-Navier-Stokes system were
presented in [12] and [23].

Motivated by biological and medical phenomena, in this paper we focus our
attention on the following parabolic-elliptic-elliptic attraction-repulsion chemotaxis
system with flux limitation diffusion and superlinear logistic degradation

. ( uVu

0= Av+ au—my(t),

w =V —Xqu+§qu> Fu—p, z € Q, >0,

m (t) ﬁ fQ u(z,t)dx e, t>0,
0=Aw+yu—ma(t), ma(t) =g Jou(z, t)dz, z€N, t>0, (3)

uVu-v

———=Vv-v=Vw-v=0, r €0, t>0,
u? + [Vul?
U(Z,O) :u()(x)7 HS Qa

where Q = Br(0) C RN (N > 1) is a ball, R > 0, with x, &, A, p, a, and  positive
constants, k > 1, and v is the outward normal vector to 2. The initial data ug
satisfies

ug € C?(Q), radially symmetric and positive in Q. (4)

The interest on the flux limitation diffusion term V - (%) is due to the
v u?+|Vul?

fact that particles do not move (diffuse) arbitrarily in a space, but rather move along
specific pathways, such as the borders of cells and with a finite speed of propagation,
which is a key characteristic of the model. The corresponding degenerate chemotaxis
system with flux limitation diffusion was investigated by [1] and [2], which were
extended to the quasilinear case by [6] and [16].

After some preliminary results in Section 2, we prove, in Section 3, that the
blow-up phenomena in L*-norm appears in the case ya — &y > 0 (see Theorem 1.1
below), while in Section 4 the blow-up is proved in LP-norm (see Theorem 1.2 below).
Finally, Section 5 is devoted to the study of the global existence and boundedness of
the solution of (3) in both repulsion-dominant and attraction-dominant cases (see
Theorem 1.3 below). The main results are presented below.

Theorem 1.1 (Finite-time blow-up in L>-norm). Let Q = Br(0) C RY, N > 3,
R>0,and o, v, \, >0, and k > 1. If

xa—&y>0 (5)
and one of the following conditions is satisfied,
i) 1<k<2, pu>0;
i) k=2 0<p<(l-3)(1-x)xa—E&y),

then for all mg > 0 there is a positive radially decreasing initial data ug € C*(Q)
with

(6)
(7)

1

A ug(x)dz = myg (8)
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such that (3) possesses a classical solution (u,v,w) in Q X (0,Tnax), for some
Tinax € (0,00), which blows up at Tyax in the sense that

limsup [[u(-, )| (o) = oc. (9)
t

max

Theorem 1.2 (Finite-time blow-up in LP-norm). Let Q = Br(0) C RV, N > 3,
and R > 0. Then, the classical solution (u,v,w) of (3), provided by Theorem 1.1,
is such that for allp > N,

lim sup ||u(-, t) HLP(Q) = oo

max

Theorem 1.3 (Global existence and boundedness). Let Q2 = Br(0) C RY, N > 2,
and R > 0. Suppose

- Case 1: Repulsion-dominant case ya — vy < 0
k=1, u>0, (10)

or

- Case 2: Attraction-dominant case ya —&v >0
k>2, pu>0, (11)

k=2, p>(1-5)(xa—&). (12)

Then, for all initial data ug fulfilling (4), system (3) possesses a global classical
positive solution (u,v,w) in Q x (0,00), which is bounded in the sense that

sup |[Ju(-, )] e (o) < oo
te(0,00)

Blow-up ‘ Open ‘ Boundedness

0<p<l=-F)A-F)X|[(-F)-F)x<p<(-F)x | p>(1-F)x

TABLE 1. The case k£ = 2, attraction-dominant case with y =
xa—&y>0

2. Preliminaries. We begin with the following lemma concerning local existence
of classical solutions to (3). This lemma can be proved in the radial setting in the
same way as in [1] and [20].

Lemma 2.1. Let Q = Br(0) CRN, N > 2, and R >0, and let A€R, p>0, k>
1, x,& a,,> 0. Then, for all nonnegative ug € C°(Q), there exists Tyax € (0, 00]
such that (3) possesses a unique classical solution (u,v,w) such that

u € C%(Q % [0, Thax)) N CHHQ x (0, Tinax)),

v,w € [ CO[0, Tmasx); WH(2)) N C* (2 X (0, Tinax))
I>n
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and
u>0, v>0, w>0 foralte (0, Thax)-
Moreover,
if Tmax <00, then limsup [lu(:,t)|| L) = co. (13)
t,/"Timax

Lemma 2.2. Let Q C RN, N > 1, be a bounded and smooth domain, and \ > 0,
w>0, k>1. Then, for a solution (u,v,w) of (3), we have

/ udr <m for allt € (0, Tyax), (14)
Q

mzmax{/nuodx, (2 |Q|k_1>ﬁ}. (15)

Proof. From the first equation in (3), we obtain

k
4 udx:)\/uda:—,u/ukdmgz\/uda:—,u|Q|17k(/udx) ) (16)
dt Jo Q ) ) Q

where in the last term we used Hoélder’s inequality:

with

1

/Qudx§ |Q\%(/Qukd:c)z.

