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Abstract

A mathematical model of the photo-electrochemical processes occurring during irradiation
with solar light has been implemented, to evaluate the optimal geometry of TiO:2
nanotubular structures for the different applications. The model accounts for generation
and recombination of charge carriers, as well as for transport phenomena in solid phase.
Electrochemical reactions at the surface and chemical processes in liquid phase are also
modelled. The solar irradiation has been discretised in the UV and visible range, and
adsorption coefficients as a function of the wavelength have been used. The model has
been solved for oxidation of water, as well as for oxidation of organic compounds with
different reactivity. The effect of such variables as light intensity, electric potential and
reactivity of the organic compounds on space distribution of charge carriers in solid phase,
oxygenated radicals and organic compounds in liquid phase, have been determined. The
model provides a versatile tool to assess the performances of nanotubular electrodes at

microscale and makes possible the optimal design of the nanostructure.
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Symbol  Description [unit]

c Speed of light 2.99 x 108[m/s]

Ci Concentration of the i'" compound [mol m3]

d Tube diameter [nm]

Di Diffusion of the i"" specie [m? s7]
Electron charge 1.6 x 10 [C]
Faraday’s constant 96500[C molY]
Planck’s constant 6.63 x 10734 [Js]

lo Light intensity [W m2]

ks Boltzmann constant 1.38 x 1023 [JK]

Ki Specific reaction rate [m®molts]

Klorg Isotherm parameter [m3*mol]

Kr Recombination rate [s1]

L Length of nanotubes [um]

Np Charge density TiO2 [cm3]

y Distance from the surface [nm]

a Specific absorption coefficient [m]

8 Wall thickness [nm]

Omax Surface density of active sites [mol cm?]

m Mobility of species [m? V-1 s

Z Charge of species

A Wavelength [nm]

o) Electric Potential V]

D2 Thiele modulus

o Lumped parameter in eq.12

n Anode overpotential V]

£0 Electric constant 8.85 x 10°*’[F/m]

ETIO2 Dielectric constant TiO2 114

Acronym Description

cc Charge carriers

0X Oxygenated radicals

org

Organic compounds



Introduction
Nowadays, the use of porous electrodes, with high specific surface area, has become
almost mandatory to obtain highly performing devices in both electro- and photo-
electrocatalytic processes [1]: at fixed potential, highly porous structures may provide
electrical current at least one order of magnitude higher than that of flat electrodes with the
same geometric area, thus making possible a reduction of the overall macroscopic size of

the related device.

In addition to the specific surface area, other factors may influence electrode
performances, such as the dimensions of pores and their aspect ratio (length / diameter,
L/D), as well as the characteristics of the solute (molecular size, diffusivity and reactivity)
[2, 3]. The list is even longer, when also the effect of the light is involved, as in photo-
electrocatalytic processes: in this case, also the light absorption ability of the material, the
transfer rate of photogenerated charges and their recombination rate inside the porous

matrix, are important factors in determining the whole performance of the electrode [4, 5].

Among the electrode materials used for applications in photo-electrocatalytic processes,
such as water splitting for H2 production or organic oxidation, nanotubular structures (NT)
of TiO2 received a great attention [6-9]. Their architecture, consisting of vertically oriented,
highly ordered nanotubes, allows high surface area-to-volume ratio [10], and enhances
electron transport velocity and charge separation efficiency, reducing charge
recombination rate, so making these materials ideal for photo-electrocatalytic applications

[11, 12].

Great attention has been paid on the development of suitable techniques to build-up this
kind of structures, and to investigate on possible parameters which may be effective on
their performances. When NT are used in organic photo-electro-degradation processes,

diffusion of compounds within the pores and adsorption on the surface of TiO2 may



influence the process and, in some cases, affect the related organic degradation
efficiency. With high concentrated solutions, adsorption of organics may decrease the
availability of the active sites for the generation of hydroxyl radicals; furthermore, the
photons could be intercepted before they could reach the catalyst surface, reducing the

degradation efficiency [13].

