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Abstract
Linear discrete inverse problems are common in many applicative fields. Regularization
consists of substituting to the original ill-conditioned problem an approximated formulation
depending on a parameter, which has to be chosen so that the newproblem iswell-conditioned
and its solution is close enough to the ideal solution. When the parameter is discrete, like in
the truncated singular value decomposition (TSVD) and in the generalized TSVD (TGSVD),
one has to choose a vector out of a sequence. In this paperwe explore the possibility to employ
a sequence of extrapolated solutions to estimate the best parameter, as well as substituting
to the regularized solution an extrapolated one. We investigate the use of three classical
vector extrapolation methods, MPE (minimal polynomial extrapolation), RRE (reduced rank
extrapolation), and VEA (vector epsilon algorithm). For the VEA method we also develop a
new computational scheme which reduces memory storage and computing time. Numerical
experiments compare the performance of the newly introduced approaches with other well-
known methods.
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1 Introduction

A linear discrete ill-posed problem, arising in many applications, consists of the solution of
the optimization problem

min
x∈Rn

‖Ax − b‖, (1)

where ‖ · ‖ denotes the usual 2-norm, A ∈ R
m×n is a (often large) matrix whose singular

values exhibits a fast decaying to zero, so that the norm of the Moore–Penrose pseudoinverse
A† of A is considerably large. The data vector b ∈ R

m often contains field measurements
affected by experimental errors, so it can be represented by

b = ̂b + e, with e = η‖̂b‖√
m

ε,

where ε ∈ R
m is a random vector, usually normally distributed with zero mean value

and unitary variance and η is the noise level, often unknown. The unknown vector̂b is the
right-hand side which corresponds to the exact solution x̂.

Due to the numerical unboundedness of the pseudo-inverse matrix, the approximation of
the usual least-squares solution x̂ := A†

̂b of (1) by A†b leads to a severe propagation of the
error e in b, which makes the computed solution useless.

A regularized solution is obtained by replacing (1) by a nearby optimization problem,
which is less sensitive to error propagation. Such solutions always depend upon one or more
regularization parameters, whose tuning greatly influence the quality of the reconstruction.
The accurate choice of these parameters is a critical step in every regularization method.

The first attempt to apply extrapolation techniques to discrete ill-posed problems is proba-
bly [14], where the Tikhonov solution is represented as a rational function, whose coefficients
are determined by interpolation, and the regularized solution is obtained by extrapolating at
λ = 0, being λ the regularization parameter. Further contribution to this idea are contained
in [5, 34].

Following an idea developed in [1, 8], in [17] an extrapolation idea lead to a new criterion
for estimating the parameter in various regularization methods. This technique, initially
developed for square ill-conditioned linear systems, was later applied to least-squares [18]
and large-scale problems [44], exploiting the connection between the Lanczos process and
Gauss quadrature rules [27].

In this paper, inspired by [6],we investigate the application of different vector extrapolation
methods to the sequence of regularized solution generated by TSVD, in the case of a problem
in standard form, or TGSVD, for general-form regularization problems. In the case of the
VEAmethod,we also develop a computational scheme to optimize performance. The analysis
of the discussed extrapolated solution methods suggested both the introduction of a new
criterion for the choice of the regularization parameter in TSVD/TGSVD, and the possibility
to define another regularized solution, consisting in the vector extrapolated from a sequence
of solutions. This new approach improves the accuracy of the results in a significant number
of cases, as our numerical experiments show.

The paper is organized as follows. In Sect. 2 somenotions about the truncated (generalized)
singular value decomposition are recalled, and the notation is fixed. The basic idea behind
the methods discussed in the paper is explained in Sect. 3. Section4 describes three standard
vector extrapolation methods and introduces a new computational scheme to implement the
vector epsilon algorithm in the particular setting considered. The extrapolation approach
introduced in the paper for computing a regularized solution to a discrete ill-posed problem
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is exposed in Sect. 5, and Sect. 6 presents several numerical experiments to ascertain its
performance. Finally, Sect. 7 draws some conclusions on the paper.

2 TSVD and TGSVD

Let A = U�V T be the singular value decomposition (SVD) [4] of thematrix A, whereU and
V are orthogonal matrices of size m and n, respectively, � = diag(σ1, . . . , σp, 0, . . . , 0) ∈
R
m×n is the diagonal matrix of the singular values, and p is the rank of A.
The best rank � approximation (� ≤ p) to the matrix A according to the Euclidean norm,

i.e., the matrix A� which minimizes ‖A − R‖ over all the matrices R of rank �, can be
easily obtained by the SVD decomposition of A. This procedure allows one to replace the
ill-conditioned matrix by a well-conditioned rank-deficient matrix A�. The corresponding
solution to (1) is known as the truncated SVD (TSVD) solution [30] and can be expressed
as

x� = A†
�b =

�
∑

i=1

uTi b

σi
vi , (2)

where � = 1, . . . , p, is the regularization parameter, σi are the singular values, and the singu-
lar vectors ui and vi are the orthonormal columns ofU and V , respectively. To standardize the
notation, we extend the sequence (2) by adding the over-regularized vector x0 = (0, . . . , 0)T .