From (16), we infer that z := [, udx satisfies
2'(t) < Mz(t) — (), = plQr 7k, for all t € [0, Thax)-
z(0) = zp.
Upon an ODE comparison argument, this entails that
2(t) <m  for all t € (0, Tynax)-

This clearly proves the lemma. O

Remark 2.3. We observe that from Lemma 2.2 and the second and third equations
of (3) the following important property on the mass can be easily derived
Q

ml(t) < ﬁm (17)
and
ma(t) < ﬁm (18)

Lemma 2.4. Let ug be a decreasing function in Q satisfying (4). Then,
ur <0 in (0,R) X (0, Tinax)-
Proof. Following the steps in [15, Lemmas 2.3], we can write

Wy, uﬁ N-1  uu,

+ +
Vera® e ra T Ve td

— ety — xu(ma (£) — au) + Euntw, + Eu(ma(t) — yu) + M — k.

(19)

Uy =
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By differentiation of (19) with respect to r, we obtain

3 2,3 3, 2 2,3
s — U Uy 3 WU U 3 U U UL, . U UL Uy (20)
e 2 73 2 70 2 70 2 70
Vus +ug Vus 4 ur \/u + uz \/u + uz
u?um uu? N-1  uu,

+
Vu? + uES Vu? + u%s 2 Vu? ol

N—-1 wup N -1 ut
+ +

T
3 3
T /u2 —|—’U,% r /u2 + U%

— XUrrUr — X1 (t)u7 + ZXQUUT + §u7"r'w7' + furww'

— XUrUpy

+ Ema(t)u, — 28yuu, + Au, — pkukilur.

Taking into account the facts that by the radial symmetry w.,.(0,-) = 0, u,(R,-) <
0, and that ug, < 0 by the radial decreasing of ug, then, fixing T' € (0, Tiax ), We see

that the function ¢ = u, belongs to C°([0, R] x [0,T]) as well as to C*((0, R) x
(0,T)), and satisfies the parabolic problem

Yy =C1 (’I“, t)@rr + 62(T7 t)‘)DT + 63(7“, t)(p in (07 R) X (07 T)’

<0 on {0.R) x (0,7),  (21)
(-0) <0 in (0, R),
with
3
u
C](T,t) = [ —
Vu? + u?
u?u WU Uy u?u? ub
ca(r,t) =3 -3 5 —s + —
Vu? 4+ u? Vu? 4+ u? Vu? + u? Vu? +u2
N -1 ud
+ 3 XVUr =+ fwra
T fuZ + 2
4 N -1 N -1 3
es(ryt) = —3———; — — + =

\/u2—|—u%5 r?u? -l r \/u2+u$3
+ QXCV’LL - XVUrr — Xml(t) + gwrr + ng(t) - 257’“ +A— /jfkuk_l'

We can obtain  sup  c¢3(r,t) < oco. In fact, neglecting the negative terms in
(0,R)x[0,T]
N-1__ ul N-1_ |u]

c3(r,t) and taking into account that == ——— < , We can write
N -1
es(r,t) < [us] + 2xau — XUpy (22)

+ Ewpy + Ema(t) + A.

Since u € C*Y(Qx[0,T)), T < Tinax, and ug > 0, u > 0 in Q, there exists a constant

Co > 0 such that u(r,t) > inf w(r,t) > Cy. Moreover from the mean value
[0,R] x[0,T]
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theorem, there exists 6 € (0, 1) such that u,(r,t) = u, (0, t)+ru.,. (r0,t) = ruq(ro,t)
with |uyr| < M with some constant M > 0, and we can write

N-1 |ur‘ < (N _ 1) |ur7‘(r97t>| (N _ 1)% (23)

r ‘/uz-i,-uz - U Co

Finally, by considering the second and third equations of (3) in radial coordinates,