In addition to the concentration, the effective exploitation of the surface area is worth to be
considered, in terms of surface available for both oxidation and photoelectric effect. The
tube morphology should allow the entire UV light to be absorbed, without limiting the

reactant diffusion inside pores.

Previous studies demonstrated the key role of the morphological factor on the
photocatalytic activity of TiO2. Pasikhani et al. showed that the increase in the length-to-
diameter (L/D) ratio of the TiO2 nanotubes resulted in greater light absorption, leading to
an increase in photocurrent density and photoconversion efficiency, thanks to the
decrease in the electron/hole pairs recombination and to the increase in the active site
density for photocatalytic degradation [14]. Several works report the effect of tube lengths
on the performance of photocatalytic degradation: depending on the wavelengths adopted
in the experiments, high values ranging from 6 to 18 um have been reported as optimal
[15-19], even if the UV light is only absorbed in the first 1-2 um [20]. Depending on the
synthesis conditions used in the anodization process, D and L of the tubes are often found
to be correlated [21].

The above considerations shed light on the importance of the engineering of the
nanotubular structure, as the question on how to individuate the pore architectures to

maximise the performance of the structure for a given process, is still open.



In this work we aim to contribute filling this gap, using mathematical model to predict the
effect of both organic compounds and light absorption on different NT morphologies and
under different operative conditions. The model considers phenomena in the solid phase,
such as formation and recombination of electron-hole pairs, and chemical and
electrochemical reactions in the liquid phase. Transport of species in liquid and solid
phase are also accounted for. The model solution gives 2D profiles of charge carriers and
chemical species for different lengths of NT and thickness of pore wall. It makes possible a
systematic investigation on the effect of operative parameters, as well as an accurate
evaluation of the optimal geometry of the nanotubular structure for the different
applications. To the best of our knowledge few attempts were made to implement multi-
dimensional models of the porous systems in which diffusion and electrochemical
reactions are accounted for [1, 22, 23]. The novelty of the paper rests on the 2D modelling
in which chemical and electrochemical phenomena within nanotube volume, are combined
with photochemical processes in solid phase; moreover, the model accounts for light
absorption and photoelectrochemical processes in the whole wavelength of the solar

spectrum, while previous papers mainly focused on single wavelength value.

1. Model description

As the morphology of TiO2 nanotubes is concerned, they usually show quasi-circular base
and different diameters, although in a narrow range of values. Tubes usually feature with
rough inner surface and hemi-spherical bottom [24,25]. For the sake of modelling, the
nanotubes are represented as cylinders, and the activity of the bottom surface, which
amounts to some percentile of the whole surface, was not considered. However, in the
parametrisation of the model, active surface and transport properties of real nanotubes

were used, so that the model assumption is of cylindrical pores equivalent to real pores.



Following the mechanism widely adopted in the literature, TiO2 photocatalytic processes
involve solid—state surface redox transitions as well as adsorption steps; the oxidation of
organics mainly proceeds by oxygenated radicals such as OH*, produced by reaction of

photoinduced holes (charge carriers) with hydroxide ions or water molecules [26-28].

The mechanisms involved in aqueous media at TiOz starts from the formation of

electron/hole pairs:
(1)

The oxidation of water molecules by photogenerated positive holes forms hydroxyl radicals
which can react with the organic compounds, leading to oxidised species and/or

decomposed product:
2)
3)

Also adsorbed oxygen can react with electron to form super oxide ions which can be able

to oxidise the pollutants:
4)
)

The direct reaction of the photogenerated holes with organic compounds at the TiO:2

surface [29] is another possible process [14]:
(6)

However, the reaction of oxygenated radicals with organics is much faster than the
oxidation, by direct electron transfer, of organics adsorbed on the TiO2 surface [30]. Direct
oxidation was then neglected, and the whole surface of TiO2, free of organic coverage,

was considered available for radical generation [31].



Adsorption of organics at the TiO2 surface has been described with a potential-dependent

Langmuir isotherm [32,33].

(7)

The generation rate of charge carriers depends on the distance from the surface of the
nanotubular layer, through a Lambert-Beer dependence: a literature value of 500 m-* for

the absorption coefficient was used [34,35].

