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Introduction

Smooth distributions on smooth manifolds, i.e. smooth sub-bundles of
the tangent bundle, play a central role in differential geometry. Since the
space Dist(k,M) of distributions of rank k on M is very complicated, it
is common to study families of distributions which satisfy some geometric
properties. The theory of foliations, for example, studies properties of
integrable distributions. We are interested in the study of distributions on
the other end of the spectrum: maximally non-integrable ones.

A hyperplane distribution (Mn, Hn−1) is maximally non-integrable if
we can write it locally as the kernel of a 1-form α such that the restriction
of dα to H has maximal rank. If the dimension is odd n = 2k + 1, this
translates to α∧ dαk 6= 0 and such distributions are called contact structures.
If instead n = 2k+2 and α∧dαk 6= 0, then H is called even contact structure.
Notice in the latter that the form α ∧ dαk is not a top degree form; it is
a nowhere vanishing (n − 1)-form, hence it has a one dimensional kernel
W = ker(α ∧ dαk) called characteristic foliation. This line field is uniquely
determined by the conditions W ⊂ H and [W,H] ⊂ H.

In this thesis we focus on Engel structures, which are another family
of maximally non-integrable distributions. An Engel structure is a rank 2
distribution D on a 4-dimensional manifold M which satisfies the conditions

• E := [D,D] is a rank 3 distribution;

• [D, E ] = TM , i.e. E is even contact.

Let W denote the characteristic foliation of E . It turns out that these
distributions form a flag

W ⊂ D ⊂ E ⊂ TM

called the Engel flag of D. The existence of this flag gives strong constraints
on the topology of M . For instance M has a parallelizable 4-cover. Moreover
every φ : M → M such that φ∗D = D must verify φ∗E = E and hence
φ∗W =W. This makes the study of homotopies and symmetries of Engel
structures very involved.

We have a Darboux-type theorem for Engel structures, meaning that
there exists a standard model (R4, Dst) to which every Engel manifold (M, D)
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INTRODUCTION ii

is locally isomorphic. This was proven by Engel in [Eng]. Analogous results
hold for contact and even contact structures (see [Car]). In fact the exis-
tence of Darboux neighbourhoods, together with maximal non-integrability,
characterises them among distributions. More precisely we say that a family
of distributions A ⊂ Dist(k,M) is topologically stable if it is open and for
each point p ∈M the germs of diffeomorphisms at p act transitively on the
germs of distributions in A. One can rephrase these conditions by saying
that there exists a local model (Rn, Hst) to which every distribution H ∈ A
is locally diffeomorphic, even after small perturbations. The following result
ensures that, together with line fields, (even) contact and Engel structures
are the only stable distributions.

Theorem [Car, GeVe]. Given Mn, a family A ∈ Dist(k,M) is topologically
stable and maximal if and only if it is one of the following:

• n arbitrary and k = 1, i.e. line fields;

• n odd, k = n− 1 and A is the set of contact structures;

• n even, k = n− 1 and A is the set of even contact structures;

• n = 4, k = 2 and A is the set of Engel structures.

Line fields [Kat, Sma] and contact structures [Ben, El1, Gei] are exten-
sively studied and stand as active research domains. Even contact structures
obey a complete h-principle [McDu] making them very different from contact
structures. It is still not known if Engel structures admit a complete h-
principle. They appear in many natural constructions dating back to Cartan
and more recently many existence results were established [CPPP, PV, Vog3].

In this work we study the relations between Engel structures and other
natural geometric structures on M . In particular, we consider compatibility
properties with Riemannian metrics and how specific metric properties influ-
ence the symmetry of an Engel structure. Moreover, we study dynamical
properties of the characteristic foliation W . We are interested in understand-
ing which even contact structures (W, E) are induced by Engel structures,
and we explore some natural conditions on W which ensure that this hap-
pens. We also study the holomorphic analogue of Engel structures. These are
holomorphic rank 2 distributions on complex 4-manifolds which satisfy the
same non-integrability conditions. We provide examples of such structures
on C4 which are not biholomorphic to the standard one.

Metric properties of Engel structures
The results in Chapter 2 concern Riemannian properties of Engel struc-

tures. The main source of inspiration is the theory of contact metric struc-
tures and the strategy is to fix some additional structure on D. Namely, two
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1-forms α and β satisfying D = kerα ∧ β and such that

α ∧ dα 6= 0, α ∧ β ∧ dβ 6= 0 and α ∧ dα ∧ β = 0,

are called Engel defining forms. They determine a distribution R = 〈T, R〉
transverse to D via

iT (α ∧ dβ) = 0, β(T ) = 1, α(T ) = 0,
iR(β ∧ dβ) = 0, β(R) = 0, α(R) = 1.

This is called the Reeb distribution associated with α and β. A natural
question to ask is whether we can choose Engel defining forms so that the
associated Reeb distribution is integrable. The solution to this problem is
not known in general, but it turns out that some metric properties ensure a
positive answer in many cases. Since a choice of Engel defining forms α and
β determines uniquely the splitting TM = D ⊕R, it is natural to consider
Riemannian metrics g which satisfy D⊥ = R.

Theorem. Let D = kerα ∧ β be Engel and let g be a metric such that
D⊥ = R. If D is totally geodesic, then there exists a nowhere vanishing
function µ ∈ C∞(M) such that β̃ = µβ satisfies dβ̃2 = 0. In particular, R̃ is
integrable.

The converse of this result is most likely false, but we could not provide
a counterexample.

Other conditions for integrability are given by the existence of Engel
vector fields (i.e. vector fields whose flow preserves D) with some additional
properties. A K-Engel structure is an Engel structure (M,D) together with
a metric g and a vector field Z which is Engel, Killing and orthogonal to E .
The existence of such a vector field allows the construction of defining forms
α and β satisfying dα2 = 0 = dβ2 and β ∧ dα = 0. This in turn provides a
framing {W, X, T, R} for TM with W = 〈W 〉, D = 〈W, X〉 and such that
R = Z commutes with all other vector fields in the framing. This gives
strong constraints on the topology of the manifold and leads to the following
classification result.

Theorem. If (M,D) admits a K-Engel structure, then M is diffeomorphic
to one of the following:

• T 4;

• L(p, q)× S1 or S2 × T 2;

• a T 2-bundle over a surface;

• an S1-bundle over a 3-manifold.
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Here L(p, q) denotes the (p, q)-lens space, moreover we can very precisely
describe the bundle structures involved. It is unclear if each of these man-
ifolds admits a K-Engel structure and this question will be the subject of
a future work. The most interesting case here is that of S1-bundles over
3-manifolds, because all of these examples come from the Engel Boothby-
Wang construction. This is the analogue of the Boothby-Wang construction
of K-contact manifolds, and it also appeared in [Mit] under the name of
prequantum prolongation. A remarkable property of these structures is that
they all admit a contact filling. This means that they can be realized as
boundaries of a contact manifold (X, η) so that a collared neighbourhood of
∂X is isomorphic to the contactization of M , i.e. to the contact manifold
(M × R, η := β + sα). This is analogous to the notion of symplectic filling
of a contact structure, but it is unclear if this is a manifestation of rigidity
for Engel structures.

Dynamical properties of Engel structures
The main goal of Chapter 3 is to study the following

Question. If (M4, E) is even contact, does there exist an Engel structure D
such that [D,D] = E?

There are some obvious topological constraints, since a 4-cover of an
Engel manifold is parallelizable. For this reason we additionally assume
that E = kerα and that we have a framing E = 〈W, A, B〉 where W spans
the characteristic foliation. We consider homotopy classes of plane fields
DL = 〈W, L〉 where L ∈ E , and we look at the action on L of the flow φt of
W . For p ∈M and t ∈ R, we write(

Tφt (p)φ−t
)
L(φt(p)) = ρ(p; t)

(
cos θ(p; t) A(p) + sin θ(p; t) B(p)

)
modulo W(p). It is a classical fact that DL is Engel if and only if L rotates
without stopping, i.e. ∂tθ(p; t) > 0 for a suitable choice of orientation. The
idea is then to study the function θ(p; t) up to homotopy of L as a section of
E never tangent to W.

If p ∈ γ closed orbit of W of period T , we define the rotation number of
L(p) to be

rotγ(L(p)) = θ(p;T )− θ(p; 0).

The main issue with this definition is that rotγ(L(p)) is not invariant under
homotopies of L in the general case. In fact, we need to take into account the
type of the orbit γ (see Section 1.3.2). Indeed for parabolic and hyperbolic
orbits we can have that the rotation number of L(p) is not positive and yet
L is homotopic to an Engel structure.

It turns out that we need to consider all possible initial phases. Let Rη
be the rotation of S1 of angle η and consider Rη ◦ L, where we rotate the
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plane 〈A, B〉. Then we consider the maximum of the rotation number with
respect to these rotations max(rotγ(L)) and we have the following result.

Theorem. Let E = 〈W, A, B〉 be an even contact structure and γ a closed
orbit for W . Then L is Engel on γ up to homotopy within (W, E) if and only
if there exists a point p ∈ γ such that max(rotγ(L)) > 0.

For elliptic closed orbits γ the rotation number does not depend on the
initial phase, hence it is invariant under homotopies of L. We observe that if
γ bounds an embedded disc D2 ↪→ M then the class of vector fields L on
the disc is unique up to homotopy, which gives us the following result.

Corollary. Let E = 〈W, A, B〉 and L be as above, and γ an elliptic null-
homotopic closed orbit for W . Then L is homotopic to an Engel structure
on a neighbourhood of γ if and only if there is a point p ∈ γ such that
rotγ(L′(p)) > 0 for any choice of non-singular L′ ∈ Γ〈A, B〉.

It is very likely that other obstructions of this type arise if we consider
more complicated points in the non-wandering set of W . On the other hand,
if the dynamics of W are very simple, then positivity of the rotation number
on closed orbits is also sufficient for the existence of D. More precisely we
consider the case where W is a non-singular Morse-Smale (NMS) vector
field (see Section 3.5). The dynamics of these vector fields are completely
determined by the behaviour near finitely many closed orbits. This is the
reason why the rotation number is so powerful in this context.

Theorem. Let (M, E) be a closed, oriented even contact 4-manifold such that
we have a framing E = 〈W,A,B〉 with W = 〈W 〉. Suppose moreover that W
is Morse-Smale. Then there exists a positive Engel structure D inducing E if
and only if there exists a vector field L ∈ 〈A,B〉 such that max(rotγ(L)) > 0
for all γ characteristic closed orbits.

Remarkably we do not explicitly use the fact that E is an even contact
structure. The important hypothesis here is that E = 〈W, A, B〉 and that
the flow of W preserves E . For a fixed rank 3 distribution E on a manifold
Mn, we say that a plane field D ⊂ E is non-integrable within E if [D,D] = E .
Exactly the same proof yields the following result.

Theorem. Let E ↪→ TMn be a distribution of rank 3 with the above properties
and γ a closed orbit for W . A section L of E never tangent toW is maximally
non-integrable within E on γ up to homotopy if and only if max(rotγ(L)) > 0.

The special case n = 3 and E = TM furnishes obstructions to the
existence of contact structures D on M for which W is a Legendrian line
field. Using the same argument as above we can characterise non-singular
Morse-Smale vector fields on 3-manifolds which are Legendrian.
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Theorem. Let M be a closed, oriented 3-manifold such that we have a
framing TM = 〈W,A,B〉. Suppose moreover that W is Morse-Smale. Then
there exists a positive contact structure D such that W is Legendrian if and
only if there exists a vector field L ∈ 〈A,B〉 such that max(rotγ(L)) > 0 for
all γ closed orbits of W .

Exotic holomorphic Engel structures on C4

In Chapter 4 we present some results on the holomorphic analogues of En-
gel structures. All these results are obtained in collaboration with Rui Coelho
and contained in the paper [CoP]. The definitions of contact, even contact
and Engel structures still make sense in the holomorphic category. Moreover
we have a holomorphic version of the standard models and holomorphic
Darboux-type theorems.

There exists a classification of projective contact structures [KPSW]
and a partial classification of projective Engel structures [PrSC]. On the
other hand, holomorphic contact structures on open manifolds are not well
understood. An example of a holomorphic contact structure on C2n+1 which
is not standard is given in [For1]. We provide examples of holomorphic Engel
structures on C4 which are not standard.

Given H ⊂ TX a holomorphic distribution, an H-line is a holomorphic
map f : C → X which is tangent to H and not constant. The standard
Engel structure (C4,Dst) admits plenty of such tangent lines. Controlling the
geometry of such lines we can exhibit many examples of exotic holomorphic
Engel structures on C4.

Theorem [CoP]. On C4 there are Engel structures DE , DD and DW with
the following properties

1. DE admits no lines tangent to its induced even contact structure;

2. DD admits no DD-lines but does admit lines tangent to its induced even
contact structure;

3. DW admits no lines tangent to its characteristic foliation but does
admit DW-lines.

In particular these Engel structures are pairwise non-isomorphic and not
isomorphic to the standard Engel structure (C4,Dst).

Theorem [CoP]. For every n ∈ N∪{∞} there exists an Engel structure Dn
on C4 for which the only Dn-lines are tangent to the characteristic foliation
Wn, and such that

Ln := {p ∈ C4 : ∃f : C→ C4 Dn-line with f(0) = p}

is a proper subset of C4 which has exactly n connected components for n ∈ N,
and L∞ = C4.
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Theorem [CoP]. For every R ∈ R \ {0} there exists an Engel structure
DR for which the only DR-lines are tangent to the characteristic foliation
WR, and such that the set of points which admit such WR-lines is exactly
C × {0, 1, R

√
−1} × C2 ⊂ C4

(w,x,y,z). Moreover DR is isomorphic to DR′ if
and only if R = R′.
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Chapter 1

First results on Engel
structures

In this chapter we will introduce the basic notions that are needed
throughout the rest of the thesis. In Section 1.1 we present some facts
concerning the general theory of distributions on manifolds. In particular we
study properties of non-integrable distributions and foundational results such
as Chow’s Theorem. We introduce the concept of stable distribution and
present the Darboux models for contact, even contact and Engel structures.
The main reference for this section is [Mont1].

In Section 1.2 we present basic results on contact structures. Some aspects
of the theory of Engel structures are tightly linked to contact structures,
for this reason we will take inspiration from the contact case, especially in
Chapter 2. We present local neighbourhood theorems, give an overview on
existence results and discuss symplectic fillings. We also give basic definitions
in contact metric geometry and introduce K-contact manifolds. The main
references are [Gei] for the contact topology part and [Bla] for the contact
metric one.

In Section 1.3 we list several properties of even contact structures. After
a complete h-principle was established in [McDu], the theory of even contact
structures was not developed much further. Here we present the basic theory
as well as some results on even contact structures admitting characteristic
foliations with special dynamical properties (see also [KV]).

In Sections 1.4 and 1.6 we present the basic theory of Engel structures
and the topological constraints that a manifold has to satisfy in order to
admit an Engel structure. We will define the Engel flag of (M,D) and discuss
its orientability and consequences on the topology of M . In the chapters
that follow we will always suppose that M and D are orientable, so that
one can find a framing of D and extend it to a framing of the whole TM .
Section 1.5 furnishes an extensive list of constructions of Engel manifolds.
The main references for these sections are [P1, Mont1, Vog1].

1
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Finally in Section 1.7 we give an informal overview of existence results
for Engel structures. The goal is to present the main ideas of the works
[Vog3], [CPPP] and [PV].

1.1 Stable distributions
All the objects that we will deal with throughout the thesis are assumed

to be smooth, if not otherwise specified. The main object of study of this
work are distributions on manifolds. For a given smooth manifold M a
distribution H of rank k is a subbundle of rank k of the tangent bundle
H → TM . Locally H is a smooth map to the Grassmannian manifold of
k-planes Rn → Gr(Rn, k). This means that to each point p ∈M we smoothly
associate a subspace Hp ⊂ TpM of rank k. Equivalently one can think of
H as the sheaf associating to an open neighbourhood U ⊂M the collection
H|U of vector fields defined on U and tangent to some subspace of TM .

For a given distribution H of rank k, a very natural question to ask is
if it can be realized as the tangent bundle of a family of submanifolds of
M of dimension k. If this happens we say that H is integrable. Frobenius’
Theorem gives an answer in terms of commutators of vector fields tangent to
H. We will denote such vector fields by X ∈ ΓH. Thinking of H as a sheaf
we define

[H,H] = span
{

[X,Y ]
∣∣∣X,Y ∈ ΓH

}
,

that is the sheaf spanned by the Lie brackets of vector fields tangent to H.
Moreover we define H2 := H + [H,H] and inductively Hn := H + [H,Hn−1].
It is important to notice that H2 is only a subsheaf of TM and in general
not a distribution, because the rank of H2

p may vary with p.
Frobenius’ Theorem asserts that H is integrable if and only if [H,H] ⊂

H (for a proof see [Lee]). We are interested in distributions satisfying
integrability conditions which are, in some sense, on the opposite hand of
the spectrum. By definition we have H ⊂ H2 ⊂ · · · ⊂ TM , we say that H
is bracket-generating if HN = TM for some N ∈ N. The growth vector of
a bracket-generating distribution H at p ∈ M is the collection of natural
numbers (

rkHp, rkH2
p, · · · , rkHNp

)
.

Hence it keeps track of the rate of growth of H when we take successive
commutators. We say that H is strongly bracket-generating if its growth
vector is the maximal possible at every p.

The curvature of a distribution H is the linear bundle maps

F : H ∧H → TM/H s.t. F (X,Y ) = [X,Y ] mod H.

A hyperplane distributionH onM is maximally non-integrable if its curvature
is non-degenerate.
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Example 1.1.1. Consider the distribution H = 〈∂x, ∂y + x2∂z〉 on R3 =
{(x, y, z)}. It is easy to see that H2 = H⊕ 〈x∂z〉, which is not a distribution
because H2 = TR3 outside the (y, z)-plane πyz, whereas H2 = H on πyz.
On the other hand H3 = TR3, so that (2, 3, 3) outside πyz and (2, 2, 3) on
πyz. This distribution is hence bracket-generating but not strongly bracket-
generating.

Take insteadH = 〈∂x, ∂y+x∂z, ∂u, ∂v〉 on R5 = {(x, y, z, u, v)}. Obviously
H2 = TR5 so this distribution is strongly bracket-generating but its curvature
is degenerate, because ∂u and ∂v are contained in its kernel. Hence H is not
maximally non-integrable.

Finally H = 〈∂x, ∂y + x∂z, ∂u, ∂v + u∂z〉 on R5 = {(x, y, z, u, v)} is maxi-
mally non-integrable.

One can distinguish between different degrees of non-integrability by
studying (families of) submanifolds of M which are H-horizontal, i.e. ev-
erywhere tangent to H. It turns out that H-horizontal curves are already
very interesting. If F is a foliation, we can only join to points p, q ∈M by
a curve tangent to TF if p, q are in the same leaf of F . Bracket-generating
distributions behave very differently as the following classical result ensures
(see [Gro1] page 95 for a proof).

Theorem 1.1.2 (Chow’s Theorem). Let M be smooth and H → TM a
bracket-generating distribution. Any two points p, q ∈M can be joined by a
H-horizontal path γ. Moreover if H admits a global framing {X1, ..., Xk},
the path γ can be chosen to be a piecewise-smooth glueing of orbits of the Xi.

Non-integrable distributions are natural in the sense that a generic
distribution H on M is (maximally) non-integrable on a open dense subset
of M [MoZhi]. We put the compact-open topology on the space Dist(k,M)
of all distributions of rank k on Mn. This space is a Fréchet space with the
structure given by the limit of the Ck-norm topologies (see [Mont1]).

Definition 1.1.3. A family of distributions A ⊂ Dist(k,M) is topologically
stable if it is open and the germs of diffeomorphism at p ∈M act transitively
on the germs of distributions in A.

A way of rephrasing this is that there exists a model structure (Rn,Hst),
called Darboux model, such that every distribution in A is locally diffeomor-
phic to the Darboux model.
Example 1.1.4. The following are examples of stable distributions, many of
them date back to Cartan [Car, Eng].

Line fields: distributions of rank 1. These are automatically integrable
and the Flow Box Theorem furnishes the local model(

Rn, 〈∂x1〉
)
.
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Contact structures: distributions ξ of corank 1 on odd dimensional
manifolds M2n+1 which are maximally non-integrable. This means that
around each point p ∈ M there exists a 1-form η such that ξ = ker η and
η ∧ dηn 6= 0. If we choose coordinates (x1, y1, ..., xn, yn, z) on R2n+1, the
Darboux model for ξ is(

R2n+1, ξst = ker
(
dz −

n∑
i=1

xidyi
))

.

Even contact structures: the even-dimensional counterpart of contact
structures are distributions E of corank 1 on even dimensional manifolds
M2n+2 which are maximally non-integrable. This can be reformulated by
saying that around each point p ∈ M there exists a 1-form α such that
ξ = kerα and α∧dαn 6= 0. If we choose coordinates (w, x1, y1, ..., xn, yn, z)
on R2n+2, the Darboux model for E is(

R2n+2, Est = ker
(
dz −

n∑
i=1

xidyi
))

.

Engel structures: maximally non-integrable rank 2 distributions D on
4-manifolds, i.e. [D,D] =: E is a rank 3 distribution and [D, E ] = TM .
Choosing coordinates (w, x, y, z) on R4 we have the Darboux model(

R4, Dst = ker(dy − zdx) ∩ ker(dz − wdx)
)
.

The following result is a classification of topologically stable distributions.

Theorem 1.1.5 [Car, GeVe]. Given Mn a family A ∈ Dist(k,M) is topo-
logically stable if and only if it is one of the following

• n arbitrary and k = 1, i.e. A is the family of line fields;

• n odd, k = n− 1 and A is the set of contact structures;

• n even, k = n− 1 and A is the set of even contact structures;

• n = 4, k = 2 and A is the set of Engel structures.

Notice that, since these families are all open, to show that they are stable
it suffices to prove that they admit Darboux models. This is what we refer
to as Darboux-type theorems. Explicitely for Engel structures this means
that every Engel structure (M, D) is locally isomorphic to the local model
(R4, Dst) given in Example 1.1.4.
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1.2 Contact structures
Definition 1.2.1. A contact structure ξ is a maximally non-integrable hy-
perplane field on an odd dimensional manifold N2n+1. This means that ξ is
locally the kernel of a 1-form η satisfying η ∧ dηn 6= 0.

A contact structure is coorientable if it admits a global defining form η.
In what follows we will mostly consider coorientable contact structures ξ.
The choice of a defining form η uniquely determines a transverse vector field
Rη via

iRηdη = 0 and η(Rη) = 1.

Rη is called Reeb vector field associate to η. A vector field L ∈ X(N) contained
in ξ is called Legendrian vector field, whereas a vector field V ∈ X(N) whose
flow preserves the contact structure is called contact vector field. In other
words if V is a contact vector field and φVt is its flow at time t ∈ R, then the
tangent map to the flow satisfies (TφVt )ξ = ξ.
Remark 1.2.2. Once we fix a defining form ξ = ker η there is a 1-to-1
correspondence between contact vector fields and smooth functions on N . To
any contact vector field V we associate a contact Hamiltonian by H = η(V ).
Conversely for a contact Hamiltonian H there exists a unique contact vector
field VH satisfying η(VH) = H and

iVHdη = (LRηH) η − dH.

The Reeb vector field is the contact vector field associated with the Hamilto-
nian H = 1.

There is a geometric interpretation of the contact condition in dimension
3. First of all notice that (N3, ξ) is a contact structure if and only if it is
bracket-generating. Moreover this is equivalent to the fact that if we move
along a Legendrian line the contact structure rotates without stopping. This
notion will be made more precise in Chapter 3 and is basically contained in
the following result.

Lemma 1.2.3. Let (N2n+1, ξ = ker η) be a compact contact structure and
L ∈ X(N) a non-singular Legendrian vector field, whose flow is denoted by
φt. There exists ε > 0 such that ξt = φt∗ξ is transverse to ξ = ξ0 for all
t ∈ (0, ε).

Proof. Since ξ is coorientable there is another Legendrian vector field L̃ such
that η

(
[L, L̃]

)
6= 0. Without loss of generality we can suppose η

(
[L, L̃]

)
> 0.

For any p ∈ N a direct calculation yields

0 < η
(
[L, L̃]

)
p

= d

dt

∣∣∣∣
t=0

ηp
(
Tφt(p)φ−t L̃

)
.
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Hence the function αp
(
Tφt(p)φ−t L̃

)
has positive derivative near t = 0, so it is

increasing and hence positive on (0, ε), for some ε > 0. Since M is compact,
up to taking a smaller ε, we can suppose that this holds for all p ∈ N . The
hyperplane φt∗ξ contains the line field φt∗L̃, hence we conclude.

As anticipated in the previous section, we have a Darboux-type theorem
which ensures that every contact structure (N2n+1, ξ2n) is locally isomorphic
to the model in Example 1.1.4. The study of deformations of contact
structures, i.e. of smooth families ξt for t ∈ [0, 1] of contact structures, is very
rich and gives information about the topology of the manifold N . The first
step in understanding these deformations is the following stability theorem.

Theorem 1.2.4 (Gray’s Stability). Let N2n+1 be a closed manifold and ξt
a smooth family of contact structures for t ∈ [0, 1]. Then there exists an
isotopy ψt : N → N such that ξt = ψ∗t ξ0 for all t ∈ [0, 1].

Theorem 1.2.4 can be proven using a method called the Moser’s trick.
This consists in constructing ψt as the flow of a time dependent vector field
obtained by imposing the condition φ∗t ηt = λtη0 for ηt defining form for ξt.
The same technique permits to prove the following generalization of the
Darboux theorem referred to as Contact Weinstein Neighbourhood Theorem.

Theorem 1.2.5. Let N2n+1 be a smooth manifold (non-necessarily compact)
and M → N a closed embedded submanifold. If η0 and η1 are contact forms
on N such that

η0|M = η1|M and dη0|M = dη1|M , (1.1)

then there exists a tubular neighbourhood νM and a map ψ : νM → νM
such that ψ∗η1 = fη0 on νM for some positive f : νM → R.

Proof. Consider the family of 1-forms ηt = (1− t)η0 + tη1. Equation (1.1)
ensures that ηt ∧ dηnt is non-singular on M . Hence there is a neighbourhood
νM on which ηt is contact. We use Moser’s trick to look for a time dependent
vector field Xt ∈ X(νM) whose flow φt satisfies the equation φ∗t ηt = λtη0.
Since the tubular neighbourhood is not compact, we have to make sure that
the flow of Xt is defined everywhere for t = 1. This can be ensured, thanks
to Equation (1.1), indeed this allows Xt = 0 on M .