N -1 N-—-1
Uy > —QU —

Upp = —au +my (t) — |vr],

N-1 N-1 v N-1

Wy = —yu + mo(t) — Twr <mg(t) + T\wr| < @m + T\w,ﬂ,
we obtain v, > —au + C7 and w,,, < Cy, with C;, Cy > 0. In fact, since v €
C?1(Q) x [0,T], T < Tax, from the mean value theorem, there exists 6; € (0,1)
such that v, (01,t) = v,:(0,¢) + 1V (r01,t) = rve(ry, t) with |v,..| < M; with some
constant M; > 0, and we obtain

N -1

|op] < (N = D)|vpe(rb1,t)| < (N —1)My, M; >0

and thus

Vpp > —QU — |vp] > —au — (N = 1)M; = —au — Cy. (24)

Similarly, for w,.., for some constant My > 0, we obtain

v o N -1 v o N -1

Wy < wy < ﬁm + T|wr| (25)

_ﬁm*T
T —
Sﬁﬂl#‘(N*l)Mg—CQ,

Taking into account (18), and by using (23), (24), and (25) in (22), we get
es(r,t) < 3xou+C
with ¢ = (N = )& + A+ (N — 1)Ma + x(N — 1)M; + 26 grm. And, since u is

bounded in [0, R] X [0,T], we have  sup  c¢3(r,t) < co. By applying a comparison
(0,R)x[0,T]
principle (see [17, Proposition 52.4]), we conclude that ¢ = u, < 0. O

3. Blow-up in L*. The aim of this section is to study problem (3) in the case in
which the attraction prevails over repulsion in the sense that ya — &y > 0.

If we set V(x,t) = xv(x,t) — Ew(x,t), we obtain

: (&) — V- (V) + A — i,
u? + |Vul? (26)
0= AV + (yor — &9)u — M(1)
with M (t) = xmq(t) — Ema(t). A problem similar to (26) was studied in [15] with
xa — &y > 0.
In order to analyze the blow up phenomena of the solution to (3), as in [22] and

[7], we introduce radial coordinates with s = ™ € [0, RY], t € [0, Tinax), defining
the following functions:

Uty =

2=

U(s,t) := /OS o " Lu(p, t)dp, (27)
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Vist) = / PN Lo, dp,
0

Thus, we have

Us(s,t) = %u(s%,t) >0, Us(s,t) = %s%-lur(s%,w,
Vsi(s,t) = iv(s% t) >0, Vi(s,t)= Lslif_lvr(shlf t)
TR =0 T N2 't
Ws(s,t) = iw(s% t) >0, Wss(s,t)= Ls%_lwr(s% t).
=T =5 = N2 ’
From the second and third equations in (3), we deduce

1 1
NTi (TN* vy (7, t))T = —au(r,t) + mq(t),

TN% (TN?lwr(rv t))T = —yu(r,t) + ma(t)

and by integrating (29),

v r N N
Ny, = —a/o pN_ludp—l—ml(t)W = —aU—i—ml(t)W,

T ,],,N TN
N, = —’y/o pNﬁludp—kmg(t)W = —’yU—i—mg(t)W

for all r € (O, R), te (O,ﬂnax)-

The radial version of the first equation in (3) is

N ¥ uu
U (s.t) = / PN=Luy (r, ) dr = / (PN M) g
0 0

— X/OSN (erlu(r, t)vr>rdr +£ ; ('rN*lu(r, t)wr>rdr

1 1
sSN sSN
+ )\/ TNflu(r, t)dr — ,u/ erluk(r, t)dr
0 0

1—

g :

1 1
L 1—1
——— — X5 Nuv, + €5 Nuw,
Vu +uy

S
+ AU — puNk-1 / U*(o,t)do.
0

By using (28) and (29), we obtain

N2s2- R U, U, t
Ui(s,t) = S N X e mlT()s
VU2 + N2 R0,

(29)

(30)
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ma(t)
N

+eN(=aU + 2 U, 30— o [ UGt
0

N252~ % U,Uss
\/Ug + N2s2- R U2,

+ N(xa —&Y)UUs — [xmq(t) — Ema(t)]sUs

+ AU — uN*=1 / U (o, t)do
0

> _Nsl=~U, + N(xa —&y)UUs — XﬁmsUs — pNkE1 / U¥(o,t)do,
0

where in the last inequality we have used
2.2—2
NN UTey _yg-d,
\/USQ + N2s2- /U2,

and (17), and we have neglected the two positive terms &ma(t)sUs and AU .

