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IMMERSIONS OF SASAKI-RICCI SOLITONS INTO HOMOGENEOUS SASAKIAN

MANIFOLDS

R. MOSSA AND G. PLACINI

ABSTRACT. We discuss local Sasakian immersion of Sasaki-Ricci solitons (SRS) into fiber products

of homogeneous Sasakian manifolds. In particular, we prove that SRS locally induced by a large

class of fiber products of homogeneous Sasakian manifolds are, in fact, η-Einstein. The results are

stronger for immersions into Sasakian space forms. Moreover, we show an example of a Kähler-

Ricci soliton on Cn which admits no local holomorphic isometry into products of homogeneous

bounded domains with flat Kähler manifolds and generalized flag manifolds.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

Sasaki-Ricci solitons (SRS for short) were introduced in [8] as special solutions of the Sasaki-

Ricci flow of [21]. Since then the Sasaki-Ricci flow and SRS have received growing interest, see

for instance [6, 7, 18, 22] and references therein. Given the analogy between Sasakian and Kähler

geometry, it is no surprise that SRS are closely related to Kähler-Ricci solitons (KRS for short).

Roughly speaking, Sasaki-Ricci solitons can be thought of as KRS transverse to the Reeb foliation.

Motivated by recent results in the Kähler setting ([16]) we investigate SRS induced by immersions

into Sasakian space forms and, more generally, homogeneous Sasakian manifolds. Our first result

deals with Sasaki-Ricci solitonsM locally induced by a non-elliptic Sasakian space form S(N, c).
In this case we show that M is necessarily a quotient of a Sasakian space form of the appropriate

dimension and therefore the SRS is trivial, i.e., M is an η-Einstein manifold.

Theorem 1. LetM be a (2n+1)-dimensional complete Sasakian manifold endowed with a Sasaki-

Ricci soliton. Suppose there exist a neighbourhood Up of a point p ∈ M and an immersion

ψ : Up −→ S(N, c) into a Sasakian space form S(N, c) with c ≤ −3 .

Then M is Sasaki equivalent to S(n, c)/Γ for a discrete subgroup Γ of the group of Sasakian

transformations of S(n, c). In particular, M is η-Einstein.

If additionally Up =M , then Γ = 0 and, up to a Sasakian transformation of S(n, c), ψ is of the

form

ψ(z, t) = (z, 0, t+ a)

for a constant a.
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The behaviour is less rigid in the elliptic case. For instance, all compact homogeneous Sasakian

manifolds can be realized as η-Einstein Sasakian submanifolds of the standard Sasakian sphere,

see [12, Theorem 1.4]. Therefore, one cannot hope to get an equally strong conclusion in the

compact case. Nevertheless, we show that SRS locally induced by the standard Sasakian sphere

are necessarily η-Einstein with rational constants.

Theorem 2. LetM be a (2n+1)-dimensional complete Sasakian manifold endowed with a Sasaki-

Ricci soliton. Suppose there exists a neighbourhood Up of a point p ∈ M and an immersion

ψ : Up −→ S2N+1 into the standard Sasakian sphere. Then (M, g) is a η-Einstein Sasakian mani-

fold whose η-Einstein constants (λ, ν) are given by λ = 4µ− 2 for some µ ∈ Q.

Under the additional hypothesis of regularity the same conclusions of Theorems 1 and 2 were

reached in [19] by considering the holomorphic isometries of the base of the Boothby-Wang fi-

bration of M (which only exists because M is regular). We are able to get rid of the regularity

assumption by combining the proof in [19] with the results of [12] on the extension of immersions

into Sasakian space forms.

As mentioned above, up to transverse homotheties, all homogeneous Sasakian manifolds can

be realized as Sasakian submanifolds of the standard Sasakian sphere. Thus we get the following

immediate consequence of Theorem 2.

Corollary 1. Let M be a Sasakian manifold endowed with a SRS which admits a local immersion

ϕ : U −→ N at a point p ∈ M in a compact Sasakian homogeneous manifold N . Then M
is η-Einstein. In particular, on a compact manifold N there exist no non-trivial homogeneous

Sasaki-Ricci solitons.

In this case we cannot deduce the rationality of the Einstein constants of the metric becuse this

depends on the homothety that is performed in order to embed the homogeneous Sasakian manifold

N into a standard sphere. Namely, the Einstein constants are rational if and only if the factor of

the transverse homothety is rational.