To introduce a regularization matrix L ∈ R
t×n (t ≤ n), problem (1) is usually replaced

by

min
x∈S ‖Lx‖, S = {x ∈ R

n : AT Ax = AT b}, (3)

under the assumptionN (A)∩N (L) = {0}, whereN (A) denotes the null-space of the matrix
A. The generalized singular value decomposition (GSVD) [40] of the matrix pair (A, L) is
the factorization

A = U�AZ
−1, L = V�L Z

−1, (4)

whereU ∈ R
m×m and V ∈ R

t×t are orthogonal matrices, Z ∈ R
n×n is nonsingular, and �A

and �L have the same size of A and L , respectively.
In the case m ≥ n ≥ p, the two matrices are given by

�A =

⎡

⎢

⎢

⎣

0n−p 0 0
0 C 0
0 0 Id
0 0 0

⎤

⎥

⎥

⎦

, �L =
[

In−p 0 0
0 S 0

]

,

where d = n − t . When p ≤ m < n, we have

�A =
⎡

⎣

0 0m−p 0 0
0 0 C 0
0 0 0 Id

⎤

⎦ , �L =
[

In−p 0 0
0 S 0

]

,

where

C = diag(c1, . . . , cp−d), S = diag(s1, . . . , sp−d),
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with c2i + s2i = 1, i = 1, . . . , p − d . The diagonal elements are ordered so that the
generalized singular values ci/si are nondecreasing with i = 1, . . . , p − d , i.e.,

0 < c1 ≤ c2 ≤ · · · ≤ cp−d < 1 and 1 > s1 ≥ s2 ≥ · · · ≥ sp−d > 0.

If a block has a zero index in the above matrices, like Id with d = 0, the corresponding
rows and columns are removed.

The truncated GSVD (TGSVD) solution x� to (3) is then defined as

x� =
t

∑

i=t−�+1

uTi b

ci−n+p
zi +

n
∑

i=t+1

(uTi b) zi , (5)

where ui and zi are the columns of U and Z , respectively, and � = 0, 1, . . . , p − d is the
regularization parameter.

3 Extrapolation and Regularization

Let us assume that, chosen an initial vector x0 ∈ R
n , a vector sequence is generated by the

following rule

xi+1 = Mxi + g, i = 0, 1, . . . , (6)

with xi ∈ R
n , for chosen matrix M and vector g. Regardless of the convergence of the

sequence, its limit/antilimit x [46] is the fixed point of transformation (6), assuming I − M
is invertible. In general, M and g are unknown.

An extrapolation formula gives an approximation of the limit of the vector sequence. We
will denote by y(0)

k the extrapolated vector obtained from the sequence x0, . . . , xk .
In T(G)SVD regularization, one constructs the finite sequence of truncated (generalized)

SVD solutions {x�}�=0,1,..., according to either formula (2) or (5). Such a sequence, as �

increases, approaches the least-squares solution of (1), which is strongly contaminated by
propagation error, so using an extrapolation method to accelerate convergence is not usually
desirable.

In discrete ill-posed problems, a sequence of regularized solutions usually exhibits a
semiconvergence behaviour. First, low frequencies, associated to large singular values, are
added to the solution. In this phase, the regularized solution approaches the solution x̂ cor-
responding to the error-free right-hand side ̂b. Then, high frequencies, coupled to small
singular values, enter the numerical solution, making it diverge. The first process is slow and
clearly convergent to x̂, whereas the second is abrupt and produces fast-changing successive
solutions.

At the same time, since the matrix characterizing a linear discrete ill-posed problem
typically has a small number of dominant singular values, the physical solution x̂ can be
approximatedwith a reasonable accuracy by a vector belonging to a space of small dimension,
compared to the size of the problem n. For this reason, the sought solution can be thought of
as the limit of a sequence of the kind (6), for an unknown matrix M of small rank.

In this paper, we use a vector extrapolation technique to forecast the limit of the sequence
and compare it to the next regularized solution. In particular, wewill investigate the behaviour
of the MPE, RRE and VEA methods. If the successive regularized solution and the extrapo-
lated one are similar, then the approximation is accepted. If they are not, this means that the
next vector in the sequence is contaminated by propagation error, enlarged by ill-conditioning,
so we decide to stop the iteration and accept the previous approximation.
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This extrapolation process can be applied to the full sequence x0, . . . , xk , for increasing
values of the index k. An approach similar to this was described in [6]. An alternative idea,
which does not require an increasing computational complexity, consists of keeping fixed the
number k + 1 of vectors to be extrapolated as the process progresses, “forgetting” the first
batch of solutions. We will denote by y(r)

k the extrapolated vector obtained from the sequence
xr , . . . , xr+k . A further variation, which will be investigated in the paper and compared to
the previous ones, consists of accepting as a solution the extrapolated vector, rather than the
regularized one.

This procedure result in a method for choosing the regularization parameter that can be
coupled to any regularization process depending on a discrete parameter, like T(G)SVD or,
in principle, any iterative regularization method; see [26] on the capability of Krylov spaces
generated by the Lanczos and the Golub–Kahan methods to approximate the spaces spanned
by singular vectors. The same idea might be applied to regularization methods for nonlinear
problems; see, e.g., the one discussed in [22, 23].

4 Extrapolation Techniques

In this section we briefly review the minimal polynomial extrapolation (MPE) method [20],
reduced rank extrapolation (RRE) [24, 38], and the vector epsilon algorithm (VEA) [50]; see
[10] for a complete treatment of the theory and practice of extrapolation.

Many scalar sequences (un) used in numerical analysis (for example the Rayleigh quotient
in the power method, for computing the dominant eigenvalue of a matrix) satisfy, for all n,
a linear homogeneous difference equation of the form

a0(un − u) + · · · + ak(un+k − u) = 0, (7)

with a0ak �= 0 and a0 + · · · + ak �= 0, a condition that can be replaced without loss of
generality by a0 + · · · + ak = 1. The set of sequences satisfying (7) is named the kernel of
Shanks transformation. If the sequence (un) converges, u is its limit. If it does not converge,
u is named its antilimit. Shanks transformation [46] provides a way of computing u as a
ratio of two determinants, valid for all n. If (un) does not satisfy (7), Shanks transformation
can still be applied to it, but the values corresponding to u it delivers now depend on n, and
obviously on k, and they are denoted by ek(un). Thus, Shanks transformation transforms the
sequence (un) into a set of sequences {ek(un)}, whose members are expressed by ratio of
determinants.