In order to obtain our blow-up result, we derive a basic differential inequality
describing the evolution of the following moment-like functional y(¢):

RN
y(t) :z/ 57U (s, t)ds, t € [0, Timax) (32)
0
with a > 0 and b € (0,1).
We have the following lemma.

Lemma 3.1. Let Q = Bg(0) C RN, N > 3, and R > 0. Let ug satisfy (4). If
xa — &y >0, then for alla > 0, b € (0,1), the function U defined in (27) satisfies
1d [
-— —aUb(s, t)d 33
bdt 0 8 (87 ) S ( )

RN . RN RN
> —bl/ S_W_ands—i—bg/ s lgbtlgs — bg/ s~eU s
0 0 0

k-1 pRY
_ N / sTeUPT (s, ) UR (s, t)ds — by
a—1 Jy
with
N 1
n=gle-(-%)) (34
N
b = a7 (xar - €9),
«
=x—m(a—1
b3 X|Q|bm(a )7
RN(l—a)—l m \b a
= | — N —_— 7
b b (wNH +X|Q|mR}’

with m defined in (15).
Proof. Following the steps in [15, Lemma 3.2], we obtain (33). O
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Lemma 3.2. Let us assume the hypotheses of Lemma 3.1 and

<b<1, 1<a<(b+1)(1fi). (35)

N -1 N

() If
1<k<2, u>0, (36)
then

b+1

5%/ 57U (s, t)ds > 61(/ s_“Ubds) - Eg/ s~ Ubds — 3, (37)
0 0 0
for allt € (0, Tinax), with

abN —a+b+1

T 1)(XO‘ - f”(m) ) (38)

Co = im(a -1,
el

¢ = b(by + €1 + C3),

where
_1y_g
CRRVCAPRCRE ST S o i
b N Fb+1 b+1)(1-%)—a
_ _Q—k ,uN"”'_l % 7b42rﬁgl
CS_b—I—l(a—l) % ’
5o taNkxa—-&) o b+1 aN(xa-§&y)
YT 4 P T k-1 4 '
(if) If
ala —1
k=2, N<%(X0¢—fﬁ’) (39)
then
Ld R RS s R i
i s‘an(s,t)dszbl(/ s‘ands) —bg/ s7Ubs —bs  (40)
for all t € (0, Tinax), with
~ 1 N uN
b = golagirte - - 7]
~ o
by = X@m(a -1,

bg = b(by + ¢1),

- N[(b+1)(1— 4)—a]
where &y = (5 (a = (1= )" o Soena—gy—a > 9= 3" g =) -

LN and by is as defined in (34).

a—1
Proof. By following the steps of the proof of [15, Lemma 3.3], we obtain (37) and
(40). O

We are now in a position to prove Theorem 1.1.
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Proof of Theorem 1.1. Both cases 1 < k < 2 and k = 2 of Lemma 3.2 lead to a
differential inequality of the type

y'(t) > diy”(t) — doy(t) — ds, B>2, (41)
with y(t) defined in (32) and 8 =1+ 3.
By following the steps in the proof of Theorem 1.1 in [15], we first prove the case
1 <k<2 (with d; = b¢;, i = 1,2,3), and then we prove the case k = 2 (with
d; = bb;, i =1,2,3).
For clarity, we show the main steps of the proofs.

In the case 1 < k < 2, by integrating (41) over the time interval [0,¢] for 0 < ¢t <
Timax, wWe obtain

y(t) > yo+di /0 y'B(T)dT — dg/o y(T)dr — dst, (42)

N L
with yo = fOR s7Ubds and Uy = Up(s) = f;N pN~lug(p)dp. By using the Young
inequality, for € € (0, g—;), we can write y(t) < ey? + c(e). This, along with (42),
entails

Mﬂ2m+mAyWWh—%t (43)

with Dy = dy — dae > 0 and Dy = d3 + dac(e). Then, we introduce the auxiliary
1
function z(t) := yo — (g—’;‘) "y Dy f; yPdr — Dst, which satisfies

2(t) > D1z’ (1),

(0 =w-(2) >0

where we can find positive radially decreasing initial data ug € C?(€) satisfying (8)

1

as well as yo — (B#)” > 0 (sce the steps in the proof of Theorem 1.1 in [15] pg. 12).

By the comparison principle, we obtain that z(t) is positive, and if ¢ — Tiax, then
-

z(t) = +oo with Thax < (ﬁzfﬁ. The proof now is an immediate consequence of

the blow-up criterion given in Lemma 2.1.