It is natural to ask whether similar results hold if one replaces Sasakian space forms with ho-

mogeneous Sasakian manifolds. The analogous question was investigated and partially answered

in the recent works of the first named author and Loi [13, 14, 15, 16] in the Kähler case. In full

generality the answer turns out to be negative both in the Kähler and in the Sasakian setting, see

Examples 2 and 3 in Section 2. Nevertheless, we can answer the question in the affirmative if we

specialize to specific model manifolds. Namely, one can easily construct Sasakian manifolds as

Sasakian fiber products of Sasakian space forms (or, more generally, regular Sasakian manifolds)

by identifying the leaves of the Reeb foliation, see Section 2 below. In analogy with the Kähler

case, we consider SRS that can be locally immersed into the Sasakian fiber product of a com-

pact homogeneous Sasakian manifold N and a Sasakian manifold that fibers over a homogeneous

bounded domain (Ω, gΩ).

Theorem 3. Let M be a manifold endowed with a SRS and let M ′ = Ω × N be the product

of a homogeneous bounded domain in Cn and a compact homogeneous Sasakian manifold N
endowed with the standard Sasakian product structure. If there exists a local Sasakian immersion

ψ : Up −→M ′ for a point p ∈ M , then M is η-Einstein.

Remark 1. Observe that each factor of a Sasakian fiber product can be naturally realized as a

Sasakian submanifold. Therefore, Theorem 3 implies that non-trivial SRS M cannot be locally

induced by immersions M −→ Ω × R or M −→ N . Notice that, while the latter is prevented by

Corollary 1, the former does not follow from other known results.
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This result can be considered the Sasakian analogue of [16, Theorem 1.1] The choice of the

model manifold Ω×N is not arbitrary. In fact, as shown in Examples 2 and 3, there exist SRS on

the Sasakian fiber product of R3 and another Sasakian space forms. Therefore, given a SRS on a

manifold M , it is not a priori clear whether this can be locally induced by a Sasakian fiber product

such that one factor is the Sasakian space form R2N+1. Motivated by this observation, we study

immersions into the Sasakian fiber product Cm×N×Ω where Cm is endowed with the flat metric,

N is a compact homogeneous Sasakian manifold and Ω is a homogeneous bounded domain with

a homogeneous metric gΩ. The SRS we consider is the cigar metric on R2n+1 induced by the cigar

soliton gcig on C. Namely, consider the cigar metric gcig on C presented by Hamilton in [9]. This

gives rise to a simple SRS on R3. Moreover, by taking Sasakian fiber products of copies of R3, it

provides a SRS on R2n+1 for all n, see Example 1 below. By abuse of terminology, we call this

metric on R2n+1 the cigar metric. A local Sasakian immersion of R3 with the cigar metric into

Cm×N ×Ω covers a holomorphic isometry of (C, gcig) into Cm×C ×Ω where C is a generalized

flag manifold of integral type. Since a large enough multiple of the Kähler metrics of the three

factors admits an immersion into CP∞ so does their product Cm × C × Ω. Therefore a local

Sasakian immersion of R3 with the cigar metric into Cm×N ×Ω would contradict [17] where it is

proven that no multiple of the cigar metric is induced by an immersion in CP∞. Moreover, since

R3 (with the cigar metric) is a Sasakian submanifold of R2n+1 (with the cigar metric), the same

conclusion holds for R2n+1 and we have proven the following result.

Proposition 2. The SRS on R2n+1 defined by the cigar metric cannot be locally immersed in the

Sasakian fiber productCm×N×Ω of the Sasakian space formR2m+1 with a compact homogeneous

Sasakian manifold N and the non-compact homogeneous manifold Ω × R for a homogeneous

bounded domain Ω.

Notice that in the Kähler setting the consequences of the presence of flat factors were already

considered in [16, Remark 1]. It was proved in [13, 14, 15, 16] that non-trivial KRS cannot

be locally induced by complex space forms or a certain class of homogeneous Kähler manifolds

without flat factors. The discussion above gives an example of KRS which cannot be induced

by a homogeneous Kähler manifold with a flat factor as it cannot be immersed into the product

Cm × C × Ω if C is of integral type. In fact, with different and more involved techniques, we are

able to generalize this to the following result.