Derivating φ∗t ηt = λtη0 yields

η̇t + iXtdηt + d(ηt(Xt)) = 0 (1.2)

Since ηt is contact we can write Xt = Lt +HtRt where Rt is the Reeb vector
field of ηt, Lt is Legendrian and Ht is a time dependent contact Hamiltonian.
Now Equation (1.2) rewrites as

η1 − η0 + iLtdηt + dHt = 0.



CHAPTER 1. FIRST RESULTS ON ENGEL STRUCTURES 7

The contact condition implies that every form λ such that λ(Rt) = 0 can
be written in the form λ = iLtdηt for some Legendrian Lt. This fixes the
Legendrian component of Xt. To find the transversal component it now
suffices to solve

LRtHt = (η0 − η1)(Rt).

The previous equation admits local solutions, because Rt is non-singular.
Moreover these solutions are unique since the equation is linear, hence they
glue together. This gives Xt = Lt +HtRt whose flow is the isotopy ψt.

The foundational results [El1] and [BEM] established the existence of
a model contact structure (D2n+1, ξot) called overtwisted disc. A contact
structure (N, ξ) is overtwisted if there is a contact embedding of the over-
twisted disc (D2n+1, ξot) ↪→ (N, ξ). These structures are flexible in the
sense that they satisfy a complete h-principle. In particular two overtwisted
contact structures which are homotopic as plane fields are isotopic as contact
structures. What makes the study of contact structures interesting from a
topological point of view is the existence of structures (N, ξ) which are not
overtwisted, they are called tight. This rigidity phenomenon, which appeared
for the first time in the seminal paper [Ben], permits use the space of (tight)
contact structures on N to study the topology of N . In the next section we
will provide some conditions which imply tightness.

1.2.1 Symplectic fillings and metric contact structures

There are many conditions on a contact manifold (N, ξ) which imply
tightness [Gei, Ho]. Many of them involve the existence of a filling with
specific properties.

Definition 1.2.6. Let (N, ξ = ker η) be a contact structure.

• A weak symplectic filling of (N, ξ) is a symplectic manifold (W,ω) such
that ∂W = N and ω|ξ > 0;

• A strong symplectic filling of (N, ξ) is a symplectic manifold (W,ω)
such that ∂W = N , the symplectic form ω is exact near the boundary
and ω = dη.

A strong symplectic filling is also a weak symplectic filling, moreover if
(N, ξ) is weakly symplectically fillable then it is tight, but the converse is
not true [EH]. Notice that in the definition of strong symplectic filling the
condition ω = dη is equivalent to the existence of a Liouville vector field V
(i.e. LV ω = ω) transverse to ∂W and pointing outward (with respect to the
orientation induced by ω).
Example 1.2.7. An example of fillable contact structure is the standard
contact structure ξst on S2n+1. One way of constructing it is to consider the
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set of complex tangencies of S2n+1 ↪→ Cn+1, that is ξst = TS2n+1 ∩ iTS2n+1.
It is clear by the construction that (D2n+2, ωst) is a strong symplectic filling
(actually it is a Stein filling), where

ωst =
n+1∑
i=1

dzi ∧ dz̄i.

Another way of constructing (S2n+1, ξst) is to consider the Hopf fibration
S2n+1 → S2n which has fibre S1 and then take the hyperplane field orthogonal
to the fibres (with respect to the round metric).

The previous example can be generalized by the so called Boothby-
Wang construction [BW]. Let (M2n, ω) be a symplectic manifold, up to
a perturbation we can suppose that [ω] ∈ H2(M,Z) ↪→ H2(M,R). Let N
be the total space of the S1-bundle π : N → M with Euler class [ω]. A
connection 1-form η is contact because dη = π∗ω implies

η ∧ dηn = η ∧ π∗ωn 6= 0

since π∗ωn 6= 0 is non-singular on the horizontal distribution, because ω is
symplectic, and η is positive on kerπ∗.

We say that (N, ξ = ker η) is obtained from (M,ω) via the Boothby-Wang
construction.
Remark 1.2.8. Notice that, a priori, the choice of another connection 1-form
η′ may give a different contact structure. In this case we have a family
ηt = (1 − t)η + tη′ of connection forms and hence a homotopy of contact
structures ξt = ker ηt. Gray’s Stability ensures that these contact structures
are isotopic, hence there is no ambiguity when referring to the contact
structure induced by (M,ω).

Lemma 1.2.9. Let (N, ξ = ker η) be obtained by (M,ω) via the Boothby-
Wang construction, then ξ is a strongly simplectically fillable contact structure.

Proof. The strong symplectic filling of (N, ξ) is given by the disc bundle
of the vector bundle with Euler class [ω]. More precisely let E → M be
the plane bundle with Euler class [ω] and let η be a global angular form
on E \M0, where M0 is the zero section. For any bundle-like Riemannian
metric g on E, let r be the radial function on the fibers. The symplectic
structure Ω = d(r2η) + π∗ω on E makes the unit disc bundle into a strong
symplectic filling of the unitary bundle (N, ξ).

There are generalizations of the Boothby-Wang construction which apply
in the case where M is a symplectic orbifold. This structure arises in the
context of metric contact geometry. A contact metric structure (N, η, J) is
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a contact structure (N, ker η) together with a complex structure J on ker η
such that the formula

g(A,B) = dη(JA,B) + η(A)η(B)

for A,B ∈ X(N) defines a metric. This happens if and only if J∗dη = dη and
dη(J(−), (−)) is positive definite. A contact metric structure is K-contact if
the Reeb vector field Rη is Killing for the metric g. We say that a contact
metric structure is quasi-regular if all Reeb orbits are closed. Standard
techniques show that, up to a perturbation, every K-contact structure is
quasi-regular.

Theorem 1.2.10 (Structural Theorem). Let (N, η, J) be a quasi-regular
K-contact manifold, then the space of orbits of R is a symplectic orbifold and
(N, η) is obtained by a orbifold version of the Bootbhy-Wang construction.

For more details see [BoGa] Theorem 7.1.3. This can be used together
with [NiPa] to prove that every K-contact structure is strongly symplectically
fillable.

1.3 Even contact structures
Engel structures are tightly linked to even contact structures, which are

the even dimensional analogues of contact structures.

Definition 1.3.1. An even contact structure E is a maximally non-integrable
hyperplane field on an even dimensional manifold M2n+2. This means that
E is locally the kernel of a 1-form α satisfying α ∧ dα2n 6= 0.

An even contact structure is co-orientable if there exists a global 1-form
α such that E = kerα. This is equivalent to asking that the line bundle
TM/E is trivial. There exists a unique line field W ⊂ E called characteristic,
kernel or Cauchy line field of E whose flow preserves E , i.e. [W, E ] = E .
It exists because E has odd rank, and it is unique because E is maximally
non-integrable. If E = kerα then α ∧ dα2n is a nowhere vanishing (2n+ 1)-
form in a (2n + 2)-manifold, hence its kernel is a line field and in fact
W = kerα ∧ dα2n.

The existence of suchW and the role played by its dynamics is a substan-
tial difference with the theory of contact structures. Even contact geometry
is tightly linked with contact geometry, as the following result explains.

Proposition 1.3.2 [Mont2]. Let (M, E) be an even contact manifold with
characteristic foliation W. Let N ↪→ M be a (possibly open) embedded
hypersurface transverse to W, then ξ = E ∩ TN is a contact structure on N .

Moreover for any fixed section W of W, the corresponding flow φt acts
by contactomorphisms.
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If M is closed, the existence of W implies that the Euler characteristic
χ(M) vanishes. We will see that this is the only restriction to the existence
of even contact structures.

The characteristic foliation is also responsible for the infinite dimensional
moduli space of deformations of even contact structures. Indeed if a dif-
feomorphism ψ : M →M preserves E then it must also preserve W. If we
consider a smooth homotopy of even contact structures Et in general W0 will
not be topologically conjugate to W1. This means that in general there is no
isotopy ψt : M → M sending E1 to E0. The following result is a version of
Gray’s Stability for even contact structures.

Theorem 1.3.3. Let (M, Et) be a smooth family of even contact structures
for t ∈ [0, 1], and denote byWt the characteristic foliations of Et. IfWt =W0
for all t then there exists an isotopy ψt : M →M such that ψ∗t Et = E0.

For a proof see Section 3.6 in [Vog1].
One of the reasons why even contact structures are not extensively studied,

is the fact that their geometry is completely determined by the topological
information given by the flag of distribution (W, E).

Definition 1.3.4. A formal even contact structure is a triple (W̃, Ẽ , ω̃)
where W̃ is a line field, Ẽ is a hyperplane distribution satisfying W̃ ⊂ Ẽ and
ω̃ is an almost symplectic structure on Ẽ/W̃.

In the previous definition Ẽ plays the role of the even contact structure
with characteristic foliation W̃ and dα is represented by ω̃. The main
difference is that there are no differentiable equations relating these objects,
as in the case of an even contact structure. There is a canonical map
i : E(M)→ FE(M) between the space E(M) of even contact structures and
the space FE(M) of formal even contact structures. The surprising fact is
that the formal information is enough to describe the geometric one, in a
sense made rigorous by the language of the h-principle (see [Gro2]).

Theorem 1.3.5 [McDu]. Let M be a (2n+2)-manifold with vanishing Euler
characteristic, then the canonical inclusion i : E(M) → FE(M) is a weak
homotopy equivalence.

The previous theorem says that the geometric information given by the
even contact structure does not give any further restriction on the topology of
M . Otherwise said even contact structures are classified (up to homotopy) by
their formal counter part, which in turn can be classified using the methods
of algebraic topology. The main reason for which contact structures are
interesting, is that the analogue of Theorem 1.3.5 is false, and one can study
the topology of a manifold by understanding its contact geometry.
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1.3.1 Even contact vector fields

In this section we study vector fields whose flow preserves an even
contact structure. Notice that in general E does not admit many of these
symmetries. In Chapter 2 we will be interested in even contact structures
whose characteristic foliation is particularly symmetric. More precisely,
we want it to have volume-preserving holonomy, this is equivalent to the
existence of a volume form Ω and a section W ∈ ΓW such that LWΩ = 0.
The following result provides some equivalent conditions.

Proposition 1.3.6 [KV]. Let (M2n+2, E = kerα) be an even contact struc-
ture with orientable characteristic foliation W = kerα ∧ dαn, then the fol-
lowing are equivalent:

1. W has volume-preserving holonomy;

2. W is the kernel of a closed (2n+ 1)-form;

3. α can be chosen so that dα has constant rank 2n;

4. there exists a vector field Z ∈ X(M) transverse to E whose flow pre-
serves E.

Proof. 1⇒ 2 Let Ω be a volume form and W a non-singular section of
W such that LWΩ = 0, then ω = iWΩ is a nowhere vanishing closed
(2n+ 1)-form whose kernel is exactly W.

2⇒ 1 Fix a Riemannian metric g and let ρ be the g-dual of W . Let
ω be a closed form whose kernel is W and consider the top degree form
Ω = ρ ∧ ω. This is a volume form because iWΩ = ω, moreover

LWΩ = diWΩ = d(ρ(W )ω − ρ ∧ iWω) = dω = 0.

2⇒ 3 It suffices to prove that there exists a choice of a defining form α̃
which satisfies dα̃n+1 = 0. Suppose that W = kerω with ω closed (2n+ 1)-
form, then ω must be a multiple of α∧ dαn, since they have the same kernel.
Let ω = µα ∧ dαn for some µ ∈ C∞(M). If we change defining form α̃ = λα
where λ ∈ C∞(M) is a nowhere vanishing function, we get

α̃ ∧ dα̃n = (λα) ∧ (dλ ∧ α+ λdα) = λ2n+1α ∧ dαn.

Choosing λ2n+1 = µ, we have dα̃n+1 = d(α̃ ∧ dα̃n) = dω = 0.
3⇒ 4 If dα has constant rank 2n then ker dα is a 2-plane field. Now W

is in the kernel of dα and ker dα is trivial as a bundle. Let ker dα = 〈W, Z〉.
Uniqueness of W ensures that Z must be transverse to E . The flow of Z
preserves E , so that LZα = λα for some λ ∈ C∞(M). Choose Z ∈ ker dα
such that α(Z) = 1, then

LZα = iZdα+ diZα = d(α(Z)) = 0.
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4⇒ 2 By hypothesis, for any defining α we have LZα = λα. Pick α so
that α(Z) = 1. Taking the derivative of this we get

0 = LZ(α(Z)) = (LZα)(Z) + α(LZZ) = λ,

hence iZdα = LZα = 0. This implies that dαn+1 = 0 because

iZdα
n+1 = (n+ 1)dαn ∧ iZdα = 0,

so that α ∧ dαn is closed.

Remark 1.3.7. If the flow of a vector field Z ∈ X(M) preserves the even
contact structure E , then it must also preserve its characteristic foliation
W . If we are in the hypothesis of Proposition 1.3.6 this implies in particular
that, if W is a section of W, we have LZW = aW and 〈W,Z〉 is a foliation.
Another way of seeing this is choosing α so that ker dα = 〈W,Z〉.

1.3.2 Action of the flow of W

We now consider the action of the flow of W on E/W when M has
dimension 4. This is discussed in details in [Mit].

For a fixed sectionW = 〈W 〉, we have the action of the associated flow φt
on E and this induces a map [Tφt] : P(Ep/Wp)→ P(Eφt(p)/Wφt(p)). If p ∈M
is contained in a closed orbit ofW of period T , then P := [TpφT ] ∈ PSL(2,R),
where we identify RP1 = P(Ep/Wp).

Hence the usual classification of such maps we say that a closed orbit γ is
• Elliptic if | trP | < 2 or P = ±id, in this case we can represent P by a
matrix of the form

P ≡ ±
(

cos δ sin δ
− sin δ cos δ

)
for some δ ∈ R.

• Parabolic if | trP | = 2 and P 6= ±id, in this case we can represent P
by a matrix of the form

P ≡ ±
(

1 ±1
0 1

)
.

• Hyperbolic if | trP | > 2, in this case we can represent P by a matrix of
the form

P ≡ ±
(
e−µ 0
0 eµ

)
for some µ ∈ R.

Notice that parabolic orbit come in two types depending on the sign of entry
over the diagonal. We will call positive parabolic orbits where this element
has sign opposite to the one of the diagonal entries, and negative otherwise.
Open orbits γ will in general not have any particular character.
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1.4 Engel structures
The last family of stable distributions is the one of Engel structures. The

study of these structures is the main topic of this thesis. The main references
for the basic theory of Engel structures are [Mont2, P1, Vog1].

Definition 1.4.1. An Engel structure D is a smooth 2-plane field on a
smooth 4-manifold such that E := D2 is an even contact structure.

We can associate to an Engel structure a flag of distributions as stated
in the following result.

Lemma 1.4.2. Let (M, D) be an Engel structure, then the characteristic
foliation W of E satisfies W ⊂ D. The flag of distributions W ⊂ D ⊂ E is
called Engel flag of D.

Proof. Recall that W is defined uniquely by the properties W ⊂ E and
[W, E ] ⊂ E . Now suppose that at a point p ∈M we have Ep = Dp⊕Wp, then
this is true on a neighbourhood U of p. Since [D,D] ⊂ E and [W, E ] ⊂ E
this implies that E is integrable on U .

Deformations of Engel structures Dt have infinite dimensional moduli
spaces [Mont2], but we still have an analogue of Gray’s Stability.

Theorem 1.4.3 [Gol]. Let (M,Dt) be a smooth family of Engel structures for
t ∈ [0, 1], and denote by Wt the characteristic foliations of Dt. If Wt =W0
for all t then there exists an isotopy ψt : M →M such that ψ∗tDt = D0.

For a proof see Section 3.6 in [Vog1].
The orbits of the characteristic foliation of an Engel structure come

equipped with a natural projective structure. This means that there are
local charts modelled on the geometry (RP1, PSL(2,R)) naturally induced
by the Engel structure. For any point p ∈M we define a chart for a piece
of the orbit of W through p, by fixing a Darboux chart (U, {x, y, z, w}) and
taking the projection to the w-line at p. The change of coordinates in this
case is well-defined because W is sent to itself, and one can verify that the
transformation is via projective maps (see [BrS]).

Another way of specifying a projective structure is by giving the developing
map. Fix a point p ∈ M and let γ be the W-orbit through p. We get a
map from the universal cover of γ to RP1 using a section W of W. For this
we suppose that W is trivial, this is always the case if M is orientable (see
Lemma 1.6.1). Take the flow of this section φp : R ∼= γ̃ → M such that
t 7→ φt(p). Since this preserves the even contact structure, (φt∗D)p is still
going to be a plane in Ep containing Wp. We can consider the line that it
spans in the complement of Wp, and we have the developing map

δp : R ∼= γ̃ → RP1 ∼= P(Ep/Wp) s.t. t 7→
[
(φt∗D)p

]
.
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The properties of this map provide very interesting information about the
moduli space of D-horizontal curves, i.e. curves tangent to D. In fact if we
take a curve γ : I →M which is a piece of a W-orbit and whose developing
map is injective, then the only C1-deformations of γ in the space of D-curves
are reparametrizations. This phenomenon of rigidity only happens for such
horizontal curves and it is in great contrast to what happens with Legendrian
curves in contact manifolds. More details can be found in [BrS]. More
recently a complete h-principle has been established for non-rigid Legendrian
knots (see [CP])

The classification of projective structures of dimension 1 provides a list of
type of closed orbits analogous to the one of Section 1.3.2. For more details
see [Mit].

1.5 Simple constructions and examples
We will now describe some standard constructions of Engel structures.

Example 1.5.1 (Cartan prolongation). Let (N3, ξ) be a contact structure on
a 3-manifold, we will construct an Engel structure on the projectivization
of ξ. Consider M = Pξ with the canonical projection π : M → N , i.e. the
RP1-bundle over N whose fibre at a point p ∈ N is the space of lines lp ⊂ ξp.
The canonical distribution Dl at a point l ∈M is the space of tangent vectors
v ∈ TlM which project to the line l via the tangent map Tπ : TM → TN .
In formulas

D =
{
v ∈ TlM

∣∣∣Tlπ(v) ∈ l
}
. (1.3)

This defines an Engel structure called Cartan prolongation of ξ. The induced
even contact structure is (Tπ)−1ξ, i.e. the space of tangent vectors that
project to ξ. This distribution contains the line field tangent to the fibres
W, and the holonomy of this line field preserves E . Hence the characteristic
foliation of D is exactly W. Notice that in this case D is never orientable
because it contains the canonical line field W.

Instead of the projectivization of ξ we can take the S1-bundle of oriented
lines in ξ. The same construction yields then an Engel manifold which is
a fibrewise 2-cover of the projectivization, and for which D is orientable.
If the Euler class e(ξ) vanishes, then the contact structure ξ is trivial as a
bundle, say ξ = 〈C1, C2〉. We can write D explicitly on M = N × S1 as
D = 〈W = ∂t, X = cos t C1 + sin t C2〉. As mentioned above W spans the
characteristic foliation.

Using a contact vector field V ∈ X(N) we can modify D and with
it the dynamics of W. More precisely if ε > 0 is small the distribution
Dε = 〈W + εV, X〉 is Engel and its characteristic foliation is spanned by
W + εV . Choosing V carefully one can make sure that W + εV has no
closed orbits. For this it suffices to choose a contact vector field V which



CHAPTER 1. FIRST RESULTS ON ENGEL STRUCTURES 15

has countably many closed orbits and then choose ε rationally independent
from the periods of the orbits of V (see [P1] Proposition 1.21).
Example 1.5.2 (Lorentz prolongation). Consider a Lorentz 3-manifold (N3, h),
i.e. h is a pseudo-Riemannian metric of signature (1, 2). The light-like cone
in the tangent bundle TN is the space C(h) of tangent vectors v ∈ TM
such that h(v, v) = 0. The space of light-like lines M is a 4-dimensional
manifold, which carries a canonical distribution D, defined exactly as in
Equation (1.3). This is an Engel structure called Lorentz prolongation of h.
The characteristic foliation is tangent to the restriction of the geodesic flow
(see [Mit]).

This structure is easier to describe in the case where every bundle involved
is trivial. Suppose that 〈X+, Y−, Z−〉 is an orthogonal framing of TM such
that h(X+, X+) = 1 = −h(Y−, Y−) = −h(Z−, Z−). Then consider M × S1

with the distribution D = 〈∂t, X+ + cos t Y− + sin t Z−〉 is the (oriented)
Lorentz prolongation of h.
Remark 1.5.3. There is a local construction of Engel distributions which builds
a bridge between the two previous examples. On D3 × I take coordinates
(x, y, z; t) and let D be an orientable distribution containing ∂t. This means
that we can write D = 〈∂t, A〉 for A ∈ X(D3 × I) tangent to the level sets
D3 × {t}. We trivialize the tangent bundle of D3 via the standard contact
framing X = ∂x, Y = ∂y + x∂z and Z = [X,Y ] = ∂z. Then at any point
q = (p, t) ∈ D3× I the vector A(p) corresponds to a unique point in the unit
sphere in TpD3. Using the trivialization {X, Y, Z} we can identify all these
spheres. Hence fixing such a distribution D on D3× I is equivalent to giving
a D3-family of curves Ap : I → S2.

The fact that D is non-integrable corresponds to Ȧp := [∂t, Ap] being not
contained in D. Since Ap is a curve on the sphere S2 ⊂ TpD3, its derivative is
tangent to S2 and hence Ȧp is not contained in D if and only if Ap : I → S2

is a regular curve.
Now D2 is non-integrable at q = (p, t) ∈ D3 × I if and only if at least

one of the following holds:

1. {Ap, Ȧp} is a contact structure near q;

2. Ap : I → S2 has non-zero curvature at p.

In case 1 we have the framing {∂t, A, Ȧ, [A, Ȧ]}, whereas in case 2 we
have the framing {∂t, A, Ȧ, Ä}. For Cartan prolongations Condition 1 is
verified at everypoint, whereas for Lorentz prolongations Condition 2 is true
everywhere. The space of Cartan and Lorentz prolongations on a manifold
N was studied in [P2].

More details about the next example can be found in [Mit].
Example 1.5.4 (Suspension of a contactomorphism). Let (N, ξ) be a contact,
non-necessarily closed 3-manifold and fix a Riemannian metric g on N .
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Suppose that L ⊂ ξ is a Legendrian line field and ψ : (N, ξ) → (N, ξ) a
contactomorphism such that the angle θ(p) between L(p) and ψ∗L(p) is
well-defined, continuous everywhere and bounded. These conditions are
automatically verified if ψ is homotopic to the identity and N is compact.
Let a, b : N → R>0 be smooth positive functions and consider the manifold

M =
{

(p, t)
∣∣∣ p ∈ N and − a(p) < t < b(p)

}
,

with the canonical projection π : M → N .
Since θ is bounded, we can find k ∈ N so that θ + 2kπ is positive and

define a smooth interpolation function r : M → R such that r(p,−a(p)) = 0
for all p ∈ N and r(p, b(p)) = θ(p)+2kπ and such that ∂tr > 0. Then we can
define an Engel structure on M by D = 〈∂t, R(r)π∗L〉, where R(r) denotes
the rotation on ξ of angle r.

1.6 Topology of Engel manifolds
Lemma 1.4.2 gives a flag of distributions W ⊂ D ⊂ E of the Engel

structure D. The existence of this flag imposes strong constraints on the
topology of the manifold M .

Lemma 1.6.1. If (M,D) is an Engel structure and W ⊂ D ⊂ E is its
induced flag then we have canonical isomorphisms

det(E/W) ∼= det(TM/E) and det(E/D) ∼= det(D). (1.4)

In particular

1. E is orientable;

2. M is orientable if and only if W is trivial.

Proof. The isomorphisms essentially come from the Lie brackets pairings

ΓE × ΓE → Γ(TM/E) and ΓD × ΓD → Γ(E/D),

the fact that D is maximally non-integrable and that the kernel of E is W.
Claim 1 follows because the isomorphism E ∼= D ⊕ E/D and Equation

(1.4) readily imply that

det(E) ∼= det(D)⊗ det(E/D) ∼= R.

To prove claim 2 consider TM ∼= E ⊕ TM/E . Since E is always oriented,
by point 1, the orientability of M is equivalent to one of TM/E . Equation
(1.4) ensures that this is the same as the orientability of E/W. Using again
orientability of E we have

R ∼= det(E) ∼= det(W)⊗ det(E/W)

hence W is orientable if and only if E/W is, which implies the claim.
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Corollary 1.6.2. If M admits an Engel structure, then it admits a paral-
lelizable 4-cover.

Proof. Up to passing to a 4-cover we can suppose that both M and D are
orientable. Consider the induced flag W ⊂ D ⊂ E , Lemma 1.6.1 ensures that
W and E are orientable. We conclude that the line bundles W, D/W, E/D
and TM/E are all trivial and hence we get a global framing for TM ∼=
W ⊕D/W ⊕ E/D ⊕ TM/E .

In what follows we will always suppose that M is parallelizable. A big
family of examples of such manifolds is given by productsM = N×S1, where
N is a closed orientable 3-manifold and hence parallelizable. The proof of
this fact consists in showing the vanishing of first and second Stiefel-Whitney
classes w1(N) and w2(N) (for more details see [Gei]). The following is a
topological characterisation of parallelizable 4-manifolds.

Theorem 1.6.3 [HiHo]. An orientable 4-manifold is parallelizable if and
only if its Euler characteristic χ(M), second Stiefel-Whitney class w2(M),
and signature σ(M) vanish.

1.7 Existence results for Engel structures
In this section we give an informal overview of existence results for Engel

structures.
The question about existence of Engel structures on every parallelizable

4-manifolds, was open for a long time. The first solution to the problem is
provided by the following result.

Theorem 1.7.1 [Vog3]. Every closed parallelizable 4-manifold M admits an
Engel structure.

The proof makes use of a round handle decomposition of M , briefly RHD.
This is the analogue of a usual handle decomposition of M into handles hk =
Dk ×Dn−k, except that one uses pieces of the form Rk = Dk ×Dn−k−1×S1

called round handles. We call ∂+Rk = Dk×∂Dn−k−1×S1 = Dk×Sn−k−2×S1

enter region or positive boundary and ∂−Rk = ∂Dk×Dn−k−1×S1 = Sk−1×
Dn−k−1 × S1 exit region or negative boundary.