In a similar manner, we obtain the proof when k = 2, where if a — (b+1)(1— +)
and b — 1, then %= (ya—&y) — (1= 2)(1- %) (xa—¢&7). Thus, if p < (1-2)(1—
L) (xa —&y) (ie. if (7) holds), then we can take a, b satisfying (35) and (39), and
we repeat the steps in the proof of the case 1 < k < 2 with d; = bb;, i =1,2,3. [

4. Blow-up in LP. In this section, our goal is to prove the blow up in LP-norm
of the classical solution of (3). To this end, starting from the hypotheses of the
blow-up in L°°-norm, we proceed by contradiction by using the following lemma.

Lemma 4.1. Let Q@ = Bg(0) C RY, N > 1, and R > 0. Assume that ug is
nonnegative and ug € C%(Q). Let (u,v,w) be a classical solution of system (3).
Then, if there exists C' > 0 such that for some pg > N,

||u('at)||LPo(Q) é C fO’f’ (lll t S (O»Tmax)v
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then, for some C > 0,

||u(at)HLOO(Q) S C fO?” any te (07Tmax)~

Proof. Following the steps in [14, Lemma 3.1], we can consider the LP(Q)-norm,
p > 1, of u(z,t) of (3) to obtain

Ld /updx— /V p= 1& +X(p—1)/up*1Vqudm
Q

pdt Vu? + [Vul?
—§(p—1)/ up_1Vqudx+)\/ updx—u/ uPR 1y
Q Q Q

uP~HVul?

u? + |Vul?

-1
=—(p— x—xp ml(t)/ uPdz
p Q

- 1
-2 [t + 2 Smafe) [ wrde
p Q D

Q
—l—)\/ updx—u/ uPTFldy.
Q Q

Neglecting the second and last negative terms and applying (18) leads us to

1d P Vy? -1
updx <—(p—1) W Vu + (xa — gv)pi/ WP
p Q

pdt o u? + |[Vul?

(A+§m| )/updx.

Thanks to the inequality proved in [1, Lemma 6.1],

p—1 2
/up_1|Vu|dx§ wdaz—i—/uz’dx
Q Q Vu? + |[Vul? Q

we can deduce that

Ld upd:r< —(p 71)/up*1|Vu|d:c+(p71)/upd:r
pdt Q Q

-1
+ (xa — ffy)L/ uPlde + (N + —m)/ uPdx
p Jo il

-1
< —L/ |Vup|d:c+A/ u”da:+8/up+1dm
p Q Q Q
for all t € (0, Tynax), with
A::p—1+/\+|%|m,
B = (xa— &)t

As a particular case of the proof of Lemma 3.1 in [14], we obtain
211+1

d 2 Bt
updx—l—/ uPdr < clpH'N(/ u%da:) —l—@p(/ ugdx) .
dt Q Q Q
Defining
p=p; = po?2’
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for nonnegative integers j and introducing

M; := sup /upfda?
te(0,7) JQ

with j > 1, and for a fixed T € (0, Tinax), we have
pj+1

/upfdx =M; < max{/ ugjdas, clpjlfH\]MjQ_1 + Cgijjifj } for all j > 1.
Q Q

By induction and a limiting procedure as in [19, p. 714], we obtain

1
limsup M;” < c3
Jj—o0

for some c3 > 0. In view of the definition of Mj, it follows that

sup ||u(-, )|z o) < cs.
te(0,T)

Hence, we obtain that if [ju(-, )|/ zro () is bounded for some pg > N, then
llu(:, )| Lo (o) is bounded. 0

Proof of Theorem 1.2. Taking into account Lemma 4.1, if there exists some py >
N such that |Ju(:,t)||Lro ) < C, then we also have that |[u(:,t)|[ (o) is bounded.
This is a contradiction since Theorem 1.1 holds. Therefore, lim sup||u(-,t)||zr(q) =

max

oo for all p > N. O

5. Global existence and boundedness. The purpose of the present section is
to study the global existence and boundedness of the solution (u,v,w) of (3).
The following lemma is the core of this argument.