Theorem 4. (Cn, gcig) cannot be locally immersed in the product of a special generalized flag

manifold (C, gC), a homogeneous bounded domain (Ω, gΩ) and a flat manifold (E , gE).

Here we call a generalized flag manifold C special if either its Kähler form is a multiple of an

integral form or C is of classical type, we refer the reader to [16] for further details. We believe

that Theorem 4 is an interesting result in its own right for several reasons. Firstly, while the Kähler

analogs of Theorems 1, 2 and 3 are established, this is new and is not implied by its Sasakian

counterpart. In fact, Theorem 4 is stronger than Proposition 2. Namely, a compact homogeneous

Sasakian manifold is a Boothby-Wang bundle over a generalized flag manifold C. Thus C is not

just special but necessarily of integral type.

Organization of the paper. In the next section we review some known results about SRS and

KRS. Moreover, we recall some useful constructions and present several examples. Section 3 is

dedicated to the proof of Theorem 4 while in Section 4 we prove Theorems 1, 2 and 3. In addition,

we give an alternative proof of Proposition 2 based on Theorem 4.
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2. SASAKIAN MANIFOLDS, KÄHLER- AND SASAKI-RICCI SOLITONS

2.1. Sasakian manifolds and immersions. We begin with some definitions and known results,

for a more exhaustive treatment we refer to the monograph by Boyer and Galicki [2]. All manifolds

are assumed to be smooth, connected and oriented.

A K-contact structure (M, η, φ, R, g) on a manifold M consists of a contact form η and an

endomorphism φ of the tangent bundle TM satisfying the following properties:

• φ2 = − Id+R⊗ η where R is the Reeb vector field of η,

• φ|D is an almost complex structure compatible with the symplectic form dη on D = ker η,

• The Reeb vector field R is Killing with respect to the metric g(·, ·) = dη(φ·, ·) + η(·)η(·).

A K-contact structure induces an almost Kähler structure on the metric cone
(
S × R+, t2g + dt2

)

with the almost complex structure

• I = φ on D = ker η,

• I(R) = t∂t.

A Sasakian structure is a K-contact structure (M, η, φ, R, g) whose metric cone is Kähler. We call

a manifold M Sasakian if it is equipped with a Sasakian structure. We often omit the structure

(η, φ, R, g) itself and write simply M .

A Sasakian manifold is equipped with a foliation, called the Reeb foliation, defined by the

integral curves of the Reeb vector field and is called regular (respectively quasi-regular, irregular)

if its Reeb foliation is such. Every regular compact Sasakian manifold M is a Boothby-Wang

fibration over a projective manifold (X,ω) with a suitable multiple aω of ω representing an integral

class ([1, 2]), that is, the principal S1-bundle π : M −→ X with Euler class [aω] and connection 1-

form aη such that π∗(ω) = dη. This is not necessarily true in the non-compact case. Nevertheless

one can prove a similar statement under the regularity and completeness conditions, cf. [20]. In

general the Reeb foliation F of a Sasakian structure is transversally Kähler. This endows the space

of leaves with a Kähler structure.

Given two Sasakian manifolds(M1, η1, φ1, R1, g1) and (M2, η2, φ2, R2, g2), a Sasakian immer-

sion of M1 in M2 is an immersion ψ : M1 −→M2 such that

ψ∗η2 = η1, ψ∗g2 = g1,

ψ∗R1 = R2 and ψ∗ ◦ φ1 = φ2 ◦ ψ∗.

Notice that this is equivalent to a holomorphic isometry M1 × R+ −→ M2 × R+ of the Kähler

cone of M1 into the Kähler cone of M2.

2.2. Kähler and Sasaki-Ricci solitons. A Kähler-Ricci soliton (KRS) on a complex manifold

M is a pair (g, V ) consisting of a Kähler metric g and a holomorphic vector field V , called the

solitonic vector field, such that

(1) Ricg = λg + LV g

for some λ ∈ R, where Ricg is the Ricci tensor of the metric g and LV g denotes the Lie derivative

of g with respect to V . Clearly, a KRS with trivial solitonic vector field is a Kähler-Einstein

manifold. If the solitonic vector field is the gradient ∇f of a real valued function f , then we have

a gradient KRS.