The recombination rate follows a pseudo-first order kinetics, and the specific reaction rate
depends on the recombination time, with a value of 2 x 10%° st [35-37]. At the
surface/electrolyte interface, the charge carriers react with water to give oxygenated

radicals, with a potential dependent kinetics.
Finally, a second order kinetics is assumed for the reaction rates of organics with radicals.

The system was then modelled as combination of quasi-homogeneous media, with three

integration domains:

1) solid phase: which includes walls and bottom of the pores;
2) liquid phase: liquid volume within the pores;

3) diffusion layer: liquid outside of pores.

Figure 1 shows a sketch of geometry and domains of integration. The model equations

were written for each domain.
Figure 1

In the solid-phase domain, the concentration of charge carriers (CC) generated by
incident photons was represented by a transport equation in homogeneous medium, which

accounts for diffusion, migration and reactions of generation and recombination.

(8)



Rcc is the reaction term:

9)

where the first and second terms on the right side correspond to the rate of photo

generation of holes, and to the pseudo-first order rate of recombination, respectively.

The generation of charge carriers was modelled with discrete intervals i of wavelengths of
50 nm:

(10)

o and lo are functions of the wavelength A. Data of absorption values, measured at
different wavelengths for TiO2z nanotube, were derived from literature [35,38], and

interpolated with the following:
(11)

The overall light intensity of the solar spectrum lo can be calculated as ¢ Ba, where By is
expressed by the Planck’s law and ( is a lumped parameter which accounts for different

irradiation conditions:

(12)

To obtain the value of , equation 12 was integrated in the whole range of the solar
irradiation, and ¢ was adjusted to fit the values of global radiation of the reference AM1.5
spectra [39].

Equation 12 was then used to calculate the values of loi in equation 10.

The migration term (the second one, in the right side of equation 1), is governed by the
electric potential, which satisfies the Poisson’s equation, in which the literature value of

10%¢ cm was used for Np [40,41]



(13)

In the liquid-phase and diffusion layer domains, the concentrations of organic (Corg)
compounds and oxygenated radicals (Con) generated at the electrode/electrolyte

interfaces, were represented by the following diffusion/reaction equations:

(14)

(15)
with the corresponding reaction rate equations

(16)

17)

Boundary conditions at the nanotube surfaces were: equal flux of charge carriers and

oxygenated radicals (eq. 18), and null flux of organics (eq. 20):
(18)
(19)
The flux of organics at the same interface is null
(20)
At the diffusion boundary layer, the concentration of organics is a function of time
(21)

The numerical model was implemented and solved with the COMSOL Multiphysics®

software.

Although the internal area of nanotubes with 1.5 um length is considered as effective for

generation of oxygenated radicals, when the photoelectrochemical process is addressed



to remove organic compounds from water, diffusion and reactivity will determine the
optimal length [21]. In order to test the model, we have selected three different organic
compounds, characterised by different reactivity with oxygenated radicals, and different
diffusion coefficients: the first, phenol, is largely used as model substance in
photoelectrochemical systems, and it is well known for the high reactivity with oxygenated
radicals [42-44]; the second, oxalic acid, also typically tested in different AOPs, such as
photoelectrochemical processes [45], is among the less reactive organic compounds
investigated in the literature [46]; the third is the pesticide paraquat, which shows

intermediate properties between phenol and oxalic acid [21].

To summarise the effect of the two parameters (diffusion coefficient and kinetic constant),
the Thiele modulus has been used, which gives a rough evaluation of the catalytic
behaviour of a porous catalyst. For the system considered, with second order kinetics

reactions, the Thiele modulus can be written as:

(22)

In our system, the concentration of oxygenated radicals is not a constant, but we can
calculate a relative Thiele modulus, using the most reactive compound as reference. The

results are summarised in table 1.