Lemma 5.1. Assume that (10) holds. Then, for any p > 1, there exists C > 0
such that the solution of (3) satisfies

/ uPdx < C. (44)
Q

Proof. By multiplying with uP~! the first equation of (3), integrating by parts over
2, and using the second and third equations of (3), we obtain

1d / 1 [Vul D — 1/
—— [ WPde=—-(p—-1 V(u? - uP Avdx
pdt Jo ?=1 Q ( )\/u2 + | Vul? o s

+§/upAwd:E+)\/upda:—u/up+k_1dm
Q Q Q

-y [ AT
0 21 Vi p

&y —Xa)/ uPtldy
Q

-1 -1
—Xml(t)L/updx+§m2(t)L/updx
P Ja P Ja

+>\/ updx—u/ uP 1.
Q Q
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By neglecting the first and the third negative terms on the right-hand side of this
identity, we get

4 wrte <16y —x) [ vt (45)

+ [Ap + Ema(t)(p — 1)]/ uPdx — ,up/ PRty
Q Q

< —(p— 1) x) /Q w1 de

+ )\p—&-fvgn(p—l)}/Qupdx—up/ﬂup"’k_ldx

=Ji+ Jo+ Js,

where in J; we have used the estimate (18).
The rest of the proof is divided into two cases.
5.1. Boundedness: repulsion-dominant case. In this section, we focus our

attention on the case where the repulsion dominates over the attraction in the
sense that ya — &y < 0.

In this case, neglecting the negative term J3 and adding fQ uPdz in (45), we have

i/updx—l—/u”dmﬁ—(p—l)(ﬁ'y—xa)/up+1dm+cl/updx (46)
dt Jo Q Q

Q
with e; =14 Ap+ &y (p — 1)
We estimate the second term on the right-hand side of (46) by the Holder and
the Young inequalities to get

P 1o\ 7
cl/ uPdz < (61/ up+1dx) B (c’lj+1—p|ﬂ|) o (47)
Q Q €

D 1
<e wPTlde + ¢
>~ 1p+1/Q 29

p+1
with ¢ = ;ﬁg%\m Since xya — &y < 0, by choosing €; = pzT_l(ffy — xa) > 0 and
1
replacing (47) on the right-hand side of (46), it follows that

d
—/upd:r—i—/updxgcQ,

and hence an ODE comparison argument yields (44) with C' = max{ [, ugdz, c2}.
This proves Lemma 5.1 in the repulsion-dominant case ya — &y < 0. 0

We now are ready to prove Case 1 of Theorem 1.3.
Proof of Case 1 (repulsion-dominant case) of Theorem 1.3. Lemma 5.1
implies
1
[u Ol ey < max{[juol|Lr(a), ¢5 }-
Letting p — oo, we obtain

[uls )l Loe () < max{|[uol Lo (), 3} (48)
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by m
with c3 = ;j_vx‘z' . In fact, we note that
o (C’f“ iml)% B g(qlﬁ\)%
2 p+ 1€ e \p+1
B 1+Ap+m;’;|<p1)<1+Ap+5v(3(p1>|ﬂ>i
L (¢y — xa) p+1
1 n 1y 1 n 1 1 n
_ A=) <p+/\+§7|g(1— p)|Q|)P N A+ &v7q .
(1 - ) —xa) 142 &y — xa
as p — oo. Hence, from (48), we get limsup [Ju(-, )| (o) < oo. O

max

5.2. Boundedness: attraction-dominant case. In this section, we study the
behavior of the solution of (3) when the attraction prevails over the repulsion and
k > 2. For simplicity’s sake, we rewrite (45) taking into account that xya — &y > 0

%/Qupdo: <(p-1(xa-— {7)/§2u”+1dz (49)

+ [Ap+ 'S’yﬁ(p - 1)]/ uPde — pp/ PRy,
1€ ) 0

Proof of Case 2 (attraction-dominant case) of Theorem 1.3. Following the

steps in [15, Section 6], we consider the cases k > 2 and k = 2 separately, and

we estimate the terms on the right-hand side of (49) to obtain Lemma 5.1 and

the desired result in the attraction-dominant case. In particular, if £k = 2, if

wo> (%)(Xa — &7), we can take p close to N such that p > N and p >

(ijl)(Xa — &v). With this fixed value of p > N, we obtain ||u(-,t)||Lr) < C.
Taking into account Lemma 4.1, we see that |[u(:,t)|| L (q) is bounded. This proves
that limsup, ~7, _ |lu(-,t)|[z~(@) < oo. Thanks to Lemma 2.1, we arrive at the
conclusion. O

Acknowledgments. M. Marras and S. Vernier-Piro are members of the Gruppo
Nazionale per I’Analisi Matematica, la Probabilita e loro Applicazioni (GNAMPA)
of the Istituto Nazionale di Alta Matematica (INdAM).

This work was done while T. Yokota visited Dipartimento di Matematica e In-
formatica dell’Universita degli Studi di Cagliari in 2025.