On a Sasakian manifold (M, η, φ, R, g) the tangent bundle splits canonically as TM = D ⊕ TF
where D = ker η and TF denotes the tangent bundle to the Reeb foliation F . The transverse
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Kähler geometry is given by (D, φ|D , dη). When the space of leaves of the Reeb foliation is a

Kähler manifold (X, J, ω) we have a fibration π : M −→ X such that

π∗ω = dη and π∗ ◦ φ = J ◦ π∗.

In virtue of this the metric decomposes as

(2) g = gT ⊕ η ⊗ η

where gT (·, ·) = dη(·, φ·). With an abuse of notation we write gT for both the transverse metric

and the metric on X . It follows from (2) that the Riemannian properties of M can be expressed in

terms of those of the transverse Kähler geometry and of the contact form η. For instance, the Ricci

tensor of g is given by

(3) Ricg = RicgT − 2g.

A Sasakian manifold (M, η, φ, R, g) is said to be η-Einstein if the Ricci tensor satisfies

(4) Ricg = λg + νη ⊗ η

for some constants λ, ν ∈ R. It follows from (3) and (4) that a Sasakian manifold is η-Einstein with

constants (λ, ν) if, and only if, its transverse geometry is Kähler-Einstein with Einstein constant

λ+ 2.

As in the Kähler case, Sasaki-Ricci solitons (SRS) provide a generalization of η-Einstein man-

ifolds. we refer the reader to [8, 19] for details on their definition. A Sasaki-Ricci soliton (SRS

in short) on a Sasakian manifold M is a pair (g, V ) consisting of the Sasakian metric g and a

Hamiltonian holomorphic vector field V such that

(5) RicgT = λgT + LV g
T

for some λ ∈ R. If a manifoldM is endowed with a SRS, with an abuse of notation we will simply

say that M is a SRS. One can easily construct examples of SRS on open Sasakian manifolds, also

in the case where λ ≤ 0, as bundles over certain gradient KRS, see for instance [4, 5].

Notice that by definition a Sasaki-Ricci soliton (X, g) on a regular Sasakian manifold is a KRS

on the transverse Kähler geometry. In particular, if the space of leaves of the Reeb foliation is

a smooth manifold K, then it has a canonically induced KRS. Viceversa, we give below some

instances where one easily constructs a regular SRS from a KRS. In order to do so, we need to

recall a couple of construction of Sasakian manifolds.

Firstly observe that we can associate a regular Sasakian manifoldX×F with Reeb fiber F = R

or F = S1 to any contractible Kähler manifold (X,ω). To see this, consider the projection π :
X × F −→ X and let α be a 1-form on X such that dα = ω. Define the contact form of X × F
to be η = dt + π∗α with Reeb vector field ∂t where t is the coordinate on the second factor. The

endomorphism φ is defined to be the horizontal lift of the complex structure of X . The metric g
is given by g = gT + η ⊗ η where gT is the metric on X associated to ω. It is immediate to see

that the Kähler metric on X is a (gradient) KRS if and only if the Sasakian metric on X × R is a

(gradient) SRS.

Now consider two regular, complete Sasakian manifolds M1 and M2 such that they fiber on

Kähler manifolds X1 and X2 respectively. Suppose the fibers F of the fibrations are either both

R or both S1 so that the Reeb vector fields define a F -action. Then the manifold M obtained

quotienting M1 ×M2 by the diagonal F -action carries a natural Sasakian structure. In fact, M is a

principal F -bundle over over X1 ×X2 and the transverse Kähler structure is the product structure.
5



When the manifolds are compact and F = S1 one gets the so-called (1, 1)-join M1 ∗M2, see [2].

We call M the Sasakian fiber product of M1 and M2.

Example 1. Consider on C the cigar metric

(6) gcig =
dz ⊗ dz̄

1 + |z|2

due to Hamilton, see [9, 17] for further details. One can see that this is a gradient KRS since gcig
satisfies Equation (1) with V = ∇(1

2
|z|2). Since C is contractible, this induces a gradient SRS on

R3 (and C×S1 as well) which we call the Sasakian cigar metric and denote again by gcig by abuse

of notation.