Not every manifold admits a round handle decomposition. In fact if
we have a RHD we can find a line field on M . The idea is to construct a
nowhere vanishing vector field on each round handle and then make sure
that the model glues through the attaching map. This implies that the Euler
characteristic of the manifold must vanish if it admits a RHD. The converse
in dimension different then 3 is given by the following result due to Asimov.

Theorem 1.7.2 [Asi]. Let Mn be an orientable manifold with n 6= 3 and
vanishing Euler characteristic, then M admits a RHD.



CHAPTER 1. FIRST RESULTS ON ENGEL STRUCTURES 18

A key technical step in the proof is to realize that a round (k+ 1)-handle
can be seen as the union of two regular handles, namely a k-handle and a
(k+ 1)-handle. Using this observation and an ordinary handle decomposition,
we can obtain a RHD. The hypothesis χ(M) = 0 gives information about the
parity of the number of ordinary handles. The result is false in dimension
n = 3. As we will see in Chapter 3, a RHD is linked to non-singular
Morse-Smale flows on M , and only few 3-manifolds admit such flows.

The idea of the proof of Theorem 1.7.1 is to construct explicit Engel
structures on the round handles and make sure that they glue together. In
this process Proposition 1.3.2 is crucial. Indeed the Engel structures are
constructed so that the exit region is transverse to the characteristic foliation
W and the glueing is (in part) done taking advantage of the flexibility of
overtwisted contact manifolds.

This existence result does not give information on the homotopy type
of framings that can be realized as Engel framings, i.e. induced by the
flag W ⊂ D ⊂ E . We denote by FEng(M) the space of formal Engel
structures, that is the space of flags of distributions W̃ ⊂ D̃ ⊂ Ẽ such that
det(Ẽ/W̃) ∼= det(TM/Ẽ) and det(Ẽ/D̃) ∼= det(D̃). Moreover we denote by
Eng(M) the space of Engel structure onM . There is a natural inclusion map
i : Eng(M)→ FEng(M). Theorem 1.7.1 ensures that the space Eng(M) is
non-empty. The following result ensures that we can find Engel structures in
every homotopy class of framings.

Theorem 1.7.3 [CPPP]. For any parallelizable closed 4-manifold M , the
map i : Eng(M)→ FEng(M) is surjective in homotopy.

The proof of this result is divided in two parts, as many classical h-
principle type arguments. We start from a formal Engel structure W̃ ⊂ D̃ ⊂
Ẽ , use general h-principle techniques to reduce it to a local problem around
a ”hole” of the form D3 × I and then use an explicit construction to ”fill the
hole”.

The first part consists in using the complete h-principle for even contact
structures (Theorem 1.3.5) to homotope W̃ ⊂ Ẽ to an even contact structure.
Then we use Thurston’s Jiggling Lemma to construct a fine triangulation
on M adapted to W. Finally we use Gromov’s flexibility results for open
manifolds in order to construct an Engel structure on the neighbourhood of
the 3-skeleton of the triangulation.

The second part of the proof consists in finding a homotopy on the
remaining 4-cells relative to the boundary. Taking a little care in the
previous construction, we can make sure that these 4-cells are diffeomorphic
to D3 × I, that E is standard near the boundary, and that D̃ is spanned by
〈∂t, X〉 where X is tangent to the level sets D3 × {t}. Here the construction
in Remark 1.5.3 is fundamental. In particular we make sure that near the
boundary the curves Xp : I → S2 make at least 3 turns around the equator.
Using this extra hypothesis we can homotope any curve Xp to a convex curve.
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This translates to a homotopy between D̃ = 〈∂t, Xp〉 and a genuine Engel
structure on D3 × I.

1.7.1 Flexible Engel structures

After [CPPP] established an existence h-principle the two works [CPP]
and [PV] studied some subfamilies of Engel structures satisfying a complete
h-principle.

In the work [PV] a family of flexible Engel structures, called overtwisted,
is introduced. An Engel structure (M,D) is overtwisted if on M there is an
embedded copy of a model structure (D4,Dot), called Engel overtwisted disc.
This family is flexible in the sense that it satisfies a complete h-principle. In
order to describe this model we need to introduce the notion of Engel-Lutz
twist. In analogy with the contact version of the Lutz twist, the Engel-
Lutz twist is a modification of an Engel structure in a neighbourhood of a
transverse hypersurface.

If N3 ↪→ (M4,D) is transverse to D then we get a line field HN = TN∩D
and a plane field ξN = TN ∩ E . On the points where N is transverse to W,
Proposition 1.3.2 ensures that ξN is contact. We will denote by N+/− the
subsets of N where ξN is a positive/negative contact structure, moreover we
denote by N0 = N \ (N+ ∪N−). The idea is to describe the Engel structure
on Op(N) as a family of curves Hp : I → S2 for p ∈ N , similarly as what
happens in Remark 1.5.3. It is possible to find coordinates on a neighbourhood
Op(N) = N × (−ε, ε) such that D(p, t) = 〈∂t, X + tY + g(p, t)Z〉 where
HN = 〈X〉, ξN = 〈X, Y 〉 and TN = 〈X, Y, Z〉. Notice that the framing
of TN is ∂t-invariant, so that we can use it to interpret D on {p} × (−ε, ε)
as the curve on S2 cut by the ray X + tY + g(p, t)Z. Moreover we can set
coordinates so that

• g(p, t) = 0 on the complement of a (arbitrarily small) neighbourhood
of N0, this means that ∂t spans the characteristic foliation W and ξN
is contact;

• g(p, t) is convex/concave otherwise, this means that when the curve
Hp does not coincide with the equator it is convex/concave.

The idea is now to glue at every p ∈ N the osculating circle to the curve
Hp so that the Engel structure performs an additional turn along W orbits.
More precisely we modify D on Op(N) so that where g(p, t) = 0 the even
contact structure E is not changed, but the Engel structure performs an
additional turn along W-orbits (which is ∂t in this case). This translates to
the fact that Hp makes an additional full turn around the equator. Finally
we interpolate this modification on points where g(p, t) 6= 0 by adding an
osculating circle and then smoothening up the corresponding family of curves.
This process yields a new Engel structure L(D), and is referred to as adding
Engel torsion along N .
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A Lutz twist is the process of adding Engel torsion along a specific type
of hypersurfaces. We say that a tubular neighbourhood of a surface Σ ↪→M
transverse to D is thin if Op(Σ) = Σ×D2 is such that Σ× ∂D2

ε is transverse
to D for every 0 < ε ≤ 1. It turns out that every transverse surface has a
thin neighbourhood.

Definition 1.7.4. Let (M,D) be an Engel structure and T 2 → M a torus
transverse to D. The Engel-Lutz twist along T 2 is the Engel structure L(D)
obtained by adding Engel torsion along a thin tubular neighbourhood of T 2.

An overtwisted Engel disc is a (piece of) Engel-Lutz twist performed
along a torus with special properties. In order to construct this we need to
understand Engel structures near curves transverse to E . If γ : I → M is
transverse to E then there is a tubular neighbourhood Op(γ) = [0, L]×D3

with coordinates (y, x, z, w) such that we have

D|Op(γ) = ker(dy − zdx) ∩ ker(dx− wdz).

If we take a knot η : S1 → D3 transverse to the contact structure ker(dx−
wdz), then γ × η is going to be a cylinder transverse to D. In order to
”move the overtwisted disc in the manifold” we need to be able to shrink this
cylinder freely. We consider transformations ψλ : [0, L]×D3 → [0, L]×D3

defined by
ψλ(y, x, z, w) = (y, λ2(y)x, λ(y)z, λ(y)w)

for λ positive function. For every knot η there exists a constant τ0 ∈ R such
that for every λ satisfying |λ′| < τ0 we have that the cylinder ψλ(I × η) is
still transverse.

Definition 1.7.5. With the same notation as above, suppose Lτ0 > 2 and
η is the transverse unknot with self-linking number 3, then the Engel-Lutz
twist (I ×D3, Dot) along I × η is the Engel overtwisted disc.

A fixed family of embeddings of overtwisted discs ∆ in M is called
certificate of overtwistedness of D. Denote by Engot(M,∆) the family of
overtwisted Engel structures with certificate ∆ and by FEng(M,∆) the
space of formal Engel structures admitting certificate ∆.

Theorem 1.7.6 [PV]. The inclusion Engot(M,∆) → FEng(M,∆) is a
weak homotopy equivalence. In particular two Engel structures D0 and D1
which are overtwisted and formally homotopic, are homotopic through Engel
structures.

The Engel structures studied in [CPP], and more in detail in [P1], are
called loose and are defined by a global condition. We will not explain what
this condition is, but we want to stress that the fundamental difference from
the above discussion is that looseness is, a priori, not described by a local
model. A complete h-principle holds for loose Engel structures and it is
unclear whether they coincide with overtwisted Engel structure.



Chapter 2

Engel structures and metrics

The goal of this chapter is to study properties of Engel structures which
satisfy some natural metric conditions.

In Section 2.1 we introduce Engel defining forms α and β. They first
appeared in [Ad1] and were used as a technical tool in [Ad2, Mont2, Vog1].
A choice of α and β permits to define two vector fields T and R which span a
transverse distributions R, which we call associated Reeb distribution. These
vector fields were introduced in [Ad2], but the distribution R was never
studied explicitly. The focus of the section, and of the whole chapter, is to
understand geometric properties of α and β and of their associated Reeb
distribution.

The end of Section 2.1 as well as Section 2.2 concerns conditions that en-
sure the existence of defining forms such that the associated Reeb distribution
is integrable. Some of these conditions do not give any geometric insight, but
are just reformulations which are useful for the remainder of the chapter. We
present a condition that is geometric, and that is linked to contact structures.
The contactization of the Engel structure (M, D = kerα ∧ β) is the contact
manifold (X = M × R, η = β + sα). The existence of an integrable Reeb
distribution is linked with how the Reeb vector field of (X, η) intersects
graphical hypersurfaces.

Section 2.3 contains some basic facts on metric properties of distributions.
We recall the definition of the tensors that ensure that a distribution is
totally geodesic (the main reference for this section is [Rov]). In Section
2.4 we study when D = kerα ∧ β and its associated Reeb distribution R
are totally geodesic. We prove that if g is a metric such that D⊥ = R then
R cannot be totally geodesic. Moreover if D is totally geodesic then there
exists a multiple β̃ of β such that dβ̃2 = 0. This is a sufficient condition for
the existence of a Reeb distribution which is integrable.

In Section 2.5 we recall the theory of Engel vector fields Z, i.e. vector
fields satisfying LZD ⊂ D. Many of the results we present were developed
in [Vog1], but we rephrase them in terms of the framing induced by a pair

21
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of defining forms α and β. Moreover we study what happens if Z is also
tangent to the Reeb distribution. In Section 2.6 we specialize to the case
where Z is also Killing with respect to a metric g that makes it orthogonal
to E . If such a Z exists we say that M admits a K-Engel structure. Under
these hypothesis we can find defining forms verifying dα2 = 0 = dβ2 and
dα ∧ β = 0. This allows the construction of a framing {W, X, T, R} such
that R commutes with every other vector field in the framing.

In Sections 2.7 and 2.8 we analyse the topology of manifolds that admit
a K-Engel structure. We use classical theorems of [Mol] and [Pak] to prove
Theorem 2.8.5, which completely characterizes K-Engel manifolds. We study
more in details the bundle structure of the manifolds that appear in this
classification, and we exhibit explicit constructions of K-Engel structures.
The most remarkable one is the Engel Boothby-Wang construction, the
analogue of the one in the K-contact case.

Finally in Section 2.9 we define contact fillings of an Engel structure.
The construction is inspired by symplectic fillings of a contact structure, but
we do not know if it implies any rigidity as in the contact case. We prove
that Engel Boothby-Wang manifolds are examples of Engel structures which
admit contact fillings.

2.1 Defining forms and the Reeb distribution
Definition 2.1.1. Two 1-forms α, β are called Engel defining forms if they
verify

α ∧ dα 6= 0 (2.1a)
α ∧ β ∧ dβ 6= 0 (2.1b)
α ∧ dα ∧ β = 0. (2.1c)

Equation (2.1a) ensures that E = kerα is an even contact structure;
denote with W = kerα ∧ dα its characteristic foliation. Equation (2.1b)
implies that kerβ is an even contact structure, and it ensures that its
characteristic foliation is transverse to E . Finally Equation (2.1c) implies
that W ⊂ kerβ.
Remark 2.1.2. The role of α and β in Definition 2.1.1 is not symmetric. In
fact if α and β are Engel defining forms, the distribution D = kerα ∩ kerβ
satisfies D2 = kerα. On the other hand not all pairs of 1-forms α̃ and β̃
which satisfy D = ker α̃ ∧ β̃ also satisfy D2 = ker α̃.

An Engel structure D can always be seen as the intersection of two even
contact structures D = E ∩ E ′, where the first one is uniquely determined
by the condition D2 = E . The second one instead is not unique, and must
satisfy W ⊂ E ′ and W ′ t E . A choice of Engel defining forms α and β
corresponds to a co-orientation for E = kerα and to a choice of E ′ together
with a co-orientation E ′ = kerβ.
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Proposition 2.1.3. Let M4 be parallelizable and let α and β be 1-forms. If
α and β are Engel defining forms then the plane field D = kerα ∧ β is an
orientable Engel structure. Conversely if D is an orientable Engel structure
there exist Engel defining forms α and β such that D = kerα ∧ β.

Proof. If α and β are Engel defining forms then (2.1a) implies that E = kerα
is even contact. Moreover (2.1b) implies that dβ(W,X) 6= 0 so that [D,D] is
a rank 3 distribution. Finally (2.1c) ensures that W = kerα ∧ dα ⊂ D, so
that [D,D] = kerα.

Conversely, suppose that D is orientable. SinceM is orientable thenW is
trivial as a line bundle, letW be a non-singular section. Since D is orientable,
it has a non-singular section X nowhere tangent to W . Now Y = [W,X] is a
non-singular section of E nowhere tangent to D, and Z = [X,Y ] is transverse
to E . Choose α such that kerα = 〈W, X, Y 〉 and α(Z) = 1, and similarly
β such that kerβ = 〈W, X, Z〉 and β(Y ) = 1. A simple calculation yields
(2.1a), (2.1b) and (2.1c).

Notice that if α and β are defining forms for D, then all other possible
defining forms are given by

α̃ = λα, β̃ = µβ + να

where λ, µ, ν ∈ C∞(M) and λ, µ are nowhere vanishing.
A choice of Engel defining forms determines uniquely a distribution R

transverse to D. Indeed Equation (2.1b) implies that α ∧ dβ and β ∧ dβ are
nowhere vanishing 3-forms, in particular they have a 1-dimensional kernel.
Take T nowhere vanishing section of kerα ∧ dβ, this implies α(T ) = 0. On
the other hand we must have β(T ) 6= 0, because otherwise β ∧ α ∧ dβ = 0,
which would contradict Equation (2.1b). Hence we can normalize T via
β(T ) = 1. Similarly pick R nowhere vanishing section of kerβ ∧ dβ and
normalize it via α(R) = 1. By construction we have β(R) = 0.

Definition 2.1.4. Let (M,D) be an Engel structure and choose Engel defin-
ing forms D = kerα ∧ β. The Reeb distribution associated with α and β is
R = 〈T,R〉 where

iT (α ∧ dβ) = 0, β(T ) = 1, α(T ) = 0,
iR(β ∧ dβ) = 0, β(R) = 0, α(R) = 1.

The definition implies TM = D⊕R. In what follows we will often denote
by D = kerα ∧ β an Engel structure with a fixed choice of Engel defining
forms α and β.

We are interested in understanding geometric properties of R. In general
the Reeb distribution is not going to be integrable. The following result gives
a necessary and sufficient condition for integrability.
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Proposition 2.1.5. For a given Engel structure D = kerα ∧ β consider
the associated Reeb distribution R = 〈T,R〉, and denote by cTR = dβ(R, T ).
Then R = ker(dβ + cTRβ ∧ α) and it is integrable if and only if

d(cTRα) ∧ β = 0. (2.2)

Proof. For the first assertion we notice that iR(β ∧ dβ) = 0 and β(R) = 0
imply that iRdβ is a multiple of β. In fact iRdβ = cTRβ, so that R ∈
ker(dβ + cTRβ ∧ α). Similarly we have have T ∈ ker(dβ + cTRβ ∧ α) so that
R ⊂ ker(dβ + cTRβ ∧ α). On the other hand the kernel of this 2-form has
rank 2 because

α ∧ β ∧ (dβ + cTRβ ∧ α) = α ∧ β ∧ dβ 6= 0.

To prove the last claim choose (locally) two 1-forms ρ, τ such that

ρ ∧ τ = dβ + cTRβ ∧ α. (2.3)

By Frobenius’ Theorem R is integrable if and only if ρ ∧ τ ∧ dτ = 0 and
τ ∧ ρ ∧ dρ = 0. Differentiating (2.3) we get

dτ ∧ ρ− τ ∧ dρ = cTRdβ ∧ α− d(cTRα) ∧ β = cTRρ ∧ τ ∧ α− d(cTRα) ∧ β.

Hence the integrability condition translates to

d(cTRα) ∧ β ∧ τ = 0 and d(cTRα) ∧ β ∧ ρ = 0. (2.4)

Since d(cTRα)∧β∧α = cTRdα∧β∧α = 0 and d(cTRα)∧β∧β = 0, conditions
(2.4) are satisfied if and only if d(cTRα) ∧ β = 0

2.1.1 A useful technical lemma

In this section we list some formulas which describe Lie brackets of a
framing induced by D = kerα ∧ β.
Notation 2.1.6. In what follows we will fix a parallelization {W, X, T, R}
of M and we will use the letters a, b, c and d to denote respectively the
W, X, T and R components of vector fields. Moreover we will use lower
indices aAB, bAB, cAB and dAB to denote the components of the Lie bracket
[A,B], e.g.

[T,R] =: aTRW + bTRX + cTRT + dTRR.

The definition of T and R provides symmetries in the coefficients of the
Lie brackets of the vector fields of the framing {W, X, T, R}. The following
result summarizes the ones that we will use in the rest of the thesis.
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Lemma 2.1.7. Let D = kerα ∧ β be Engel and fix a framing {W, X, T, R}
such that cWX = β([W,X]) = 1 and dXT = α([X,T ]) = 1.

We have cWT = cWR = cXT = cXR = 0 and dWX = dWT = 0. Moreover

bWX = dWR (2.5a)
bXT = −aWT (2.5b)
dTR = LWdXR − LXdWR − aWXdWR − dXRdWR (2.5c)
cTR = aWR + bXR (2.5d)
bWR = −LWdTR + LTdWR + aWT dWR + bWT dXR (2.5e)
bTR = −LW cTR + dWRcTR (2.5f)
cTR = −LXdTR + LTdXR − aWT dXR + aXT dWR − bXR (2.5g)
aTR = LXcTR − dXRcTR . (2.5h)

Proof. Equations cWT = cWR = cXT = cXR = 0 are direct consequences of
Definition 2.1.4. Moreover dWX = dWT = 0 follow from LWE = E . Equations
(2.5a)-(2.5h) instead follow from all possible instance of the Jacobi identity.
We prove (2.5c) and (2.5d), the other formulas follow similarly

0 =
[
W, [X,R]

]
+
[
R, [W,X]

]
+
[
X, [R,W ]

]
= [W,aXRW + bXRX + dXRR] + [R, aWXW + bWXX + T ]
+ [X,−aWRW − bWRX − dWRR].

We continue the calculation mod D

0 = bXR [W,X] + (LWdXR)R+ dXR [W,R]
− aWX [W,R]− bWX [X,R]− [T,R]
+ aWR [W,X]− (LXdWR)R− dWR [X,R] mod D

=
(
aWR + bXR − cTR

)
T

+
(
LWdXR − LXdWR − aWXdWR − dXRdWR − dTR

)
R.

Notice that Equations (2.5f) and (2.5h) provide another proof of Propo-
sition 2.1.5.
Remark 2.1.8. For a fixed defining form E = kerα and anyX ∈ ΓD transverse
to W the form β := −LXα = −iXdα is a defining form for D. Indeed, since
iWdα = 0 on kerα, we have β(W ) = 0 and, by maximal non-integrability
there is a section Y ∈ ΓE such that β(Y ) 6= 0. Hence D = kerα ∧ β. This
choice ensures that dXR = α([X,R]) = −iXdα(R) = β(R) = 0. In fact by a
change β 7→ β + να we have complete freedom on the choice of dXR .
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2.2 Existence of integrable R
Understanding whether a given Engel structures admits Engel defining

forms that induce an integrable Reeb distribution is a complicated problem.
A first step in this direction is to compute the integrability condition (2.2)
when we change defining forms.

Lemma 2.2.1. For a given Engel structure D = kerα ∧ β, choose W and
X such that cWX = 1 = dXT . For another choice of Engel defining forms α̃
and β̃, denote by R̃ = 〈T̃ , R̃〉 the Reeb distribution associated with the new
forms and c̃TR = dβ̃(R̃, T̃ ). We have

1. if α̃ = λα and β̃ = β for λ ∈ C∞(M) nowhere vanishing then

R̃ = 1
λ
R, T̃ = T, c̃TR = 1

λ
cTR ;

2. if α̃ = α and β̃ = µβ for µ ∈ C∞(M) nowhere vanishing then

R̃ = R, T̃ = 1
µ

(
−
(
LX(lnµ)

)
W +

(
LW (lnµ)

)
X + T

)
,

c̃TR = cTR + LR(lnµ);

3. if α̃ = α and β̃ = να+ β for ν ∈ C∞(M) then

R̃ =
(
− ν2 − LXν + νdXR

)
W +

(
LW ν − νdWR

)
X − νT +R,

T̃ = νW + T,

c̃TR = cTR − νLW ν − LT (ν) + ν2dWR + νdTR .

Proof. Let us prove point 2, the other ones follow from a similar calculation.
Since α is not changed and β̃ ∧ dβ̃ = µ2β ∧ dβ we conclude R̃ = R. Similarly
we must have µT̃ = aW+bX+T . Imposing iT̃ (α̃∧dβ̃) = 0 yields the formula
for T̃ , here we need to use the hypothesis dβ(W,X) = −1 = dα(X,T ). The
last formula follows directly from the evaluation c̃TR = dβ̃(T̃ , R̃).

The previous formulas do not give any geometrical insight in understand-
ing integrability of R. It is more interesting to try to understand when some
stronger versions of Equation (2.2) are satisfied. We will now concentrate on
the case cTR = 0, which happens if and only if dβ2 = 0.

Lemma 2.2.2. For a given Engel structure D = kerα ∧ β there exists a
multiple β̃ = µβ such that dβ̃2 = 0 if and only if for some W and X we have
aWR + bXR = 0.
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Proof. To verify that dβ̃2 = 0 it suffices to prove that dβ̃(T̃ , R̃) = 0. Suppose
that aWR + bXR = 0. Notice that we cannot apply Lemma 2.1.7 because we
do not have information on cWX and dXT . Nonetheless a similar calculation
yields

0 = β
([
W, [X,R]

]
+
[
R, [W,X]

]
+
[
X, [R,W ]

])
= β

(
[W,aXRW + bXRX + dXRR]

)
+ β

(
[R, aWXW + bWXX + cWXT ]

)
+ β

(
[X,−aWRW − bWRX − dWRR]

)
= β

(
bXR [W,X] + aWR [W,X] + (LRcWX )T + cWX [R, T ]

)
= LRcWX + cWXdβ(T,R),

where in the last equality we used the hypothesis. By maximal non-
integrability we must have that cWX = β([W,X]) is nowhere vanishing,
hence we can choose µ = c−1

WX
. Using the point 2 in Lemma 2.2.1 and the

fact that iRdβ vanishes on D we get

d(µβ)(T̃ , R̃) =
(
dµ ∧ β + µdβ

)( 1
µ
T,R

)
= − 1

µ
LRµ+ dβ(T,R) = 1

cWX

(
LRcWX + cWXdβ(T,R)

)
= 0.

Conversely suppose that dβ̃2 = 0 and choose W, X so that cWX = 1 =
dXT . Lemma 2.2.1 ensures R̃ = R so that ãWR = aWR and b̃XR = bXR . We
conclude by Equation (2.5d).

2.2.1 Contactization

We will point out how to construct a contact structure starting from an
Engel structure. This construction is well-known to experts, but the author
could not find any explicit reference.

Definition 2.2.3. Let (M, D = kerα ∧ β) be an Engel structure. The
contactization of M is the contact 5-manifold (X = M × R, ξ = ker η) with
η = β + sα, where we use s for the R-coordinate.

The previous definition depends on the choice of α and β. On the other
hand we are interested in properties of ξ which are invariant up to rescaling
and translating the R factor. The following result ensures that ξ is essentially
independent of the choice of Engel defining forms.

Lemma 2.2.4. The form η = β+sα defines a contact structure ξ. Moreover
if we change Engel defining forms α 7→ α̃ and β 7→ β̃, there is a contacto-
morphism ψ : (X, ker η)→ (X, ker η̃) of the form ψ(p, s) = (p, f(p)s+ g(p))
where f, g ∈ C∞(M) with f nowhere vanishing.
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Proof. To verify that η is a contact form we calculate dη = dβ+ sdα+ds∧α
and

dη2 = dβ2 + s2dα2 + 2sdα ∧ dβ + 2ds ∧ α ∧ dβ + 2sds ∧ α ∧ dα. (2.6)

This, together with α∧β∧dβ 6= 0 and α∧dα∧β = 0, ensures that η∧dη2 6= 0.
All possible choices of Engel defining forms can be written as α̃ = λα and

β̃ = να+ µβ for λ, ν, µ ∈ C∞(M) with λ and µ nowhere vanishing. Hence
we have η̃ = µβ + να+ sλα, and if we define

ψ(p, s) :=
(
p,

1
λ(p)

(
µ(p)s− ν(p)

))
we have ψ∗η̃ = µη.

Equation (2.6) implies that the Reeb vector field associated with η takes
the form (we use the notation introduced in 2.1.6)

Rη = T + sW + (cTR + sdTR + s2dWR)∂s. (2.7)

Since dβ2 = 0 if and only if cTR = 0, Equation (2.7) means that this happens
if and only if M × {0} is invariant with respect to the Reeb flow.
Remark 2.2.5. Consider the change of Engel defining forms α̃ = α and β̃ =
να+ β. Lemma 2.2.4 ensures that there is a hypersurface M̃ ↪→ X graphical
on M ×{0} such that (X, ker η̃) is the contactization of (M̃, D = ker α̃∧ β̃),
namely the graph of ν : M → R.