Since ratios of determinants are difficult to compute, due to large complexity and prop-
agation of rounding errors, a recursive algorithm, the scalar ε-algorithm, was proposed by
Wynn [49]. Obviously, for vector sequences, the scalar ε-algorithm could be applied com-
ponentwise, but this is not satisfactory for many reasons. Thus, by defining the inverse of
a vector (in fact, using the pseudo-inverse of a rectangular matrix with only one column),
Wynn extended his algorithm to the vector case by obtaining the vector scalar ε-algorithm
(VEA).

VEA lacks an algebraic framework, since it starts from a modification of a scalar algo-
rithm. This is the reason why the construction of a vector extension of the scalar Shanks
transformation had to start from (7), where now the un and u are vectors or, more generally,
elements of a vector space. This approach led to a new transformation and its correspond-
ing recursive algorithm for its implementation, the topological ε-algorithm (TEA) [7], and
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its later simplification [11, 12]. Other vector extensions with the same kernel of Shanks
transformation are the MPE, the modified MPE (MMPE), and the RRE. Let us discuss them.

4.1 Minimal Polynomial Extrapolation

Let �xi = xi+1 − xi and �x = x − x0. The MPE formula is induced by the polynomials

p(y) =
s+1
∑

j=0

p j y
j ,

of degree s + 1, with p(1) �= 0 and ps+1 = 1, and

Sp(y) =
s

∑

i=0

qi y
i ,

of degree s, with coefficients qs = ps+1, qi−1 = qi + pi , i = s, s − 1, . . . , 1.
From the relation

(I − M)Sp(M) = p(I ) − p(M),

by requiring that p(M) “annihilates” �x0, that is,

p(M)�x0 = 0, (8)

one obtains

p(1)�x = Sp(M)�x0 =
s

∑

i=0

qi�xi ,

from which it follows

x =
s+1
∑

j=0

p j

p(1)
x j . (9)

A monic polynomial p(y) which satisfies (8) and such that p(1) �= 0 does not always
exist. Firstly, it may be impossible so satisfy the equality in (8). For this reason, the problem
is usually formulated in the least-squares sense

min
p∈Rs+1

‖Ksp + �xs+1‖, (10)

where Ks = [�x0, . . . , �xs] ∈ R
n×(s+1) and p = (p0, . . . , ps)T . Secondly, the polynomial

satisfying (10) may not verify p(1) �= 0, that is, pT 1 �= −1, with 1 = (1, . . . , 1)T . If
p(1) = 0, s has to be replaced by s − 1. So, the condition p(1) �= 0 is not a restriction and
can always be assumed.

In the following, we consider subsequences of length s + 3 starting at vector xr , so the
above problem (10) becomes

min
p∈Rs+1

‖Kr ,sp + �xr+s+1‖, (11)

with Kr ,s = [�xr , . . . , �xr+s] ∈ R
n×(s+1), transforming (9) into the extrapolated solution

y(r)
s+2 =

s+1
∑

j=0

γ jxr+ j , with γ j = p j

p(1)
. (12)
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Solving (11) requires the availability of s + 3 vectors xr , xr+1, . . . , xr+s+2.
When problem (11) is solved by the normal equations approach, assuming the matrix Kr ,s

is full rank, one has to solve the square linear system

KT
r ,s Kr ,sp = −KT

r ,s�xr+s+1. (13)

The MMPE method [48] consists of solving the linear system

BT
s Kr ,sp = −BT

s �xr+s+1, (14)

for a chosen full-rank matrix Bs ∈ R
n×(s+1). The columns of Bs are sometimes set to be the

canonical basis for Rs+1, i.e., B = [e1, . . . , es+1], where the components of ei are all zero
except the i th, which is 1; this amounts to requiring that the first s + 1 equations in (11) are
exactly verified. Another possible choice, with the aim of reducing the condition number of
the coefficient matrix in (14), is B = [q1, . . . ,qs+1], with qi orthonormal vectors in Rn [9].

4.2 Reduced Rank Extrapolation

An alternative approach is the RRE method [24, 38]. It can be defined in various different
ways (see, e.g., [34, 47]), for example, by expressing the extrapolated vector as

y(r)
s+2 = xr +

s
∑

i=0

ξi�xr+i ,

whose coefficients vector ξ = (ξ0, . . . , ξs)
T is obtained by solving the least-squares problem

min
ξ∈Rs+1

‖Wr ,sξ + �xr‖, (15)

where Wr ,s = [�2xr , . . . ,�2xr+s] ∈ R
n×(s+1) and �2xi = �xi+1 − �xi . Equivalently,

the extrapolated vector can be expressed like in (12), with coefficients obtained by solving
the following constrained problem

min
γ∈Rs+2

‖Kr ,s+1γ ‖, subject to
s+1
∑

j=0

γ j = 1, (16)

with γ = (γ0, . . . , γs+1)
T . The solutions of (15) and (16) are related as follows

γ0 = 1 − ξ0, γi = ξi−1 − ξi , i = 1, . . . , s, γs+1 = ξs .

The MPE, the RRE and the VEA are extensions to the non-scalar Shanks scalar sequence
transformation. They are described in [15] and in [13], The MMPE also enters into the
same type of methods and has the same type of property for its kernel. Moreover, it can be
recursively implemented by the Sβ-algorithm due to Jbilou [33, 35].

4.3 Vector Epsilon Algorithm

Another possibility isWynn’s VEAmethod [50], the very first vector extrapolation algorithm
to appear.

The algorithm is the vectorial generalization of Shanks’ ε-algorithm [46]. It consists of
an initialization step

ε
(r)
−1 = 0, ε

(r)
0 = xr , r = 0, 1, . . . ,
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Table 1 Vector epsilon algorithm
computing table x0

0 ε
(0)
1

x1 ε
(0)
2

0 ε
(1)
1 ε

(0)
3

x2 ε
(1)
2 ε

(0)
4

0 ε
(2)
1 ε

(1)
3 ε

(0)
5

x3 ε
(2)
2 ε

(1)
4 ε

(0)
6

0 ε
(3)
1 ε

(2)
3 ε

(1)
5

. . .

x4 ε
(3)
2 ε

(2)
4

. . .