Notice that we one endow Cn with the product metric

(7) gcig =
n∑

j=1

dzj ⊗ dz̄j
1 + |zj |2

and this is again a gradient KRS with respect to the function f =
∑n

j=1(
1
2
|zj|2). Therefore we can

consider the gradient SRS induced on R2n+1. This is nothing but the Sasakian fiber product of the

metrics we have just defined on R3.

The next examples are obtained directly from [16, Remark 1] with the constructions described

above. They show that the Sasakian fiber products of certain Sasakian space forms are in fact

non-trivial SRS.

Example 2. Consider the product metric on C×CH1 where C is equipped with the flat metric and

CH1 with the hyperbolic metric. This is a KRS with solitonic vector field V = 2(z∂z+ z̄∂z̄) where

z is the coordinate on C. Since C×CH1 is contractible this induces a SRS on R3 ×CH1 which is

the Sasakian fiber product of the Sasakian space forms R3 and CH1 × R.

Example 3. Consider the product metric on C×CP1 where C is equipped with the flat metric and

CP1 with the Fubini-Study metric. This is a KRS with solitonic vector field V = −2(z∂z + z̄∂z̄)
where z is the coordinate on C. Since C is contractible there is a natural Sasakian structure on

C × S1 (the standard structure of Sasakian space form). So we can consider the Sasakian fiber

product C × S3 of the Sasakian space forms C × S1 and S3. This Sasakian structure is therefore

a non-trivial SRS induced by C × CP1 on a manifold which is not contractible as in the previous

example.

3. LOCAL HOLOMORPHIC ISOMETRIES OF THE CIGAR METRIC

Let us recall some know facts on the cigar metric gcig on C, see [17] for further details. The

diastasis function of the metric gcig at the origin is given by

Dcig
0 (z) =

∫ |z|2

0

log(1 + t)

t
dt.

Therefore the power series expansion of Dcig
0 (z) around the origin reads

Dcig
0 (z) =

∞∑

j=1

(−1)j+1 |z|
2j

j2
.

6



By duplicating the variable in this last expression, we get

Dcig
0 (z, w̄) =

∞∑

j=1

(−1)j+1 z
jw̄j

j2

so that the diastasis function Dcig
u0
(z) centred at u0 ∈ C has the following power series expansion

(8) Dcig
u0
(z) =

∞∑

j=1

(−1)j+1

j2
(
|z|2j + |u0|

2j − zj ū0
j − uj0z̄

j
)
.

By duplicating the variable in this last expression, we get

(9) Dcig
u0
(z, w̄) =

∞∑

j=1

(−1)j+1

j2
(
zjw̄j + |u0|

2j − zj ū0
j − u0

jw̄j
)
.

We compute here the derivative of Dcig
u0
(z, w̄) with respect to w̄ for future reference

∂

∂w̄
Dcig
u0

(z, w̄) =
∞∑

j=1

(−1)j+1 (z
j − uj0) w̄

j−1

j

=
log (1 + zw̄)

w̄
−

log (1 + u0w̄)

w̄

=
1

w̄
log

(
1 + zw̄

1 + u0w̄

)
(10)

Before the proof of Theorem 4 let us recall a useful lemma. Let Nn be the set of real analytic

functions of diastasis type ξ : V ⊂ Cn → R defined in some open domain V ⊂ Cn, such that its

real analytic extension ξ(z, w) around the diagonal of V ×Conj V is a holomorphic Nash algebraic

function.

Lemma 3. ([16, Lemma 3.1]) and [14, Proof of Theorem 1.1]) Let C be a n1-dimensional special

generalized flag manifold and let (Ω, gΩ) be a n2-dimensional homogeneous bounded domain.

Then around any point (p, q) ∈ C × Ω we can find coordinates, centered at the origin, such that

the diastasis function DC×Ω
0 centred at the origin for the metric gC ⊕ gΩ satisfies

(11) eD
C×Ω
0 ∈ N c1

n1+n2
· · ·N cs+r

n1+n2
, c1, . . . , cs+r ∈ R+,

where N c1
n1+n2

· · ·N cs+r

n1+n2
= {ξc11 · · · ξcs+r

s+r | ξ1, . . . , ξs+r ∈ Nn1+n2
}.