Conversely take a hypersurface M̃ ↪→ X which is the graph of g ∈ C∞(M),
and define ψ(p, s) = (p, s + g(p)). The forms β̃ = η|M̃ = β + gα and
α̃ = (L∂sη)|M̃ = α are defining forms for the Engel structure on M̃ obtained
by pushing forward kerα ∧ β via ψ|M : M → M̃ .

The previous remark, Remark 2.1.2 and Equation (2.7) immediately give
the proof of the following result.

Proposition 2.2.6. Let (M,D = E ∩ E ′) be an Engel manifold, with E and
E ′ even contact structures such that E = D2, W ⊂ E and W ′ t E. There is
a 1-to-1 correspondence between choices of E ′ as above and hypersurfaces of
the contactization M × R which are graphical over M .

Moreover, there is a choice of Engel defining forms D = kerα ∧ β such
that dβ2 = 0 if and only if there is a graphical hypersurface on (X, ξ)
invariant with respect to the Reeb flow associated with η = µ(β + sα), for
some µ ∈ C∞(M) nowhere vanishing.

The previous result gives a geometric interpretation of dβ2 = 0. Unfortu-
nately it is not very useful for practical purposes, because the dynamics of
the Reeb vector field associated with η can be very complicated.
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2.3 Crash course: totally geodesic distributions
Before continuing the discussion on Engel defining forms, we will recall

some basic definitions in Riemannian geometry. The main references here
are [Rov] and [Mont1].

In what follows we will always denote by (M, g) a smooth, compact, con-
nected Riemannian manifold, and by ∇ its associated Levi-Civita connection.
We are interested in metric properties of distributions H ⊂ TM . In general
there is no natural choice for a complementary bundle, but if a metric is fixed,
then we have the orthogonal bundle V = H⊥ and the splitting TM = H⊕V .

In this setting we will denote, by abuse of notation, the orthogonal
projections with the same symbol H : H⊕ V → H and V : H⊕ V → V. The
role of V and H is interchangeable.

The connection ∇ induces a connection on V by the formula

∇V : ΓV × ΓTM → ΓV s.t. (V,X) 7→ ∇VX(V ) = V(∇XV ).

One can verify that this defines a connection on the vector bundle V →M .
For V ∈ ΓV we have HV = 0, taking the derivative yields

0 = ∇X(HV ) = (∇XH)V +H(∇XV ) = (∇XH)(V ) +∇XV − V(∇XV ).

Hence we have the formula

∇VX(V ) = (∇XH)(V ) +∇XV. (2.8)

Definition 2.3.1. A V-geodesic is a curve γ : I → M tangent to V and
such that ∇Vγ̇ (γ̇) = 0.

Proposition 2.3.2. Let (M, g) be a Riemannian manifold, let H be a distri-
bution and let V be its orthogonal complement V = H⊥. Then for any p ∈M
and v ∈ Vp there exists a unique maximal V-geodesic γ such that γ(0) = p
and γ̇(0) = v.

Proof. If V has rank k, Equation (2.8) implies that, in local coordinates, the
equation ∇Vγ̇ γ̇ = 0 is a system of k second order differential equations linear in
the second order terms. In fact it is a linear perturbation of the usual geodesic
equation. Moreover the condition γ̇ ∈ V is a system of n−k linear differential
equations. The initial conditions γ(0) = p and γ̇(0) = vp ∈ Vp ensure that we
can apply Cauchy-Lipschitz to get local existence and uniqueness. Classical
techniques ensure existence and uniqueness of maximal solutions.

A foliation is totally geodesic if all its leaves are totally geodesic subman-
ifolds. A way of rephrasing this is the following: every geodesic γ tangent to
the foliation at time t = 0 is everywhere tangent to it. This interpretation
provides the intuition behind the following definition.
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Definition 2.3.3. A distribution H on a Riemannian manifold (M, g) is
totally geodesic if for every p ∈ M and vp ∈ Hp the geodesic through p
tangent to vp is tangent to H at every point.

There is a characterization of totally geodesic distributions via the van-
ishing of a tensor that generalizes the O’Neill tensors of a submersion (see
[ON]). Define

hV : V × V → H s.t. hV(V, V ′) = 1
2H(∇V V ′ +∇V ′V ).

This tensor is symmetric, so we can equivalently take its polarization. The
following result ensures that hV encodes the metric information concerning
geodesics tangent to V.

Lemma 2.3.4. For a given Riemannian manifold (M, g) and a distribution
H, let V = H⊥. Then V is totally geodesic if and only if hV = 0.

Proof. By polarization hV = 0 if and only if hV(vp, vp) = 0 for all vp ∈ Vp.
Suppose that V is totally geodesic, then the unique geodesic γ such that
γ(0) = p and γ̇(0) = vp is tangent to V everywhere. Hence

hV(vp, vp) = hV(γ̇, γ̇)(p) = H (∇γ̇ γ̇) (p) = 0.

Conversely suppose hV = 0 and let vp ∈ Vp. By Proposition 2.3.2 there exists
a (unique) curve γ tangent to V such that γ̇(0) = vp and ∇Vγ̇ γ̇ = V (∇γ̇ γ̇) = 0.
This implies

∇γ̇ γ̇ = H (∇γ̇ γ̇) = hV(γ̇, γ̇) = 0,
so that γ is a geodesic. We conclude by uniqueness of the geodesic for given
initial values.

2.4 When are D and R totally geodesic?
Since a choice of Engel defining forms α and β determines uniquely the

splitting TM = D⊕R, it is natural to consider Riemannian metrics g which
satisfy D⊥ = R. In this context let A and B denote the g-duals of α and β
respectively, i.e.

iAg = α and iBg = β. (2.9)
Since α and β are linearly independent, the same is true for A and B.

Moreover since D⊥ = R they must be tangent to R, in particular R = 〈A,B〉.
Equation (2.9) implies

α(A) = ‖A‖2 , β(B) = ‖B‖2 , α(B) = g(A,B) = β(A),

and using these formulas we get

A = g(A,B)T + ‖A‖2R and B = ‖B‖2 T + g(A,B)R. (2.10)
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Remark 2.4.1. In this context we have some freedom in the choice of α.
Suppose that α, β, and g are as above, and consider the new defining forms
α̃ = λα and β̃ = β for λ ∈ C∞(M) nowhere vanishing. Lemma 2.2.1 ensures
that the Reeb distribution R̃ associated with the new defining forms coincides
with R. In particular, g also satisfies D⊥ = R̃ and we have the formulas

Ã = λA and B̃ = B. (2.11)

2.4.1 R is never totally geodesic

The goal of this section is to show that there is no metric g such that
D⊥ = R and R is totally geodesic.

Lemma 2.4.2. Let D = kerα ∧ β be Engel and suppose that g is a metric
such that D⊥ = R, then R is totally geodesic if and only if for all U, U ′ ∈ ΓR
and V ∈ ΓD we have

LV (g(U,U ′)) + g([U ′, V ], U) + g([U, V ], U ′) = 0.

Proof. Lemma 2.3.4 ensures that R is totally geodesic if and only if the
following tensor vanishes

hR : ΓR× ΓR → ΓD s.t. hR(U,U ′) = 1
2D
(
∇UU ′ +∇U ′U

)
.

Here D and R also denote the orthogonal projections on the respective
distributions.

Now hR is zero if and only if for any V ∈ ΓD we have g(hR(U,U ′), V ) = 0.
Using Koszul’s identity and the fact that g(U, V ) = 0 = g(U ′, V ) we have

0 =4g(hR(U,U ′), V ) = 2g(∇UU ′, V ) + 2g(∇U ′U, V )
=− LV (g(U,U ′)) + g([U,U ′], V )− g([U ′, V ], U) + g([V,U ], U ′)+
− LV (g(U ′, U)) + g([U ′, U ], V )− g([U, V ], U ′) + g([V,U ′], U)

=− 2
(
LV (g(U,U ′)) + g([U ′, V ], U) + g([U, V ], U ′)

)
.

The following result furnishes an obstruction on the metric properties
of the Reeb distribution associated with any pair of Engel defining forms,
when the metric g makes the splitting TM = D ⊕R orthogonal.

Proposition 2.4.3. Let D = kerα ∧ β and let g be a metric such that
D⊥ = R, then R is not totally geodesic.
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Proof. Suppose that R is totally geodesic and fix a framing D = 〈W, X〉
where W spans the characteristic foliation and cWX = 1 = dXT . Using
Lemma 2.4.2 we get

g(hR(A,A),W ) = 0 ⇒ LW ‖A‖2 + 2α([A,W ]) = 0
g(hR(A,A), X) = 0 ⇒ LX ‖A‖2 + 2α([A,X]) = 0
g(hR(B,B),W ) = 0 ⇒ LW ‖B‖2 + 2β([B,W ]) = 0
g(hR(B,B), X) = 0 ⇒ LX ‖B‖2 + 2β([B,X]) = 0
g(hR(A,B),W ) = 0 ⇒ LW (g(A,B)) + α([B,W ]) + β([A,W ]) = 0
g(hR(A,B), X) = 0 ⇒ LX(g(A,B)) + α([B,X]) + β([A,X]) = 0

Equation (2.10) implies

[W,A] =
(
LW (g(A,B))

)
T +

(
LW ‖A‖2 + ‖A‖2 dWR

)
R

[W,B] =
(
LW ‖B‖2

)
T +

(
LW (g(A,B)) + g(A,B)dWR

)
R

[X,A] =
(
LX(g(A,B))

)
T +

(
LX ‖A‖2 + g(A,B) + ‖A‖2 dXR

)
R

[X,B] =
(
LX ‖B‖2

)
T +

(
LX(g(A,B)) + ‖B‖2 + g(A,B)dXR

)
R.

These in turns yield

1. LW ‖A‖2 + 2 ‖A‖2 dWR = 0

2. LX ‖A‖2 + 2g(A,B) + 2 ‖A‖2 dXR = 0

3. LW ‖B‖2 = 0

4. LX ‖B‖2 = 0

5. LW (g(A,B)) + g(A,B)dWR = 0

6. LX(g(A,B)) + ‖B‖2 + g(A,B)dXR = 0

Now 3 and 4 imply that ‖B‖2 is constant on orbits of W and X. Since
D = 〈W,X〉 is bracket-generating, Chow’s Theorem 1.1.2 implies that ‖B‖2
is constant. Notice that the same formulas must hold for Ã and B̃ given
by Equation (2.11). Since ‖Ã‖ = |λ| ‖A‖, we can suppose that ‖A‖2 is also
constant, say

‖A‖ = 1.

In particular for some c ∈ R, we get

1. dWR = 0
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2. g(A,B) + dXR = 0

3./4. ‖B‖ = c

5. LW (g(A,B)) = 0

6. LX(g(A,B)) + ‖B‖2 + g(A,B)dXR = 0

Hence (2) and (6) together give

LX(g(A,B)) = g(A,B)2 − ‖B‖2 .

The Cauchy-Schwarz inequality reads g(A,B)2 ≤ ‖A‖2 ‖B‖2 with equality
if and only if {A, B} is linearly dependent. Since this never happens, the
inequality is sharp and

LX(g(A,B)) < ‖A‖2 ‖B‖2 − ‖B‖2 = 0.

This is a contradiction because we must have LX(g(A,B)) = 0 on the critical
points of the function p 7→ g(A,B)|p.

The geometric reason for this obstruction is not clear. Notice that the
hypothesis on g cannot be relaxed as Example 2.8.6 furnishes an Engel
structure D = kerα∧ β on T 4 where R is a totally geodesic foliation. In this
case the splitting TM = D ⊕R is not orthogonal.

2.4.2 D totally geodesic implies R integrable

In this section we study the properties of the Reeb distribution associated
with a totally geodesic Engel structure D = kerα ∧ β. Let g be such that
D⊥ = R and choose a framing D = 〈W, X〉 which is orthonormal and such
that W spans the characteristic foliation. The proof of the following lemma
is exactly the same as the proof of Lemma 2.4.2.

Lemma 2.4.4. Under the above hypothesis D is totally geodesic if and only
if for all X1, X2 ∈ {W,X} and Y ∈ ΓR we have

g([X1, Y ], X2) + g([X2, Y ], X1) = 0

The previous result permits us to express the Lie brackets of sections of
D with sections of R in a simple way.

Corollary 2.4.5. Under the above hypothesis D is totally geodesic if and
only if

[W,T ] = bWTX [W,R] = bWRX + dWRR

[X,T ] = −bWTW + dXTR [X,R] = −bWRW + dXRR
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Proof. Since iTdβ = −cTRα, all T -components must vanish. Moreover
[W,T ] ∈ E hence dWT = 0. Hence the only components left to calculate are
the ones in the direction of W and X. Since {W, X} is an orthonormal basis
and D⊥ = R we can calculate them using Lemma 2.4.4:

aWT = g([W,T ],W ) = 0, aWR = g([W,R],W ) = 0,

similarly bXT = 0 and bXR = 0. Moreover

bWT = g([W,T ], X) = −g([X,T ],W ) = −aXT

and bWR = −aXR , which concludes the proof.

The following result links metric properties of D with integrability prop-
erties of R.

Corollary 2.4.6. Let D = kerα ∧ β be Engel and let g be a metric such
that D⊥ = R. If D is totally geodesic, then there exists a nowhere vanishing
function µ ∈ C∞(M) such that β̃ = µβ satisfies dβ̃2 = 0. In particular, R̃ is
integrable.

Proof. The previous corollary says aWR + bXR = 0 which is exactly the
hypothesis of Lemma 2.2.2.

The converse of this result is likely false, but we do not have a counterex-
ample. Towards the end of the chapter we will furnish some examples of
Engel structures for which D is totally geodesic.

2.5 Engel vector fields
In this section we will study Engel structures that admit symmetries.

The existence of 1-parameter families of contactomorphism for any given
contact structure is well-known. For Engel structures on the other hand the
existence of such families of symmetries is tightly related to the dynamics of
the characteristic foliation.

Definition 2.5.1. Let (M,D) be an Engel structure an Engel vector field
is a vector field whose flow preserves D.

Remark 2.5.2. If Z preserves D then automatically it must preserve its Engel
flag, i.e.

LZW =W, LZD = D and LZE = E .

In [Mont2] there is an example of Engel structure admitting a unique 1-
parameter family of symmetries. The idea of the construction is to make
sure that W itself does not admit many symmetries.
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Let (M,D) be an orientable Engel manifold and fix a defining form for
the induced even contact structure E = kerα. Let W be a nowhere vanishing
section of the characteristic foliation W, then there exists a function hW
such that LWα = hWα. Following [Vog1] we define the space of Engel
Hamiltonians as

C∞(α) =
{
f ∈ C∞(M)

∣∣∣LW f = hW f
}
.

One can show that C∞(λα) = λC∞(α) for any nowhere vanishing λ ∈ C∞(M).

Lemma 2.5.3 [Vog1]. The space of Engel vector fields is in 1-to-1 corre-
spondence with C∞(α). More precisely for any f ∈ C∞(α) there exists a
unique Engel vector field Zf such that α(Zf ) = f and conversely if Z is an
Engel vector field then α(Z) ∈ C∞(α).

Proof. If Z preserves the Engel structure set f = α(Z). Then by Remark
2.5.2, it also preserves the even contact structure. In particular LZα vanishes
on W , so that

0 = (LZα)(W ) = df(W ) + dα(Z,W ) = LW f − hW f.

We will only prove the converse in the case whereM and D are orientable.
In this case fix Engel defining forms α and β and a framing D = 〈W, X〉
such that cWX = 1 = dXT . For f ∈ C∞(α), we want to find a symmetry Z of
the form Z = wW + xX + tT + fR.

Imposing the condition LZβ = 0 modulo 〈α, β〉 we get x = −LW t and
w = LXt. Now the condition LZα = 0 modulo 〈α〉 translates to

LW f = hW f

x = LT f + dTRf

t = −LXf − dXRf.

The first one is verified since f ∈ C∞(α) by hypothesis, and the last one
determines t. The second one is equivalent to

LT f + dTRf = LW (LXf + dXRf),

which follows from f ∈ C∞(α) and Equations (2.5b) and (2.5c).

Remark 2.5.4. The proof of the previous result gives us an explicit formula
for the Engel vector field Zf associated with f ∈ C∞(α). Namely we have
Zf = wW + xX + tT + fR where

w = −LXt, x = LXt and t = LXf + dXRf. (2.12)

Equation (2.12) simplifies if we make the choice of defining forms β = iXdα,
since this ensures dXR = 0.
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The problem of finding symmetries for a given Engel structure translates
then to understanding the space C∞(α), which is tightly linked with the
dynamical properties of W . It is still unclear if there are Engel structures
which do not admit any 1-parameter families of symmetries.

Equation (2.12) permits to give a very explicit formula for Engel symme-
tries which are also sections of the Reeb distribution.

Lemma 2.5.5. Let D = kerα ∧ β be an Engel structure and denote by
R its Reeb distribution. If Z is an Engel vector field tangent to the Reeb
distribution then Z = kT + fR for k ∈ R and f ∈ C∞(α). Moreover if Z is
non-singular then the zero set of f is nowhere-dense.

Proof. Equation (2.12) together with the condition Z ∈ ΓR implies that
LW t = 0 and LXt = 0. This means that t is constant on orbits of W and X,
hence by Chow’s Theorem it is constant.

The last claim follows because if Z is tangent to E in the neighbourhood
of a point then, by uniqueness of W, it must be tangent to W , which would
lead to a contradiction.

The following result furnishes a relation between existence of symmetries
of D and the dynamics of W.

Proposition 2.5.6 [Vog1]. Let D be an Engel structure and E its induced
even contact structure. There exists an Engel vector field Z transverse to E
if and only if the holonomy of W is volume-preserving.

If such a vector field exists then there exists a pair of defining forms
D = kerα ∧ β such that Z = R and dα2 = 0.

Proof. The first claim is contained in Proposition 1.3.6. In order to prove
the second statement let Z be an Engel vector field transverse to E and use
Proposition 1.3.6 to find α such that α(Z) = 1 and dα2 = 0. We need to
find β so that Z = R.

By Remark 2.5.2 the flow of Z must preserve the Engel flag W ⊂ D ⊂ E .
This means that we can choose a framing E = 〈W, X, Y 〉 satisfying

LZ〈W 〉 = 〈W 〉, LZ〈X〉 ⊂ 〈W,X〉, LZ〈Y 〉 ⊂ 〈W,X, Y 〉. (2.13)

Choose β so that kerβ = 〈W, X, Z〉 and β(Y ) = 1. Exactly as in the proof
of Proposition 2.1.3 the forms α and β are Engel defining forms for D. Now
Equation (2.13) implies [W,Z] = aW , so that

dβ(Z,W ) = β([W,Z]) = aβ(W ) = 0.

Similarly we have dβ(Z,X) = 0, so that dβ = 0 on kerβ. This implies
Z ∈ kerβ ∧ dβ, and since α(Z) = 1 we conclude Z = R.
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As we have already seen, even contact structures admitting a defining
form E = kerα such that dα2 = 0 are very special. If this happens for
E = kerα induced by the Engel structure D, then there is a special choice of
Engel defining forms.

Lemma 2.5.7. Let W ⊂ D ⊂ E be the Engel flag of D. The following are
equivalent

1. W has volume-preserving holonomy;

2. there exist α and β such that LRD ⊂ D;

3. there exist α and β such that ker dα = 〈W,R〉;

4. there exist α and β such that β ∧ dα = 0;

5. there is a choice of α such that the conformal class of β = LXα does
not depend on the choice of X ∈ ΓD transverse to W.

Moreover Properties 1 to 5 are all satisfied simultaneously for the same choice
of defining forms α and β.

Proof. 1⇒ 2 This was already proven in Lemma 2.5.6.
2⇒ 3 The hypothesis implies that LRE ⊂ E so that LRα = iRdα = λα

for some λ ∈ C∞(M). Since iW (α ∧ dα) = 0 we have iWdα = hWα for
some hW ∈ C∞(M). Hence dα2 = 0 if and only if (iWdα)(R) = 0, but
we have (iWdα)(R) = −(iRdα)(W ) = −λα(W ) = 0. This also proves that
ker dα = 〈W,R〉.

3⇒ 4 This is obvious since both W and R are in the kernel of β and of
dα.

4⇒ 5 For any choice of X we must have 0 = iX(β ∧ dα) = −β ∧ LXα,
which is only possible if LXα is a multiple of β.

5⇒ 1 By Proposition 1.3.6 it suffices to proof that iWdα = 0. Suppose
this is not true, then as in the above proof we must have iWdα = hWα with
hW ∈ C∞(M) not identically zero. For any given X ∈ ΓD transverse to
W , the vector field X̃ = X +W is transverse to W , but β = iXdα is not a
multiple of β̃ = iX̃dα = β + hWα.

The last statement follows directly from this proof.

Remark 2.5.8. The above discussion seems to suggest a link between inte-
grability of R and the existence of special symmetries for D. Proposition
2.1.5 ensures that the Reeb distribution R associated with the Engel defining
forms α and β is integrable if and only if d(cTRα) = 0 modulo 〈β〉. This
translates to the conditions

LW cTR = dWRcTR and LXcTR = dXRcTR .
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On the other hand a symmetry Z ∈ ΓR is completely determined by f ∈
C∞(α) such that

LW f = −dWRf and LXf = −dXRf + t,

where t ∈ R. These conditions look very similar, we do not know if this is
just a coincidence.

2.6 Engel Killing vector fields
In this section we will study Engel structures admitting transverse Killing

symmetries.

Proposition 2.6.1. Let (M,D) be an Engel structure and let g be a Rieman-
nian metric. Suppose that Z ∈ X(M) is Engel, Killing and orthogonal to E,
then there exists a choice of defining forms α and β such that dα2 = 0 = dβ2

and β = −LXα for some X ∈ ΓD transverse to W.

Proof. Since Z⊥ kerα it must be in particular transverse to it, hence Propo-
sition 2.5.6 implies the existence of α and β such that R = Z and dα2 = 0.
Up to rescaling g we can suppose that ‖R‖ = 1. Fix an orthonormal basis
D = 〈W,X〉 and complete it with a vector field Y to an orthonormal basis
of E . This implies that {W, X, Y, R} is an orthonormal framing.

Since R is Engel, as in the proof of Proposition 1.3.6, we have

[W,R] = aWRW

[X,R] = aXRW + bXRX

[Y,R] = aY RW + bY RX + cY RY.

Since R is Killing we have

0 = (LRg)(W,W ) = LR(g(W,W ))− 2g(LRW,W ) = 2aWR

so that [W,R] = 0. Similarly bXR = cY R = 0. Moreover

0 = (LRg)(W,X) = LR(g(W,X))− g(LRW,X)− g(W,LRX) = aXR

so that [X,R] = 0. Similarly aY R = 0 and bY R = 0. Hence we have
[W,R] = [X,R] = [Y,R] = 0.

Rescale β so that β(Y ) = 1, by Lemma 2.2.1 this does not change R.
We already have dα2 = 0, moreover (LRβ)(W ) = LR(β(W ))− β(LRW ) = 0
and similarly for the other vector fields in the framing, so that LRβ = 0.
This implies that dβ2 = 0 and β ∧ dα = 0, so that β = −LXα follows from
Proposition 2.5.6.
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Corollary 2.6.2. Let (M,D) be an Engel structure and let g be a Rie-
mannian metric. Suppose that Z ∈ X(M) is Engel, Killing and orthog-
onal to E, then there exists a framing TM = 〈W, X, T, R〉 such that
D = 〈W, X〉 = kerα ∧ β for some defining forms whose associated Reeb
distribution is R = 〈T, R〉 with Z = R. Moreover we have

[W,R] = [X,R] = [T,R] = 0
[W,X] = aWXW + T

[W,T ] = aWTW + bWTX

[X,T ] = aXTW − aWTX +R

where the functions aWX , aWT , bWT and aXT are constant on the orbits of R.

Proof. The proof of Proposition 2.6.1 implies the existence of a framing
{W, X, Y, R} such that R commutes with every vector field in the framing.
Now α ∧ dβ = 0 implies dα ∧ dβ = 0, which in turn implies [T,R] = 0.

We need to rescale W and X so that cWX = 1 = dXT . This is possible
because the Jacobi identity implies

LR
(
β([W,X])

)
=
(
LRβ

)(
[W,X]

)
− β

([
R, [W,X]

])
= β

([
X, [R,W ]

]
+
[
W, [X,R]

])
= 0,

and similarly LR(α([X,T ])) = 0. Hence we can rescale W and X as follows

W 7→ α([X,Y ])
β([W,X])W, X 7→ 1

α([X,Y ])X

to get a new framing of D satisfying all previous conditions and additionally
cWX = 1 = dXT . We have

[W,R] = [X,R] = [T,R] = 0
[W,X] = aWXW + bWXX + T

[W,T ] = aWTW + bWTX

[X,T ] = aXTW + bXTX +R.

Equation (2.5a) implies bWX = dWR = 0 and Equation (2.5b) implies bXT =
−aWT . Notice that we can rescale g on D to make this basis orthonormal.

The converse of Proposition 2.6.1 is not true. The existence of defining
forms satisfying dα2 = 0 = dβ2 and dα ∧ β = 0 only ensures that R is a
Killing vector field if LR acts in a diagonalizable way on D.

Proposition 2.6.3. Let D = kerα ∧ β be an Engel structure such that
dα2 = 0 = dβ2 and dα∧ β = 0. Suppose that there exists X ∈ ΓD transverse
to W and such that LRX = bX for b ∈ C∞(M). Then there exists a framing
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TM = 〈W, X, T, R〉 such that R commutes with any vector field in the
framing. In particular R is Killing for the metric g making this framing
orthonormal.

Proof. First of all notice that Lemma 2.5.7 ensures that the flow of R
preserves D and its Engel flag. In particular for any framing D = 〈W, X〉
we must have that LRW = aW and LRX = bX + cW for some smooth
functions a, b, and c. The hypothesis ensures that we can choose X such
that c = 0. Up to rescaling we can choose W and X multiples of these such
that cWX = 1 = dXT .

The condition dβ2 = 0 implies that [T,R] is a multiple of R. Since
dα ∧ β = 0 implies dα ∧ dβ = 0, we must have [T,R] = 0. Using LRβ = 0
we get

0 = LR
(
β
(
[W,X]

))
= −β

([
R, [W,X]

])
= β

([
X, [R,W ]

]
+
[
W, [X,R]

])
= −a− b.

Similarly LRα = 0 and [T,R] = 0 imply 0 = LR
(
α
(
[X,T ]

))
= −b. Hence

the claim.