0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

followed by the iteration

ε
(r)
k+1 = ε

(r+1)
k−1 + [ε(r+1)

k − ε
(r)
k ]−1, r , k = 0, 1, . . . , (17)

where the inverse of a vector is actually its Moore–Penrose pseudoinverse, that is,

x−1 := x
xT x

= (x†)T . (18)

The vectors ε
(r)
k computed by the algorithm are displayed in Table 1 as a double entry

table according to the following computational scheme

ε
(r+1)
k−1 ε

(r)
k+1

ε
(r)
k

ε
(r+1)
k

We are interested in even columns of Table 1. Indeed, ε
(r)
k is an extrapolated solution,

obtained using the k + 1 vectors xr , . . . , xr+k , only if k is even. Odd columns of the table
contain temporary vectors needed for the computation. In order to preserve our notation we
set

y(r)
k =

{

ε
(r)
k , if k even,

ε
(r+1)
k−1 , if k odd.

It was proved in [37] that the kernel of the vector ε-algorithm contains the set of vector
sequences satisfying (7). It was shown in [16], at least for the first step of the algorithm,
that it also contains other sequences. However, due to the complexity of the algorithm (the
vectors it produces can be expressed as ratios of designants, a noncommutative extension
of determinants [45]), it was not possible to characterize them further. Numerous numerical
experiments had shown that VEA performs much better than MPE and RRE. This will be
also documented in the numerical experiments section of this paper.

In the following, wewill consider vectors expressed as linear combinations of independent
vectors {v1, v2, . . . , vn} with generic coefficients δi , i = 1, . . . , n. In this paper, such linear
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combinations coincide with (2) in the case of TSVD, and with (5) for TGSVD. Anyway, the
following results are quite general and hold in the general case.

When VEA is applied to a sequence produced by TSVD or TGSVD, the extrapolated
vectors retain a similar structure. To prove this property, it is useful to consider the following
lemma.

Lemma 1 If a vector x is a linear combination of linear independent vectors {v1 . . . , vr }, the
vector x−1 defined in (18) is a linear combination of the same set of vectors.

Proof If x = ∑r
i=1 δivi , then

x−1 = x
xT x

= 1

‖x‖22

r
∑

i=1

δivi =
r

∑

i=1

δ̃ivi ,

with δ̃i = δi/‖x‖22. 	


Theorem 1 Let {v1, . . . , vn} be linearly independent in R
n and let the vector epsilon

algorithm be applied to the sequence

xr =
r

∑

i=1

δivi , r = 0, 1, . . . , n. (19)

Then, for k = 1, . . . , � n
2 �, the extrapolated vectors can be written in the form

ε
(r)
2k−1 =

r+2k−1
∑

i=r+1

α
(r)
2k−1,ivi , r = 0, . . . , n − 2k + 1,

ε
(r)
2k = xr +

r+2k
∑

i=r+1

α
(r)
2k,ivi , r = 0, . . . , n − 2k,

(20)

for certain coefficients α
(r)
2k−1,i and α

(r)
2k,i whose explicit expression will be given in the

proof.

Proof To simplify notation, we set α(r)
k,i = 0 for k ≤ 0 or i < r + 1, that is, outside the index

ranges in summations (20).
First, we observe that from (19) it follows

xr+1 − xr = δr+1vr+1. (21)

The proof proceeds by induction. In the case k = 0, both sums in (20) are empty, so we
obtain the two initialization columns of the algorithm

ε
(r)
−1 = 0, ε

(r)
0 = xr ;

see Table 1.
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Now, let us assume that (20) are valid for a given k, We are going to prove that ε(r)
2k+1 and

ε
(r)
2k+2 have a similar structure. We observe that, from (21),

ε
(r+1)
2k − ε

(r)
2k = xr+1 +

r+2k+1
∑

i=r+2

α
(r+1)
2k,i vi − xr −

r+2k
∑

i=r+1

α
(r)
2k,ivi

= (δr+1 − α
(r)
2k,r+1)vr+1 +

r+2k
∑

i=r+2

(α
(r+1)
2k,i − α

(r)
2k,i )vi + α

(r+1)
2k,r+2k+1vr+2k+1

=
r+2k+1
∑

i=r+1

β
(r)
2k+1,ivi

where

β
(r)
2k+1,i =

⎧

⎪

⎨

⎪

⎩

δr+1 − α
(r)
2k,r+1, i = r + 1,

α
(r+1)
2k,i − α

(r)
2k,i , i = r + 2, . . . , r + 2k,

α
(r+1)
2k,r+2k+1, i = r + 2k + 1.

Note that, for k = 0 this reduces to

β
(r)
1,r+1 = δr+1.

By Lemma 1, setting

β
(r)
2k+1 = (β

(r)
2k+1,r+1, β

(r)
2k+1,r+2, . . . , β

(r)
2k+1,r+2k+1)

T ∈ R
2k+1,

we obtain

[ε(r+1)
2k − ε

(r)
2k ]−1 =

r+2k+1
∑

i=r+1

β̃
(r)
2k+1,ivi , with β̃

(r)
2k+1,i = β

(r)
2k+1,i

‖β(r)
2k+1‖2

.

The expression we are looking for is then

ε
(r)
2k+1 = ε

(r+1)
2k−1 + [ε(r+1)

2k − ε
(r)
2k ]−1

=
r+2k
∑

i=r+2

α
(r+1)
2k−1,ivi +

r+2k+1
∑

i=r+1

β̃
(r)
2k+1,ivi =

r+2k+1
∑

i=r+1

α
(r)
2k+1,ivi ,

where

α
(r)
2k+1,i =

{

α
(r)
2k−1,i + β̃

(r)
2k+1,i , i = r + 2, . . . , r + 2k,

β̃
(r)
2k+1,i , i = r + 1, r + 2k + 1.