Table 1: Diffusion coefficient, kinetic constant and relative Thiele modulus for the different

organic compounds

109 Dorg k

[m2s] [m3 molts? Relative ¢z
Phenol 3.76 6.20x10° 1.0000
Oxalic acid 6.21 6.50x108 0.0634

Paraquat 3.68 1.00x107 0.0016




Specific reaction rates of organics with oxygenated radicals, were derived from literature
[47]. Diffusion coefficients in the diffusion layer were calculated with the correlation of
Wilke and Chang [48]. Since the values in Table 1 are very different, the selected

compounds can be representative of a wide class of organics.

In the model solution, the diffusion of organic compounds in water accounts for possible
effects of roughness of walls and nano-size of the pores. According to the literature, the
diffusion within pores with diameter of some tens of nanometres follows the classical Fick’s
law [49,50]: the diffusion coefficients were adjusted according to the results obtained from
measures of transport of species throughout TiO2 nanotubular membranes [51,52].
According to Paulose et al, a linear function of the molecular weight was used as
correction coefficient [51,53]. The surface concentration of active sites (0.98x10" mol cm-
2) was evaluated in previous work [30]. The value of self-diffusion coefficient of water was

used for oxygenated radicals in equation 15 [54].



2. Results and discussion

Figure 2 shows an example of profiles of oxygenated radicals (Cox) in liquid phase and
charge carriers (Ccc) in solid phase, calculated with the model, under different operative

conditions.
Figure 2

As it can be observed, the profiles calculated with the model do not show appreciable
variations at a distance from the surface higher than few microns, so that in next figures
the top of the pores (down to 1.5 um) and the layer adjacent to the electrode surface are
shown, where the most relevant phenomena occur. From the model predictions shown in

figures 3, 4 and 5, the effect of different parameters can be observed.

Figure 3.

Figure 4.

Figure 5.

The generation of oxygenated radicals is influenced by the thickness of the pore wall:
higher concentrations are obtained with higher pore thickness, which was also observed in
the literature and attributed to the large amount of photogenerated electron/hole pairs [55],
which is correctly predicted by the model. As the space distribution of oxidants is
concerned, the literature reports occurrence of concentration gradients in liquid phase, due
to the high reactivity of oxygenated radicals [54,56]: the model well interprets this
behaviour, with two-dimensional concentration gradients, mainly located near the pore

mouth. A noticeable feature is the difference between pore volume and diffusion layer: in



the region adjacent to the electrode surface the model predictions show strong decrease

of concentration of radicals, as it was obtained with simulations in previous papers [54].

The diameter of the pore is relevant for the local concentration of oxygenated radicals: in
the literature, mathematical models predict space profile these radicals where the
concentration sharply decrease with the distance from the electrode surface. Oxygenated
radicals show concentration values effective for reactions with organics in a layer of few
tens of nanometres [57]. The morphology of nanotubes depends on such anodization
conditions as applied potential and composition of the electrolyte [58]; however, diameters
in the order of tens nanometres are usually obtained. This, along with the quasi-axial
symmetry of the tubes makes possible relatively high concentration in the whole volume of

the pores.

The effect of the applied potential can be also observed: the concentration of charge
carriers decreases as the applied potential increases, due to the higher driving force for
the electron transfer to the counter electrode, as well as the consumption of charge
carriers by generation of oxygenated radicals, which in turn enhance the separation of the

photo-generated electron/holes pairs [59].

A key parameter for the process is the light intensity: the model well predicts the increase
of charge carriers and oxygenated radicals’ concentration with the intensity of incident
light, due to the higher probability of excitation and re-excitation of recombined electrons

[60].

As the electrical current is concerned, figure 6 shows the ratio between current intensities,
calculated under different conditions, and the maximum value of current intensity obtained

with lo= 1000 Wm2, L=15 um and & = 40 nm.

Figure 6:



A linear dependence of current with light intensity is obtained, as it was also
experimentally observed [31]. The current intensity increases with tube length (L) and wall
thickness (), although the corresponding densities (not showed) decrease as L increases.
The effect of wall thickness depends on the number of electron/hole pairs, as already
observed. The effect of pore length may be due to the large surface area available for
reaction of charge carriers with the electrolyte; this can be still exploited with pores of 1.5

um length, where wavelengths of near visible UV can penetrate [51].