Remark 2.6.4. There is an alternative way of proving [W,R] = 0 once
we know [T,R] = 0. Take the family of forms βt = β + tα for t ∈ R,
it is easy to verify that dβ2

t = 0 and dα ∧ dβt = 0 for all t ∈ R. This
means that the associated Reeb distribution Rt = 〈Tt, Rt〉, also satisfies
[Tt, Rt] = 0. Consider A1 = T + tW and A2 = R. Since we chose W such
that β([W,X]) = 1, we have Ai ∈ ΓRt for all t ∈ R. Moreover α(Ai), βt(Ai)
are constants for i = 1, 2, thus they must be linear combinations of Tt and
Rt with real coefficients. In particular 0 = [A1, A2] = t[W,R] for all t ∈ R so
that W and R must commute.

Definition 2.6.5. A K-Engel structure is a triple (D, g, Z) where D is an
Engel structure, g is a metric and Z is a vector field which is Engel, Killing
and orthogonal to E.

Moreover the Engel defining forms α and β satisfying dα2 = 0 = dβ2

and dα ∧ β = 0 are called K-Engel forms. We will often denote only by
D = kerα∧ β the K-Engel structure (D = kerα∧ β, g, Z = R), if we do not
want to put an accent on the metric g.

2.7 Some remarks on the dual of W

Before continuing with the discussion on general K-Engel structures we
make some observations about some special cases. If (M,D) is Engel and
its flag is orientable, a choice of a framing of D = 〈W, X〉, with W = 〈W 〉
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and of defining forms α and β yields the framing {W, X, T, R}. We are
interested in the properties of the dual coframing {ρ, τ, β, α} in the case
where dα2 = 0 and β = −LXα. Under these hypothesis we can determine
whether α and β are K-Engel by looking at ρ.

Lemma 2.7.1. Suppose D = kerα ∧ β satisfies dα2 = 0 and β = −LXα.
Then α and β are K-Engel if and only if there is a choice of W and X such
that LRρ = 0 modulo 〈β〉.

Proof. The key observation is that LRρ = −aWRρ− aXRτ modulo 〈β〉. If α
and β are K-Engel then Corollary 2.6.2 ensures that there is a choice of W
and X such that they commute with R. This implies in particular aWR = 0
and aXR = 0.

Conversely suppose we have such a framing. Up to rescaling X, we have
cWX = 1 and this does not change ρ and R. Notice that

dXT = dα(T,X) = β(T ) = 1.

Moreover the hypothesis dα2 = 0 and β = −LXα imply dWR = dXR = dTR =
0. These together with Equation (2.5g) imply cTR = −bXR . Equation (2.5d)
reads cTR = aWR + bXR , so using LRρ ∧ β = 0 yields

2cTR = aWR = 0,

which translates to dβ2 = 0. Now all hypothesis of Proposition 2.6.3 except
possibly for LRX = bX, but this is again a consequence of LRρ ∧ β = 0,
since this means aXR = 0.

Notice that the hypothesis of the previous lemma is verified if dρ = 0.
Many aspects of the theory of K-Engel structures such that dρ = 0 resemble
the theory of Sasakian manifolds (see [Bla] Section 6.8). The proof of the
following is borrowed from the analogous one in the Sasakian case. I wish to
thank Giovanni Placini for explaining it to me.

Theorem 2.7.2. Let D = kerα ∧ β be K-Engel, fix the induced K-Engel
framing {W, X, T, R} and its dual coframing {ρ, τ, β, α}. If dρ = 0 then
the cup-length of M is smaller than 4.

Proof. The idea is to prove that R is contained in the kernel of any harmonic
1-form. In this case for any a1, ..., a4 ∈ H1(M,R) we pick harmonic repre-
sentatives θ1, ..., θ4 and the cup product will be the class of θ1 ∧ · · · ∧ θ4, but
this is zero because R is in its kernel.

Since R is a Killing vector field, its flow acts by isometries, hence it sends
harmonic forms to harmonic forms. Moreover it acts trivially in cohomology.
These two facts imply LRθ = 0 for all θ harmonic 1-form. Write θ = η + fα
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where η(R) = 0 and f = θ(R), we want to prove that f = 0. Using the fact
that θ is closed we have

0 = LRθ = d(θ(R)) = df.

Hence f is constant and 0 = dθ = dη + fdα. A simple calculation yields

d(ρ ∧ η ∧ α) = dρ ∧ η ∧ α− ρ ∧ dη ∧ α+ ρ ∧ η ∧ dα = −fρ ∧ α ∧ dα,

where we used dρ = 0 and the fact that ρ ∧ η ∧ dα = 0 because R is in the
kernel of all the forms (see Lemma 2.5.7). Now ρ ∧ α ∧ dα is a volume form
because ρ(W ) = 1, hence if f 6= 0 this would imply that it is also exact,
which is impossible since M is closed.

In the next section we will see that there are K-Engel structures on T 4,
so the hypothesis dρ = 0 in the previous lemma is crucial.

2.8 Topology of K-Engel manifolds
We will now focus on topological obstructions to the existence of a K-Engel

structure. Corollary 2.6.2 ensures that there exists a framing {W, X, T, R}
such that R commutes with all vector fields in the framing. This fact has
strong consequences for the topology of M , which come from the theory of
transverse structures to a foliation. For more details see [Mol].

Definition 2.8.1. Let (M,F) be a foliation, we say that F is transversally
parallelizable if there exists a global framing for the normal bundle νF which
is invariant under the holonomy of F .

A more sophisticated way to rephrase this is given by transverse G-
structures. Let Q = B1

T (M,F) be the transverse framing bundle, i.e. the
principal GL(R, q)-bundle of framings transverse to TF , here q = codimF .
A transverse G-structure on F is a reduction of the structure group of Q to
G < GL(R, q). Hence a foliation is transversally parallelizable if and only if
it admits an e-structure, where e is the trivial group.

There is a more ”hands on” way of verifying if a foliation is transversally
parallelizable, which involves foliate vector fields. A vector field V ∈ X(M) is
called foliate vector field for F if for every tangent vector field Y ∈ ΓTF we
have that the commutator is again tangent, i.e. LV Y ∈ ΓTF . This implies
that V is preserved by the holonomy of F . Hence a foliation is transversally
parallelizable if and only if there exists a transverse framing {V1, ..., Vq} of
foliate vector fields.

Let (M, D = kerα ∧ β) be K-Engel and consider the foliation F induced
by the flow of R, then {W, X, T} is a transveral framing by foliate vector
fields. This means that F is transversally parallelizable. The fact that
R⊥ = kerα is bracket-generating implies more.
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Lemma 2.8.2. If (M, D = kerα ∧ β) is K-Engel and p, q ∈ M then there
exists an isotopy ψt : M →M which commutes with the flow of R and such
that ψ1(p) = q. In particular all R orbits are isotopic on M .

Proof. By hypothesisR is transverse to kerα and we have a framing {W, X, T}
of vector fields commuting with R. This means that if we can join p and q
with a piecewise smooth path γ obtained by glueing together pieces of orbits
of W, X and T we will obtain the isotopy ψt. The existence of such a path
is exactly the statement of Chow’s Theorem 1.1.2.

The existence of a transversally parallelizable foliation restricts the topol-
ogy of M . For a proof of the following see [Mol] Theorem 4.2 page 118.

Theorem 2.8.3 [Mol]. Let (M,F) be a transversally parallelizable foliation
on a compact connected manifold M . Then the closure of the leaves of F are
the fibres of a locally trivial fibration π : M → W called basic fibration on
the basic manifold W .

We apply the previous result to F induced by R. This ensures that,
depending on the dimension of the closure of the leaves of F , we have a fibre
bundle on a manifold W whose fibres have dimension k ∈ {1, 2, 3, 4}. The
case k = 1 means that R is totally periodic and it will be treated in Section
2.8.2. If k = 2 then the leaves must be tori, because R is a nowhere vanishing
vector field tangent to them. This case will be treated in Section 2.8.1.

For the final cases we use standard arguments of the theory of Killing
vector fields. Since R is Killing, its flow φt acts by isometries on M , hence
it is a 1-parameter subgroup of Isom(M, g). Since the isometry group is
a Lie group, the closure of φt is an Abelian subgroup and hence a torus
Tm ⊂ Isom(M, g). This is a closed subgroup and hence it is embedded, so
that Tm acts effectively on M . The dimension k of the fibres must satisfy
k ≤ m, so that if k = 3 or k = 4 we have an effective T 3 action on M . The
topology of the manifolds admitting such actions was completely classified
by Pak.

Theorem 2.8.4 [Pak]. If M4 admits an effective T 3-action then M is
diffeomorphic to T 4, S2 × T 2 or L(p, q) × S1, where L(p, q) denotes the
(p, q)-lens space.

The previous discussion is a proof of the following result.

Theorem 2.8.5. If (M,D) admits a K-Engel structure, then M is diffeo-
morphic to one of the following:

• T 4;

• L(p, q)× S1 or S2 × T 2;

• a T 2-bundle over a surface;
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• an S1-bundle over a 3-manifold.

It is unclear which of these manifolds admit K-Engel structures. We end
this section with the construction of a family of K-Engel structures on T 4

providing examples for which the dimension of the closure of the orbits of R
varies.
Example 2.8.6. On R4 with coordinates (t, x, y, z) consider the distribution
given by

D =
〈
W = cos(2πt)∂x + sin(2πt)∂y + ∂z, X = ∂t

〉
.

This defines an Engel structure, in fact it is the Lorentz prolongation of the
standard Lorentz structure on R2,1. We choose defining forms

α = dz − cos(2πt)dx− sin(2πt)dy, β = − sin(2πt)dx+ cos(2πt)dy.

An explicit calculation yields

R = ∂z and T = − sin(2πt)∂x + cos(2πt)∂y.

Since R is Engel and Killing for the metric making {W,X, T,R} orthonormal,
this is a K-Engel structure.

Up to choosing a lattice Λ in R4 in the right way we can make sure
that this structure passes to the quotient T 4 = R4/Λ. Moreover we can
control the dimension of the closure of the orbits of R. The only condition
on Λ = 〈e1, ..., e4〉 is that the t-components of the vectors must be integers
(otherwise cos(2πt) and sin(2πt) will not pass to the quotient). This allows
the choice e4 = (0, 0, 0, 1) and leaves complete freedom for e1, e2 and e3 in
the orthogonal space to e4. Since R = ∂z we can make sure that the closure
of its orbits in the quotient is S1, T 2, T 3.

Notice that it is not possible to have dense orbits. In this case indeed
Corollary 2.6.2 ensures that aWX , aWT , bWT and aXT are constant on the
leaves of R and hence on T 4. This means that the framing {W, X, T, R}
satisfies [W,X] = T and [X,T ] = R and all other brackets vanish. In
turn this means that dρ = 0 so that Theorem 2.7.2 would imply that the
cup-length of T 4 is smaller than 4.

It is unclear if there are examples of K-Engel structures such that all
orbits of R are dense.

2.8.1 K-Engel T 2-bundles

In this section we will study K-Engel structures on T 2-bundles over a
surface Σg of genus g. These bundles are classified up to isomorphism by
the monodromy and the Euler class (see [Wal]).
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The monodromy ρ : π1(Σg) → π0(Diff+(T 2)) ∼= SL(2,Z) is a repre-
sentation which reveals the structure of the bundle over the 1-skeleton.
Take the natural projection π0 : Diff+(T 2) → π0(Diff+(T 2)). Recall that
π0(Diff+(T 2)) ∼= SL(2,Z) and consider the induced map on classifying spaces
Bπ0 : BDiff+(T 2)→ BSL(2,Z). For any T 2-bundle M → Σg take the clas-
sifying map fM : Σg → BDiff+(T 2). The monodromy morphism is the
map induced on π1 by the composition Bπ0 ◦ fM : Σg → BSL(2,Z), i.e.
ρ = π1(Bπ0 ◦ fM ) : π1(Σg)→ π1(BSL(2,Z)) = SL(2,Z).

For any given representation ρ : π1(Σg)→ SL(2,Z) one can explicitely
construct a bundle M → Σg having ρ as monodromy homomorphism.
Consider the manifold M̃ = Σ̃g × T 2, where Σ̃g is the universal cover of
Σg. The fundamental group π1(Σg) acts properly discontinuosly on M̃ via
g · (p, q) = (p · g−1, ρ(g)q), where the action on Σ̃g is by deck transformations.
Hence the quotient space M = M̃/π1(Σg) =: Σg ×ρ T 2 is a manifold which
in fact is the total space of a T 2-fibration whose monodromy is ρ.

The Euler class is a pair of integers (m,n) which represents an obstruction
to the existence of a section for π : M → Σg. For a given T 2-bundle consider
the evaluation at a point ev : Diff+(T 2)→ T 2 and the corresponding map
Bev : BDiff+(T 2) → BT 2 ∼= CP∞ × CP∞. The composition with the
classifying map Bev ◦ fM defines a pair of integers (m,n) which is the Euler
class. We say that a bundle with Euler class (0, 0) is flat.

There is a way to construct a bundle with Euler class (m,n) starting
from a flat one π : M → Σg. Take a disc D2 → Σg and make a surgery on
the torus π−1D2 via the glueing map T 2 × ∂D2 → T 2 × ∂D2 given by

(u, v, θ) 7→
(
u+ 1

2πmθ, v + 1
2πnθ, θ

)
. (2.14)

The following result gives some more information about the structure of
the T 2-bundles that arise as K-Engel structures.

Lemma 2.8.7. If (M, D = kerα ∧ β) is a K-Engel structure such that the
closures of the leaves of R are 2-tori then there are two commuting, totally
periodic, linearly independent vector fields R1 and R2 tangent to the fibres
of the fibration M → Σg.

Proof. We use a classical argument for Killing vector fields to find R1, R2
commuting, Killing, totally periodic vector fields on M such that R =
r1R1 + r2R2 for r1, r2 ∈ R.

Let φRt be the flow of R, this is a 1-parameter subgroup of the compact
Lie group of isometries of (M, g). Since it is Abelian, its closure is a torus
Tm. Moreover, since the closure of the leaves of R are 2-dimensional by
hypothesis, and using the proof of Theorem 2.8.4 (see [Pak] end of page
671) we conclude that m = 2. Fix a basis 〈A1, A2〉 for the Lie algebra of T 2

and consider the vector fields Ri = exp(tAi) for i = 1, 2. By construction
[Ri, R] = 0 for i = 1, 2.
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The only thing left to prove is that {R1, R2} is linearly independent. By
contradiction suppose this does not happen at a point p ∈M . Without loss
of generality we have R1(p) = λR2(p) for some λ ∈ R. Since R1 and R2
commute with R, the orbit of R at p coincides with the orbit of R2. Since
the latter is totally periodic this yields to a contradiction, because Lemma
2.8.2 ensures that the closure of every orbit of R is 2-dimensional.

The previous result implies a strong constraint on the bundle structure.

Corollary 2.8.8. If (M,D = kerα∧β) is a K-Engel structure such that the
closures of the leaves of R are 2-tori then M → Σg is a principal T 2-bundle
and α and β are invariant forms.

Proof. The first claim follows directly from Lemma 2.8.7. Moreover its proof
shows that R1 and R2 are Killing and Engel, and this proves the claim on α
and β.

Remark 2.8.9. Notice that Lemma 2.8.7 does not imply that every vector
field tangent to the fibres of M → Σg is Engel. Indeed already non-constant
rescalings of R1 and R2 are not Engel in general. Moreover it is a priori
possible that neither of them is transverse to E .

It is unclear which principal bundles admit K-Engel structures such
that the closures of the orbits of R are 2-dimensional. We present some
constructions of K-Engel structures on T 2-bundles where R is totally periodic.
Example 2.8.10. Consider the surface Σg equipped with a metric h of constant
scalar curvature k and construct the unit circle bundle S1 → N → Σg.
Denote by A ∈ X(N) a unit vector field tangent to the fibres. The Levi-
Civita connection induces a choice of horizontal bundle on N and we denote
by B a tautological vector field, i.e. for l ∈ TpN of unit norm we want
π∗(B(p, l)) ∈ Rl. Finally we choose C so that {B,C} is an orthonormal basis
for the horizontal bundle of N . It is a classical result that

[A,B] = C, [B,C] = kA and [C,A] = B.

This means that the dual basis {a, b, c} ∈ T ∗N satisfies

da = −kb ∧ c, db = −c ∧ a and dc = −a ∧ b.

Using these formulas one can verify that on M = N × S1 the forms

α = a− cos t b− sin t c and β = sin t b+ cos t c

are K-Engel and the induced framing is

W = A+ cos t B + sin t C − (k + 1)∂t
X = ∂t

T = − sin t B + cos t C
R = A− ∂t.
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Example 2.8.11. If a T 2-bundle admits an S1-action tangent to the fibres
then the monodromy ρ has the form

ρ(γ) =
(

1 λ(γ)
0 1

)
for λ(γ) ∈ Z (see Proposition 4.4 in [Wal]).

Take the flat T 2-bundle over T 2 with monodromy given by ρ(ai) = Ai
for π1(T 2) = 〈a1, a2〉, where

Ai =
(

1 λi
0 1

)
, with λi ∈ Z, i = 1, 2.

Take coordinates M̃ = R2 × T 2 = {(x, y, u, v)}, then the 1-forms

a = du+ (λ1x+ λ2y)dv and b = dv

are invariant with respect to the transformations((
x
y

)
,

(
u
v

))
7→
((

x− 1
y

)
, A1

(
u
v

))
and ((

x
y

)
,

(
u
v

))
7→
((

x
y − 1

)
, A2

(
u
v

))
hence they define 1-forms on M . Similarly the formulas

U = ∂u and V = ∂v − (λ1x+ λ2y)∂u
define nowhere-vanishing vector fields tangent to the fibres of M . The forms

α = a− cos v dz − sin v dy and β = − sin v dx+ sin v dy

are K-Engel forms with R = U .

2.8.2 Engel Boothby-Wang

The construction in this section is motivated by the properties that
K-Engel structures with totally periodic R satisfy. The same construction
appeared in the work of Mitsumatsu [Mit] under the name of prequantum
prolongation.

Consider a K-Engel structure D = kerα∧β such that R is totally periodic.
The results in Section 2.8 ensure that M is an S1-bundle over a 3-manifold
N with R tangent to fibres. Denote the projection by π : M → N .

Since LRβ = 0, we get a 1-form on N by λ = π∗β. Since kerβ∧dβ = 〈R〉,
the form λ is a contact form. Similarly W descends to a Legendrian vector
field L = π∗W . Finally α is a connection form because LRα = 0, α(R) = 1,
and dα descends to a closed 2-form π∗ω = dα, satisfying iLω = 0. This
implies that [ω] ∈ H2(N,Z), because this must be the Euler class of the
bundle M .
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Remark 2.8.12. Let (N,λ) be a contact 3-manifold and let L be a non-singular
Legendrian vector field. Then L is the kernel of a closed non-singular 2-form
ω if and only if a rescaling of L preserves the contact volume λ ∧ dλ.

Indeed suppose that some rescaling L̃ preserves the contact volume, then
form ω = iL̃(λ ∧ dλ) is closed. Conversely suppose that we have a closed
2-form ω whose kernel is spanned by L. Then ω̃ = iL(λ ∧ dλ) is also non-
singular and its kernel is spanned by L. This readily implies that ω̃ and ω
are proportional, so that up to rescaling L, we have the claim.

Reversing the previous construction we obtain the Engel version of the
Boothby-Wang construction [BW].

Proposition 2.8.13. Let (N3, λ) be a contact structure and suppose that L
is a Legendrian vector field such that ω = iL(λ ∧ dλ) is an integral closed
2-form. Then the principal S1-bundle π : M → N with Euler class [ω]
admits a K-Engel structure D = kerα∧ β, where α is a connection form and
β = π∗λ.

Proof. We need to verify that α and β are K-Engel defining forms. First
of all α defines an even contact structure because by definition dα = π∗ω,
so that α ∧ dα 6= 0. The choice of the connection form is not unique, and
different choices yield homotopic Engel structures (see Section 1.4 in [Mit]
for more details).

Since λ is contact β is even contact. Moreover kerβ ∧ dβ is spanned
by the vector field R tangent to the fibres and normalized by α. This
implies in turn that α ∧ β ∧ dβ 6= 0. Finally α ∧ dα ∧ β = 0, since already
β ∧ dα = π∗(λ ∧ ω) = 0 because iL(λ ∧ ω) = 0. So D is an Engel structure.

Now for dimensional reasons dα2 = 0 = dβ2. As we have already seen
dα ∧ β = 0 and R acts on D in a diagonalizable way, as can be seen by
choosing X = π∗L̃ where L̃ is a Legendrian line field nowhere tangent to L.
Proposition 2.6.3 implies that D is K-Engel.

2.9 Contact fillings
There is a way to see Engel structures as special submanifolds of contact

5-dimensional manifolds. The K-Engel structures coming from the Engel
Boothby-Wang construction are examples of such submanifolds in compact
contact 5-manifolds.

Let (X5, ξ = ker η) be a contact structure and let M be an orientable
embedded hypersurface M4 → X5 transverse to ξ. This means that (locally)
we can find a Legendrian vector field L ∈ X(X) transverse to M . This data
permits to define two 1-forms on M as follows

β := η|M and α = (LLη)|M . (2.15)
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We look for conditions such that a neighbourhood ofM is contactomorphic to
the contactization of the Engel structure having defining forms α and β. We
have the following consequence of the Contact Weinstein’s Neighbourhood
Theorem 1.2.5.

Lemma 2.9.1. Let (X, η, L, M) be as above and define α and β as in
Equation (2.15). Then there is an open neighbourhood Op(M) = M × (−ε, ε)
and a function f : M × (−ε, ε)→ R such that

fη = β + sα

on Op(M). Here we denote by s the coordinate along (−ε, ε).

Proof. Use the flow φt of L to construct an embedding of a tubular neigh-
bourhood ψ : M × (−ε, ε) → X such that ψ(p, s) = φs(p). We identify
M ≡M × {0}, α ≡ ψ∗α and β ≡ ψ∗β, and we define η1 = β + sα. We have
L = ∂s and η0 = ψ∗η is a contact form on M × (−ε, ε). We want to prove
that η1 is also a contact form on Op(M) and that

η0|M = η1|M and dη0|M = dη1|M (2.16)

so that Theorem 1.2.5 gives us a map ψ̃ : M × (−ε, ε)→M × (−ε, ε) which
satisfies ψ̃∗η1 = fη.

Since φ0 = id, Equation (2.15) implies Equation (2.16). A direct calcula-
tion yields

η1 ∧ dη2
1 = 2

(
ds ∧ α ∧ β ∧ dβ + sds ∧ α ∧ β ∧ dα

)
,

hence if α ∧ β ∧ dβ 6= 0 on M we conclude that η1 is contact on a (possibly
smaller) tubular neighbourhood of M . Plugging L into η∧dη2 6= 0 we obtain
η ∧ iLdη ∧ dη 6= 0. Since the kernel of iL(η ∧ dη2) is L, and this is transverse
to M , we have

0 6=
(
iL(η ∧ dη2)

)∣∣∣
M

= −2
(
η ∧ dη ∧ iLdη

)∣∣∣
M

= −2β ∧ dβ ∧ α.

Remark 2.9.2. In the previous theorem we cannot ensure in general that
ψ̃∗L = ∂s. On the other hand we will only be interested in the quantities
LLη and LLdη on M , and the formula fη = β + sα implies that L∂s(fη) =
α = LLη and L∂sd(fη) = dα = LLdη on M .

We say that L preserves the contact volume on M if

LL
(
η ∧ dη2

)∣∣∣
p

= 0 ∀p ∈M.
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Remark 2.9.3. For any given (X, η, L, M) as above, we can rescale η so
that L preserves the contact volume on M . Let g : X → R be such that
LL
(
η ∧ dη2) = g volX . Since L is transverse to M , there is function λ

satisfying 3 LLλ|M = − g|M . For every p ∈M we have

LL
(
eλη ∧ d(eλη)2

)∣∣∣
p

= LL
(
e3λη ∧ dη2

)∣∣∣
p

= (3LLλ)e3λ
(
η ∧ dη2

)∣∣∣
p

+ e3λ LL
(
η ∧ dη2

)∣∣∣
p

= 0.

Definition 2.9.4. Let (X5, ξ = ker η) be a contact manifold and M → N
an embedded hypersurface. Let L be a Legendrian line field transverse to M
which preserves the contact volume on M . We say that M is an Engel-type
hypersurface if α = LLη|M is an even contact structure on M .

The previous definition is justified by the following result.

Lemma 2.9.5. Let (X5, ker η) be a contact structure and M be an Engel-
type hypersurface, then α = LLη|M and β = η|M are Engel defining forms
for D = kerα ∧ β. Moreover there exists a neighbourhood of M in X
contactomorphic to the contactization of (M,D).

Proof. Throughout the proof we will use Remark 2.9.2 to identify α =
L∂s(fη) = LLη on M . By assumption we have α ∧ dα 6= 0. Lemma 2.9.1
ensures that we have a neighbourhood ofM such that fη = β+sα. Moreover
the proof of the lemma ensures that α ∧ β ∧ dβ 6= 0.

The formula

fη ∧ d(fη)2 = 2
(
ds ∧ α ∧ β ∧ dβ + sds ∧ α ∧ β ∧ dα

)
ensures that

α ∧ β ∧ dα = i∂s L∂s
(
fη ∧ d(fη)2

)∣∣∣
M
.

Now since fη|M = η|M and L∂s(fη)|M = LLη|M , by Remark 2.9.2 we have
d(fη)|M = dη|M and L∂s(d(fη))|M = LLdη|M , hence

α ∧ β ∧ dα = i∂sL∂s (fη ∧ d(fη))|M = i∂sLL (η ∧ dη)|M = 0.

Example 2.9.6. All Engel manifolds (M,D) appear as Engel-type hypersur-
faces of their contactization. An example of Engel-type hypersurface on a
compact contact manifold is provided by the Engel structure on S3×S1 given
by the Boothby-Wang construction on (S3, η = a, ω = db). Here a is the stan-
dard contact form on S3 and b is the 1-form obtained from it by multipling by
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the quaternion j. In standard coordinates C2 = (z1 = x1 + iy1, z2 = x2 + iy2)
we have

a = −y1dx1 + x1dy1 − y2dx2 + x2dy2

b = y2dx1 + x2dy1 − y1dx2 − x1dy2.

The Engel Boothby-Wang construction yields an Engel structure on M =
S3 × S1 with defining forms α = dt + b and β = a. We have a contact
structure on X = N ×D2 which is given by the kernel η̃ = β + r2α where r
is the radial coordinate. Then M = ∂X is an Engel-type hypersurface with
L = ∂r.