Proof of Theorem 4. Clearly it is enough to prove the statement for n = 1 as (C, gcig) can be

embedded in (Cn, gcig) as one of the factors. Let us fix a point u0 ∈ C. Assume by contradiction

that there exist a holomorphic immersion

Ψ : W −→ (C × Ω)× E

z 7→ (Ψ1(z),Ψ2(z))

of a neighbourhood W ⊂ C of u0 such that gcig = Ψ∗ (gC ⊕ gΩ ⊕ gE). By the hereditary property

of the diastasis function, we have

(12) Dcig
u0
(z) = DC×Ω

Ψ1(0)
(Ψ1(z)) +DE

Ψ2(0) (Ψ2(z)) .
7



Passing to local coordinates centred at Ψ1(u0) given by Lemma 3 and to flat coordinates centred at

Ψ2(u0), from (8) we get

∫ |z|2+|u0|2−zu0−u0z̄

0

log(1 + t)

t
dt =

s+r∑

k=1

ck log (ξk(Ψ1(z)) + ‖Ψ2(z)‖
2

for suitable ξ1, . . . , ξr+s ∈ Nn1+n2
. Now write

Ψ1(z) = (ψ1(z), . . . , ψn1+n2
(z)) ,

Ψ2(z) = (ψn1+n2+1(z), . . . , ψn1+n2+n3
(z))

and let D be an open neighborhood of u0 on which each ψj , j = 1, . . . , N := n1 + n2 + n3,

is defined. Now denote by S the set of functions S = {z, ψ1, . . . , ψN}. Consider the field R of

rational function on D and its field extension F = R (S). That is, F is the smallest subfield of the

field of the meromorphic functions on D, containing rational functions and the elements of S. Let

l be the transcendence degree of the field extension F/R. Complete {z} to a maximal algebraic

independent subset {z, ψ1, . . . , ψl} ⊂ S, where l ∈ {0, 1, . . . , N}. With l = 0, we mean that {z}
is already a maximal subset, i.e., each element in S is holomorphic Nash algebraic. Then there

exist minimal polynomials Pj (z,X, Y ) with X = (X1, . . . , Xl), such that

Pj (z,Φ(z), ψj(z)) ≡ 0, ∀j = 1, . . . , N,

where Φ(z) = (ψ1(z), . . . , ψl(z)). Moreover, by the definition of minimal polynomial,

∂Pj (z,X, Y )

∂Y
(z,Φ(z), ψj(z)) 6≡ 0, ∀j = 1, . . . , N.

Thus, by the algebraic version of the implicit function theorem, there exist a connected open subset

U ⊂ D with u0 ∈ U and holomorphic Nash algebraic functions ψ̂j(z,X), defined in a neighbor-

hood Û of {(z,Φ(z)) | z ∈ U} ⊂ C× Cl, such that

ψj(z) = ψ̂j (z,Φ(z)) , ∀j = 1, . . . , N.

for any z ∈ U . Consider now the function

F (z,X, w̄) : = Dcig
u0
(z, w̄)−DC×Ω

Ψ1(0)

(
Ψ̂1(z,X),Ψ1(w)

)
−DE

Ψ2(0)

(
Ψ̂2(z,X),Ψ2(w)

)

where

Ψ̂1(z,X) :=
(
ψ̂1(z,X), . . . , ψ̂n1+n2

(z,X)
)

and

Ψ̂2(z,X) :=
(
ψ̂n1+n2+1(z,X), . . . , ψ̂N(z,X)

)
.

It is not restrictive to assume that F is defined on Û ×D. We claim that
(
∂

∂w̄

(
w̄

∂

∂w̄
F

))
(z,X, w̄) ≡ 0

8



for allw ∈ U . Assume, by contradiction, that there existsw0 ∈ U such that
(
∂
∂w̄

(
w̄ ∂
∂w̄
F
))

(z,X, w̄0) 6=
0. Making use of (10) we get

∂

∂w̄
F (z,X, w̄) =

1

w̄
log

(
1 + zw̄

1 + u0w̄

)

−
r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(w)

))

ξk

(
Ψ̂1(z,X),Ψ1(w)

) −
〈
Ψ̂2(z,X),Ψ′

2(w)
〉
.

(13)

Thus, we see that
(
∂
∂w̄

(
w̄ ∂
∂w̄
F
))

(z,X, w̄0) is Nash algebraic in (z,X). Hence there exists a

holomorphic polynomial P (z,X, t) = Ad(z,X)td + · · ·+ A0(z,X) with A0(z,X) 6≡ 0 such that

P

(
z,X,

(
∂

∂w̄

(
w̄
∂

∂w̄
F

))
(z,X, w̄0)

)
= 0.