To evaluate the effects of geometry of the pores, operative conditions and properties of
the compounds during oxidation of organics under different operative conditions,
simulations were carried out with several input parameters. Although the model equations
can predict 2D profiles, from the solutions we can only observe concentration gradients of
organics in the direction of the pore axis, whereas the concentration is nearly constant in
the direction perpendicular to the pore axis. This is due to the small pore diameters and to
the relatively high values of diffusion coefficients of most of organic compounds in water; in
the following figures, the results are then presented as profiles of organics with the pore

length.

Photo electrochemical oxidation of phenol (A), paraquat (B) and oxalic acid (C) was
simulated with L = 10 um, d = 100 nm, 6 = 40 nm, lo = 1000 W m2 and n = 1V. The profiles

of concentration along the pores, calculated with the model are depicted in Figure 7.

The results of the model predictions show that with low concentration of organic in the
solution, the whole surface of the tubes is effective only for oxidation of the less reactive
compound: as the reactivity with oxygenated radicals increases, the effective surface
decreases. Moreover, appreciable differences between phenol and paraquat can be
observed only with the lowest concentration. If purification of water is the aim of the

process, tubes with 4 um length or less should be used for compounds with reactivity like



paraquat, while 2 um is effective for removal of very reactive compounds, such as phenol.
Longer tubes should be considered for wastewater treatment, with high pollutant
concentrations. Nanotubular TiO2 electrodes with thickness in the order of ten micrometres

were found to be effective for such applications [21].

Figure 7.

Figure 8 shows the effect of light intensity and bias potential on the concentration profiles

inside the pores, with 0.5 mol m-2 of bulk concentration.
Figure 8.

With reactive compounds, low intensities of radiation make possible to exploit most of the
pore surface, when low bias potentials are used, while the effective surface decreases as
potential and radiation increase. Oxidation of compounds with low reactivity shows an
effective area corresponding to the whole length of tubes under all the conditions

simulated.

The effect of tube geometry is shown in figure 9, where the results of simulations with

different pore length and wall thickness are depicted.
Figure 9.

With lo = 1000 W m-? and reactive compounds, the maximum decrease in concentration
along the pores is reached with L = 10 um and 6 = 40 nm, or L = 15 um and 6 = 20 nm.
When the oxidation of phenol and paraquat is considered, about half the surface is
effective, due to the high oxidising conditions inside the pores. To exploit the whole pore

length, lower light intensities should be used.
Figure 10.

Figure 10 shows the effect of the presence of organic compounds on the concentration of

oxygenated radicals within the pores and in the diffusion layer. Results calculated with



paraquat and oxalic acid and different light intensities are reported. The reactivity of
organics influences the concentration of radicals; the model well predicts the different

scavenger effect of compounds with high and low reactivity.

Conclusions

A mathematical model was implemented and solved to represent photochemical, chemical
and electrochemical processes, and transport phenomena which occur during photo

electrochemical oxidation of organic compounds with TiO2 nanotubular electrodes.

The effect of such variables as light intensity, electric potential and organic reactivity, were

guantified.

The key parameters of the process were light intensity, potential and reactivity of organics
with oxygenated radicals generated by water oxidation at the electrode surface.
Depending on reactivity and concentration of the compounds, the optimal length of
nanotubes is different: tubes of 10 um length are effective with high concentrations, while

shorter tubes can be used where low-concentrated organic compounds must be removed.

The model provides a versatile tool to assess the performances of nanotubular electrodes

at microscale and makes possible the optimal design of the nanostructure.

Based on the results of the model, tubes with high length and wall thickness should be
used to maximise the current generation, although the feasibility of such structures should
be verified. The geometry of the pores is constrained; as reported in literature, the lengths
depend on the anodization potential [62]; however, the dissolution of the nanotube wall
limits the achievable nanotube length and prevents to achieve higher aspect ratio tubes for

example by extended anodization [63] .