In particular, for k = 0 we have

α
(r)
1,r+1 = β̃

(r)
1,r+1 = 1

δr+1
.

Similar arguments lead to

ε
(r)
2k+2 = xr +

r+2k+2
∑

i=r+1

α
(r)
2k+2,ivi ,
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with coefficients obtained by setting

β
(r)
2k+2,i =

⎧

⎪

⎨

⎪

⎩

−α
(r)
2k+1,r+1, i = r + 1,

α
(r+1)
2k+1,i − α

(r)
2k+1,i , i = r + 2, . . . , r + 2k + 1,

α
(r+1)
2k+1,r+2k+2, i = r + 2k + 2,

β
(r)
2k+2 = (β

(r)
2k+2,r+1, β

(r)
2k+2,r+2, . . . , β

(r)
2k+2,r+2k+2)

T ∈ R
2k+2.

With β̃
(r)
2k+2,i = β

(r)
2k+2,i/‖β(r)

2k+2‖2, it finally holds

α
(r)
2k+2,i =

⎧

⎪

⎨

⎪

⎩

δr+1 + β̃
(r)
2k+2,r+1, i = r + 1,

α
(r+1)
2k,i + β̃

(r)
2k+2,i , i = r + 2, . . . , r + 2k + 1,

β̃
(r)
2k+2,r+2k+2, i = r + 2k + 2.

The above formula, for k = 0, simplify to

β
(r)
2,i =

{

−α
(r)
1,r+1 = −δr+1, i = r + 1,

α
(r+1)
1,r+2 = δr+2, i = r + 2,

so that ‖β(r)
2 ‖2 = δ2r+1 + δ2r+2, and

α
(r)
2,i =

{

δr+1 + β̃
(r)
2,r+1 = δr+1 − δr+1/

(

δ2r+1 + δ2r+2

)

, i = r + 1,

β̃
(r)
2,r+2 = δr+2/

(

δ2r+1 + δ2r+2

)

, i = r + 2.

This completes the induction. 	

The above theorem can be applied to extrapolate sequences of vectors generated by either

the TSVD or the the GSVD. It also suggests an alternative algorithm for computing extrap-
olated vectors, which performs a recursion on the coefficients, rather than on the sequence
vectors. The new approach requires less storage space than the standard application of (17)
and, in our experiments, is faster than that. We believe that it might also be more stable in
computations involving long extrapolation sequences. In our case, where the length of the
vector sequence is deliberately kept small, we did not observe any stability issues. We defer
to future work the investigation of properties and performance of the new computational
scheme for VEA, under the assumptions of Theorem 1.

5 Comparison of Regularized and Extrapolated Solutions

Following an approach similar to [6], our aim is to determine a criterion to estimate the
value of the parameter of a regularization method and, possibly, improve the accuracy of the
selected regularized solution.

In [6], the authors apply the RRE method to the sequence of solutions produced by either
TSVD and LSQR [41, 42]. They propose to keep r = 0 fixed in (15) and let s vary in
order to obtain different extrapolated vectors. According to our notation, they compute the
extrapolated vectors tk = y(0)

k , k = 1, 2, . . . , by using the solutions {x�}0≤�≤k obtained by
the two regularization methods. In the case of TSVD, the vectors tk are expressed as sums
of singular vectors by introducing suitable filter factors.

The algorithms, called RRE-TSVDor RRE-LSQR, respectively, choose the regularization
parameter as the index k for which either the relative difference between two successive
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vectors is below the machine precision eps = 2.22 · 10−15, that is,

‖tk − tk−1‖
‖tk−1‖ < eps,

or when the difference ‖tk − xk‖ is the smallest; see Algorithm 1 and Example 4.1 in [6].
Our approach is different. Indeed,wecompute extrapolated solutionsy(r)

k byfirstly increas-
ing the number k of vectors to extrapolate until it reaches a chosen value s, and then letting
the index r of the first vector of the sequence vary. The corresponding extrapolated solutions
are

t(s)� =

⎧

⎪

⎨

⎪

⎩

x�, � = 0, 1, 2,

y(0)
�−1, � = 3, . . . , s,

y(�−s−1)
s , � > s.

(22)

The reason for this choice of notation is that in order to apply one of the extrapolation
methods described in Sect. 4 at least three vectors are needed. This explains why the first
three extrapolated vectors are equal to those of the original sequence.

When � > s, the extrapolated sequence is actually x�−s−1, . . . , x�−1, and t
(s)
� is expected

to approximate x�. Keeping the number of vectors in the sequence fixed at a relatively
small value has two positive effects. Firstly, in discrete ill-posed problems A is typically
dominated by few large singular values, so the solution is in a space of small dimension and
its behaviour is usually well represented by the last few regularized solutions before noise
propagation makes the sequence diverge. Secondly, a small s is attractive because it reduces
the computational load for constructing each extrapolated solution.

Another difference in our approach is that we investigate the performance of different
extrapolation techniques than RRE, such as MPE and VEA. Indeed, the kernel of the extrap-
olationmethod, that is the set of vectors that can be reproduced by themethod, determines the
variety of solutions that can be recovered.Moreover, thismethodswill be applied to sequences
of TSVD and LSQR solutions, like it was done in [6], but also to TGSVD solutions, when a
regularization matrix is involved in regularization.

Wewould like to choose as a regularization parameter the index �extr forwhich the quantity

ρ� = ‖t(s)� − x�‖∞
‖t(s)� + x�‖∞

, � = 3, 4, . . . , (23)

is the smallest.
Since the behaviour of the regularized solution x� is erratic for large values of �, choosing

the absolute minimum of ρ� often leads to an overestimation of the parameter. So, we look
for some sort of relative minimum, i.e., for a chosen k̄ ∈ N, we select as a regularization
parameter the first index �extr such that

ρ�extr ≤ ρ�, for � = 1, . . . , �extr + k̄.