The previous example and the analogous definitions for the symplectic
case motivates the following definition.

Definition 2.9.7. A contact filling of an Engel structure (M,D) is a contact
manifold (X, η) such that M = ∂X is an Engel-type hypersurface.

It is unclear which Engel structures admit a contact filling. The following
result ensures that Engel Boothby-Wang manifolds are fillable.

Theorem 2.9.8. Let (M,D) be obtained from (N, λ, ω) via the Boothby-
Wang construction. Then M admits a contact filling.

Proof. By hypothesis π : M → N is an S1-bundle and the Engel defining
forms are a connection form α and β = π∗λ. Consider now the disc bundle
X → N of M and denote by r the radial coordinate on each fibre. The form
η = β + r2α is contact and M = ∂X is an Engel-type hypersurface, with
rL = ∂r.



Chapter 3

Engel Dynamics

The main goal of this chapter is to understand which even contact
structures (M, E) are induced by Engel structures D, i.e. [D,D] = E . The
intuition driving the definition of the rotation number was pointed out to
me during the problem sessions at the AIM workshop Engel structures in
San José, April 2017. For this I am particularly thankful to Prof. Yakov
Eliashberg.

In Section 3.1 we introduce the notation and point out some topological
obstructions. For instance the existence of D implies that M has a paral-
lelizable 4-cover. For this reason we restrict the attention to even contact
structures E = 〈W, A, B〉 which are trivial as bundles and coorientable,
where W = 〈W 〉. We look for vector fields L ∈ E such that 〈W, L〉 is Engel.
In Section 3.2 we consider points p ∈M contained in a closed orbit γ of W.
We introduce the notion of rotation number rotγ(L(p)) of L(p) around γ
and we point out how this is related to the existence of an Engel structure
compatible with E . The behaviour of the rotation number under homotopies
depends on the type of the closed orbit γ. This is the content of Section
3.3. If γ is elliptic, the rotation number is invariant under homotopies of L.
In this case there exists a vector field L1 homotopic to L through sections
of E and such that 〈W, L1〉 is Engel on a neighbourhood of γ if and only if
rotγ(L(p)) > 0. This condition is very easy to verify if γ bounds an embedded
disc.

In Section 3.4 we point out that the previous construction works in a
more general setting. As an application of this we find a necessary condition
that a vector field on a 3-manifold has to verify in order to be Legendrian
for some contact structure.

The necessary condition given by the rotation number is likely far from
being also sufficient in the general case. On the other hand, if we only
consider vector fields W whose dynamics very simple, then positivity of the
rotation number around each closed orbit is also sufficient for the existence of
D. By ”very simple” we mean non-singular Morse-Smale (NMS), the theory

52
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of these flows is recalled in Section 3.5. In Section 3.6, resp. 3.7, we study
which NMS vector fields are Legendrian, resp. the characteristic vector field
of an Engel structure respectively.

Finally Section 3.8 is devoted to a different approach which is inspired
by contact-type forms introduced in [McDu]. Here the main technical tool
is the theory of Sullivan currents, but the geometric interpretation of the
results is not clear.

3.1 Setting and notation
Let E be an even contact structures on a 4-manifold M , we say that an

Engel structure D on M is compatible with E if D2 = E . Otherwise said D is
compatible with E if the latter is its induced even contact structure. We will
investigate the following question: when does (M, E) even contact 4-manifold
admit a compatible Engel structure?

There are some obvious topological obstructions to a positive answer, as
we have seen in Chapter 1. Namely if (M, E) does not admit a parallelizable
4-cover then it does not admit an Engel structure. In order to avoid these
cases we suppose that E is trivial as a bundle and admits a global framing
E = 〈W, A, B〉, where W spans the characteristic foliation W. Finally
suppose E is coorientable, so that there exists a 1-form α such that E = kerα,
and choose it so that dα(A,B) = 1.

Fix the endomorphism J ∈ End E given by JW = 0, JA = B and
JB = −A. By construction we have

dα(JX, JY ) = dα(X,Y ) (3.1)

for all X,Y ∈ ΓE and dα(−, J−) is positive definite on 〈A, B〉.
Let L ∈ ΓE never tangent to W , we want to determine when the distribu-

tion DL := 〈W,L〉 is homotopic within E to an Engel structure compatible
with E .

Definition 3.1.1. Let L ∈ ΓE never tangent to W and K ⊂ M . We say
that DL is a (positive) Engel structure on K up to homotopy within (W, E)
if there exists a smooth family of vector fields Lτ ∈ ΓE for τ ∈ [0, 1] such
that Lτ is never tangent to W for all τ ∈ [0, 1], L0 = L and DL1 is an Engel
structure compatible with the orientation of E on a neighbourhood of K.

Notice that the framing {A, B} allows us to identify L with a map
L : M → S1. It will come in handy to lift this map to the universal cover
M̃ so that the vector field takes the form L = cosψ A + sinψ B for some
function ψ : M̃ → R making the following diagram commute
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M̃ R

M S1.

ψ

L

Similarly, we can write homotopies in the form Ls = cosψs A+ sinψs B
for ψs : M̃ → R smooth family of functions s ∈ [0, 1].

Denote the flow of W at time t by φt, and its tangent map at p ∈M by
Tpφt : TpM → Tφt(p)M . Since by Proposition 1.3.2 the flow of W preserves
E , we can choose α so that we have a positive function λ which satisfies

(φ∗sα)p = αp ◦
(
Tφs(p)φ−s

)
= λ(p; s)αp. (3.2)

We want to understand the pull-back of L with respect to the flow of W .
Denote by

L̃(p; t) :=
(
Tφt (p)φ−t

)
L(φt(p)) = a(p; t) A(p) + b(p; t) B(p) + c(p; t) W (p).

Since L is never tangent to W we have that ρ(p; t) :=
√
a2(p; t) + b2(p; t) is

everywhere positive. Moreover there exists a unique function θ(p; t) smooth
in t, such that θ(p; 0) ∈ [0, 2π) and

L̃(p; t) = ρ(p; t)
(

cos θ(p; t) A(p) + sin θ(p; t) B(p)
)

+ c(p; t) W (p). (3.3)

3.1.1 What happens if we change time?

We want to understand how θ varies if we change t. A straightforward
calculation gives (we denote the derivative with respect to t with a dot)

d

dt
L̃(p; t) = ρ̇(p; t)

ρ(p; t) L̃(p; t) + θ̇(p; t)JpL̃(p; t) mod W(p).

Since W = kerα ∧ dα implies iWdα|kerα = 0, we get

ρ2(p; t)θ̇(p, t) = θ̇(p, t) dαp
(
L̃(p; t), JpL̃(p; t)

)
= dαp

(
L̃(p; t), d

dt
L̃(p; t)

)
.

(3.4)

Using the properties of the flow φt we have

L̃(p; t+ s) =
(
Tφt+s(p)φ−(t+s)

)(
L
(
φt+s(p)

))
=
(
Tφs(p)φ−s

)
◦
(
Tφt(φs(p))φ−t

)(
L
(
φt(φs(p))

))
=
(
Tφs(p)φ−s

)(
L̃
(
φs(p), t)

)
.

(3.5)
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Putting together (3.2), (3.4) and (3.5) we get

ρ(p; t+ s)2θ̇(p; t+ s) = dαp

(
L̃(p; t+ s), d

dt
L̃(p; t+ s)

)
= dαp

((
Tφs(p)φ−s

)
L̃
(
φs(p); t),

(
Tφs(p)φ−s

) d
dt
L̃
(
φs(p); t)

)
=
(
φ∗sdαp

)(
L̃(φs(p); t),

d

dt
L̃(φs(p); t)

)
= λ(p; s)dαp

(
L̃(φs(p); t),

d

dt
L̃(φs(p); t)

)
,

where in the last step we used the fact that both L̃ and its derivative are in
the kernel of α. Finally we get

ρ(p; t+ s)2θ̇(p; t+ s) = λ(p; s)ρ(φs(p); t)2θ̇(φs(p); t). (3.6)

This equation can be used to prove the following well-known fact.

Proposition 3.1.2. The distribution 〈W,L〉 is Engel on the orbit of p if
and only if θ̇(p; s) 6= 0 for all s ∈ R.

Proof. The distribution is Engel at p if and only if 〈W, L, [W,L]〉p = Ep
which happens if and only if {Lp, [W,L]p} is linearly independent. We write

[W,L]p = (LWL)p = d

dt

∣∣∣∣
t=0

(
Tφt(p)φ−t

)
L
(
φt(p)) = d

dt

∣∣∣∣
t=0

L̃(p; t)

= ρ̇(p; 0)L(p) + θ̇(p; 0)JpL(p) mod Wp.

Hence 〈W,L〉 is Engel at p if and only if θ̇(p; 0) 6= 0. Using (3.6) we conclude
that

θ̇(φs(p); 0) = ρ(t; s)2

λ(p; s) θ̇(p; s),

which means that 〈W,L〉 is Engel at φs(p) if and only if θ̇(p; s) 6= 0.

Remark 3.1.3. Notice that the sign of θ̇(p; s) determines if the orientation of
E induced by the Engel structure 〈W,L〉 is the same as the one induced by
〈W, A, B〉.

3.2 Rotation number
We can interpret Proposition 3.1.2 geometrically by saying that L rotates

without stopping along orbits of W . With this idea in mind we give the
following

Definition 3.2.1. Let γ ⊂M be a closed orbit of W of period T and p ∈ γ,
we call rotation number of L(p) around γ the quantity

rotγ(L(p)) = θ(p;T )− θ(p; 0).
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Notice that in general this number is not an integer and the following
example shows that it is not invariant under homotopies of L.
Example 3.2.2. Consider the geometric even contact structure 〈W, X, Y 〉 on
Sol41 /Γ defined in [Vog2]. By construction [W,X] = −X and [W,Y ] = Y so
that the flow of W exponentially contracts X. This means that every time
that Γ is such that W admits a closed orbit γ, we have rotγ(X(p)) = 0 since
θ is constant. On the other hand Xs = X + sY is a homotopy between X
and X + Y , but the latter spans an Engel structure together with W . In
particular X + Y has positive rotation number by Proposition 3.1.2.

We have invariance under a more restricted family of homotopies of L.

Lemma 3.2.3. Let Lτ for τ ∈ [0, 1] be a smooth family of vector fields
tangent to E and nowhere tangent to W. If Lτ (p) = L0(p) for all τ ∈ [0, 1]
then

rotγ(L1(p)) = rotγ(L0(p)).

Proof. Using (3.5) with t = 0 and s = T we get

L̃τ (p;T ) =
(
Tφ

T
(p)φ−T

)
L̃τ
(
φT (p); 0) =

(
Tpφ−T

)
Lτ (p).

By the same calculations done in (3.6), we get

ρτ (p;T )2 d

dτ
θτ (p;T ) = dα

(
L̃τ (p;T ), d

dτ
L̃τ (p;T )

)
= φ∗

T
dα

(
Lτ (p), d

dτ
Lτ (p)

)
= λ(p;T ) d

dτ
θτ (p; 0) = 0.

This readily implies that rotγ(Lτ (p)) is constant in τ .

The previous result suggests to take into account all possible initial phases.
More precisely for η ∈ R and L : M → S1, we consider the rotation Rη of S1

of angle η and define R(L, η) = Rη◦L. Otherwise said if L = cosψ A+sinψ B,
we consider the family of vector fields R(L, η) = cos(ψ+ η) A+ sin(ψ+ η) B.
We define

ΦL
p,γ : R→ R s.t. η 7→ rotγ

(
R(L, η)|p

)
. (3.7)

Since this function is 2π-periodic we can consider the quantity

max(rotγ(L)) = max
η

(ΦL
p,γ).

Using this object we can give a necessary and sufficient condition for DL to
be Engel on γ up to homotopy within (W, E).
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Figure 3.1: Homotopy of θ when the rotation number is positive.

Theorem 3.2.4. Let E = 〈W, A, B〉 be an even contact structure and γ a
closed orbit for W . Then L is Engel on γ up to homotopy within (W, E) if
and only if there exists a point p ∈ γ such that max(rotγ(L)) > 0.

Proof. Suppose first that L is Engel up to homotopy on γ, and let Lτ for
τ ∈ [0, 1] be such that 〈W, L1〉 is Engel. We need to show that for a given
p ∈ γ, there is a homotopy relative to L1(p) between L1 and R(L, η) for
some η ∈ R. This implies indeed by Lemma 3.2.3 and Proposition 3.1.2 that

ΦL
p,γ(η) = rotγ

(
L1(p)

)
> 0.

For a fixed p ∈ M there is an angle η such that R(L, η)(p) = L1(p). On
Op(p) we can homotope R(L, η) to L1 relative to p. Since both R(L, η) and
L1 are homotopic to L, they must be homotopic to each other, and since the
fundamental group of S1 is Abelian, there is a homotopy relative to p.

Conversely suppose max(rotγ(L)) > 0, without loss of generality we can
suppose that rotγ(L(p)) > 0. First consider a small neighbourhood of p
and homotope L relative to {p} and to the boundary of Op(p) to an Engel
structure near p. Since this homotopy was performed relative to {p}, the
rotation number at L(p) has not changed by Lemma 3.2.3.

For ε > 0 small, take a disc D3 ↪→M centered at φε(p) and everywhere
transverse to W. Up to shrinking disc D3, we can suppose that the map
F : D3 × [ε, T − ε] → M given by the flow (q, t) 7→ φt(q) is an embedding
and hence a flow box for W . In this chart we have

F ∗L̃(q; t) = ρ(q; t)
(

cosψ(q; t) F ∗A(p) + sinψ(q; t) F ∗B(p)
)

with ψ(0; t) = θ(φε(p); t) on γ. Up to choosing ε > 0 small enough we can
suppose that ψ(0;T − ε)− ψ(0; ε) > 0; here we use rotγ(L(p)) > 0. Hence
there exists a homotopy ψτ : D3 × [ε, T − ε] → R such that ψ0 = ψ, the
restriction of ψτ to the boundary ∂(D3 × [ε, T − ε]) is ψ and

ψ1(0; t) = h(t)(ψ(0;T − ε)− ψ(0; ε)) + ψ(0; ε)

for a smooth step function h (see Figure 3.1). Then DL1 is Engel on a
(possibly smaller) neighbourhood of γ.
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3.3 Character of closed orbits of W
Following the ideas of Section 1.3.2 we now study the behaviour of closed

orbits according to how φt acts on E/W. The following result tells us how
ΦL
p,γ(η) changes when we change η.

Proposition 3.3.1. Let E = 〈W, A, B〉 be an even contact structure and γ
a closed orbit for W .

1. If γ is hyperbolic, then for every η ∈ R we have∣∣∣ΦL
p,γ(η)− rotγ(L(p))

∣∣∣ < π

2 .

Moreover there exists a constant c ∈ (0, π/2) such that L is Engel on
γ up to homotopy if and only if rotγ(L(p)) > −c;

2. if γ is positive parabolic, then for every η ∈ R we have∣∣∣ΦL
p,γ(η)− rotγ(L(p))

∣∣∣ < π.

Moreover there exists a constant c ∈ (0, π) such that L is Engel on γ
up to homotopy if and only if rotγ(L(p)) > −c;

3. if γ is negative parabolic then L is Engel on γ up to homotopy if and
only if rotγ(L(p)) > 0;

4. if γ is elliptic then ΦL
p,γ(η) is constant in η.

Proof. Use the notation(
Tφt(p)φ−t

)(
Rη ◦ L(φt(p))

)
= ρη(p; t)

(
cos θη(p; t) A(p) + sin θη(p; t) B(p)

)
modulo W(p) where θη(p; 0) = θ(p; 0) + η. We need to determine θη(p;T ).
Set

Mη(t) :=
(
Tφt(p)φ−t

)
Rη
(
Tφt(p)φ−t

)−1
,

so that

L̃η(p;T ) =
(
Tpφ−T

)(
Rη ◦ L(p)

)
= Mη(T )

(
Tpφ−T (L(p))

)
= ρ(p;T )Mη(T )

(
cos θ(p;T )A(p) + sin θ(p;T )B(p)

)
modulo W(p). There is a function r = r(η, θ) which depends on Mη(T ) and
on the angle θ(p;T ) such that

L̃η(p;T ) = ρ̃(p;T )
(

cos(θ(p;T ) + r) A(p) + sin(θ(p;T ) + r) B(p)
)
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modulo W(p). Moreover since Mη(0) = Rη and Mη(t) is continuous we
conclude that θη(p;T ) = θ(p;T ) + r. We will discuss what the angular
displacement r is in the various cases.

Consider P = rTpφ−T where r is the square root of the norm of the
determinant of Tpφ−T . This is enough because the term in Equation 3.3 that
is interesting for calculating the rotation number is θ and not ρ.

If γ is hyperbolic, without loss of generality we can suppose that P (A(p)) =
e−µA(p) and P (B(p)) = eµB(p), so that in this basis

P =
(
e−µ 0
0 eµ

)
.

Moreover up changing initial phase L(p) = A(p). This means that r = η + ε
where |ε| < π/2 since P displaces a point q ∈ S1 of an angle of at most π/4.
Now

ΦL
p,γ(η) = θη(p;T )− θη(p; 0) = θ(p;T ) + η + ε− θ(p; 0)− η = rotγ(L(p)) + ε

and it suffices to set c = |minη(ε(η))|.
If γ is positive parabolic, we can suppose as above that L(p) = A(p) and

that P in the basis {A(p), B(p)} writes as

P =
(

1 −1
0 1

)
.

As above r = η + ε with 0 ≤ ε < π and again we set c = |minη(ε(η))|. On
the other hand if γ is negative parabolic then by changing η we can only
decrease the rotation number, i.e. r = η − ε with ε as above.

Finally if γ is elliptic we have

P =
(

cos δ sin δ
− sin δ cos δ

)
,

so that Mη(T ) = RδRηR
−1
δ = Rη and θη(p;T ) = θ(p;T ) + η.

Remark 3.3.2. The previous result ensures that the only cases where it can
happen that rotγ(L(p)) ≤ 0 and nonetheless L is homotopic to an Engel
structure on γ occur when γ is hyperbolic or positive parabolic. Moreover
in these cases rotγ(L(p)) is not allowed to be ”too negative”. In order to
overcome this subtlety we will consider the quantity max(rotγ(L)) in what
follows.

The previous theorem gives crucial information in the case of a null-
homotopic closed orbit.
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Corollary 3.3.3. Let E = 〈W, A, B〉 and L be as above, and let γ be an
elliptic null-homotopic closed orbit for W . Then L is homotopic to an Engel
structure on a neighbourhood of γ if and only if there is a point p ∈ γ such
that rotγ(L′(p)) > 0 for any choice of non-singular L′ ∈ Γ〈A, B〉.

Proof. Suppose that there exists L1 such that 〈W,L1〉 is Engel on Op(γ).
For any p ∈ γ and L there is a phase η such that L1(p) = R(L, η)(p). Since
γ is null-homotopic, and dimM = 4 there is an embedded disc D2 such that
∂D2 = γ. Hence there exists a homotopy relative to L(p) between L1 and
R(L, η), and by Theorem 3.2.4 we must have ΦL

p,γ(η) > 0.

In particular under the hypothesis of Corollary 3.3.3 it does not matter
which vector field L we choose to calculate the rotation number.

3.4 Non-integrable rank 3 distributions
The calculations that we carried out in the previous sections do not use

the fact that we are considering an even contact structure on a 4-manifold
(except for Corollary 3.3.3). The crucial hypothesis is instead the existence
of a plane field E of rank 3 such that

1. E admits a global framing {W, A, B};

2. the flow of W preserves E .

We will extend the results of the previous section to the more general setting
of a subbundle E ↪→ TM of rank 3 on an n-dimensional manifold satisfying
1 and 2.

In what follows we will denote by φt the flow of W at time t, and by
L a section of E which is never tangent to 〈W 〉. Moreover we denote by
DL the distribution DL = 〈W,L〉. If D2

L = E we say that DL is maximally
non-integrable within E . Finally for K ⊂M we say that L0 is maximally non-
integrable within E up to homotopy on K if there exists a smooth homotopy
Lτ for τ ∈ [0, 1] such that each Lτ is never tangent to W , and DL1 is
maximally non-integrable within E on Op(K).

In Section 3.1 we used the existence of a defining form α for E whose
differential has some special properties. In order to extend this we introduce
a 2-form ω such that ω(A,B) = 1 and iWω = 0. If we define J ∈ End E by
JW = 0, JA = B and JB = −A, we get

ω(JX, JY ) = ω(X,Y )

for all X, Y sections of E , which is the analogue of (3.1). Similarly, since the
flow of W preserves E and iWω = 0 we have that φ∗tω|E = λω|E for some
function λ. This can be used to prove Formula (3.6), which is the crucial
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result in all other calculations. The definition of the rotation number copies
in this setting.

For a fixed closed orbit γ of W the map P = r Tφt|E/W , where r is
the square root of the norm of the determinant of Tφt|E/W , as in Section
1.3.2. Using the same classification we talk of hyperbolic, positive/negative
parabolic and elliptic closed orbits of W . We are ready to give the above-
mentioned generalization of Theorem 3.2.4. The proof of the following result
is exactly the same as above.

Theorem 3.4.1. Let E ↪→ TMn be a distribution of rank 3 as above and
γ a closed orbit of W . Then for a section L ∈ ΓE never tangent to W, the
distribution DL is maximally non-integrable within E on γ up to homotopy if
and only if max(rotγ(L)) > 0.

If n = 3 then E = TM and the previous theorem provides a necessary
and sufficient condition for DL to be a contact structure.

Corollary 3.4.2. Let N be a closed orientable 3-manifold, W a non-singular
vector field on N and γ a closed orbit of W . For a vector field L never
tangent to W the plane field DL = 〈W, L〉 is a contact structure on γ up to
homotopy if and only if max(rotγ(L)) > 0.

Notice that the proof of Corollary 3.3.3 also copies if n > 3. In the case
of a 3-dimensional manifold the concepts of contractible and unknotted (i.e.
bounding an embedded disc) do not coincide. With this difference in mind
we have the following generalization of Corollary 3.3.3.

Corollary 3.4.3. Let E = 〈W,A,B〉 ↪→ TMn and L be as above and γ an
elliptic unknotted closed orbit for W . Then DL is non-integrable within E
on a neighbourhood of γ up to homotopy if and only if there is a point p ∈ γ
such that rotγ(L′(p)) > 0 for any choice of non-singular L′ ∈ Γ〈A, B〉.

3.5 Crash course: Morse-Smale vector fields
The construction of the previous section works well with vector fields W

whose limit sets are closed orbits. The easiest example of such dynamics is
given by Morse-Smale vector fields. We will provide here the basic facts from
the theory of differentiable flows on manifolds needed for the understanding
of the rest of the chapter. References for this section are [Irw, Kat].

In what follows we will consider a smooth flow φt : M →M on a closed
smooth manifold and indicate with W its tangent vector field. Moreover
we will fix an auxiliary Riemannian metric g and consider the associated
distance d. We will be only interested in non-singular vector fields, hence
W (p) 6= 0 for all p ∈ M . A closed orbit γ of W is non-degenerate if the
derivative of its Poincaré map does not have eigenvalues in the unit circle
S1 ↪→ C. Otherwise said for all eigenvalues λ = ea+ib ∈ C∗ we ask a 6= 0.
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Theorem 3.5.1. Let γ be a non-degenerate closed orbit of φt, then the sets

W s(γ) =
{
p ∈M

∣∣ d(φt(p), γ)→ 0 for t→ +∞
}

W u(γ) =
{
p ∈M

∣∣ d(φt(p), γ)→ 0 for t→ −∞
}

are immersed submanifolds called respectively stable and unstable submani-
fold. Moreover they are homeomorphic to Rk and Rh respectively, for some
h, k ∈ N such that dimM + 1 = k + h.

We are interested in the asymptotic behaviour of orbits of φt.

Definition 3.5.2. The non-wandering set Ω of the flow φt : M →M is the
set of points p ∈ M such that for all open neighbourhoods p ∈ U ⊂ M and
for all t ∈ R there exists T > t such that φT (U) ∩ U 6= ∅.

Otherwise said, although p ∈ Ω may be sent far away by φt, points near
p (i.e. in U) always come back near p. K. Sigmund suggested the name
nostalgic points instead of non-wandering, because ”though p it self may
never come back, its thoughts keep coming back” (see page 47 in [Irw]). It
is easy to check that Ω is a closed, φt-invariant and non-empty when M is
compact.

We are now ready to introduce Morse-Smale flows. Since we are only
interested in non-singular vector fields, we will not give the definition in its
full generality.

Definition 3.5.3. A non-singular Morse-Smale vector field (NMS) W on
a manifold M is a non-singular vector field which satisfies the following
conditions

1. W has finitely many closed orbits γ1, ..., γk and they are all non-
degenerate;

2. the non-wandering set is the union of the closed orbits Ω = γ1∪· · ·∪γk;

3. for every i, j ∈ {1, ..., k} the stable manifold W s(γi) and the unstable
manifold W u(γj) intersect transversely.

Point 3 of the previous definition means that either W s(γi)∩W u(γj) = ∅
or the sum of their tangent spaces spans TM on the intersection.

The main reason why we are interested in Morse-Smale vector fields is
that their dynamical properties are, in a sense, completely determined by
what happens near the closed orbits and by how these are linked together.

Theorem 3.5.4 [Morg]. Let W be a non-singular Morse-Smale vector field
on M . Then M admits a round-handle decomposition M0 ⊂ M1 ⊂ · · · ⊂
Mk = M such that every handle R is a neighbourhood of closed orbits γ of
W and the index of R (as a handle) is the index of γ (as a closed orbit).
Moreover the attaching procedure is performed using the flow and W which
is transverse to every Mi.
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The idea of the proof is to order the closed orbits of M via γi ≤ γj if
W u(γi)∩W s(γj) 6= 0. Otherwise said γi ≤ γj if there is a orbit whose α-limit
is γi and whose ω-limit is γj . The following result ensures that one can
choose a total ordering of {γ1, ..., γk}.

Theorem 3.5.5 [Sma] (No cycle condition). Let {γ1, ..., γk} be the set of
closed orbits of a non-singular Morse-Smale vector field with the ordering
defined above. Then there exists no non-trivial sequence γi1 ≤ γi2 ≤ · · · ≤ γi1 .

In order to construct the RHD of M one starts by attaching the source
orbits by disjoint union, then any point in M \ {γ1, ..., γk} has to have one of
the source orbits as ω-limit. Suppose that we have constructed inductively
Mi such that

• γ1, ..., γi ∈Mi;

• γl ∩Mi = ∅ for j > i;

• the flow is transverse pointing outward on ∂Mi.