Financial disclosure. M. Marras is partially supported by the research project
“Partial Differential Equations and their role in understanding natural phenomena”,
CUP F23C25000080007, funded by Fondazione Banco di Sardegna annuality (2023);
by the grant PRIN n. PRIN-2022ZXZTN2: Nonlinear differential problems with ap-
plications to real phenomena; by the project National Recovery and Resilience Plan
(NRRP), Mission 4 Component 2 Investment 1.5 - Call for tender No.3277 published
on December 30, 2021 by the Italian Ministry of University and Research (MUR)
funded by the European Union — NextGenerationEU. Project Code ECS0000038 —
Project Title eINS Ecosystem of Innovation for Next Generation Sardinia — CUP
F53C22000430001- Grant Assignment Decree No. 1056 adopted on June 23, 2022
by the Italian Ministry of University and Research (MUR).

T. Yokota is partially supported by JSPS KAKENHI Grant Number JP25K009171.



16

[1]

2

[3]

[4]

[5]

6

[7

8

[9]

(10]

(11]

(12]

(13]

14]

(15]

[16]

(17)
(18]
(19]

20]

MONICA MARRAS, STELLA VERNIER-PIRO AND TOMOMI YOKOTA

REFERENCES

N. Bellomo and M. Winkler, A degenerate chemotaxis system with flux limitation: Maximally
extended solutions and absence of gradient blow-up, Comm. Partial Differential Equations,
42 (2017), 436-473.

N. Bellomo and M. Winkler, Finite-time blow-up in a degenerate chemotaxis system with flux
limitation, Trans. Amer. Math. Soc. Ser. B, 4 (2017), 31-67.

Y. Chiyo, M. Marras, Y. Tanaka and T. Yokota, Blow-up phenomena in a para-
bolic—elliptic—elliptic attraction-repulsion chemotaxis system with superlinear logistic degra-
dation, Nonlinear Analysis, 212 (2021), Paper No. 112550, 14 pp.

Y. Chiyo, T. Uemura and T. Yokota, Finite time blow-up in a quasilinear fully parabolic
attraction-repulsion chemotaxis system with density-dependent sensitivity, Electronic Journal
of Differential Equations, 2025 (2025), Paper No. 81, 10 pp.

Y. Chiyo and T. Yokota, Boundedness and finite-time blow-up in a quasilinear parabolic—
elliptic—elliptic attraction-repulsion chemotaxis system, Z. Angew. Math. Phys., 73 (2022),
Paper No. 61, 27 pp.

Y. Chiyoda, M. Mizukami and T. Yokota, Finite-time blow-up in a quasilinear degenerate
chemotaxis system with flux limitation, Acta Appl. Math., 167 (2020), 231-259.

M. Fuest, Approaching optimality in blow-up results for Keller—Segel systems with logistic-
type dampening, NoDEA Nonlinear Differential Equations Appl., 28 (2021), Paper No. 16,
17 pp.

Z. Jiao, I. Jadlovskd and T. Li, Finite-time blow-up and boundedness in a quasilinear at-
traction—repulsion chemotaxis system with nonlinear signal productions, Nonlinear Analysis:
Real World Applications, 77 (2024), Paper No. 104023, 15 pp.

E. F. Keller and L. A. Segel, Initiation of slime mold aggregation viewed as an instability, J.
Theor. Biol., 26 (1970), 399-415.

E. F. Keller and L. A. Segel, Model for chemotaxis, J. Theor. Biol., 30 (1971), 225-234.

J. Lankeit, Finite-time blow-up in the three-dimensional fully parabolic attraction-dominated
attraction-repulsion chemotaxis system, J. Math. Anal. Appl., 504 (2021), Paper No. 125409,
16 pp.

L. Liu, Boundedness and global existence in a higher-dimensional parabolic-elliptic-ODE
Chemotaxis-haptotaxis model with remodeling of non-diffusible attractant, J. Math. Anal.
Appl., 549 (2025), Paper No. 129473, 16 pp.

A. M. Luca, A. Chavez-Ross, L. Edelstein-Keshet and A. Mogliner, Chemotactic signalling,
microglia, and alzheimer’s disease senile plague: Is there a connection?, Bull. Math. Biol.,
65(2003), 693-730.

M. Marras, S. Vernier-Piro and T. Yokota, Behavior in time of solutions to a degenerate
chemotaxis system with flux limitation, Nonlinear Analysis: Real World Applications, 81
(2025), Paper No. 104215, 12 pp.

M. Marras, S. Vernier-Piro and T. Yokota, Blow-up and boundedness in a chemotaxis system
with flux-limited diffusion and logistic source, Nonlinear Analysis, 261 (2025), Paper No.
113868, 17 pp.