Since by construction F (z,Φ(z), w̄) ≡ 0, we see that
(
∂
∂w̄

(
w̄ ∂
∂w̄
F
))

(z,Φ(z), w̄) ≡ 0. Thus

A0(z,Φ(z)) ≡ 0, which contradicts the fact that ψ1(z), . . . , ψl(z) are algebraically independent

over R. Hence
(
∂
∂w̄

(
w̄ ∂
∂w̄
F
))

(z,X, w̄0) ≡ 0 and the claim is proved.

We conclude that ∂
∂w̄
F (z,X, w̄) satisfies the following differential equation

∂

∂w̄
F (z,X, w̄) + w̄

∂2

∂w̄2
F (z,X, w̄) ≡ 0.

This implies

(14)
∂

∂w̄
F (z,X, w̄) =

c(z,X)

w̄

where, using (13) and the fact that c(z,X) is independent of w̄, we see that

c(z,X) =ū0
∂F

∂w̄
(z,X, u0) = log

(
1 + zū0
1 + |u0|2

)

−ū0

r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(u0)

))

ξk

(
Ψ̂1(z,X),Ψ1(u0)

) − ū0

〈
Ψ̂2(z,X),Ψ′

2(u0)
〉
.

(15)

Combining (13), (14) and (15) we get

log

(
1 + zw̄

1 + u0w̄

)
− w̄

r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(w)

))

ξk

(
Ψ̂1(z,X),Ψ1(w)

) − w̄
〈
Ψ̂2(z,X),Ψ′

2(w)
〉

= log

(
1 + zū0
1 + |u0|2

)
− ū0

r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(u0)

))

ξk

(
Ψ̂1(z,X),Ψ1(u0)

) − ū0

〈
Ψ̂2(z,X),Ψ′

2(u0)
〉
.

Hence

log

(
1 + zw̄

1 + zū0
·
1 + |u0|2

1 + u0w̄

)
=

9



w̄
r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(w)

))

ξk

(
Ψ̂1(z,X),Ψ1(w)

) + w̄
〈
Ψ̂2(z,X),Ψ′

2(w)
〉

−ū0

r+s∑

k=1

ck

∂
∂w̄

(
ξk

(
Ψ̂1(z,X),Ψ1(u0)

))

ξk

(
Ψ̂1(z,X),Ψ1(u0)

) − ū0

〈
Ψ̂2(z,X),Ψ′

2(u0)
〉
,

where the right hand side of the equality is Nash algebraic with respect to (z,X). Thus, applying

[10, Lemma 2.2], we deduce that log
(

1+zw̄
1+zū0

· 1+|u0|2

1+u0w̄

)
is constant in z for any fixed w ∈ D, which

gives us the desired contradiction. The proof is complete. �

4. LOCAL SASAKIAN IMMERSION OF SASAKI-RICCI SOLITONS

In this section we collect a discussion on Sasakian immersions of SRS into homogeneous

Sasakian manifolds and prove the theorems stated in the introduction. Firstly we use Sasakian

rigidity [12, Theorem 1.2] to drop the regularity assumption in Theorem 1 and Theorem 2 of [19]

and obtain the following.

Proof of Theorem 2 and Theorem 1. LetM be a complete Sasakian manifold endowed with a Sasaki-

Ricci soliton. Suppose there exist a neighbourhood Up of a point p ∈ M and an immersion

ψ : Up −→ S(N, c) into a Sasakian space form S(N, c) with c ∈ R.

Firstly, consider the universal cover M̃ with the induced Sasakian-Ricci soliton. Notice that

the metric on M̃ is real analytic because it is a SRS, see [11, Corollary 1.3]. Therefore, by a

direct application of [3, Theorem 8] in the Sasakian setting, for every point q ∈ M̃ there exists a

neighbourhood Uq that admits an embedding Uq −→ S(N, c) in the Sasakian space form S(N, c).