We take a neighbourhood Ri+1 of γi+1, the construction of the ordering
ensures that points in Ri+1 \ γi have ω-limit in Mi. We attach Ri+1 using all
flow lines of W that have ω-limit in Mi. The problem with this procedure is
that it may introduce corners. Moreover the boundary of Mi+1 will not be
transverse to W . The solution is to smoothen the corners as illustrated in
Figure 3.2.

3.6 Morse-Smale Legendrian vector fields
The goal of this section is to understand which non-singular Morse-Smale

vector fields on 3-manifolds are Legendrian. Since the dynamics of these
vector fields can be described once we understand neighbourhoods of the
closed orbits, it is reasonable to expect that the rotation number will play
a central role. In fact we will prove that it provides the only obstructions
to the existence of ξ contact, such that L ∈ ξ. The case of Morse-Smale
gradient vector fields was studied in [EG].

It is important to notice that only very few 3-manifolds admit NMS
vector fields, nonetheless S3 is a very interesting example that does admit
NMS flows. The following result classifies completely the topology of such
manifolds.

Theorem 3.6.1 [Morg]. Let N be an orientable, prime 3-manifold with
boundary such that the Euler characteristic of every boundary component
vanishes. Let ∂−N be an arbitrary union of these components. Suppose N is
not S1 ×D2. The pair (N, ∂−N) admits a non-singular Morse-Smale flow if
and only if N is a union of non-trivial Seifert spaces attached to one another
along components of their boundaries.
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Figure 3.2: Smoothen the corners.

The following result furnishes a necessary and sufficient condition for a
NMS flow to be Legendrian for some contact structure.

Theorem 3.6.2. Let N be a closed, oriented 3-manifold, and let W be a
NMS vector field such that we have a framing TN = 〈W, A, B〉. There exists
a positive contact structure ξ for which W is Legendrian if and only if there
exists a vector field L ∈ 〈A, B〉 such that max(rotγ(L)) > 0 for all γ closed
orbits.

Proof. If such a ξ exists then we can take L to be any vector complementary
toW within ξ and the claim follows by Proposition 3.1.2. Conversely suppose
that L satisfies the above properties. The idea is to construct the contact
structure ξ inductively using the decomposition provided by Theorem 3.5.4.

The first step of the induction is to construct a contact structure in the
neighbourhood of the sources. This is possible thanks to Theorem 3.4.1.
This procedure yields a contact structure ξ homotopic to 〈W,L〉. Notice that
we can make sure that the boundary of the (possibly disconnected) manifold
that we obtain with this procedure is transverse to W .

For the inductive step suppose that we have attached k − 1 handles to
obtain Nk−1, and that we want to attach the k-th handle Rk. Theorem 3.5.4
ensures that Rk is a neighbourhood of γk, and that the attaching procedure
happens via the flow of W . We first construct a contact structure on Rk
using Theorem 3.4.1, this is possible because of the hypothesis on L. The
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existence of L also ensures that the contact structure on Mk−1 extends to
an almost contact structure on Mk which is contact on a neighbourhood of
Mk−1 and of γk.

In general we cannot homotope this almost contact structure to a contact
structure on Mk. The problem is that the attaching region is of the form
R+
k × I where R+

k ×{1} is the subset of Rk where W points inwards, and W
is tangent to the I factor on R+

k × I. This means that the restriction of L
to R+

k × I writes as L = cos ftA + sin ftB, where ft : R̃+
k × {t} → S1 is a

I-family of angle functions . Hence we can homotope L transversely to ∂t
so that 〈∂t, L〉 is contact if and only if f1(p) > f0(p). There is no reason for
this to happen in general.

We are not interested in contact structures homotopic to 〈W, L〉, we just
need a contact structure for whichW is Legendrian. Hence instead of glueing
Rk directly, we first make sure to increase f1(p) using the fact that W is
transverse to ∂Nk−1. We take a collared neighbourhood of the boundary
where L rotates positively ”a bit” and we substitute it with one where L
rotates ”massively”.

More precisely let K = max{f1(p) − f0(p)| p ∈ R̃k}. For any p ∈
∂Nk−1×(−ε, ε) the vector field L can be described by a map hp : (−ε, ε)→ S1

which is a small embedding. We substitute it with h̃p : (−ε, ε)→ S1 which
coincides with h on Op({−ε, ε}), and such that it makes a number of turns
around S1 bigger than K. The net effect of this is that we have changed
the homotopy type of L, but the difference between the new angle functions
f1 and f0 is positive. This ensures that we can homotope L to a contact
structure on the attaching region.

It only remains to round the edges of Nk in case we are attaching an index
1 round handle. This can be done exactly via the procedure described in the
proof of Theorem 3.5.4. Indeed this procedure ”digs” the new Nk inside the
manifold with corners that we have just constructed. After this process the
contact structure will be the restriction of the previously constructed one.

It is interesting to know when a given vector field L ∈ X(N) is transverse
to a contact structure. This question was already studied in [Gir] for the
case where L is tangent to the fibres of a S1- fibre bundle over a surface, and
in [LiM] for the case L tangent to the fibres of a Seifert fibration.

Notice that if L is Legendrian for some contact structure ξ then there is
a contact structure ξ̃ transverse to L. Choose L̃ complementary to L in ξ
and flow ξ in the direction of L̃ for small time. Lemma 1.2.3 ensures that ξ̃
is transverse to ξ. Since it has to contain L̃, it must be transverse to L.

With the techniques developed in this Chapter we can present an example
of a vector field which is transverse to a contact structure but never Legen-
drian. Namely take a sink and source with trivial monodromy on S1 ×D2

and we glue them by the (1, 1)-map. Up to small perturbations we get a
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Figure 3.3: Phase portrait of L on see R3 = S3 \ {N}. The picture is
understood via rotational symmetry around the vertical axis.

NMS vector field L on S3 (see Figure 3.3). Another way of constructing
L is to consider the canonical Reeb foliation on these round handles and
take the vector field normal to the leaves. Thanks to the following result
we can C0-deform the tangent bundle of the Reeb foliation to get a contact
structure.

Theorem 3.6.3. Given a C0-foliation F one can find a smooth family ξt of
confoliations which continuously depends on t ∈ [0, 1] and such that ξ0 = TF ,
ξ1 is contact and ξt is C0-small.

Recall that a confoliation is a plane distribution ξ = ker η on a 3-manifold
such that η ∧ dη ≥ 0 (see [ET]). For a proof of Theorem 3.6.3 see Chapter 2
of [ET].

On the other hand L has two unknotted closed orbits which have trivial
monodromy, which means that they are elliptic and have rotation number 0.
This obstructs the existence of a contact structure for which L is Legendrian.

3.7 Morse-Smale even contact structures
We now turn the attention to even contact structures whose characteristic

foliation is Morse-Smale, we call these Morse-Smale even contact structures.
The analogue of Theorem 3.6.2 still holds and the proof copies mutatis
mutandi.

Theorem 3.7.1. Let (M, E) be a closed, oriented Morse-Smale even contact
4-manifold. Suppose that we have a framing E = 〈W,A,B〉 with W = 〈W 〉.
Then there exists a positive Engel structure D inducing E if and only if there
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exists a vector field L ∈ 〈A,B〉 such that max(rotγ(L)) > 0 for all γ closed
characteristic orbits.

It is not so clear if such even contact structures exist. In fact one can
show that many NMS on 4-manifolds do not have the right monodromy for
being the characteristic foliation of an even contact structure.

On the other hand if we allow C0-perturbations of W then we can always
suppose that the closed orbits have tubular neighbourhoods νγ = S1 ×D3

where W writes as

W |νγ = ∂θ + 2ε1x∂x + 2ε2y∂y + 4ε3z∂z,

where εi = ±1 depending on the index of γ. These models always permit to
construct an even contact form α on νγ such that W spans the characteristic
foliation. If the εi are all equal then W is Liouville for (a multiple of) the
symplectic form ω = dx ∧ dy + dz ∧ dθ, so that we take α = iWω. If the
εi are not all equal, then the vector field V = 2ε1x∂x + 2ε2y∂y + 4ε3z∂z is
contact with respect to α = dz − xdy + ydx on D3, so that νM can be seen
as the suspension of the time 1 flow of V .
Example 3.7.2. Morse-Smale even contact structures can be obtained by
suspension of a Morse-Smale contactomorphism whose non-wandering set
only consists of fixed points. A way of constructing such contactomorphism
is to look for contact vector fields which are Morse-Smale and do not have
closed orbits.

An explicit example is given by the contact vector field V on (S3, αst)
associated with the contact Hamiltonian h(x1, y1, x2, y2) = y1/2. One can
verify that V take the form

V (x1, y1, x2, y2) = 1
2
(
(1− x2

1)∂x1 + y1∂y1 + x2∂x2 + y2∂y2

)
.

We get an even contact structure on M = S3 × S1 whose characteristic
foliation only has 2 closed orbits, namely a source and a sink. This is
induced by an Engel structure since M is obtained as a suspension of a
contactomorphism isotopic to the identity (see Example 1.5.4).

It is unclear if every homotopy class of even contact structures admits a
Morse-Smale even contact structure.

3.8 Aside: Sullivan currents and Engel structures
In the previous discussion the non-wandering set Ω of W plays a central

role in understanding whether or not an even contact structure E is induced
by an Engel structure. The main interest of this Chapter so far has been
the study of the easiest non-wandering points possible: the periodic ones. It
remains open to understand if more general points p ∈ Ω may furnish other
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obstructions. The main difficulty in answering this question is the fact that
open orbits do not admit a character (as defined in Section 1.3.2) in general.
In this last section we will use the techniques of foliation currents, developed
in [Sul] and [Schw], to get some partial results in this direction.

3.8.1 What is a foliation current?

This section provides the basic definitions and results of the theory of
currents on manifolds. For a more detailed exposition see [Sul] and [CC].

On a smooth, closed orientable manifold M we denote by Ωq(M) the
space of q-forms. Equipped with the C∞-topology, this is a Fréchet space.
A q-current is an element of the topological (strong) dual Ωq(M), i.e. the
space of continuous functionals c : Ωq(M) → R. We will use the notation
〈c, ω〉 = c(ω) for the evaluation of a current c on a form ω.
Example 3.8.1. For a point p ∈ M and a q-vector vp ∈ ΛqTpM , define the
functional δvp(ω) = ωp(vp) for ω ∈ Ωq(M). One can verify that this is
continuous so it is a q-current; we refer to it as Dirac current of vp.

Taking the adjoint of the differential dq : Ωq(M) → Ωq+1(M) we get
a boundary operator δq : Ωq+1(M) → Ωq(M). Currents in the image
Bq := Im δq are called q-boundaries and elements in the kernel Zq = ker δq−1
are called q-cycles. It turns out that B ⊂ Z and the homology of this complex
is isomorphic to H∗(M,R).

If we have a foliation F of dimension q on M , we can construct a cone
CF of q-currents by taking the cone generated by Dirac currents of q-vectors
tangent to F . Currents in CF are called foliation currents. This cone
always has a compact basis and studying how it intersects the spaces Bq
and Zq provides information about the geometry of F . These conditions are
particularly simple when F has dimension 1. In this case CF always intersects
Z and many dynamical properties of F such as having volume-preserving
holonomy or being totally geodesic, are related to properties of CF . The
following result is an example of the power of this theory.

Theorem 3.8.2. If F is a foliation by curves, the following are equivalent

1. F admits no non-trivial foliation boundaries, i.e. CF ∩ B = {0};

2. there is a closed 1-form transverse to F ;

3. F is transverse to the fibres of a smooth fibration π : M → S1;

4. F admits a global section.

For a proof refer to Chapter 10 of [CC].
Remark 3.8.3. If E is an even contact structure such that W admits a global
section then the construction in Example 1.5.4 provides and Engel structure
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inducing E . This together with Theorem 3.8.2 provides another hint that CW
contains information regarding whether E is induced by an Engel structure
or not.

3.8.2 Engel structures and currents

McDuff applied the theory of currents to contact geometry (see [McDu]).
Let M2n+1 be a smooth, closed, orientable manifold and η a 1-form such
that dηn 6= 0. We say that η is of contact-type if there exists a 1-form η̃
which is contact and such that dη = dη̃. The idea to determine whether or
not η is of contact type is to consider the foliation by curves F = ker dηn. If
we have η̃ = η + θ with θ closed and η̃ contact, then in particular η̃(R) 6= 0
for every non-singular R ∈ ΓF . This means that for every foliation boundary
c ∈ CF \ {0} we must have

0 6= c(η̃) = c(η + θ) = c(η) + c(θ) = c(η),

since c = δb means c(θ) = δb(θ) = b(dθ) = 0. Hence it is necessary that
c(η) 6= 0 for any c non-zero foliation boundary. It turns out that the converse
is also true.

Theorem 3.8.4 [McDu]. Let M2n+1 be smooth, closed and orientable, and
let η ∈ Ω1(M) such that dηn 6= 0. Set F = ker dηn, then η is of contact-type
if and only if 〈c, η〉 6= 0 for all c ∈ CF ∩ B \ {0}.

We want to establish an analogous result for Engel structures. Let
(M, kerα) be an even contact manifold. Fix the following notation

• A p-form ω ∈ Ωp(M) is α-closed if dω ∧ α = 0;

• A 1-form β ∈ Ω1(M) is α-contact if α ∧ β ∧ dβ is a volume form;

• Denote by A(W) the space of 1-forms η such that η(W ) = 0, where W
spans the characteristic foliation W.

Remark 3.8.5. Since A(W) is the kernel of the contraction byW , it is a closed
subset of Ω1(M). This implies that it is a Fréchet space, and since Ω1(M) is
reflexive, A(W) has the same property (see [Scha]). This allows us to use
the isomorphism between A(W) and A∗(W) = {c : A(W) → R bounded}
and to use Hahn-Banach theorem.

An (orientable) Engel structure D whose induced even contact structure
is E = kerα is the kernel of α ∧ β for an α-contact form β ∈ A(W).

Consider a form β ∈ A(W) and suppose that α ∧ dβ is a non-singular
3-form. In particular its kernel is a line field, denote by T a non-singular
section. We say that β is of Engel-type if there exists β′ ∈ A(W) such that
α∧ dβ′ = α∧ dβ and β′ is α-contact. Notice that this happens if and only if
β′(T ) 6= 0.
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Recall that η ∈ Ω1(M) is closed if and only if for all b ∈ B boundary we
have 〈b, η〉 = 0. We need the analogue of this for α-closed forms.

Lemma 3.8.6. Consider the space

A =
{
c : Ω2(M)→ R

∣∣∣ 〈c, ω〉 = 0 ∀ω ∈ Ω2(M) s.t. α ∧ ω = 0
}

and let Bα = δ(A) be the image of A under the coboundary operator. Then η
is α-closed if and only if 〈Bα, η〉 = 0.

Proof. Since 〈δc, η〉 = 〈c, dη〉, it suffices to prove that ω ∈ Ω2(M) satisfies
ω ∧ α = 0 if and only if 〈A, ω〉 = 0. First of all notice that for every
X, Y ∈ X(M) tangent to kerα, and ω such that ω ∧ α = 0, we must have
ω(X,Y ) = 0. This means that every Dirac 2-current which is an evaluation
on up, vp ∈ kerαp is in A.

Take ω such that 〈A, ω〉 = 0, this means in particular that for every
X ∈ X(M) tangent to kerα, the 1-form iXω is a multiple of α. Indeed
it is zero on kerα, because all Dirac currents which are evaluations on
X(p), vp ∈ kerαp are in A. This readily implies that the form ω ∧ α has a
kernel of dimension at least 3, because this kernel has to contain kerα. This
is only possible if ω ∧ α = 0. The other direction is obvious.

Elements of Bα are called α-boundaries. We denote with CT the compactly
supported convex cone of currents associated with the kernel of α ∧ dβ. We
are now ready to prove the main result.

Theorem 3.8.7. A form β ∈ A(W) such that α ∧ dβ 6= 0 is of Engel-type
if and only if

〈b, β〉 6= 0 (3.8)

for all non-zero foliation α-boundaries b ∈ CT ∩ Bα \ {0}.

Proof. Suppose β is of Engel type, then we have β′ ∈ A(W) as above. This
means in particular that β′ = β + η where η is α-closed in A(W), because
dβ ∧ α = dβ′ ∧ α. For every such η and b ∈ CT ∩ Bα \ {0}, let c ∈ A with
δc = b, then

0 6= 〈b, β′〉 = 〈b, β + η〉 = 〈b, β〉+ 〈δc, η〉 = 〈b, β〉+ 〈c, dη〉 = 〈b, β〉

where the first inequality follows by β′(T ) 6= 0 and we used Lemma 3.8.6 to
conclude 〈c, dη〉 = 0 from the fact that η is α-closed.

Conversely suppose that (3.8) is verified and consider the hyperplane

Hβ =
{
b ∈ A∗(W)

∣∣∣ 〈b, β〉 = 0
}
.

By hypothesis, the compact set C̄T ∩Hβ does not intersect the closed subspace
Bα, where C̄T is a compact base for CT . Using Hahn-Banach theorem, we get
another hyperplane H which contains Bα and does not intersect C̄T ∩Hβ.
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Using reflexivity of A(W), we identify a functional κ : A∗(W)→ R whose
kernel is exactly H with an element κ ∈ A(W). Since Bα ⊂ H, using Lemma
3.8.6, we conclude that κ is α-closed. Consider the quotient A∗(W)/H ∩Hβ ,
this is a 2 dimensional vector space whose points are separated by the maps
β and κ. Moreover the image of C̄T is a compact subset which does not
intersect 0, since H ∩ Hβ ∩ CT = ∅ by construction. Therefore there is a
linear combination λ1β + λ2κ which is always positive on C̄T . Since C̄T is
compact we may assume that λ1 6= 0 so that we can choose η = λ2/λ1κ.
This leads to β′ = β + η which satisfies 〈b, β′〉 6= 0 for all b ∈ CT which is
what we wanted.

One of the motivations for studying contact-type forms is to understand
which hypersurfaces in a symplectic manifold come from contact structures,
or equivalently which Hamiltonian vector fields are Reeb vector fields on
hypersurfaces. In a similar fashion we can consider even contact hypersurfaces
in contact 5-manifolds (M,α) ↪→ (X, η) and suppose that β = η|M satisfies
β ∈ A(W ) and α ∧ dβ 6= 0. In this setting Theorem 3.8.7 gives a necessary
and sufficient condition for the existence of an Engel structure D = kerα∧β′
with α ∧ dβ = α ∧ dβ′. This might give some hints for understanding which
hypersurfaces in a contact 5-manifold are Engel-type in the sense of Section
2.9.



Chapter 4

Holomorphic Engel
structures

In this chapter we will present some results on holomorphic Engel struc-
ture which were obtained in a joint work with Rui Coelho and published in
[CoP].

The object of study are the holomorphic analogue of Engel structures,
i.e. maximally non-integrable holomorphic rank 2 distribution on complex
4-manifolds. For these structures Darboux type theorems still hold. The
theory of holomorphic Engel structures on closed manifolds is very rigid and
not much is known about open manifolds.

We construct infinite families of holomorphic Engel structures on C4 which
are not biholomorphic to the standard one. The construction was inspired
by the analogous result for holomorphic contact structures in [For1]. The
idea is to consider the space of non-constant holomorphic maps f : C→ C4

tangent to D at every point, these are called D-lines. The fact that Engel
structures induce flags of distributions W ⊂ D ⊂ E allows to control the
topology and the geometry of the space of points p ∈ C4 admitting such
D-lines. Exploiting this we can construct infinite families of examples.

4.1 Introduction and definitions
In this chapter Xn will denote a complex manifold of complex dimension

n and H a holomorphic subbundle of TX of complex rank k. We consider
the holomorphic analogues of the distributions we introduced in Chapter 1.

Definition 4.1.1. Let (X, H) be as above:

• if n is odd, k = n − 1 and H is locally defined as the kernel of a
holomorphic 1-form α, satisfying α∧dαn 6= 0, then H is a holomorphic
contact structure;

72
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• if n is even, k = n − 1 and H is locally defined as the kernel of a
holomorphic 1-form α, satisfying α∧dαn 6= 0, then H is a holomorphic
even contact structure;

• if n = 2, k = 4 and [H,H] is a holomorphic even contact structure,
then H is a holomorphic Engel structure.

The definitions given in the real case for the characteristic line field W
and the Engel flag W ⊂ D ⊂ E (Lemma 1.4.2) copy in the holomorphic case.
The formulas defining the standard structures in the real case also work in
the complex case.
Example 4.1.2 (Standard structures). Consider X = C2n+1 with holomorphic
coordinates (x1, y1, ..., xn, yn, z) then the form

ηst = dz −
n∑
i=1

xidyi

defines a holomorphic contact structure ξst = ker ηst called standard contact
structure.

If X = C2n+2 with holomorphic coordinates (w, x1, y1, ..., xn, yn, z) then
the form

αst = dz −
n∑
i=1

xidyi

defines a holomorphic even contact structure Est = kerαst called standard
holomorphic even contact structure. Its characteristic foliation is W = 〈∂w〉.

Finally if X = C4 with holomorphic coordinates (w, x, y, z) then the
forms

αst = dy − zdx, βst = dz − wdy

define a holomorphic Engel structure Dst = kerαst ∩ kerβst called standard
holomorphic Engel structure, and whose characteristic foliation W = 〈∂w〉.

One can prove Darboux-type theorems for each of these distributions.
The study of closed holomorphic contact and holomorphic Engel structures
is very rigid. One can define the prolongation of a holomorphic contact
structure in analogy to what happens in the real case and similarly we have
Lorentz prolongations. The following partial classification suggests that
these should be the only possible holomorphic Engel structures on projective
manifolds. Recall that a line bundle L → X is called pseudo-effective if
its first Chern class c1(L) is contained in the cone of effective divisors in
H1,1(X,R).

Theorem 4.1.3 [PrSC]. Let X be a closed projective Engel manifold with
its flag W ⊂ D ⊂ E. Then we only have two possibilities

1. W−1 is not pseudo-effective, in this case (X, D) is the Cartan prolon-
gation of a projective contact 3-manifold;
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2. (D/W)−1 is not pseudo-effective. In this case, if we further assume
that D ∼=W⊕D/W, then X is the Lorentz prolongation of a conformal
structure on a complex 3-manifold.

Moreover the two classes have a unique common element which is the universal
family of lines contained in a quadric hypersurface in CP4.

4.2 Infinite families of examples
We are interested in the case of open manifolds.

Theorem 4.2.1. For every n ∈ N there exists a holomorphic contact form η
on C2n+1 such that any holomorphic map f : C→ C2n+1 satisfying f∗η = 0
is constant. In particular the complex contact manifold (C2n+1, ker η) is not
contactomorphic (C2n+1, ker ηst).

Notice that the standard contact structure on C2n+1 admits plenty of
maps f : C→ C2n+1 satisfying f∗ηst = 0 which are not constant. The proof
consists in finding a Fatou-Bieberbach domain in a (directed) Kobayashi
hyperbolic subset of (C2n+1, ηst). We need to introduce these some standard
notions (see [For1]).

Let X be a complex manifold X and H ⊂ TX a holomorphic distribution,
we say that a holomorphic map from the disc f : D → X is horizontal, if it is
tangent to H. We denote such maps by f : (D, TD)→ (X, H). For a fixed
p ∈ X we define the Finsler pseudo-length of a vector vp ∈ Hp as follows

FH(vp) = inf
{ 1
|λ|

∣∣∣ ∃f : (D, TD)→ (X, H), f(0) = p, f ′(0) = λvp

}
. (4.1)

Denote with ΩH(p, q) the space of curves γ : I → X which are piecewise
smooth tangent to H and γ(0) = p, γ(1) = q. Using this we can define the
Kobayashi directed pseudo-length between two point p, q ∈ X as follows

dH(p, q) = inf
{∫ 1

0
FH(γ′(t))dt

∣∣∣ γ ∈ ΩH(p, q)
}
. (4.2)

Notice that in the case H = TX these coincide with the classical notions
of Finsler pseudo-length and Kobayashi pseudo-distance (see [Kob1, Kob2]).
We say that (X,H) is Kobayashi hyperbolic if dH is a metric.

Definition 4.2.2. Let (X,H) be as above, a holomorphic map f : C→ X
is a H-line at p ∈ X or a horizontal line at p if f(0) = p, f is not constant
and it is tangent to H at every point.

Remark 4.2.3. If a given (X,H) admits a H-line at some point p ∈ X then
the Finsler pseudo-length of vp = f ′(0) ∈ Hp must be zero. Indeed for any
λ ∈ R we have that fλ(z) = f(λz) is a holomorphic horizontal map which
satisfies f(0) = p and f ′(0) = λvp. By (4.1) this means exactly FH(vp) = 0.
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The idea in Forstnerič’s proof of Theorem 4.2.1 is to construct a proper
subset U ⊂ C2n+1 such that (U, ker ηst|U ) is Kobayashi hyperbolic. Then he
finds a subset Ω ⊂ U which is biholomorphic to C2n+1 via Φ : C2n+1 → Ω.
Finally he pulls back ηst|U via Φ to obtain the contact form η, whose kernel
is then Kobayashi hyperbolic on C2n+1. A proper subset Ω ⊂ Cn which is
biholomorphic to Cn is called Fatou-Bieberbach domain.

Our results in the Engel case were inspired by Theorem 4.2.1. Here we
have a greater flexibility given by the existence of the flag W ⊂ D ⊂ E .

Theorem 4.2.4. On C4 there are Engel structures DE , DD and DW with
the following properties

1. DE admits no lines tangent to its induced even contact structure;

2. DD admits no DD-lines but does admit lines tangent to its induced even
contact structure;

3. DW admits no lines tangent to its characteristic foliation but does
admit DW-lines.

In particular these Engel structures are pairwise non-isomorphic and not
isomorphic to the standard Engel structure (C4,Dst).

The standard Engel structure admits many Dst-lines (see Example 4.3.1),
including many tangent to the characteristic foliation. Controlling the
geometry of the characteristic foliation, we are able to construct infinite
families of non-isomorphic holomorphic Engel structures.

Theorem 4.2.5. For every n ∈ N∪ {∞} there exists an Engel structure Dn
on C4 for which the only Dn-lines are tangent to the characteristic foliation
Wn, and such that

Ln :=
{
p ∈ C4

∣∣∣ ∃f : C→ C4 Dn-line with f(0) = p
}

is a proper subset of C4 which has exactly n connected components for n ∈ N,
and L∞ = C4.