M. Mizukami, T. Ono and T. Yokota, Extensibility criterion ruling out gradient blow-up in
a quasilinear degenerate chemotaxis system with flux limitation, J. Differential Equations,
267 (2019), 5115-5164.

P. Quittner and P. Souplet, Superlinear Parabolic Problems: Blow-up, Global Existence and
Steady States, Birkhduser Advanced Texts/Basler Lehrbiicher, BirkhduserBasel, Basel, 2007.
Y. Tao and Z. A. Wang, Competing effects of attraction vs. repulsion in chemotaxis, Math.
Models Methods Appl. Sci., 23 (2013), 1-36.

Y. Tao and M. Winkler, Boundedness in a quasilinear parabolic—parabolic Keller—Segel system
with subcritical sensitivity, J. Differential Equations, 252 (2012), 692-715.

J. I. Tello and M. Winkler, A chemotaxis system with logistic source, Communications in
Partial Differential Equations, 32 (2007), 849-877.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR3620894&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3664719&return=pdf
http://dx.doi.org/10.1090/btran/17
http://dx.doi.org/10.1090/btran/17
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4299101&return=pdf
http://dx.doi.org/10.1016/j.na.2021.112550
http://dx.doi.org/10.1016/j.na.2021.112550
http://dx.doi.org/10.1016/j.na.2021.112550
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4951824&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4386024&return=pdf
http://dx.doi.org/10.1007/s00033-022-01695-y
http://dx.doi.org/10.1007/s00033-022-01695-y
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4103924&return=pdf
http://dx.doi.org/10.1007/s10440-019-00275-z
http://dx.doi.org/10.1007/s10440-019-00275-z
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4223515&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4666830&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2023.104023
http://dx.doi.org/10.1016/j.nonrwa.2023.104023
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3925816&return=pdf
http://dx.doi.org/10.1016/0022-5193(70)90092-5
http://dx.doi.org/10.1016/0022-5193(71)90050-6
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4270582&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2021.125409
http://dx.doi.org/10.1016/j.jmaa.2021.125409
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4878177&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2025.129473
http://dx.doi.org/10.1016/j.jmaa.2025.129473
http://dx.doi.org/10.1016/S0092-8240(03)00030-2
http://dx.doi.org/10.1016/S0092-8240(03)00030-2
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4796745&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2024.104215
http://dx.doi.org/10.1016/j.nonrwa.2024.104215
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4924320&return=pdf
http://dx.doi.org/10.1016/j.na.2025.113868
http://dx.doi.org/10.1016/j.na.2025.113868
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3991555&return=pdf
http://dx.doi.org/10.1016/j.jde.2019.05.026
http://dx.doi.org/10.1016/j.jde.2019.05.026
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2346798&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2997466&return=pdf
http://dx.doi.org/10.1142/S0218202512500443
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2852223&return=pdf
http://dx.doi.org/10.1016/j.jde.2011.08.019
http://dx.doi.org/10.1016/j.jde.2011.08.019
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2334836&return=pdf
http://dx.doi.org/10.1080/03605300701319003

A DEGENERATE ATTRACTION-REPULSION CHEMOTAXIS SYSTEM 17

[21] G. Viglialoro, Influence of nonlinear production on the global solvability of an attraction-
repulsion chemotaxis system, Math. Nachr., 294 (2021), 2441-2454.

[22] M. Winkler, Blow-up in a higher-dimensional chemotaxis system despite logistic growth re-
striction, J. Math. Anal. Appl., 384 (2011), 261-272.

[23] J. Zheng, An optimal result for global existence and boundedness in a three-dimensional
Keller-Segel-Stokes system with nonlinear diffusion, J. Differential Equations, 267 (2019),
2385-2415.

Received August 14, 2025; revised January 5, 2026; early access February 9,
2026.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR4371309&return=pdf
http://dx.doi.org/10.1002/mana.201900465
http://dx.doi.org/10.1002/mana.201900465
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2825180&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2011.05.057
http://dx.doi.org/10.1016/j.jmaa.2011.05.057
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3950486&return=pdf
http://dx.doi.org/10.1016/j.jde.2019.03.013
http://dx.doi.org/10.1016/j.jde.2019.03.013

	1. Introduction
	2. Preliminaries
	3. Blow-up in L
	4. Blow-up in Lp
	5. Global existence and boundedness
	5.1. Boundedness: repulsion-dominant case
	5.2. Boundedness: attraction-dominant case

	Acknowledgments
	Financial disclosure

	REFERENCES