In our experiments we set k̄ = s.
We denote this parameter estimation procedure regularized and extrapolated solutions

comparison (RESC). When it is applied to the extrapolation methods of Sect. 4, it will be
called RESC-MPE, RESC-RRE, and RESC-VEA, respectively.

Once the parameter is estimated, we may take as an approximation of the solution either
the regularized vector x�extr or the extrapolated vector t(s)�extr

. We will show that the latter is
often numerically more accurate than the former.
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Table 2 Test matrices and
condition numbers estimated by
the cond function of Matlab; the
examples are taken from
Regularization Tools [31], except
Hilbert and Lotkin, which are
provided by Matlab

n = 36 n = 100

Hilbert 2.93 · 1018 3.45 · 1019
Heat 4.07 · 1023 2.52 · 1037
Shaw 1.14 · 1018 6.83 · 1018
Lotkin 1.08 · 1019 3.18 · 1019
Baart 2.84 · 1017 1.52 · 1018
Phillips 4.35 · 1004 2.64 · 1006
Foxgood 3.26 · 1018 7.63 · 1018
Gravity 7.28 · 1010 1.99 · 1018

We remark that when MPE is applied to a TSVD sequence xr , . . . , xr+s+2 computed by
(2), we have that

�x� = x�+1 − x� = uT�+1b

σ�+1
v�+1,

so that Kr ,s in (11) is an orthogonal matrix, and the vector�xr+s+1 is orthogonal to all its
columns. Then, normal equations (13) lead to p = 0, that is, p(y) = ys+1. This means that
the extrapolated solution y(r)

s+2 is simply xr+s+1. This shows that the MPE method exactly
reproduces the TSVD solutions, so it does not add any information to the sequence.

If the TGSVD sequence (5) is considered, we have

�x� := δt−� zt−�, with δt−� = uTt−�b

ct−�−n+p
,

and the matrix in (11) becomes

Kr ,s = [zt−r , . . . , zt−r−s−1] diag(δt−r , . . . , δt−r−s−1).

Since thematrix Z in (4) is not orthogonal, in general, theMPEmethod yields extrapolated
solutions which are different from the vectors in the starting sequence.

6 Computed Examples

To assess the performance of the proposed extrapolationmethods, even in comparison to other
competitors, we tested them on a large number of model problems with known solution. Each
one of them is constructed by selecting an ill-conditioned matrix A ∈ R

n×n and a model
solution x̂ ∈ R

n . After computing the exact right-hand sidêb = Âx, we add a noise vector
e, sampled from a normal distribution, scaled so that ‖e‖ = η‖̂b‖ for a fixed noise level η,
to obtain a data vector b = ̂b + e.

Combining the following possibilities we obtain 23040 problems in total:

– 8 test matrices (see Table 2);
– 8 model solutions (see Table 3);
– 2 sizes: 36 × 36 and 100 × 100;
– 3 regularizationmatrices L = I , D1, D2, that is, the identitymatrix and the discretization

of the first and second derivatives, respectively;
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Table 3 Model solutions
x̂ = (̂x1, x̂2, . . . , x̂n); each row
shows the value of x̂k ,
k = 1, . . . , n.

ones x̂k = 1

linear x̂k = k/n

sinpi x̂k = sin((k − 1)π/n)

parabola x̂k = (k − n/2)2/(n/2)2

sin2pi x̂k = sin(2(k − 1)π/n)

lin+sin2pi x̂k = k/n + 0.25 sin(2(k − 1)π/n)

sinexp x̂k = sin(exp(−4 + 6(k − 1)/(n − 1)))

given solution from [31]; for Hilbert and Lotkin

we use the solution from the Shaw example

– 6 noise levels: η = 10−1, 10−2, . . . , 10−6;
– 10 realizations of the random vector e for each noise level.

We denote this set of examples by the symbol E .
For each example, we compute the T(G)SVD sequence x� and choose the truncation

parameter �extr as described in Sect. 5. In order to ascertain the accuracy of the results, we
consider the following quality index for an approximated solution vectorw computed by one
of the method considered

Q(w) = ‖̂x − w‖
‖̂x − xkopt‖

,

where

kopt = argmin
�

‖̂x − x�‖ (24)

denotes the truncation index corresponding to the best solution in the sequence x�. A value
Q(w) = 1 means that the solution w is as good as xkopt , while large values of Q characterize

inaccurate solutions. The situation Q(w) < 1 is unlikely but possible, since w = t(s)�extr
is an

extrapolated solution which is not contained in the sequence x�.
We consider a test a success if Q(w) ≤ 10, a failure if 10 < Q(w) ≤ 102, a severe failure

if Q(w) > 102.

6.1 Comparing RESC-MPE, RESC-RRE, and RESC-VEA

In the first experiment we compare the accuracy of the different extrapolation techniques
adopted in the RESC method. We let the parameter s, introduced in Eq. (22), vary in the
range s = 2, 4, . . . , 12. This parameter determines the number of vectors in the sequence
that are used to compute an extrapolated solution.

For each value of s, we apply to the test set E the three extrapolation approaches RESC-
MPE, RESC-RRE, and RESC-VEA, for estimating the truncation parameter k in TSVD or
TGSVD, depending on being L = I or L �= I . This produces, for each model problem, three
different solutions x�extr and the corresponding quality indices Q(x�extr). The three continuous
lines in Fig. 1 show the percentage of failures and of severe failures produced by the three
methods, with respect to the variation of s. The three methods are roughly equivalent, with
the MPE extrapolation method producing slightly less trustable results, since it exhibits the
worse performance in the right-hand side graph, which reports the severe failures.