This, together with π1(M̃) = 0, shows that M̃ satisfies the hypotheses of [12, Theorem 1.2] so

there exists a global Sasakian immersion of M̃ into a Sasakian space form. It follows from [19,

Theorem 1] that M̃ is a Sasakian space form S(n, c) if c ≤ −3. Correspondingly, if c = 1 (i.e. if

S(N, c) is the standard Sasakian sphere S2N+1), then [19, Theorem 2] implies that M̃ is η-Einstein

with η-Einstein constants (λ, ν) given by λ = 4µ − 2 for some µ ∈ Q. The theses then follow

from the fact that M is the quotient of M̃ by a discrete group of Sasakian automorphisms. �

Proof of Corollary 1. It was proven in [12, Theorem 1.4] that, up to trasverse homotheties, every

compact homogeneous Sasakian manifold admits a Sasakian embedding into a Sasakian space

form. Thus, after possibly deforming the SRS by a transverse homothety, we get a immersion of

ϕ : U −→ S2N+1 in standard Sasakian sphere. We deduce that the transversally rescaled SRS is

trivial, that is η-Einstein, and consequently so is the starting Sasakian metric. �

One can easily construct Sasakian manifolds as Sasakian fiber products of Sasakian space forms

(or, more generally, regular Sasakian manifolds) by identifying the leaves of the Reeb foliation,

see Section 2 above. In analogy with the Kähler case, one can ask whether SRS satisfy similar

constraints when they can be locally immersed into fiber products of Sasakian space forms. Exam-

ple 2 and Example 3 above shows that this is generally false. Nevertheless, in light of the recent

theorem of the first named author and Loi [16, Theorem 1.1], we derive the following result.

Proof of Theorem 3. Since the immersion is local and SRS lift to the covering spaces, we can

replace M by its universal cover, that is, we can assume that π1(M) = 0. Now we show, similarly
10



to the proof of Theorems 1 and 2, that the Sasakian structure onM is regular. Notice that a suitable

transverse homothety of the Sasakian manifold M ′ can be immersed into the infinite dimensional

Sasakian space form S∞ by [12, Theorem 1.5]. Therefore, the same D-homothety of M admits a

local embedding ψ : Up −→ S∞ and is again a SRS. Moreover, the metric on M is real analytic

because it is a SRS, see [11, Corollary 1.3]. Thus, by a direct application of [3, Theorem 8]

in the Sasakian setting, for every point q ∈ M there exists a neighbourhood Uq that admits an

embedding Uq −→ S∞. This, together with π1(M) = 0, shows that M satisfies the hypotheses of

[12, Theorem 1.2] so there exists a global Sasakian immersion of M̃ into a Sasakian space form.

This in particular implies that M is regular as claimed. Thus, by [20] M admits a Boothby-Wang

fibration π : M −→ X over a KRS X being a complete and regular. Moreover, the immersion

ψ covers a holomorphic isometry ϕ of the neighbourhood Vx = π(Up) of the point x = π(p) into

Ω× F where F is a generalized flag manifold. Visually,

Up Ω×N

Vx Ω× F

ψ

π π′

φ

Since the manifold F is the base of a compact homogeneous Sasakian manifold, it is necessarily of

integral type (i.e. a suitable multiple of its Kähler class is integral. Now [16, Theorem 1.1] ensures

that the KRS on X is trivial. Thus M (and all its D-homotheties) is an η-Einstein manifold. �

We conclude this section giving an alternative proof of Proposition 2 using Theorem 4.

Proof of Proposition 2. We want to prove this by contradiction. Suppose there exists a local

Sasakian immersion ϕ : Up −→ Cm×N×Ω of a neighbourhood Up of a point p = (t, z1, . . . , zn).
Since the statement is local and a compact homogeneous Sasakian manifold embeds into a sphere

up to D-homothety by [12, Theorem 1.4], we can replaceN by a suitable transverse homothetyDa

of the standard sphere S2k+1. That is, the immersion ϕ is of the form ϕ : Up −→ Cm × S2k+1
a ×Ω

where S2k+1
a denotes the Da-homothety of standard sphere. Now this immersion covers a holo-

morphic isometry of a neighbourhood Vz of z = (z1, . . . , zn) ∈ Cn endowed with the product of

cigar metrics into Cm × CPka × Ω where CPka is the complex projective space endowed with the

Kähler metric agFS. Clearly, CPma is a flag manifold of integral type and therefore the existence of

an holomorphic isometry Vz −→ Cm × CPka × Ω violates Theorem 4. �
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