We first construct D∞ using an open set in the Cartan prolongation of
a Kobayashi hyperbolic contact structure in C3. This will admit very few
D∞-lines by construction. Then we use a result, due to Buzzard and Fornæss
that allows one to control the set of points in C4 which admit such horizontal
lines. A more careful analysis leads to the following result.

Theorem 4.2.6. For every R ∈ R \ {0} there exists an Engel structure
DR for which the only DR-lines are tangent to the characteristic foliation
WR, and such that the set of points which admit such WR-lines is exactly
C × {0, 1, R

√
−1} × C2 ⊂ C4

(w,x,y,z). Moreover DR is isomorphic to DR′ if
and only if R = R′.
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4.3 Technical lemmata
Let us first see that the standard contact structure and Engel structure

admit many tangent lines.
Example 4.3.1. Given a point p = (x̄1, ȳ1, ..., x̄n, ȳn, z̄) in (C2n+1, kerαst) and
a vector v = (u1, v1, ..., vn, un, w) ∈ ξp the map f : C → C2n+1 given by
f(ζ) = (x1(ζ), y1(ζ), ..., xn(ζ), yn(ζ), z(ζ)) with

xi(ζ) = x̄i + uiζ, yi(ζ) = ȳi + viζ, z(ζ) = z̄ +
n∑
i=1

(
x̄iviζ + uivi

ζ2

2

)

is a horizontal line with f(0) = p and f ′(0) = v.
The leaves of the characteristic foliation W of Dst provide examples

of lines tangent to the standard Engel structure. In fact, given a point
p = (w0, x0, y0, z0) ∈ C4 and a vector v = (vw, vx, vy, vz) ∈ Dp (hence
vz = w0vx and vw = z0vx) the map f : C→ C4 such that f(ζ) is give by(

w0 + vwζ, x0 + vxζ, y0 + vyζ + vxvz
ζ2

2 + v2
xvw

ζ3

6 , z0 + vzζ + vxvw
ζ2

2

)

is a horizontal line with f(0) = p and f ′(0) = v.
Following [For1] we let {ci}i∈N be a positive diverging monotonic sequence.

Denote with Dz the unit disc in the z-direction, with Dz the closed unit disc
and with D2n

(x,y) ⊂ C2n the unit polydisc in the (x, y)-space and with ∂D2n
(x,y)

its boundary. Let

K =
∞⋃
i=1

2i−1∂D2n
(x,y) × ciDz. (4.3)

Lemma 4.3.2 [For1]. Assume ci ≥ 23i+1 for all i ∈ N and let K be given
by (4.3). For every holomorphic disc f : D → C2n+1 which is tangent to
the standard holomorphic contact structure with f(0) ∈ 2N0D2n+1 for some
N0 ∈ N we have

|x′i(0)| < 2N0+1, |y′i(0)| < 2N0+1, |z′(0)| < 22N0+1 (4.4)

for all i = 1, ..., n.

This is Lemma 2.1 in [For1] and we will give a proof of the analogue result
in the Engel case (Lemma 4.3.3). The estimates (4.4) give a lower bound
for the Finsler pseudo-length of any vector tangent to the standard contact
structure restricted to C2n+1 \K. This means that the Kobayashi pseudo-
metric is in fact positive definite and hence ker ηst|C2n+1\K is Kobayashi
hyperbolic.
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Now consider C4 with the standard Engel structure. let {ci}i∈N {di}i∈N
and {ei}i∈N be positive diverging monotonic sequences. With the same
notation as before let

A =
∞⋃
i=1

2i−1∂D3
(w,x,z) × ciDy. (4.5)

B =
∞⋃
i=1

2i−1∂D2
(w,x) × diDy × eiDz. (4.6)

By a direct adaptation of Lemma 2.1 in [For1], we can prove the following
result.

Lemma 4.3.3. Assume di ≥ 25i+2 and ei ≥ 23i+1 for every i ∈ N. Let
N0 ∈ N and f : D → C4 \ B be a Dst-horizontal embedding of a disc with
f(0) ∈ 2N0D4. Then we have the estimates

|w′(0)| < 2N0+1, |x′(0)| < 2N0+1, |y′(0)| < 23N0+2, |z′(0)| < 22N0+1.

Proof. We may assume without loss of generality that f is holomorphic on
D (otherwise replace f by ζ 7→ f(rζ) for some r < 1). This gives N ∈ N
such that |x(ζ)| < 2N and |w(ζ)| < 2N for all ζ ∈ D. The Cauchy integral
formula for a circle centred at ζ = 0 of ray r = 1− 2−N gives

|x′(ζ)| < 22N and |w(ζ)x′(ζ)| < 23N

for |ζ| ≤ r. Since f is horizontal, we have the conditions

y′(ζ) = z(ζ)x′(ζ) and z′(ζ) = w(ζ)x′(ζ), (4.7)

which in turn give

|z(ζ)| ≤ |z(0)|+
∣∣∣∣∣
∫ ζ

0
wdx

∣∣∣∣∣ < 2N0 + 23N < 23N+1 ≤ dN

|y(ζ)| ≤ |y(0)|+
∣∣∣∣∣
∫ ζ

0
zdx

∣∣∣∣∣ < 2N0 + 25N+1 < 25N+2 ≤ cN

for |ζ| ≤ r. From these estimates, the definition of B, and the fact that f(D)
does not intersect B, it follows that (w(ζ), x(ζ)) does not intersect 2N−1∂D2

for |ζ| ≤ r. Since 2N−1∂D2 disconnects 2ND2 and (w(0), x(0)) ∈ 2N0D2 ⊂
2N−1D2, we conclude that

(w(ζ), x(ζ)) ∈ 2N−1D2 for |ζ| ≤ 1− 2−N .

If N − 1 > N0, we can repeat the same argument to get

(w(ζ), x(ζ)) ∈ 2N−2D2 for |ζ| ≤ 1− 2−N − 2−(N−1),
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and after finitely many repetitions

(w(ζ), x(ζ)) ∈ 2N0D2 for |ζ| ≤ 1− 2−N − . . .− 2−(N0+1) ≤ 1
2 .

Applying the Cauchy estimate now gives |x′(0)| ≤ 2N0+1 and |w′(0)| ≤ 2N0+1,
while using equation (4.7) we get

|z′(0)| = |w(0)x′(0)| ≤ 22N0+1 and |y′(0)| = |z(0)x′(0)| ≤ 23N0+2,

completing the proof of the lemma.

The following lemma has a completely analogous proof.

Lemma 4.3.4. Assume ci ≥ 23i+1 for every i ∈ N. Let N0 ∈ N and
f : D → C4 \A be a Est-horizontal embedding of a disc with f(0) ∈ 2N0D4.
Then we have the estimates

|w′(0)| < 2N0+1, |x′(0)| < 2N0+1, |y′(0)| < 22N0+1, |z′(0)| < 2N0+1.

Lemma 4.3.3 and Lemma 4.3.4 furnish the proper subsets of C4 on which
Dst and Est are Kobayashi hyperbolic. In order to find Fatou-Bieberbach
domains inside these subsets we will need the following result, which was
proven by Forstnerič.

Theorem 4.3.5 [For1]. Let 0 < a1 < b1 < a2 < b2 < . . . and ci > 0 be
sequences of real numbers such that limn→∞ an = limn→∞ bn = +∞. Let
n > 1 be an integer and

K =
∞⋃
i=1

(
biD

n−1 \ aiDn−1
)
× ciD ⊂ Cn. (4.8)

Then there exists a Fatou-Bieberbach domain Ω ⊂ Cn \K.

4.4 Proof of the results

4.4.1 Proof of Theorem 4.2.4

In what follows fix 0 < ε < 1 and consider the real sequences

ai = 2i−1 − ε and bi = 2i−1 + ε.

To construct DE we fix ci = 23i+1 and let A be the set determined by
ci according to (4.5). Lemma 4.3.4 ensures that (C4 \A, Est) is hyperbolic,
moreover Lemma 4.3.5 gives a Fatou-Bieberbach map Φ : C4 → Ω ⊂ C4 \A.
We set DE := Φ∗Dst so that its induced even contact structure is Φ∗Est.
Lemma 4.3.4 furnishes a lower bound for the Finsler metric It follows that
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the Φ∗Est-directed Kobayashi pseudo-distance on Ω is a genuine distance, i.e.
the restriction of the standard even contact structure to Ω is hyperbolic.

To construct DD we fix di = 25i+2 and ei = 23i+1 and let K be the set
determined by n = 3, ai, bi and ci = di according to (4.3). Let B be the set
determined by di and ei according to (4.6), and notice that B ⊂ K × C. By
Lemma 4.3.5 there exists a Fatou-Bieberbach domain Ω ⊂ C3 \K. Define
Ξ = Ω× C. The subset Ξ ⊂ C4 is a Fatou-Bieberbach domain in C4 which
fulfils Ξ ∩ (K × C) = ∅; in particular, Ξ ∩ B = ∅. Let Φ : C4 → Ξ be the
Fatou-Bieberbach map. We define DD = Φ∗(Dst). Lemma 4.3.3 furnishes a
lower bound for the Finsler metric. Again it follows that the Dst-directed
Kobayashi pseudo-distance on Ξ is a genuine distance, i.e. the restriction
of the standard Engel structure to Ξ is hyperbolic. Notice that in this
construction the induced even contact structure ED is not hyperbolic. Indeed
we have many Est-lines f : C→ Ξ of the form

f(ζ) = (w0, x0, y0, ζ)

where (w0, x0, y0) is not contained in A, which can be pulled-back via Φ.
To construct DW consider the set

K =
∞⋃
i=1

2i−1∂D2
(w,y) × 2iDz

contained in the (w, y, z)-plane in C4. AllW-horizontal holomorphic copies of
C are of the form f(ζ) = (w(ζ), x0, y0, z0) for some w holomorphic and hence
they will intersect K for some ζ. Indeed if N0 ∈ N is such that |z0| < dN0

then f does not intersect K only if |w(ζ)| < 2N0−1 for all ζ ∈ C, which is
not true. Theorem 4.3.5 ensures the existence of a Fatou-Bieberbach map
Φ̃ : C3 → Ω ⊂ C3 \K so that also Φ = Φ̃× id : C4 → Ω×C ⊂ C4 is a Fatou-
Bieberbach map. By the above discussion there are no copies of C tangent
to the characteristic foliation of the standard Engel structure restricted to Ω.
We then define DW := Φ∗Dst, this structure does not have lines tangent to
the characteristic foliation, nevertheless C4 is not DW -hyperbolic, since the
pull-back of the Dst-line

f : C ↪→ C4 s.t. f(ζ) = (0, ζ, 0, 0)

is a DW -line.

4.4.2 Proof of Theorem 4.2.5

We use Forstnerič’s hyperbolic contact structure on C3, which is the
pull-back η = Φ∗ηst of the restriction of the standard contact structure on
a hyperbolic Fatou-Bieberbach domain in C3 \ K. Consider the Cartan
prolongation M = P(ξh) of ξh = ker η with its Engel structure D(ξh). Since
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ker ηst is trivial as a holomorphic bundle, M is biholomorphic to C3 × CP1.
Given p ∈ CP1, consider in M the open set C4 = C3 ×CP1 \ (C3 × {p}) and
the restriction of the Engel structure D∞ = D(ξh)|C4 . We claim that this
structure has the properties stated in Theorem 4.2.5.

Indeed suppose that f : C → C4 is a D∞-line. Then if we denote by
π : M → C3 the canonical projection of the projectivization, the composition
π ◦ f is tangent to ξh in C3. Since (C3, ξh) is hyperbolic, π ◦ f must be
constant, so f is tangent to the fibres. This proves that the only D∞-lines
are tangent to the characteristic foliation W∞.

Fix n ∈ N. In order to construct Dn, we use the following result

Theorem 4.4.1 [BuFo]. Let L be a closed, 1-dimensional, complex subvariety
of C2, and B0 a ball with B0 ∩ L = ∅. Then there exists a Fatou-Bieberbach
domain Ω ⊂ C2 \B0 with L ⊂ Ω and a biholomorphic map Ψ from Ω onto
C2 such that C2 \Ψ(L) is Kobayashi hyperbolic. Moreover, all non-constant
images of C in C2 intersect Ψ(L) in infinitely many points.

Now we choose
L̃n =

n⋃
k=1

C× {k} ⊂ C2
(w,x) .

Theorem 4.4.1 gives a Fatou-Bieberbach map Φn : C2 → Ωn ⊂ C2 such
that Ωn \ L̃n is Kobayashi hyperbolic and the w-curves fi : C → C2 s.t.
ζ 7→ (ζ, i) are still contained in Ωn. Now take the Fatou-Bieberbach map
Ψn = Φn × id : C4 → Ωn × C2 ⊂ C4 and the Engel structure Dn = Ψ∗nD∞.
By construction Dn only admits Dn-lines on the points

Ln = L̃n × C2 =
{

(w, x, y, z) ∈ C4
∣∣∣x ∈ {1, ..., n}}

hence completing the proof of Theorem 4.2.5.

4.4.3 Proof of Theorem 4.2.6

For some R ∈ R \ {0}, we will consider the subvariety

CR =
(
C× {0, 1, R

√
−1}

)
∪ ({0} × C) ⊂ C2.

By Theorem 4.4.1, there exists a Fatou-Bieberbach domain ΩR ⊂ C2 which
contains CR, and such that the complement ΩR \CR is Kobayashi hyperbolic.
Moreover, any curve C → ΩR intersects CR an infinite number of times.
Denote by WR, resp. WR′ , the 1-foliation on ΩR × C2, resp. Ω′R × C2,
determined by the projections p : ΩR × C2 → C3, resp. p′ : ΩR′ × C2 →
C3, given by (w, x, y, z) 7→ (x, y, z). We introduce also the projections
π : ΩR × C2 → C and π′ : ΩR′ × C2 → C given by (w, x, y, z) 7→ x and the
notation VR = π−1{0, 1, R

√
−1} and V ′R′ = π′−1{0, 1, R′

√
−1}. Notice that

VR (resp. V ′R′) consists exactly of the points of ΩR (resp. ΩR′) through which
a WR-line (resp. WR′-line) passes.
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Lemma 4.4.2. Suppose that R,R′ ∈ R \ {0} and R 6= R′. Then there exists
no biholomorphic map Φ : ΩR × C2 → ΩR′ × C2 such that Φ∗(WR) =WR′.

Proof. Suppose such a Φ exists and consider the map h : C → C given
by h = π′ ◦ Φ ◦ ι, where ι is the inclusion ι(ζ) = (0, ζ, 0, 0) ∈ ΩR × C2.
Notice that horizontal curves in WR must map to horizontal curves in WR′ .
Moreover, we have h−1{0, 1, R′

√
−1} = {0, 1, R

√
−1}. It follows that we

have a biholomorphic map Φ|VR : VR → V ′R′ . This implies in particular
that the restriction h : {0, 1, R

√
−1} → {0, 1, R′

√
−1} is bijective. Since h is

non-constant, it either has an essential singularity or a pole at infinity.
If h has an essential singularity at infinity, then by the big Picard theorem

h takes every value in C infinitely many times, with one possible exception.
This contradicts the fact that h−1{0, 1, R′

√
−1} = {0, 1, R

√
−1}.

Otherwise, h is a polynomial with exactly one zero, so it must be linear.
On the other hand, h({0, 1, R

√
−1}) = {0, 1, R′

√
−1}, which is impossible

for R 6= R′.

Now given the Fatou-Bieberbach map ΦR : C4 → ΩR×C2 ⊂ C4 we define
DR := Φ∗RDst and Theorem 4.2.6 is a direct consequence of Lemma 4.4.2.



Acknowledgements

I would like to thank my advisors Prof Gianluca Bande for being always
there for me and motivating me throughout these three years; and Prof
Dieter Kotschick for the innumerable discussions and inspiring questions. Un
enorme grazie alla mia famiglia che mi è sempre stata vicina. Infine grazie
Ramona per il tuo sostegno.

82



Bibliography

[Ad1] J. Adachi, Engel structures with trivial characteristic foliations.
Algebraic and Geometric Topology, Vol. 2 (2002), 239-255.

[Ad2] J. Adachi, Relative local equivalence of Engel structures. Math. Z.
273 (2013), 711-733.

[Asi] D. Asimov, Round handles and non-singular Morse-Smale flows.
Annals of Math., Second Series, Vol. 102, No. 1 (1975), 41-54.

[BEM] M. S. Borman, Y. Eliashberg and E. Murphy, Existence and classi-
fication of overtwisted contact structures in all dimensions. Acta
Math. 215, No. 2 (2015), 281-361.

[Ben] D. Bennequin, Entrelacements et équations de Pfaff. Asterisque
107-108 (1983), 87-161.

[Bla] D. E. Blair, Riemannian geometry of contact and symplectic man-
ifolds. Progress in Mathematics 203, Birkhäuser, Second Edition
(2010).

[BoGa] C. Boyer and K. Galicki, Sasakian geometry. Oxford Science Publi-
cations (2008).

[BrS] R. L. Bryant and L. Hsu, Rigidity of integral curves of rank 2
distributions. Invent. Math. 114.2 (1993), 435-462.

[BuFo] G. T. Buzzard and J. E. Fornæss, An embedding of C in C2 with
hyperbolic complement. Math. Ann. 306 (1996), 539-546.

[BW] W. Boothby and H. Wang, On contact manifolds. Annals of Math.
68 (1958), 721-734.

[Car] E. Cartan, Sur quelques quadratures dont l’élément différentiel
contient des fonctions arbitraires. Bull. Soc. Math. France 29 (1901),
118–130.

[CC] A. Candel and L. Conlon, Foliations I. Graduate Studies in Mathe-
matics AMS, Vol. 23 (2000).

83



BIBLIOGRAPHY 84

[CP] R. Casals and A. del Pino, Classification of Engel knots. Math.
Ann. (2018), 371-391.

[CPP] R. Casals, A. del Pino and F. Presas, Loose Engel structures. (2018)
arXiv:1712.09283.

[CPPP] R. Casals, J.L. Perez, A. del Pino and F. Presas, Existence h-
principle for Engel structures. Invent. Math. (2017), 210: 417.

[CoP] R. Coelho and N. Pia, Exotic holomorphic Engel structures on C4.
J. Geom. Anal. (2017), 28: 2550.

[EH] J. Etnyre and K. Honda, Tight contact structures with no symplectic
fillings. Invent. Math. 148 (2002), 609–626.

[El1] Y. Eliashberg, Classification of overtwisted contact structures on
3-manifolds. Invent. Math. 98 (1989), 623-637.

[ET] Y. Eliashberg and W. P. Thurston, Confoliations. American Math-
ematical Soc. Vol. 13 (1998).

[Eng] F. Engel, Zur Invariantentheorie der Systeme Pfaff’scher Gleichun-
gen. Leipz. Ber. Band 41 (1889), 157–176.

[EG] J. Etnyre and R. Ghrist, Gradient flows within plane fields. Confer-
ence Proceeding (2006).

[For1] F. Forstnerič, Hyperbolic complex contact structures on C2n+1. J.
Geom. Anal. (2017), 27: 3166.

[For2] F. Forstnerič, Stein manifolds and holomorphic mappings. Volume
56 of Ergebnisse der Mathematik und ihrer Grenzgebiete (2011),
Springer, Heidelberg.

[Gei] H. Geiges, An Introduction to Contact Topology. (Cambridge Studies
in Advanced Mathematics). Cambridge: Cambridge University
Press (2008).

[GeVe] V.Y. Gershkovich and A.M. Vershik, Nonholonomic dynamical sys-
tems. Geometry of distributions and variational problems (Russian)
(1987).

[Gir] E. Giroux, Structures de contact sur les variétés fibrées en cercles
au dessus d’une surface. Comment. Math. Helv. 76 (2001), 218-262.

[Gol] A. Golubev, On the global stability of maximally nonholonomic
two-plane fields in four dimensions. International Mathematics
Research Notices, No. 11 (1997).



BIBLIOGRAPHY 85

[Gro1] M. Gromov, Carnot-Carathéodory spaces seen from within. In: Bel-
laïche A., Risler JJ. (eds) Sub-Riemannian Geometry. Progress in
Mathematics, Vol. 144 (1996), Birkhäuser Basel.

[Gro2] M. Gromov, Partial differential relations. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys
in Mathematics Series Volume 9 (1986), Springer.

[HiHo] F. Hirzebruch and H. Hopf, Felder von Flächenelmenten in 4-
dimensionalen Mannigfaltigkeiten. Math. Ann. 136 (1958), 156-172.

[Ho] K. Honda, On the classification of tight contact structures II. J.
Differential Geom. 55, No. 1 (2000), 83-143.

[Irw] M. C. Irwin, Smooth dynamical systems. Advanced series in nonlin-
ear dynamics, Vol. 17 (2001), World scientific publishing.

[Kat] A. Katok and B. Hasselblatt, Introduction to the modern theory of
dynamical systems. Encyclopedia of Mathematics and its Applica-
tions. Cambridge: Cambridge University Press (1995).

[KPSW] S. Kebekus, T. Peternell, A.J. Sommese and J.A. Wiśniewski,
Projective contact manifolds. Invent. Math. 142, No. 1 (2000), 1–1.

[Kob1] S. Kobayashi, Hyperbolic complex spaces. Grundlehren der Mathe-
matischen Wissenschaften, Vol. 318 (1998), Springer-Verlag, Berlin.

[Kob2] S. Kobayashi, Hyperbolic manifolds and holomorphic mappings.
World Scientific Publishing Co. Pte. Ltd. (2005), Hackensack, NJ.

[KV] D. Kotschick and T. Vogel, Engel structures and weakly hyperbolic
flows on four-manifolds. Comm. Math. Helv. 93 (2018), 475-491.

[Lee] J. M. Lee, Manifolds and differential geometry. Graduate Studies
in Mathematics AMS 107 (2009).

[LiM] P. Lisca and G. Matić, Transverse contact structures on Seifert
3–manifolds. Algebr. Geom. Topol. 4, No. 2 (2004), 1125-1144.

[McDu] D. McDuff, Applications of convex integration to symplectic and
contact geometry. Ann. Inst. Fourier 37 (1987), 107–133.

[Mit] Y. Mitsumatsu, Geometry and dynamics of Engel structures.
arXiv:1804.09471.

[Mol] P. Molino, Riemannian foliations. Progress in Mathematics, Vol.
73 (1988), Birkhäuser.



BIBLIOGRAPHY 86

[Mont1] R. Montgomery, A tour in subriemannian geometries, their
geodesics, and applications. Providence, R.I: American Mathemati-
cal Society (2002).

[Mont2] R. Montgomery, Engel deformations and contact structures. North.
Calif. Sympl. Geom. Sem., AMS Transl. Ser. 2, 196 (1999), 103–117.

[MoZhi] R. Montgomery and M. Zhitomirskii, Geometric approach to Gour-
sat flags. Ann. I. H. Poincaré – AN 18, 4 (2001), 459–493.

[Morg] J. W. Morgan, Non-singular Morse-Smale flows on 3-dimensional
manifolds. Topology, Vol. 18 (1978), 41-53.

[NiPa] K. Niederkrüger and F. Pasquotto, Desingularisation of orbifolds
obtained from symplectic reduction at generic coadjoint orbits. Int.
Math. Res. Not. IMRN, No. 23 (2009), 4463-4479.

[ON] B. O’Neill, The fundamental equations of a submersion. Michigan
Math. J. 13, No. 4 (1966), 459-469.

[Pak] J. Pak, Actions of torus Tn on (n + 1)-manifolds Mn+1, Pacific
Journal of Mathematics, Vol. 44, No. 2 (1973).

[P1] A. del Pino Engel structures and symplectic foliations. Doctoral
Thesis, Universidad Autońoma de Madrid (2017).

[P2] A. del Pino, On the classification of prolongations up to Engel
homotopy. Proc. Amer. Math. Soc. (2017).

[PV] A. del Pino and T. Vogel, The Engel-Lutz twist and overtwisted
Engel structures. (2018) arXiv:1712.09286.

[PrSC] F. Presas and L. E. Solá Conde, Holomorphic Engel structures. Rev.
Mat. Complut. (2014), 27: 327.

[Rov] V. Y. Rovenskii, Foliations on Riemannian Manifolds and Subman-
ifolds. Birkhäuser (1998).

[Scha] H. H. Schaefer, Topological vector spaces. Graduate texts in mathe-
matics 3, Springer-Verlag (1970).

[Schw] S. Schwartzmann, Asymptotic cycles. Ann. Math. 66 (1957), 270-
284.

[Sma] S. Smale, Differentiable dynamical systems. Bull. Am. Math. Soc.
73 (1967), 747-817.

[Sul] D. Sullivan, Cycles for the Dynamical Study of Foliated Manifolds.
Invent. Math. 36 (1976), 225-255.



BIBLIOGRAPHY 87

[Vog1] T. Vogel, Existence of Engel structures. Doctoral thesis, Ludwig
Maximilians Universität München (2004).

[Vog2] T. Vogel, Maximally non-integrable plane fields on Thurston ge-
ometries. International Mathematics Research Notes (2006), 1-30.

[Vog3] T. Vogel, Existence of Engel structures. Ann. of Math. (2) 169
(2009), No. 1, 79–137.

[Wal] R. Walczak, Existence of symplectic structures on torus bundles
over surfaces. Ann. Glob. Anal. Geom. (2005), 28:211.


	Introduction
	1 First results on Engel structures
	1.1 Stable distributions
	1.2 Contact structures
	1.3 Even contact structures
	1.4 Engel structures
	1.5 Simple constructions and examples
	1.6 Topology of Engel manifolds
	1.7 Existence results for Engel structures

	2 Engel structures and metrics
	2.1 Defining forms and the Reeb distribution
	2.2 Existence of integrable R
	2.3 Crash course: totally geodesic distributions
	2.4 When are D and R totally geodesic?
	2.5 Engel vector fields
	2.6 Engel Killing vector fields
	2.7 Some remarks on the dual of W
	2.8 Topology of K-Engel manifolds
	2.9 Contact fillings

	3 Engel Dynamics
	3.1 Setting and notation
	3.2 Rotation number
	3.3 Character of closed orbits of W
	3.4 Non-integrable rank 3 distributions
	3.5 Crash course: Morse-Smale vector fields
	3.6 Morse-Smale Legendrian vector fields
	3.7 Morse-Smale even contact structures
	3.8 Aside: Sullivan currents and Engel structures

	4 Holomorphic Engel structures
	4.1 Introduction and definitions
	4.2 Infinite families of examples
	4.3 Technical lemmata
	4.4 Proof of the results