123



Journal of Scientific Computing            (2025) 103:9 Page 15 of 22     9 

Fig. 1 Percentage of failures, on the left, and severe failures, on the right, for the various approach considered
in RESC applied to the group of test problems

Fig. 2 Percentage of experiments

(s = 10) for which Q(t(s)
�extr

) ≤ q,
with q ∈ [0.5, 1]. This means that
the extrapolated solution
produces an error smaller than
the optimal T(G)SVD solution by
a factor of q

The same procedure is applied to obtain the extrapolated vectors t(s)�extr
and the correspond-

ing quality indices Q(t(s)�extr
). The results are reported as dashed line in Fig. 1. It is evident that

the extrapolated solutions perform much better than the T(G)SVD solution with the trunca-
tion index determined by criterion (23). Also in this case, RRE and VEA perform better than
MPE, with a slight improvement for VEA, whose severe failures fall below 1% for s = 12. In
any case, a value of s around 8–10 seemsmore than sufficient to obtain a trustable regularized
solution. Larger values of s may produce a small improvement in the results, but slow down
the execution time. What often happens is that the curves in Fig. 1 exhibit a plateau where
the results are substantially equivalent. It must also be noticed that for those model problem
where the optimal truncation parameter is very small, the number of sequence vectors used
to compute the extrapolated solution is always smaller than s. This is due to definition (22).

Given the success of extrapolated solutions, it is natural to wonder if it may happen
that such solution is more accurate than the “optimal” solution, whose truncation index
is defined by Eq. (24), that is, if Q(t(s)�extr

) < 1 for some numerical experiment. Figure 2
displays the percentage of tests for which this happens, showing that in a sensible number of
experiments the extrapolated solution performs better than the optimal T(G)SVD solution.
Also in this case, RESC-VEAproduces the best results; for example, in 1%of the experiments
Q(w) < 0.85.
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Fig. 3 Some examples with Q(t(s)
�extr

) < 1. On the left, the Phillips example with the given solution; in this

case Q(t7) = 0.74. On the right, the Foxgood example with the lin+sin2pi solution; here Q(t4) = 0.41. In
both cases, η = 0.1, n = 100 and s = 10

To further illustrate this aspect, we plot in Fig. 3 the regularized solutions obtained in two
experiments where it results Q(t(s)�extr

) ∈ [0.5, 1]. They regard the Phillips and the Foxgood
test matrices with two particular solutions and noise level η = 0.1. In both cases, the exact
solution is compared to the optimal solutionxkopt , the solutionx�extr identified by the truncation
parameter estimated byRESC-VEAwith s = 10, and the corresponding extrapolated solution
t(s)�extr

.

6.2 Comparing RESC-VEA to Other EstimationMethods

Since RESC-VEA is the method which performs better on the test set E , here we compare it
to other well-known regularization parameter estimation methods.

In general, the most widely used method for estimating a regularization parameter is
Morozov’s discrepancy principle [39]. It has a sound theoretical framework, and requires the
knowledge of the noise level; see [25, Chapter 4] for a complete discussion. In particular, it
has been proved that, under suitable assumptions, the regularized solution identified by the
discrepancy principle converges to the least-squares solution when the noise level decreases
to zero.

It is known that estimation methods, like the ones we discuss here, which do not make
use of information on the noise will fail on specific examples [2]. Nevertheless, there are
interesting results on the analysis of their convergence [36]. Moreover, in many important
applications only generic information on the distribution of the noise is available, and its level
is often unknown. For this reason, we only compare RESC-VEA to other such “heuristic”
estimation methods.

Many methods exist for the estimation of a discrete regularization parameter; see [43] for
a review. We report here a comparison to the two methods which proved to be most effective
in our experimentation, namely, the quasi-optimality criterion and the L-curve method.

The quasi-optimality criterion was introduced by Morozov in [39]; see also [2, 3]. In our
setting, the index of the regularized solution is chosen in order to minimize the norm of the
difference between two successive T(G)SVD solutions, that is,

kqo = argmin
k

‖xk+1 − xk‖.
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Table 4 Comparison of 4 estimation methods on the test set E

Matrix xk Quasi-Opt xk Corner xk RESC-VEA t(10)k RESC-VEA
> 101 > 102 > 101 > 102 > 101 > 102 > 101 > 102

Hilbert 30 0 491 439 486 312 56 5

Heat(1) 170 31 665 464 405 89 289 83

Shaw 522 42 503 375 568 54 357 25

Lotkin 79 1 725 669 659 402 63 10

Baart 66 0 543 467 813 512 93 10

Phillips 700 229 906 317 242 54 240 58

Foxgood 102 1 927 775 938 629 224 28

Gravity 336 24 802 394 168 6 99 0

TOTAL 2005 328 5562 3900 4279 2058 1421 219

(23040) 9% 1% 24% 17% 19% 9% 6% 1%

For each method, we report the number of failures (Q > 101) and severe failures (Q > 102). Results are
grouped according to test matrix

The L-curve method is based on considering the curve obtained by joining the points

(log ‖xk‖, log ‖b − Axk‖), k = 1, . . . , n.

The shape of such curve often resembles a letter “L”, that is, it presents two almost linear
parts joining at a point with high curvature. The method chooses the index of the solution
xklc corresponding to this “corner” [28, 29]. There are different numerical procedures to
accomplish this task, we used the “corner” algorithm, described in [32].

The results of the comparison are displayed in Table 4. The first column contains the name
of the test matrices used in the experiments. Each of the following columns reports, for each
method, the number of failures (Q > 101) and severe failures (Q > 102) observed in the
23040 tests. The last row shows the cumulative results in terms of both number of tests and
percentage. For all methods, we show the results produced by the regularized solutions xk ,
whose index k has been estimated by the methods. In the case of RESC-VEA, we also display
the results obtained by the extrapolated solution t(s)k , with s = 10.

It is clearly seen that the extrapolated solution identified by RESC-VEA (fifth column) is
the only one which can compete with the results produced by the quasi-optimality criterion,
in the second column. The other two methods considered, in the third and fourth columns,
give good results, but of lesser accuracy. It is also remarkable that the extrapolated solution
from RESC-VEA is quite robust, as the number of severe failures does not vary much with
respect to different test matrices.