The model predicts the performances of the electrode at nanoscale and is the first step in

developing design tool for TiO2-based photoelectrochemical reactors. The model



parameters are based on literature data, however, a direct comparison of the predictions
with experimental data is not straightforward, due to the scale of the phenomena
considered. This work will be followed by a 3D model of the whole electrode, with
geometrical optimisation of nanotubular photo-anodes, and comparison of model
predictions with experimental data. This will make it possible design of solar
photoelectrochemical processes for such application as hydrogen generation, water

treatment and disinfection.
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Figure captions

Figure 1: sketch of the nanotubular structure (not in scale) with domains of integration: 1)
Diffusion layer, 2) Liquid phase (pores); 3) Solid phase. Dash-dotted line is the contour of

the surface plots in figures 2-5 and 7-9.

Figure 2: examples of space profiles of oxygenated radicals inside the pore and in the
diffusion layer, and of charge carriers in the pore wall under different conditions with d =

100 nm, and 6= 20 nm.

Figure 3: space profiles of oxygenated radicals in pore and diffusion layer, and of charge
carriers in the pore wall. Data obtained with 10 zm pore length, lIo = 1000 W m?, 7 =1V
(A) and = 0.5V (B) and different geometries.1: d = 100 nm, 6=40 nm; 2: d =100 nm, ¢

=20nm; 3:d =70 nm, =20 nm.

Figure 4: space profiles of oxygenated radicals in pore and diffusion layer, and of charge
carriers in the pore wall. Data obtained with 10 zm pore length, lo =500 W m2, 7 =1V (A)
and n = 0.5V (B) and different geometries.1: d = 100 nm, 6=40 nm; 2: d =100 nm, 6= 20

nm; 3:d =70 nm, §=20 nm.

Figure 5: space profiles of oxygenated radicals in pore and diffusion layer, and of charge
carriers in the pore wall. Data obtained with 10 zm pore length, lo =250 W m?2, 7 =1V (A)
and n = 0.5V (B) and different geometries.1: d = 100 nm, 6= 40 nm; 2: d =100 nm, 6= 20

nm; 3:d=70 nm, =20 nm.



Figure 6: Current intensities, normalised with the maximum value, calculated with d = 100

nm and n=1V.

Figure 7. Space profiles of Phenol (A), Paraquat (B) and Oxalic Acid (C) along the pore
axis. Data calculated with pore length of 10 gm, 6=40 nm, d =100 nm, =1V, lo = 1000
W m-2 and different bulk concentrations (Co). 1: Co= 1 mol m=3; 2: Co= 0.5 mol m=3; 3: Co=

0.1 mol m-3.

Figure 8. Space profiles of Phenol (A), Paraquat (B) and Oxalic Acid (C) along the pore
axis. Data calculated with pore length of 10 x#m, 6= 40 nm, d = 100 nm, Co= 0.5 mol m-3,
=1V (full lines) and = 0.5 V (dashed lines) and different light intensities. 1: lo = 1000 W

m=2; 2: lo =500 W m=2; 3: lo =250 W m2

Figure 9. Space profiles of Phenol (A), Paraguat (B) and Oxalic Acid (C) along the pore
axis. Data calculated with Co= 0.5 mol m3,d = 100 nm, » = 1 V and different pore
geometries and light intensities. 1: pore length 10 zm, § = 20 nm, lo = 1000 W m-2; 2: pore
length 10 um, 6= 40 nm, lo = 1000 W m-2; 3: pore length 15 um, §=20 nm, lo = 1000 W m-

2. 4: pore length 15 g#m, 6= 20 nm, lp = 500 W m-

Figure 10: space profiles of oxygenated radicals in pore and diffusion layer, and of charge

carriers in the pore wall. Data obtained with L = 10 gm, 6=20 nm, d = 100 nm, n =1V,



with Co= 0.5 mol m=3 of Paraquat or Oxalic acid. A: Paraquat, lo = 1000 W m; B:

Paraquat, lo = 500 W m'?; C: Oxalic Acid, lo = 1000 W m-?; D: Oxalic Acid, lo = 500W m-2.