The same numerical results can be observed in Tables 5, 6 and 7, grouped in terms of
model solution, regularizationmatrix, and noise level, respectively. They confirm the previous
remarksmade on the fourmethods. The second andfifth columns ofTable 7 showa substantial
increase in the number of failures for the smallest noise level. This is a known problem, as
some heuristic methods are able to effectively estimate a regularization parameter only when
the effect of the noise is enough sensible in the data.

Finally, we compare RESC-VEA to the RRE-TSVD method described in [6]. Since the
method was introduced for problems in standard form (L = I ) we consider the test set
E0 ⊂ E , which limits the experiments to this case.
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Table 5 Comparison of 4 estimation methods on the test set E

Solution xk Quasi-Opt xk Corner xk RESC-VEA t(10)k RESC-VEA
> 101 > 102 > 101 > 102 > 101 > 102 > 101 > 102

given 455 193 547 303 571 276 304 93

ones 312 94 2196 1810 1507 872 313 44

sinpi 129 2 440 252 305 102 71 2

sin2pi 215 5 260 85 160 36 78 2

linear 206 4 1184 913 785 480 174 19

parabola 310 21 286 147 266 92 76 2

lin+sin2pi 187 3 398 234 255 95 66 3

sin(exp) 191 6 251 156 430 105 339 54

TOTAL 2005 328 5562 3900 4279 2058 1421 219

For each method, we report the number of failures (Q > 101) and severe failures (Q > 102). Results are
grouped according to model solution

Table 6 Comparison of 4 estimation methods on the test set E

L xk Quasi-Opt xk Corner xk RESC-VEA t(10)k RESC-VEA
> 101 > 102 > 101 > 102 > 101 > 102 > 101 > 102

I 639 167 1418 327 724 125 457 64

D1 488 70 1385 1151 1143 467 384 62

D2 878 91 2759 2422 2412 1466 580 93

TOTAL 2005 328 5562 3900 4279 2058 1421 219

For each method, we report the number of failures (Q > 101) and severe failures (Q > 102). Results are
grouped according to regularization matrix

Table 7 Comparison of 4 estimation methods on the test set E

η xk Quasi-Opt xk Corner xk RESC-VEA t(10)k RESC-VEA
> 101 > 102 > 101 > 102 > 101 > 102 > 101 > 102

10−6 511 176 1013 603 628 338 372 120

10−5 497 99 896 542 584 264 330 39

10−4 430 42 822 484 587 236 303 6

10−3 287 3 706 469 567 238 163 4

10−2 178 2 725 594 704 370 99 14

10−1 102 6 1400 1208 1209 612 154 36

TOTAL 2005 328 5562 3900 4279 2058 1421 219

For each method, we report the number of failures (Q > 101) and severe failures (Q > 102). Results are
grouped according to noise level
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Table 8 Comparison of the RRE-TSVD method from [6] and RESC-VEA (with s = 6) on the test set E0
Matrix xk RRE-TSVD tk RRE-TSVD xk RESC-VEA t(6)k RESC-VEA

> 101 > 102 > 101 > 102 > 101 > 102 > 101 > 102

Hilbert 960 960 4 0 9 0 5 0

Heat(1) 445 270 32 12 80 31 80 31

Shaw 959 955 202 39 212 3 225 10

Lotkin 960 960 51 0 81 21 10 0

Baart 959 959 9 0 105 4 6 0

Phillips 870 715 248 93 69 10 69 10

Foxgood 960 960 25 0 163 51 13 3

Gravity 960 948 82 27 56 0 56 0

TOTAL 7073 6727 653 171 775 120 464 54

(7680) 92% 88% 9% 2% 10% 2% 6% 1%

For each method, we report the number of failures (Q > 101) and severe failures (Q > 102). Results are
grouped according to test matrix

In [6], the RRE-TSVD method is mostly considered as a parameter estimation criterion.
The possibility to use the estimated parameter k to identify both the regularized solution xk ,
taken from the TSVD sequence, and the kth extrapolated vector tk is not discussed there.
Since it is a trivial extension, we consider both implementations.

Table 8 reports the results similarly to Table 4, that is, grouped according to testmatrix. The
two implementations of RRE-TSVD are compared to the corresponding implementations of
RESC-VEA. For the last method, we set s = 6 to show that even extrapolating a rather short
sequence of vectors the results are quite good. In this case, we obtained slightly best results
setting s = 10.

From the table it is clear that, on this particular set of examples, RRE-TSVD does not
performs well as a parameter estimation method, anyway its results are highly competitive
if the RRE extrapolated solution is used instead. The results produced by RESC-VEA are
sensibly better, confirming the superiority of the new approach which couples the VEA
extrapolation scheme to a short sequence of vectors.

7 Conclusion

In this paper, a newmethod for estimating the regularization parameter in TSVD and TGSVD
has been introduced, based on the analysis of a sequence of extrapolated solutions derived
from the original T(G)SVD sequence. It is similar to the method introduced in [6], with
some important differences. In the new approach, the length of the extrapolating sequence
is kept fixed and extrapolation methods different from RRE are considered. Moreover, we
also propose to replace the identified T(G)SVD solution by its extrapolated version, and
numerical tests show that this approach is particularly successful. Experiments also show
that the VEA extrapolation method performs better than MPE and RRE, and we propose a
new implementation of the VEA scheme, under the particular assumptions of our problem,
that reduces memory storage and complexity. A complete study of this scheme is deferred
to future work.
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A limitation of the proposed approach is the use of TSVD and TGSVD, which limit the
applicability of the method to small size problems. It is our intention to apply the investigated
extrapolation methods to regularization techniques suitable for large scale problems, e.g.,
hybrid methods based on projection in Krylov subspaces [19, 21].

In conclusion, the paper confirms the great potential of extrapolation in the solution of
discrete ill-posed problems, already observed in various other references.
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